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How teachers' knowledge and didactic contract evolve when transitioning to student-centered pedagogy -the case of project-based learning
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Despite project-based learning (PBL) benefits, its use when teaching mathematics is not as common as expected, partly because of the required changes in teachers' role and knowledge. In this case study, we map and characterize the changes undergone by one teacher while transitioning from teacher-centered instruction to PBL. This transition was accompanied by a teacher community where the teachers experienced authentic real-life problems from the tech industry as learners, then led project-based learning in their 9 th -grade classrooms. The findings indicate a development in the content knowledge, the pedagogical content knowledge, and the general pedagogical knowledge of the teacher and demonstrate the formation and implementation of an up-to-date didactic contract between her and her students. Recommendations include integrating the topics of teacher's knowledge components and didactic contract in teacher training for PBL.

Introduction and background

Project-based learning (PBL) is a teaching method known throughout the world for several decades, and there is extensive knowledge and literature on its characteristics and advantages (e.g., [START_REF] Condliffe | Project based learning: A literature review[END_REF][START_REF] Thomas | A review of research on project-based learning[END_REF]. It is rooted in [START_REF] Dewey | Experience and education[END_REF]Dewey's ( /1963) ) educational ideas stating that learning is a social activity and emphasizing the effect of real-life situations, students' choice of context, and ways of learning. The projects allow students to work relatively autonomously, over extended periods of time, with a tangible product created by the students at the end [START_REF] Thomas | A review of research on project-based learning[END_REF]. When students perform PBL in mathematics, they implement strategies such as reducing the complexity of the problem, searching a simple model, and moving from the specific case to generalization [START_REF] Halverscheid | Features of mathematical activities in interdisciplinary, project-based learning[END_REF]. In PBL of mathematics, students engage in problem solving, decision making, and investigative activities [START_REF] Palatnik | Sense making in the context of algebraic activities[END_REF]. Despite these advantages, PBL is not a common practice in math classes as one might have expected, partly because the planning and the implementation in class are challenging [START_REF] Thomas | A review of research on project-based learning[END_REF]. Being student-oriented and constructivist, PBL challenges teaching practices and learning methods and thus requires a significant change in the work of teachers and students. PBL requires a modification in teachers' role from director to a facilitator of learning and requires them to tolerate ambiguity and higher levels of noise and movement in the classroom [START_REF] Condliffe | Project based learning: A literature review[END_REF]. These challenges suggest the need for new models of professional development and teachers' training geared to the specific characteristics of this teaching method to provide teachers with the tools and skills they need to successfully implement PBL in class [START_REF] Barron | Doing with understanding: Lessons from research on Problem-and Project-Based Learning[END_REF].

The purpose of this study is to begin building a conceptual, cultural, and organizational framework that will enable PBL based on real-world industrial problems to be widely implemented in schools. The motivation is based on the aforementioned characteristics of PBL contributing to the development of students' independence, strengthening their sense of ownership of knowledge, and encouraging learning out of curiosity [START_REF] Thomas | A review of research on project-based learning[END_REF], and on a perception that tackling real-world context problems leads to higher-order thinking processes, integration of critical thinking, and improvement in communication and reflection (OECD, 2018).

Given the importance of the teacher's role and the need to rethink and refine this role while implementing student-centered pedagogy [START_REF] Condliffe | Project based learning: A literature review[END_REF], we chose to focus our research on teachers and the changes that occur when transitioning from teacher-centered instruction to PBL in mathematics. Based on the second author's experience in implementing PBL [START_REF] Palatnik | Sense making in the context of algebraic activities[END_REF][START_REF] Palatnik | Didactic situations in Project-Based Learning: The case of Numerical Patterns and Sequences[END_REF] as well as on [START_REF] Brousseau | Theory of Didactical Situations in Mathematics: Didactique des Mathématiques[END_REF][START_REF] Condliffe | Project based learning: A literature review[END_REF][START_REF] Thomas | A review of research on project-based learning[END_REF], we hypothesize that this transition creates changes in the teachers' knowledge, as well as changes in the nature of the interaction between the teacher and her students. To map and characterize these changes, we conducted a multiple case study of teachers who, for the first time, used real-life context PBL in their classrooms. This report describes the case of one of these teachers, Sarah.

