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This study investigates how secondary school mathematics teachers think about infinity when they deal with this in different context. The research tool was two tasks based on hypothetical scenarios. The first one concerns the calculation of an infinite sum and the second is a version of the Ping-Pong Ball conundrum. Two math teachers evaluated the hypothetical students' reasoning and expressed their views in writing and during interviews. From the findings emerged that the different context of the tasks, formal and non-formal context, influenced the teacher's approach to infinity. The perspective through which the participants approached the infinite processes of the tasks, as well as the duration of these determined their views.

Introduction

The concept of infinity as a learning item has been widely studied by mathematics education researchers [START_REF] Montes | Teachers' Knowledge of Infinity, and Its Role in Classroom Practice[END_REF]. [START_REF] Montes | Teachers' Knowledge of Infinity, and Its Role in Classroom Practice[END_REF] highlighted that the process of developing the cognition of infinity and the differing conceptions of infinity were the focal point of the research. However, they consider that a study on the conception, knowledge, and practice of secondary teachers, especially in-service, about infinity is needed. Dubinsky, Weller, McDonald & Brown (2005a) noted that "Philosophers, mathematicians, mathematical historians, students, and mathematics education researchers, among others, have struggled to resolve various paradoxes, dichotomies and issues regarding conceptions of infinity" (p.336). [START_REF] Kolar | Analysis of factors influencing the understanding of the concept of infinity[END_REF] referred that the abstract nature of infinity, the understanding of it as an endless process or as a set of an infinite number of elements as well as the understanding of paradoxes are the difficulties that the individuals have to manage.

The paradoxes can be used as a lens to understanding infinity and as means to identify specific difficulties of the actual infinity [START_REF] Mamolo | How to act? A question of encapsulating infinity[END_REF]. It is noted that these paradoxes are based on paradoxical assumptions, and they are inspired by the attributes of the mathematical infinity and the overturns of fundamental preconceptions [START_REF] Mamolo | Paradoxes as a window to infinity[END_REF]. [START_REF] Kolar | Analysis of factors influencing the understanding of the concept of infinity[END_REF] focusing on primary teacher students, pointed out that an individual's understanding of infinity can be influenced by the context and type of the given task. This paper aims to investigate how the context influences secondary mathematics teachers' conception of infinity through their engagement in two tasks with different context.

Theoretical Background

The conception of infinity is related to the dichotomy between potential and actual infinity. In particular, the potential infinity is considered as an infiniteendless process, and the actual infinity can be perceived as a completed process (Dubinsky et al., 2005a). In this context, Dubinsky, Weller, McDonald & Brown (2005a;2005b) focused on understanding the aspects of infinity using the APOS Theory. The potential infinity is seen as a process of infinite repeating steps and the actual infinity is the mental object obtained through the encapsulation of that process. Thus, they highlighted that infinity can be perceived as an infinite process, as a single operation that can be carried out and finished as well as a completed totality (Dubinsky et al., 2005a). According to them, it is important to notice that the potential and actual infinity represent two different cognitive conceptions that are related to mental mechanisms. [START_REF] Dubinsky | Preservice Teachers' Understanding of the Relation Between a Fraction or Integer and its Decimal Expansion: The Case of 0.9 ̄ and 1[END_REF] studying the preservice teachers' understanding of the 0,999… =1 introduced an intermediate stage in APOS Theory between Process and Object, which they called Totality (TOT). Thus, the completed idea for the infinity can be constructed by the interiorization moving from action to process, detemporalization to progress from process to totality, and encapsulation to progress from totality to object [START_REF] Dubinsky | Preservice Teachers' Understanding of the Relation Between a Fraction or Integer and its Decimal Expansion: The Case of 0.9 ̄ and 1[END_REF].

Moreover, [START_REF] Dubinsky | Infinite iterative processes: The tennis ball problem[END_REF] and [START_REF] Mamolo | Paradoxes as a window to infinity[END_REF] studied the understanding of infinity using paradoxes, in which procedures with infinite steps could be completed in a finite time. As [START_REF] Dubinsky | Infinite iterative processes: The tennis ball problem[END_REF] found, when resolving the Tennis Ball paradox, university students focused on the existence of an incomplete process, or they claimed that infinite balls would be in the two bins at the end of the process. [START_REF] Mamolo | Paradoxes as a window to infinity[END_REF] studied high school mathematics teachers who participated in a master program and undergraduate students of liberal arts and social sciences, the perceptions of infinity using the "Hilbert's Hotel" paradox and "Ping-Pong Ball" conundrum. They noted that the students' answers focused on the practical impossibility of paradoxes. Thus, they concluded that "the students who acknowledged the gap between their intuitive and formal understandings of infinity may have taken an important first step toward encapsulating infinity as an object" (Mamolo & Zazkis, 2008, p. 180).

