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In this paper we present a study regarding a professional development course for primary and lower secondary teachers designed in the frame of a model of Mathematical Teachers' Specialised Knowledge (MTSK) conceptualization. In particular, taking inspiration from the subjectivist approach to probability, the teachers are involved in a context of betting games facing the problem of quantifying the degree of confidence of an event. We will focus on some steps of a collective discussion emerged in one of the meetings analysing them by the MTSK frame. Starting from this analysis we discuss the implications regarding the use of this kind of settings for developing teachers' knowledge in the field of probability.

Introduction

In the last years the topic of Probability has become an increasingly central topic in the national and international curriculum around the world [START_REF] Batanero | Research on Teaching and Learning Probability[END_REF]. Also, the research in mathematics education is giving much more attention to this topic, focusing both on the pupils and the teachers (e.g., [START_REF] Ireland | Building a connection between experimental and theoretical aspects of probability[END_REF][START_REF] Chernoff | Introduction[END_REF]. Some studies [START_REF] Franklin | The statistical education of PreK-12 teachers: A shared responsibility[END_REF][START_REF] Chick | Teaching statistics at the primary school level: beliefs, affordances, and pedagogical content knowledge[END_REF] point out that teachers' training in the field of probability is not enough to enable them to deal with challenges posed by the work with pupils. Several teachers present difficulties similar to their students' ones in managing basic concepts [START_REF] Prodromou | Connecting experimental probability and theoretical probability[END_REF]. Moreover, their pedagogical content knowledge in probability appears to be not appropriate [START_REF] Batanero | Training teachers to teach probability[END_REF]) and they seem to have scarce experience in conducting experimental activities with students [START_REF] Stohl | Probability in teacher education and development[END_REF]. In this view, [START_REF] Batanero | Research on Teaching and Learning Probability[END_REF] have highlighted the necessity of leading research on the components of teachers' knowledge and of designing materials for teachers' professional development concerning probability.

In this paper we propose an analysis regarding a professional development course (PD) for primary and lower secondary mathematics teachers. This PD was designed referring to the subjectivist approach to probability [START_REF] De Finetti | Sul significato soggettivo della probabilità[END_REF]) and to the model of Mathematical Teachers' Specialised Knowledge -MTSK [START_REF] Carrillo-Yañez | The mathematics teacher's specialised knowledge (MTSK) model[END_REF]. In particular, the PD has the aim of challenging the teachers' mathematical knowledge and allowing them to invest in designing meaningful activities and contexts for teaching probability. The simulation of betting games has been the background for this specific PD and one of the games explored was the one related to betting on the sum of the two faces outcoming when rolling a six-sided dice.

In this study we discuss how the autonomous creation and modification of quotas, together with the debate about the associated decisions and the stabilization of quotas, have activated in teachers processes of qualitative and quantitative refinement of the degree of confidence, associated to each possible event. This discussion aims at answering the following question: Which element of specialised Knowledge on the Topic (KoT) of probability is possible to trace in teachers facing the problem of quantifying "quotas" in a context of betting game? These elements could be revisited in a perspective that allows the construction of a probability measure to be rooted on a subjective choice [START_REF] De Finetti | Sul significato soggettivo della probabilità[END_REF].

Theoretical framework

Teachers' knowledge plays a crucial role in students' learning process (e. g. [START_REF] Ball | Knowing mathematics for teaching: Who knows mathematics well enough to teach third grade, and how can we decide[END_REF][START_REF] Boyd | Teacher Preparation and Student Achievement[END_REF][START_REF] Nye | How Large Are Teacher Effects? Educational Evaluation and Policy Analysis[END_REF]. For this reason, the research interested in teachers' knowledge has been an emerging focus of attention in the last years and, in this scenario, different approaches were designed and explored in order to help understanding the specificities of such knowledge. In particular, the MTSK's model was proposed to catch better the complexity and the specialised nature of this teachers' particular knowledge. It comprises two main domains: Mathematical Knowledge (MK) and the Pedagogical Content Knowledge (PCK) in which three subdomains are considered.

