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Towards a dialogic analysis of mathematical problem-solving knowledge for teaching in a lesson study group

This paper presents the construction of the analytical framework of an ongoing research about the development of teacher mathematical knowledge for the teaching of problem solving in a lesson study process. After presenting the context of the research, the article overviews previous research about lesson study and mathematical knowledge for teaching, about mathematical knowledge for teaching problem-solving and about teachers' dialogue in order to introduce the two dimensions of our analytical grid: the knowledge dimension and the dialogue dimension.

Introduction

Mathematical knowledge necessary for teaching has attracted a lot of attention in mathematics education. The same tendency is exhibited in problem-solving, seen from the students' point of view and, more recently, the collaboration in teacher professional development. In our research, the teaching of problem-solving is studied from the point of view of the development of teachers' professional knowledge in a collaborative process. In this paper, we present the context of our study and the analytical framework that we are currently developing, as well as our research questions.

Context and method

Our research is part of the ongoing research of the Lausanne Laboratory Lesson Study (3LS,n.d.) which studies the work of several lesson study (LS) groups in the French-speaking part of Switzerland. We are currently analysing the work of a LS group composed of eight grade 3 and grade 4 teachers from the Lausanne region and two facilitators. The two facilitators consist of a mathematics educator (the first author of this contribution) and a teacher from the institution who participated as a member of a previous LS group in mathematics. From 2018 to 2019, this group has completed three LS cycles with the question: "how to teach grade 3-4 students on how to solve mathematical problems". The fact that the teachers will be in a (professional) problem-solving situation about problem-solving teaching is coherent with [START_REF] Ball | Developing practice, developing practitioners: Toward a practicebased theory of professional education[END_REF] suggestion that professional development programs should situate teacher learning in the types of practice they wish to encourage. The data from these three cycles are analysed using Transana (Woods, 2002(Woods, -2021) ) to encode video recordings which are integrated with the transcripts. The first cycle discussed in this article, includes eight meetings that lasted for about 90 minutes each and two research lessons. Interviews with the two facilitators were also analysed as a way of data triangulation. Since other research of our team used the same type of data (e.g. [START_REF] Batteau | Using Lesson Study in mathematics to develop primary teacher's practices: a case study[END_REF][START_REF] Clivaz | What knowledge do teachers use in Lesson Study? A focus on mathematical knowledge for teaching and levels of teacher activity[END_REF], the obtained results show that this type of data is thorough, systematic, reliable and authentic regarding the perspectives and practices of participants.

The research interests of our research team are two folded. The first series of questions is about the mathematical knowledge related to problem-solving which teachers use during this LS, the second series aims to describe the types of interactions related to the construction of this mathematical knowledge and, ultimately, to describe how the mathematical knowledge is constructed in a LS group. In order to do so, we will present some findings of the previous studies and the analytical frameworks which is currently being developed by our research team.

Lesson study and mathematical knowledge for teaching

Jugyou Kenkyuu, literally lesson study (LS), was born in Japan in the 1890s. It was popularised in the 2000s following international TIMSS comparisons (TIMSS Video, n.d.) and the comparison between mathematics education in Japan, Germany and the USA that [START_REF] Stigler | The teaching gap. Best ideas from the worlds teachers for improving education in the classroom[END_REF] presented in The Teaching Gap. Thanks to the efforts made to promote LS, and in particular to the work of Lewis, who contributed to formalising and popularising LS in the USA [START_REF] Lewis | Lesson study: A handbook of teacher-led instructional change[END_REF][START_REF] Lewis | What is improvement science? Do we need it in education[END_REF][START_REF] Lewis | Lesson study step by step: how teacher learning communities improve instruction[END_REF], LS was initially introduced in the USA as a professional development approach to improve US mathematical classroom teaching and learning [START_REF] Yoshida | Mathematics lesson study in the United States[END_REF]. As a mode of professional development, LS has developed all over the world and has attracted the interest of many researchers in educational sciences, particularly in mathematics education (see, e. g. among the most recent international edited books, Huang et al., 2019;[START_REF] Quaresma | Mathematics lesson study around the world: Theoretical and methodological issues[END_REF].