Methodology

In this paper, we present a part of border research focused on secondary education mathematics teachers' conception of infinity. This research is a multiple case study focusing on ten in-service teachers, with various teaching experience. They were informed about the aim of the research and they agreed to participate in this. They had a degree in mathematics and during this research, they were postgraduate students in mathematics education. In this paper, we analyse the data of two of them, Alice and Sergio. These cases were chosen since they approached the infinite processes under different perspectives. Specifically, perspectives based on the actual, potential, a combination of the potential and actual conceptions, and finite reasoning of an infinite process have emerged.

The research data were the teachers' written answers in two tasks and semi-structural interviews. The aim of the interviews was to insight into teachers' thinking. The interviews were recorded with teachers' consent and transcripted. The presented extracts in the results are a translation from Greek, which is the language that interviews were conducted, into English.

The research tool was two tasks regarding the conceptualization of infinity. They are based on hypothetical scenarios grounded on previous research findings and experience concerning learning and teaching of series. The tasks aimed to engage the teachers with students' misconceptions. Thus, we are not focused exclusively on the correctness of the responses but on whether the teachers can identify students' errors and their causes, as well as teachers' reasoning about them [START_REF] Biza | Using tasks to explore teacher knowledge in situationspecific contexts[END_REF]. Stud. A: It is continually increasing, but when the process will be completed, it will be 1 8 . Stud. B: In an infinite sum the process is infinite and endless. Thus, this cannot be equal to a number. It is continually approaching the number and it tends to this. a) Do you consider that one of the two answers is correct? Justify your answer. b) If you think all the answers are incorrect, which one do you think is the correct answer? Justify your view. c) For the ones that you think are incorrect, which are the misunderstandings that led to this answer.

The first task provides a context based on the formal mathematical knowledge about series. However, it is inspired by the dilemma of series' (as an infinitely repeating process) equality or convergence to a number. According to Spivak (2008, p.389) the expression "the series ∑ 𝑎 𝑛 ∞ 𝑛=1

does or does not converge" used to refer to infinite series is somewhat peculiar because the symbol ∑ 𝑎 𝑛 ∞ 𝑛=1 denotes at best a number (so it can't converge) and nothing at all unless (𝑎 𝑛 ) is summable. Thus, the given answers are based on the fact that the used terminology is conflicting since we refer that a series converges despite that it is equal to a number.

2nd Task

Three math students were given the following problem: "Imagine you do the following mental experiment with a duration of just 1 minute. It is assumed that you have an infinite set of numbered balls 1, 2, 3. . . and put them in a box as the following procedure demands. Firstly, you put the first 10 balls into the box, and then remove the number 1 ball in 30 seconds. Then, in half of the remaining time, you put the balls 11 to 20 into the box and remove the number 2 ball. Next, in half the remaining time (and with faster movements), you put the balls 21 to 30 into the box and remove ball number 3, and this process continues. After 60 seconds, at the end of the experiment, how many balls will there be in the box? ". The three students thought the problem and the next dialogue followed: Stud. A: I think that at the end of the experiment there will be infinity balls in the box since those we insert each time are more than those we remove. In particular, at each step of this process, we put in the box 10 balls and we remove one, so we add 9 balls. Due to the infinite steps of the process after 60 seconds we will have infinity balls in the box.

Stud. B: This is accurate but does not mean that at the end there will be infinity balls in the box. I think that the box will be empty.

Stud. A: I do not think that will be empty. How do you think about it? Stud. B: I think that firstly we will get the number 1 ball, after the number 2 and finally we will get all the balls. Stud. C: Is it because the experiment has infinite steps that will not be completed? a) Do you consider that one of the three answers is correct? Justify your answer. b) If you think all the answers are incorrect, which one do you think is the correct answer? Justify your view. c) For the ones that you think are incorrect, which are the misunderstandings that led to this answer.

The second task is based on a version of the Ping-Pong Ball conundrum [START_REF] Mamolo | Paradoxes as a window to infinity[END_REF][START_REF] Mamolo | How to act? A question of encapsulating infinity[END_REF], promoting a non-formal context focusing on "realistic" processes. The conundrum is referred to an infinitely repeating process and its ending due to the existence of a finite time. For its solution, they are needed the formal mathematical knowledge on series and the coordination of the infinite processes (inserting balls, removing balls, splitting the time). The key point for this coordination is the order of removing balls so there will be a specific time interval in which each of the inserting balls will be removed.

The analysis of data was carried out in two phases. In the first phase, we analysed teachers' written responses identifying keywords in their reasoning in order to design properly the upcoming interviews. In the second phase, we analysed the transcriptions of the interviews, reading them line by line, identifying keywords, and characterising an argument according to the conception that was based on.

