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Augmented reality (AR) combines reality with computer-generated representations in real time [START_REF] Milgram | A taxonomy of mixed reality visual displays[END_REF]. Both are simultaneously present or continuously merged (Azuma, et al., 2001). Instead of replacing a real situation, e.g. by modelling with dynamic geometry software, AR supplements the real situation with objects or information [START_REF] Avanitis | Human factors and qualitative pedagogical evaluation of a mobile augmented reality system for science education used by learners with physical disabilities[END_REF][START_REF] Martin-Gutierrez | Design and validation of an augmented book for spatial abilities development in engineering students[END_REF]. Therefore, merging reality with additional objects is a unique way to make things tangible without switching to an artificial environment.

From a technical point of view, AR enables the mathematical situation to be represented in the familiar 3-dimensional environment around us and allows the user to navigate within this familiar situation in order to explore it. On a cognitive level, the theory of embodied cognition plays a role, which describes the mutual influence of physical interaction and human thinking [START_REF] Tran | Support of mathematical thinking through embodied cognition: Nondigital and digital approaches[END_REF]. Through AR, learners can physically explore a mathematical situation given by a task instead of having to imagine it. Thus, it can be assumed that physical exploration reduces the "cognitive load", a measure of cognitive capacity, so that greater cognitive capacities are available to solve the task.

The AR smartphone app "MalAR"

The aim of the project MalAR (transl.: AR-supported mathematics learning) is to research the potential of AR-supported instruction on learning analytic geometry. In a first phase of the project, an AR smartphone app was developed, which is based on the needs of the learners and on the content of analytical geometry.

Due to the complex three-dimensional representations in analytic geometry, physical representations play a subordinate role. This favours a technical and not very descriptive view of these contents (Borneleitet al., 2001). In order to overcome this bias, [START_REF] Filler | Einbeziehung von Elementen der 3D-Computergrafik in den Mathematikunterricht der Sekundarstufe II im Stoffgebiet Analytische Geometrie [Inclusion of elements of 3D computer graphics in the teaching of mathematics at higher secondary level in analytical geometry[END_REF] suggests a more experiential approach that involves visual perception. The developed AR smartphone app allows learners to place mathematical notions of analytic geometry such as planes (in parameter, coordinate and normal form), straight lines and points into a coordinate system that is embedded in their surrounding reality. The latter is a real novelty compared to other visualisation possibilities with e.g. dynamic geometry software. The input of mathematical objects can be done following the notation learners know from school, so that the barrier of input language, which is a problem with many current AR applications, is overcome. With the AR smartphone app MalAR, learners are able to physically explore the given mathematical situation as well as to evaluate their result in the context of the given situation.

Figure 1 (left) shows the AR implementation of the following task in the app. A plane 𝐸 1 : 2𝑥 -𝑦 -𝑧 = -1 is given. A plane 𝐸 2 is sought, which contains point 𝐴(3|1|2) and is orthogonal to 𝐸 1 .

The learners have the possibility to explore the given situation with the help of the AR app by entering the coordinate shape of the plane and the point A in the app and placing them together with a coordinate system in their environment (Figure 1, left). In addition, learners can enter their calculated solution for plane 𝐸 2 (correct solution 𝐸 2 : 𝑥 + 2𝑦 = 5, purple plane in Figure 1, right). The required orthogonality as well as the position to point A can then be visually verified through changing the perspective by walking around the situation, i.e. by moving one's own body in the room. This representation of hitherto only 2dimensionally represented 3-dimensional mathematical objects as part of the surrounding reality offers the potential to have a decisive influence on spatial perception and the fundamental understanding of those mathematical concepts. 
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 1 Figure 1: Implementation of the task in the AR app (left) together with the solution (right)