LS starts from an area of difficulty in teaching and learning identified by a group of teachers. Teachers analyse the targeted learning, study the mathematical concept, consult the various teaching methods, study articles from professional journals and other resources. This study allows them to plan a lesson together. This lesson is implemented in the classroom of one of the group members. Other teachers observe the lesson in real-time and analyse its impact on students' learning. The group may decide to plan an improved version of the lesson to be conducted in another teacher's classroom and the loop begins again. The results of the work are disseminated, both in the form of a detailed lesson plan for future use by other teachers and also in the form of articles in professional journals.

LS groups are usually led by an experienced teacher or trainer, called a facilitator, who "keeps the conversation moving and fair. Involves all participants. Follows an agreed-upon agenda" (Lewis & Hurd, 2011, p. 124). While in Japan LS is sometimes facilitated by the group members, it almost always involve one knowledgeable other who provides feedback after the research lesson and sometimes another knowledgeable other who can draw attention to key elements during the planning phase [START_REF] Watanabe | The role of knowledgeable others[END_REF]. In countries where LS is developed (particularly in Japan), the role of supporting professionals participating in the group as facilitators and that of occasional external experts is well defined. In contrast, these two roles are often assumed by the same person or are confused in places where LS is starting to take root [START_REF] Clivaz | Mathematics Lesson Study around the world: Conclusions and looking ahead[END_REF].

Mathematical Knowledge for teaching problem-solving

Most of the research about problem-solving have considered the student's point of view (for a survey on the state-of-the-art, see Liljedahl et al., 2016). A few authors have considered the teachers' point of view and Mathematical Knowledge for Teaching (MKT, [START_REF] Ball | Content knowledge for teaching: What makes it special[END_REF] framework to characterise the knowledge teachers use to teach problem-solving. Wake and his colleagues [START_REF] Foster | Mathematical knowledge for teaching probem solving: lessons from lesson study PME38[END_REF][START_REF] Wake | Teacher knowledge for modelling and problem solving[END_REF] have attempted to broaden MKT to include mathematical process knowledge and pedagogical process knowledge, by rewriting with 'concepts and processes' instead of 'content' of the MKT categories (Foster et al., 2014, p. 3.98). The focus on the process and not only on the knowledge is undoubtedly noteworthy. Nevertheless, during our data analysis, we realised that the specificity of the knowledge for teaching problem-solving is not only of it being a process. Similar insights were found in the work of [START_REF] Chapman | Constructing pedagogical knowledge of problem solving: Preservice mathematics teachers[END_REF][START_REF] Chapman | Practice-based conception of secondary school teachers' mathematical problem-solving knowledge for teaching[END_REF][START_REF] Chapman | Mathematics teachers' knowledge for teaching problem solving[END_REF]. In her conceptualisation, [START_REF] Chapman | Mathematics teachers' knowledge for teaching problem solving[END_REF] distinguishes six categories of Mathematics Problem-Solving Knowledge for Teaching, divided into Problem Solving Content Knowledge and Pedagogical Problem Solving Knowledge (Figure 1). All these categories are influenced by the teacher's Problem Solving Proficiency and by his/her Affective Factors and Beliefs. In the line of Chapman's findings, for the purpose of bridging the MPSKT to the MKT categories, we propose the following graphical representation of this categorisation (Figure 1). 

Lesson study and teachers' dialogue

It is with the objective of accurately describing how teachers' knowledge is constructed or evolves and, more generally, to better understand what happens between actors within an LS process, that we have been led to focus on discourse analysis in a sociocultural perspective. This perspective is rooted in the work of [START_REF] Vygotsky | Thought and language[END_REF][START_REF] Vygotsky | Mind in society[END_REF], for whom the acquisition and use of language transforms children's thinking. One of our first inspirations was driven from the work of Vermunt and his colleagues [START_REF] Vermunt | The impact of Lesson Study professional development on the quality of teacher learning[END_REF][START_REF] Vrikki | Teacher learning in the context of Lesson Study: A video-based analysis of teacher discussions[END_REF][START_REF] Warwick | Connecting observations of student and teacher learning: an examination of dialogic processes in Lesson Study discussions in mathematics[END_REF] method come from an "inductive-deductive cycle that allowed to distil out the essence of dialogic interactions and operationalise them in the form of a new systematic indicators for these productive forms of educational dialogue" (Hennessy et al., 2016, p. 17). The grid and the method seemed to be a good choice to serve as a basis for the construction of a grid of systematic indicators able to capture the forms of professional dialogue within a professional development process. Nevertheless, adaptations have to be made to SEDA scheme to take into account our research context as well as previous research on teacher learning in LS.