Results

In the following, we analyse the data from all the phases of the analysis of Alice and Sergio.

The case of Alice

Alice in her written response to the first task agreed with Student A that the series is equal to the 1/8. She calculated the infinite sum ∑ (

1 9 ) 𝑛 ∞ 𝑛=1
by using the formula of the infinitely decreasing geometric progression and she noted that "the infinity sum indeed is continuously increasing but in the end, it ends". She also mentioned the infinite sums 0.3 + 0.03 + 0.0003 + ... = 1 3 and 0.9 + 0.09 + 0.009 + ... = 1 as most direct and intuitive examples.

During the interview, she distinguished the process from the outcome of the process saying: "The process is different from the result. The process will give a result… If we deal the process as a whole, if we are able to see it as a package, as a whole, the whole process… the whole sum, if we consider it as a whole then it will be 1/8."

The use of terms "package" and "the whole process" indicates that she understands the process as complete. This shows her ability to perceive infinity as actual infinity.

Then, commenting on Student B's view of the infinite sum, she mentioned: "Student B sees this endless process that is continuously increasing, and he just cannot see it from outside. He cannot come out from it, but he is inside… the result is the one that I see from outside, the infinite sum but from outside."

The teacher used the terms "inside" and "outside" to describe the views from which an infinite process can be approached. She claims that the internal view of the infinite sum results in seeing it as an endless process, while the external view helps you to see the result of the process. She then went back to Student A and mentioned: "The use of future tense in Student A's argumentation is the point that I focused on…. So he indeed considers that it will be completed sometime… we do not know how "time" will take, but we know that whatever time it takes this [infinite sum] will be 1/8. It is like we don't care about the addition. He sees it from outside."

In the above excerpt, Alice connects the external view of an infinite process with its completion time and argues that in order to have an external view of the infinite sum we have not to care about the time required for it.

Regarding the second task, Alice in her written answer she rejected all students' answers and claimed that there will be a finite number of balls in the box at the end of the experiment.

I disagree with all the students. I consider that the experiment is going to be completed since the time will end. I think that in the box will be a finite number of balls, different than 0 (since the balls are increased continuously so the sum is increasing), and there will not be an infinite number of balls (since the time is going to end despite that the process giving us an increasing number of balls. The time is ending because:

1 + 1 2 + 1 4 + 1 8 + ⋯ = ∑( 1 2 ) 𝑛 = 1 1- 1 2 = 2.
), so neither infinite balls either zero balls.

In the interview, she first expressed her initial thoughts after reading the task: "[This task] reminded me the Zenon's paradox, and Hilbert's Hotel paradox. ... And then the time is introduced and confused me." She recalled two well-known paradoxes as tasks that have similarities with the given one. Nevertheless, she mentioned that the existence of finite time in this task confused her. So, the connection of the infinite process with time seemed to create a conflict to Alice.

Then, Alice reiterated the view she had expressed in her written answer focusing on the realistic aspect of the mental experiment: "I think that there is a natural number of balls different than 0 in the box. It will not be empty… since we have a sum of positive numbers continuously. Despite that, we remove balls, we add more, so the sum is always positive. And there will not be infinite balls because it is referred [in the task] that the process ends due to time. Just I mentioned I saw it realistic… Sometime the time will run out." Alice seems to be influenced by the fact that it is explicitly stated in the task that time is fixed and this is a key for her view. This is how she deals task 2 as an outside observer: "I saw it [the experiment] realistically… So, it says that "time will end" and hence I disagree with all three students… I saw it from the outside, it will end, and the time is changed to zero. I still consider the same about the concept of infinity [as in the first task]. I just decided whether I will be in or outside of the process. I decided to see it outside…. I think that the balls are an infinite set. We have infinite balls, but we are going to use a finite number of them." She seemed to consider that the process of inserting and removing balls will stop at the end of the time and so finite balls will have been used. Summarizing, it has emerged that Alice demonstrates an actual conception in the first task and a conception based on finite reasoning in the second one.

The case of Sergio

In his written answer regarding the first ask, Sergio disagrees with both students. He calculated the partial sum of the series but he started from k=0. He wrote ∑ , where | α | <1, and therefore the sequence is convergent". Then, for Student's B answer he wrote "Incorrect calculation, probably due to carelessness or not remembering the formula correctly" and for Student A:

He considers that the process will be completed and that the infinite sum is equal to 1/8, which shows that he has not understood that the infinite sum is the limit of a sequence of partial sums.