Theoretical Framework and Research Questions

As mentioned, our study aims to identify and characterize the development of the teacher's knowledge when transitioning to teaching mathematics using PBL and to map and describe the changes in the nature of the interaction and the set of mutual expectations between the teacher and her students as a result of this transition. Thus, we acknowledge Shulman's categorization of teachers' knowledge (1986) and recent developments in the field (e.g., the Mathematics Teacher's Specialized Knowledge (MTSK) model, Carrillo-Yanez et al., 2018). However, as our study focuses on the professional development of mathematics teachers within a learning community and the enactment of new knowledge in class, we sought a more dynamic theoretical framework that will emphasize the knowledge flow between various layers of teachers' knowledge. Hence our theoretical framework draws on the Refined Consensus Model of PCK [START_REF] Carlson | The refined consensus model of pedagogical content knowledge in science education[END_REF] for science teachers' practice. Their model describes the flow of knowledge from the outer circle of collective PCK (cPCK) of peers, teacher educators, researchers, and mathematicians to the personal PCK of the teacher in question (pPCK), and then on to enacted PCK (ePCK), which is "the unique subset of knowledge that a teacher draws on … during the planning of, teaching of, and reflecting on a lesson" (Carlson & Daehler, 2019, p. 82) When the teacher shifts to student-centered pedagogy, students become more responsible for learning. Hence, we incorporate into the theoretical framework of this study the notion of didactic contractthe set of reciprocal obligations and mutual expectations between the teacher and the students (the theory of didactic situations, [START_REF] Artigue | Introduction to the theory of didactical situations (TDS)[END_REF][START_REF] Brousseau | Theory of Didactical Situations in Mathematics: Didactique des Mathématiques[END_REF].

In terms of the theoretical framework, our research questions are:

(1) Which components of teachers' knowledge develop when transitioning from teacher-centered pedagogy to PBL in a real-life context?

(2) What changes does the didactic contract between the teacher and her students undergo due to this transition?

The context of the study -Practimatics program

The study is a pilot study accompanying "Practimatics", a novel program that brings industry system engineers, mathematics education researchers, and mathematics teachers around one table. The program relies on three elements: new mathematical contenttech-related real-world problems, new pedagogy -PBL, and a dedicated teacher community. During the program, we exposed the teachers to several real-life industry-based mathematical problems that were processed by the research team.

The mathematical content needed for the inquiry was consistent with the 9 th -grade Israeli curriculum (Pythagorean theorem, linear and quadratic equations and functions, the ratio, etc.) In addition, the tasks allowed the students to combine algebraic and geometric content, which is not usual for regular curriculum tasks. The milk container problem (see below) was chosen based on these considerations.

The teachers who participated in the program and their 9th-grade students had no prior experience in PBL. As mentioned, a key element in the program was establishing a teacher community led by the research team. The community incorporated means to facilitate PBL implementation, as mentioned in the literature. Namely, it provided initial training, allowing teachers to experience project-based learning as learners [START_REF] Condliffe | Project based learning: A literature review[END_REF], supported and accompanied the teachers through networking and training [START_REF] Kokotsaki | Project-based learning: A review of the literature[END_REF], was a safe meeting place for them to draw emotional support and conduct peer dialogue on the various projects [START_REF] Tsybulsky | The development of student-teachers' professional identity while team-teaching science classes using a project-based learning approach: A multilevel analysis[END_REF], and provided teachers with explicit models of possible student learning trajectories before they enter the classroom [START_REF] Barron | Doing with understanding: Lessons from research on Problem-and Project-Based Learning[END_REF]. The first author of this paper is one of the community leaders and is a high school math and physics teacher. His background as an electronics engineer who worked extensively with systems engineers for over a decade before becoming a teacher helped create a common language between the program participantsteachers, engineers and researchers.