Comprehensive research on LS groups and the fact that they appear to have an impact on teachers' professional knowledge often focuses on the essential role of facilitators (e.g. [START_REF] Bjuland | Dialogic processes that enable student teachers' learning about pupil learning in mentoring conversations in a Lesson Study field practice[END_REF][START_REF] Lewis | Lesson study step by step: how teacher learning communities improve instruction[END_REF][START_REF] Lewis | Learning to lead, leading to learn: How facilitators learn to lead lesson study[END_REF] and possible knowledgeable others (e.g. [START_REF] Seino | Analysis of the final comments provided by a knowledgeable other in lesson study[END_REF][START_REF] Takahashi | The Role of the Knowledgeable Other in Lesson Study: Examining the Final Comments of Experienced Lesson Study Practitioners[END_REF]. While many studies mention the importance of these roles and give examples of facilitator interventions or mention statements by teachers saying how important this role is to them, qualitative studies describing precisely how this role allows teachers to build professional knowledge are rare to date.

For our part, in our previous research, we examined the evolution of the trainer's role in terms of knowledge sharing in a series of LS [START_REF] Clivaz | Facilitators' roles in lesson study: from leading the group to doing with the group[END_REF] and showed which MKT teachers use during the LS process [START_REF] Clivaz | What knowledge do teachers use in Lesson Study? A focus on mathematical knowledge for teaching and levels of teacher activity[END_REF][START_REF] Ni Shuilleabhain | Analyzing teacher learning in Lesson Study: Mathematical knowledge for teaching and levels of teacher activity[END_REF]. Nevertheless, interactions within the group, in particular between the facilitators and the teachers, are yet to be explored.

The Construction of the LS Interaction Analysis Grid

In this section, we will describe our grid for analysing interactions as the result of a process that is both deductive and inductive. This grid currently focuses mainly on enunciative modalities but will be linked in the rest of our research with MKT and issues related to the topic of problem-solving.

Composed of 33 codes grouped into 8 entries, the SEDA grid [START_REF] Hennessy | Developing a coding scheme for analysing classroom dialogue across educational contexts[END_REF]SEDA, n.d.) had to be adapted from students' mathematics problem-solving classroom situation to teachers' professional problem-solving discussion. We started from the SEDA grid, using the same codes every time it was possible and adapting them when necessary. After a one-year coding work, and team discussion of the coding, we were able to set up, in an inductive way, our grid for analysing the interactions within a LS. This required a fairly radical adaptation of the original grid, as we had to take into account our particular context as well as the actors and their intentions.

The process of the modification of the SEDA scheme lies beyond the scope of this paper, but we will highlight here the two main modifications related to the type of exchange in a LS professional dialogue which differs from a students' dialogue in a classroom situation. The first modification is related to the two SEDA categories "B-built on ideas" and "R-make reasoning explicit" which were close. For example, in our data, it was almost impossible to distinguish "B1-Build on /clarify others' contributions" and "R1-Explain or justify another's contribution". We therefore merged these two categories into "R -Answer, develop". Since the Question-Response type of exchange among teachers was often present in our data, the codes for the R category were symmetrised with those of category Q -Prompting development or reasoning (categories Q and R in Table 1), both entries being specified into clarification-justification-hypothesising categories. The second modification is the adaptation of the "connect" category, due to the observation that group participants often make reference to incidents or episodes of the LS cycle or to other teaching experiences (categorie C in Table 1). This observation has already been illustrated in the analysis of the work of a different group [START_REF] Ni Shuilleabhain | Analyzing teacher learning in Lesson Study: Mathematical knowledge for teaching and levels of teacher activity[END_REF] and we can relate it to the cumulative principle of Alexander (2018) "which underpins enquiry and knowledge growth in academic communities as well as classrooms, ensures that discussion is genuinely dialectical yet builds on what has gone before, advances understanding and is not merely circular" (p. 566).

Lesson study dialogue analysis

The first unit of coding of our analysis is the conversational turn, which allows us to first, code the identity of the speaker. Our LS Dialogue Analysis (LSDA) has 30 codes (33 for SEDA) which are clustered into 6 categories (8 for SEDA) that allow us to characterise interactions within the LS. Each code is characterised by indicators, assuring a good validity of the consensus coding (see Table 1):

• Categories E, Q, R, P and G allow us to highlight a dynamic of talk. Each turn is coded;

• Category C allows us to show what is being used as a reference in the conversational turn. This enables us to be aware of the connections that are made during the exchanges. In this case several turns are coded as a group.