KoT's sub-domain (Knowledge of Topics) concerns mathematics content itself and refers to the teachers' knowledge related to definitions and notions about each specific mathematical topic, its own set of properties, the intra-conceptual connections between the single items' content of the topic and the understanding of its foundation and history. KoT refers to a mathematical specialised knowledge as it comprises the teacher mathematical knowledge situated in the context of practice and thus it is a knowledge only required for the task of teaching mathematics. It is composed by a set of categories: procedures; definitions; properties and foundations; phenomenology and applications; intra-conceptual connection. This subdomain includes teachers' knowledge on different representational systems about the specific mathematical topic and the different meanings connected with the procedures related to that topic. According to the MTSK model a sound KoT allows teachers to manage mathematical procedures in an aware way and to master the meanings connected to the different procedures. Mathematical epistemological aspects, and so all the forms of explorable examples in a real context or in connection with other disciplines, characterise the category of phenomenology and application, useful to contextualise a problem and a situation.

In this vision, in the field of probability, it's important to understand which the kind of specialised knowledge is that a teacher needs to have and which the sub-domains are where these knowledge can be located. Specialised knowledge of probability is identified in this paper with the words "KoTcategory name" to simplify the reading.

It is desirable that a teacher has a strong KoT that involves, among other things, the fact that probability needs to be seen not only in the classic probability's vision, but also with the frequentist and subjectivist approach. These three kinds of approaches are linked to each other (KoT -intraconceptual connection). It is also relevant that the teacher should have a knowledge of the definition and the meaning of probability, which allows to know the potential of each approach.

Let's take the example of the "dice game", that it is also the context of the discussion that we will analyse later, and consider the problem of the quantification of the degree of confidence of events "sum of faces of two six-sided dice" (KoT -phenomenology). This issue can be faced using all the three approaches of probability (KoT -definition, properties and foundation).

The classical approach to probability sees the probability's measure like a fraction between the number of favourable cases of a given event E and the number of all possible cases of a given event space (KoT -definition). Thus, according to the classical approach, in Figure 1 are reported, with the black colour, the probability's measures associated with each sum (listed in green and unpacked in orange and blue) of the problem (KoT -procedures) presented in this paper. In the frequentist approach, if an experiment is repeated in the same conditions for a considerable number of times (KoT -phenomenology and application), the relative frequency of an event is considering a first reasonable valuation of the degree of reliability of the occurrence of the event itself (KoT -definition, properties and foundation). With "relative frequency" is meant the ratio between the number of occurrences of an event (meaning the number of times that an event happens, that can be "how many times the sum 6 came out of the dice") and the number of accomplished proves (that can be "the number of times we roll the dice"). By the increasing of the number of experiments or accomplished proves (potentially for an infinite number of times), the value of the frequency tends to the theoretical value of probability, that is the value given to the classical probability (law of large numbers-KoT -definition, properties and foundation).

The construction of the probability theory from a subjectivist point of view has emerged from the intention to give to the probability's meaning a psychological basis. In particular, the probability of an event is a quantitative measure of the degree of confidence based on the judgment that events occur (KoT -definition, properties and foundation). In this perspective, what really matters isn't the concept "what I foresee, will happen, because I foresaw it" but, instead we should focus on the question "why do I foresee that this event will happen?" [START_REF] De Finetti | Sul significato soggettivo della probabilità[END_REF]. The answers to the query "why different degrees of confidence can be attributed to different events" are various: reasoning based on sensations, on statistical analysis or on assessments that rely on the combinatorial calculation. Based on the subjectivist approach, the definition of probability P of an event E can be given supposing that a bookmaker is obliged to accept bets on a certain number of events, including the event E (KoT -phenomenology and application).

The bookmaker (B) has the authority to decide the price 𝑝 that a bettor (G) has to pay to bet on some events at stake and to collect the amount 1 if the event E verifies. G has the authority of deciding to pay the price related to the chosen event in order to collect 1 or to pay S times that price (𝑝 × 𝑆) to collect, in case of victory, S times that amount 1 (𝑆 × 1).

If G decides to bet on the event E, B collects the price 𝑝 × 𝑆 from G who, if the event E is verifies, collects S. Let's indicate this situation as pro E bet. In de Finetti's frame another possibility is provided: if G decides to bet against the verifying of E, B will be obliged to pay 𝑝 × 𝑆 to G if the event E doesn't verify (G-wins), or to collect (1 -p)S if the event E verifies (G loses). In this way, G is forcing B to play money on an event using the prices set by B. Let's indicate this situation as cons E bet.

Regardless of the opportunity to build the definition of subjective probability, however, it seems useful to take into account that, according to this approach, the probability is "the mathematical theory that teaches to be coherent" [START_REF] De Finetti | Sul significato soggettivo della probabilità[END_REF]. In a betting game contest, probability is the measure of the "degree of confidence values" to be attributed to events in order to "not enable competitors to win with certainty" [START_REF] De Finetti | Sul significato soggettivo della probabilità[END_REF].