The original problem in the described case study

The students' projects originated from "TetraPak", a revolutionary pyramid-shaped milk container presented in the 1950s by a group of engineers and entrepreneurs (Figure 1a). The students were asked to create a model of such a container using as much as possible from an A4 paper sheet and to present it along with calculations and justifications.

(a) (b) 

Methodology

Our method is an instrumental case study, exploring the issue over time with detailed, in-depth data collection involving multiple sources of information. In this paper we present the case of the teacher Sarah, whom we perceive as a typical case of an experienced teacher with no acquaintance and no prior experience with PBL or any other form of inquiry-based pedagogy. Sarah was very cooperative, verbal, and informative, and she was eager to share with us the nature of the interaction in her classroom, which made her a valuable informant. Data included transcriptions of seven 1:30 hr. community meeting recordings. We used inductive coding when analyzing Sara's account of her experience implementing the new teaching method. Both writers read the transcripts together, associating each teachers' expression with the categories based on our theoretical framework and our hypothesis: subject matter knowledge, pedagogical content knowledge, pedagogical knowledge, didactic contract. We created and examined a new category in cases where an expression did not fit any of these categories. We then cross-referenced data from additional sources: observation of Sarah's class, questionnaires, and documents collected in the field (Sarah's notebook, WhatsApp, and email correspondence), and compiled the account of Sarah's case.

Findings

Sarah teaches at a six-year religious high school for girls in central Israel. At biweekly community meetings, Sarah spoke in detail about PBL implementation in her class. Her students worked on a project that originated from the milk containers problem for about four and a half months. The mathematical content of the projects was mainly geometry (see example Figure 1b) and, in particular, the properties of the pyramids. Starting with reference to the didactic contract, we describe the findings in chronological order as possible to account for the gradual change. All descriptions and entries were made in Hebrew and translated by the authors of this article.

Formation of an up-to-date didactic contract between the teacher and her students

Already at Sarah's first meeting with her students, at which she planned to present only the structure of the program without delving into mathematics, she decided to introduce them to the problem of the milk container. At a learning community meeting, she explains why:

Sarah: Because…. well…, the audience demanded…it was as if they were curious and they said: "no, no, give us the problem now." So, of course, I said OK. Luckily, I prepared in advance.

Four months later, Sarah looks back at the beginning of the process and recalls how the students had to adapt to the new pedagogy and to the clauses of the updated contract with the teacher:

Sarah: …they never worked that way. These students did not even know what it means project-based learning…They are so used to learning in a specific way, to have all knowledge and information 'thrown' on them. It is really like a new language they had to learn.

During the following lesson, in which the students tried to build pyramids using rolls of paper, they asked why one should study this subject, which is not in the curriculum. Sarah replies:

Sarah: There is a reason for that, but wait, you will see soon. That's why I want you to try to look for the subjects yourself... In this program, you will learn on your own, and you will be able to teach me.

She builds on the students' questions to reveal another aspect of the new didactic contract as she tells them: "learning in this program will be different; responsibility is on you now." At the end of the lesson, when the students' attempts to create pyramids were unsuccessful, they asked her to reveal the answer. Sarah insisted they keep trying at home. According to Sarah, the students were surprised. Up to this point, in such situations, students were used to receiving solutions to the problem from her. Sara's actions and students' surprise indicate the start of redesigning the didactic contract-students' responsibility for learning and ability to deal with initial failure as part of mathematical inquiry.