In the interview, it was initially made clear to Sergio that the sum starts from k = 1 thus the result is 1/8. Then, referring to Student A, he said "…it bothered me that on the one hand, he said converge and then he said equal.". When asked if he agrees with Student B, the next dialogue followed: Sergio: …you have troubled me. I say it converges…in the end sums converge to the value 1/8. It is convergence. It is not equal. This is not another representation. Researcher: OK. What does the series do? Sergio: The series, you mean the infinite sum, is the limit of the partial sums. Researcher: So the series is equal or converges to 1/8? Sergio: It is equal to the value that converges… OK, it is equal to 1/8 … I don't know, I have mixed feelings, I fall into contradictions... Then, when asked if he still disagrees with both students, Sergio answered:

"I disagree with both of them regarding the completion of the process … The one said that "when it is completed" but it will never be completed, and the other one that he cannot decide because it [the process] will not be completed. … We can admit that if we had infinite time this would be equal to 1/8…. If you stop somewhere ... then you are close to 1/8, but you did not reach it …However, if you do not stop then is going to be 1/8."

From the above, we see that Sergio is not sure if the series converges or is equal to 1/8. He also puts the dimension of time and considers that the infinite sum will be equal to1/8 in infinite time.

In his written response for the second task, he recalled Zeno's paradox and he wrote "…I "tend" to agree to Student A" but he also writes "...but what happens, in the end, I do not think we can decide.".

In the interview he said:

"I disagree on whether it [the experiment] will end. Thus, I do not know if we can talk about the end of the experiment…. We have two times. The time experienced by the one who is in the experiment and the one who observes it. He who is in the experiment will always have half of the remaining time. It will not stop… the one who is inside in the experiment will tend to have infinite balls because he is constantly holding more and more in his hands [he means in the box] but I cannot say for sure that when it [the experiment] will end because it will not end."

In the above extract, Sergio highlighted the fact that the infinite sum of time intervals will not be completed even though the experiment will end in a given time. In addition, he deemed that the process of inserting and removing balls cannot have a result since the process is endless. At the end of the interview, when he asked which student he finally agrees with, he agreed with Student C. In conclusion, it has emerged that Sergio demonstrates a combination of potential and actual conceptions in the first task and potential conception in the second one.

Discussion

From the preceding analysis, the secondary teachers' conception of infinity has emerged. As the literature stated, the teachers were able to perceive the infinity either as potential or as actual infinity (Dubinsky et al., 2005a). However, it is revealed that an individual's conception may be at an intermediate level, between potential and actual infinity, as [START_REF] Dubinsky | Preservice Teachers' Understanding of the Relation Between a Fraction or Integer and its Decimal Expansion: The Case of 0.9 ̄ and 1[END_REF] stated. Both teachers demonstrated different conceptions of infinity in the two tasks. Alice demonstrated an actual conception of infinity in the first task and a conception based on finite reasoning of an infinite process in the second one. On the other hand, Sergio demonstrated a combination of the potential and actual conceptions in the first task and a potential in the second one. In particular, in the first task, Alice seemed to have an actual conception of infinity since she approached the infinite process as a completed set. In addition, even though the task did not provoke it, she distinguished the views that the infinite process can be approached as the participant in it or as the observer of it. Her decision to be an observer led her to the actual conception. However, Sergio's conception is between potential and actual infinity. He referred to the external and internal view on the infinite process, as Alice did, but he considered himself as a participant. Therefore, the endless conception of infinity has appeared.

Even though he faced a conflict on the used terminology about series, his prior formal mathematical knowledge seemed to influence him to consider that an infinite process can have an outcome. Thus, this intermediate conception has emerged. We note that in the first task, the teachers introduced the aspect of time in their reasoning, even though its context does not promote it, and they expressed different views on it. Alice noticed that time could not influence the extraction of an outcome because sometime this will be completed, reinforcing her actual conception. On the contrary, Sergio considered that only in infinite time the series will be completed, presenting a potential conception.

Regarding the second task, the "realistic" and controversial context of the paradox seemed to influence the teachers' conceptions of infinity. In particular, both teachers could not correctly coordinate the infinite processes, and they approached the experiment time differently. Alice focused on the finite time of the experiment, and she considered that the process of inserting and removing balls is not completed but will stop when the time is up. Therefore, she approached the infinite process under finite reasoning. On the contrary, Sergio focused on the infinite process itself, so he opposed that the experiment ends and the extraction of an outcome [START_REF] Mamolo | Paradoxes as a window to infinity[END_REF], presenting a potential conception

The above findings illustrate that the context of this task influences secondary mathematics teachers' conceptions of infinity. This type of task seemed to allow teachers' misconceptions to emerge and could be used in mathematics teachers' education to enhance their knowledge.
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  He stated "this is a geometric sequence with α = 1 9