Context and Method

The research presented in this paper is part of a PhD project that the first author is developing with the focus on mathematical teachers' specialised knowledge in the field of probability. For this project of research, a PD was designed and implemented and it involves primary school teachers and lower secondary school teachers together with their pupils. The analysed PD, which took place last year for a total of 12 meetings; it involved 8 teachers, 4 of primary school and 4 of lower secondary school. The teachers of the PD have a very different educational background and so their background in stochastics is very heterogeneous. The second part of the PD was interrupted due to the COVID-19 pandemic. The purpose of the PD was to make explicit the specialised mathematical knowledge around the deepening of the probability construct, starting from the de Finetti (1931) vision about subjectivist approach.

An initial part of the meetings was used to develop and expand the teachers' KoT. For this purpose, from the beginning teachers were put in a situation of game immersion. The game consisted in betting on the sum of the two faces outcoming in the six-sided dice's roll (both white) and in establishing the quotas to be allocated to each possible sortie (sums from 2 to 12, including). The quota is commonly understood as the multiplication factor that is applied to the player's bet to determine the amount that the same player will be entitled to collect if the bet event E occurs. The challenge with the teachers was to establish quotas so as to be coherent to de Finetti's vision (1931) in order to "not enable competitors to win with certainty" [START_REF] De Finetti | Sul significato soggettivo della probabilità[END_REF].

The setting of the classroom has been arranged in order to have two gaming stations using the game board depicted in Figure 2 that was designed and built for this PD. Some teachers were given the role of bookmaker (those who set quotas), while the other teachers were given the role of bettor. Taking turns, each teacher played both roles in the game. During the betting sessions, the teachers had the opportunity to identify elements in the dynamics of the game and so to rethink the criteria with which they chose the first quotas and, possibly, to modify them. The purpose of KoT phase's meetings, was to study the dynamics, created in the group of teachers, to analyse the idea of probability that an adult has and how this idea of probability is managed and used. All the discussions were recorded and transcribed. For this study, we propose the analyses of some excerpts of the discussion that took place during the fourth meeting. In order to comment and discuss the choices of bookmakers and bettors, in this specific meeting teachers were involved in a simulated game session, that provided the possibility, for the first time, to do pro E bet but also cons E bet.

For privacy reasons we will use pseudonymous for the teachers' names.

Analysis and discussion

After remembering the pro E bet modes and explaining the dynamics of the cons E bet, each teacher took some time to set the quotas for each event and to share them with the group.

In this paper are reported, in Figure 3, the productions of Alba (in red), of Giorgio (in pink) and of Mirco (in violet)in the order in which the quotas are shown in the figure, respecting chronologically the sharing's order of the teachers with the working group. Mirco fixed the quotas symmetrically, using the inverse of the classical probability measure. The quotas set by Alba and Giorgio are very different: Alba chose to assign higher quotas to less probable events (this choice entails an higher profit in a less probable event) and lower quotas to more probable events (KoT -phenomenology and application). Giorgio wrote the quotas using a contrary criterion. But during the simulation of the game and the related discussion, Giorgio realised that his quotas earned less money to the bettor who risked more and vice versa (KoT -phenomenology and application), so at the very first part of the discussion he said:

Giorgio: My reasoning upstream was like Alba's one, but I was wrong writing the numbers.

Alba:

If a person thinks about the law of large numbers and calculates all the ratio between favorable cases and possible cases, it should be a Gaussian that peaks on the "sum 7". Because "sum 7" has more combinations, so quotas need to be symmetrical around this point (referring to "sum 7"). If I wanted to give "symmetrical quotas", I would really choose quota five to "sum 7", quota six to "sum 6", quota seven to "sum 5" ... Alba, more qualitatively than quantitatively, employed a criterion which is consistent with her classical probability's knowledge (KoT -definition, phenomenology and application).

The meeting led to the need to create an "ideal" and "unrealistic" simulation game, in which it is possible to roll the dice a very big number of times, and so, to rely on the law of large numbers. Ciro is the educator who mediated the discussion: Alba: Let's say I have to play 36 times; I play 36 times. Ciro:

A million times. Alba:

Let's imagine rolling the dice 36 million times. Let's consider 36 rolls: I'm extrapolating the 36 rolls from the case of the million. So, out of 36 rolls: the "sum 2" comes out one time, the "sum 12" comes out one time, the "sum 7" comes out six times. Now, what should I do? In 36 rolls I decide that I bet all 36 bets only on one sum. Let's do the math! Alba referred to the frequentist approach of probability (KoT -phenomenology and application) to create the "ideal" and "unrealistic" situation described above. Moreover, Alba quantified the "big number of times" with the number "36 million" and normalised this number to "36 rolls" using, in a non-explicit way, the combinatorial calculation with which it is possible to unpack 36 total possible combinations by summing the faces of two six-sided dice (like in Figure 1). The knowledge about the frequentist definition of probability allowed Alba to use the classical definition of probability to predict what would happen with frequencies (KoT -intra-conceptual connection), since supposing an infinite number of throws the relative frequency tends to the classical value of probability.