The categories for LSDA are presented as follows in Table 1. This category is used with the next category R to code a series of exchanges around a subject. The Q-coded turn involves reference to a previous input. The three possible purposes of the Q-coded turn are, to better understand a factual statement or to understand the reasons for a previous statement or to consider other possibilities or hypotheses.

R -Answer, develop

This category has three possible purposes: to provide clarification and explanation, to give a justification, to develop other possibilities or hypotheses. 

Towards an analytical framework

The ongoing coding of our transcribed LS meetings allows us to have three levels of coding: 1) Identity of the speaker 2) Dynamic of talk (categories E, Q, R, P, G) and the topic to which the series of utterances are connected (category C) 3) The category of MKT/MPSKT and the problem-solving proficiency and the affective factors and beliefs expressed by the participants.

We illustrate these three levels of coding, only with one intervention because of space constrain. 2) P: Take a stand 3) Knowledge of mathematical prob. T4: That's it, and for them to be able to split it up like we do,... I find it interesting 1) Teacher 4 2) R: Give a justification, go further, develop 3) Knowledge of Students as mathematical prob. solvers Knowledge of mathematical prob. T7: And I think that there's also the cover story of the problem… that's not easy 1) Teacher 7 2) E: Express a new idea, make an observation 3) Knowledge of prob. posing These three levels and the relationships among them allow us to operationalise our question about the construction of MKT and MPSKT during LS. Level (3) will illustrate the categories of MKT or MPSKT observed in the dialogue. It will also allow us to provide some answers to the questions about the links between one teacher's problem-solving proficiency and his/her MPSKT, and about the links between one teacher's affective factors and beliefs and his/her MPSKT. The type of intervention (2) linked to the identity of the speaker (1) will lead us to determine the specific dialogic role of each facilitator and of each teacher during the phases of the LS process, to answer the questions: Are the facilitators mainly in charge of bringing up the mathematical knowledge? Is it the facilitators' role to develop mathematical knowledge or is it a shared responsibility? Are these roles evolving along the process?

Conclusion

The development of teacher mathematical knowledge about the teaching of problem-solving in a collaborative setting is a complex process. Developing a framework to analyse this process has proven highly challenging for our team, and we consider this framework as a first result. Our data analysis is still ongoing, and we hope that this analysis will bring some fine-grained description of how teachers construct knowledge collaboratively during a lesson study process.
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 1 Figure 1: MKT and MPSKT. MKT upper uncoloured part of the figure is from Ball et al. (2008), MPSKT coloured categories are from Chapman (2015). Graphical representation of the coloured categories is by the authors of this paper

  who categorised the dialogic processes in LS groups in order to find statistic correlations between certain dialogic features and teachers' meaning-oriented learning in LS. With these categories being too broad for a comprehensive analysis, we were led to study the work of a sister group within the Cambridge Educational Dialogue Research group (CEDiR, n.d.), the Scheme for Educational Dialogue Analysis

	Mathematical Knowledge for Teaching (MKT)	
	SUBJECT MATTER KNOWLEDGE	PEDAGOGICAL KNOWLEDGE
			Knowledge of	
	Common content knowledge (CCK) Horizon (CCK) knowledge content	Specialized (SCK) knowledge content	content and (KCT) teaching content and Knowledge of students (KCS)	(KCC) curriculum Knowledge of content and
		Knowledge of Mathematical PS	Knowledge of Students as mathematical	
			problem solvers	
		Knowledge of Mathematical problems	Knowledge of Affective factors and beliefs	
		Knowledge of Problem posing	Knowledge of Instructional practices for PS	
		PS Content Knowledge	Pedagogical PS	
		(PSCK)	Knowledge (PPSK)	
		Mathematics Problem-Solving	
		Knowledge for Teaching (MPSKT)	

(SEDA, Hennessy et al., 2016) 

group. Rooted in the work of

[START_REF] Alexander | Towards dialogic teaching: Rethinking classroom talk[END_REF] 

about dialogic teaching and of

[START_REF] Littleton | Interthinking: Putting talk to work[END_REF] 

about interthinking, this SEDA group produced a comprehensive grid to analyse classroom dialogue in problem-solving situations. The grid and the

Table 1 : Categories of codes for LS Dialogue Analysis

 1 

	Category	Features
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