Paola:

If the bookmaker, in this situation, wants to ensure a certain gain, he must choose quotas lower than the probability value. In this sense, if "sum 2" has 1probability out of 36, the quota must not be 36, but must be lower. Alba:

Quota 35 would be enough to make him earn. Paola:

Yes, the bettor would lose a coin.

In this example, in the situation previously normalised by Alba, for 36 rolls the bettor plays pro "sum 2" using each time 1 coin and paying 36 coins in total. Ideally, the "sum 2" event occurs once out of 36 launches and the bettor wins 35 coins. He pays 36 coins, winning only 35. The bookmaker earns 1 coin.

Giorgio: But are we talking about the previous game where you couldn't bet cons E? Ciro:

Why are you saying that? Giorgio:

Because in a situation like this, the first thing I would do is pointing cons "sum 2".

Giorgio remembered that there was the possibility to play cons E (KoT -phenomenology and application). With this move, the bettor would reverse the results of the "ideal" bet. If the bettor bets 36 times cons "sum 2", at the end of the 36 rolls, he wins.

Ciro:

Using what Giorgio said: so, is the bookmaker at risk? How does the bookmaker respond to this move? Paola:

So, I have to put higher quotas. But the bettor can always bet in both ways.

At first Paola, not explicitly, seemed that she had changed idea radically: previously she proposed to use "quotas lower than the probability value", then she was proposing to use quotas higher than the probability value. At the same time, she verbalised this "idea's change", Paola realised that, even doing so, the bettor could overturn the situation, once again, betting pro E for 36 times.

Mirco: And so, this situation is impossible to be solved. Ciro:

If you use lower quotas? Alba:

You lose. Ciro:

If you use higher quotas? Mirco:

You have to use equal quotas.

Ciro:

Equal to what? Paola:

To 36 (referring to the "sum 2"). Ciro:

Yes, quotes equal to the inverse of the probability value.

It is significant that Mirco said that it wasn't possible to solve that situation: he was the one who -we remember it -from the beginning used the inverse of the probability value to choose his quotas (Figure 3). In this discussion we could appreciate the collective knowledge development in constructing a criterion for establishing quotas (KoT -phenomenology and application) in order to ensure that none of the competitors would win with certainty [START_REF] De Finetti | Sul significato soggettivo della probabilità[END_REF].

Conclusion

The goal of this research is twofold: on one hand we tried to develop an innovative educational approach to the topic of probability; on the other one we attempted to identify useful elements for experiences of teachers' professional development. In particular, taking inspiration from the subjectivist approach to probability (de Finetti, 1931), we designed a particular PD for primary and lower secondary teachers involving them in a betting game context in which they had to quantify the degree of confidence associated to each possible event of the game. The analysis of the excerpt of the discussion showed how the refinement process of the degree of confidence associated to each possible event by the teachers involved both qualitative and quantitative aspects: qualitative, because teachers gave meaning to their knowledge; quantitative, because they used, especially at the end of the process, their knowledge of the classical and frequentist probability definition as a tool to make conscious choices. The actual mathematical systematisation of the subjectivist approach to probability, and in particular the results proving its consistency with the other two approaches to probability, is a fascinating piece of Mathematics and it entails many mathematical formal and complicated structures and techniques. With this study we are not proposing that the subjectivist definition of probability should be explicitly taught during PDs for teachers in service and students at school, but we are exploring its potentiality as educational innovative paths for teachers and studentsto avoid proposing not trivial probability activities. In this episode emerges that a betting game like that described above (which follows an idea by de Finetti's) actually generates a dynamic that leads to the coherent construction of a probability measure based on the choices of the players. This provides a strategy for teachers to design educational paths where a (classical or frequentist) definition of probability is not given a priori, but it is established starting from the degree of confidence expressed by learners. In this case, the probability measure can be given as the reciprocal of the quote. In this perspective, in the second part of the PD we fostered and challenged teachers to design didactical
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