Note, Sara's persistence in not revealing the answer is not arbitrary. She learns to be a learning facilitator to her students (PCK related to PBL). One of the elements of facilitation discussed lengthily in the community was that the teacher needs to avoid revealing the answer to motivate students to complete the inquiry. Thus, through community sessions and WhatsApp group, an element of the collective knowledge regarding the implementation of PBL in mathematics becomes part of Sarah's personal knowledge. When she acts in class applying this knowledge in the specific situation with specific students, this knowledge becomes enacted PCK (we elaborate on this later on).

A few weeks after the start of the project, a student told Sarah that she did not understand what she wanted from her in this project. Sarah was stunned because this was their fourth meeting already. As the project progressed, Sarah found herself constantly explaining to students what she expected of them. Indeed, the didactic contract should be re-clarified repeatedly for students and the teacher.

The final part of the project was an event held at the Hebrew University, in which the students presented their work and answered questions of prospective teacher program students. One of the questions concerned the way of learning. In the words of Ella, one of the students:

Ella: Learning this way was much more interesting because in regular math classes, you often study subjects you are less connected to, that interest you less. But when you choose the subject on your own, out of curiosity, you always have more motivation to learn, discover, and solve.

The student demonstrates the contrast between her motivation and interest during regular math classes and those during the project, highlighting another facet of a didactic contract for PBL: student choice of a problem.

Development of Sarah's pedagogical knowledge

Throughout the project, we witnessed the development of Sarah's pedagogical knowledge in aspects related to PBL, including ways to motivate and recruit students and ways to deal with procedural and social challenges in the working groups in her classroom. For example, at the fourth community meeting, she shared her opinion about the low pace compared to conventional pedagogy, and the teacher's need to be prepared widely for more than just the intended content:

Sarah: It takes a lot of time. It took me at least double the time I planned...I learned that one should be very flexible and be prepared not only for the specific lesson, right? You need to be ready for more.

At the seventh community meeting, she referred to the ways she has to prepare for a PBL session:

Sarah: So what you (members of the learning community) are saying here is that even if I give them this question in class, I should not try to solve it on my own beforehand.

These two excerpts illustrate bilateral knowledge exchange between enacted, personal and collective pedagogical knowledge of teachers. Sara's understanding of PBL planning and implementation includes now notions of teacher's flexibility regarding students' projects and acting as a research partner of her students.

In yet another session, she shared her thoughts about encouraging low-motivated students who are stuck. Her pedagogical knowledge is challenged here:

Sarah: On the one hand, I can turn to them now and ask, but on the other hand, I wonder maybe it's supposed to come from them? Because if I'm the one asking, then ...well... I have to think, what's better.

However, two months later, she already has a solid opinion regarding ways to engage students:

Sarah: Explain to them the goal, show them the whole process so they can understand what's planned, so they have a sense of belonging. If you want students to feel a sense of belonging, you must share.

After enacting new pedagogy of PBL for a relatively long time, Sarah contributes her insights to collective pedagogical knowledge-sharing the goal and the process creates engagement.

Development of Sarah's content knowledge and pedagogical content knowledge

During the project, Sarah had to acquire new content knowledge. She learned some of it on her own, in some cases, she relied on the community, as in the following example: Sarah tells the students tried to understand the pyramid volume formula by building a physical model. They managed to put six pyramids into a cube, as seen in Figure 1b, but not three pyramids. Sarah says: Sarah:

Maybe it came out by chance, but to really insert three pyramids into a cube, you cannot... I mean in volume, yes, but not in shape, not in dimensions.

In response, a discussion in the community begins as to whether it is possible to physically insert three pyramids into a cube. The program mentor demonstrated with the help of GeoGebra how it could be done, and Sarah now refers to her own lack of expertise in using GeoGebra:

Sarah: You see, say I would like to show them such a thing, (but) just looking it up... it would take me forever.

This example demonstrates how collective PCK becomes personal. Now Sarah knows it is possible to insert three pyramids into a cube, and she saw a new tool that allows visual illustration. The new knowledge she acquired here will most likely serve her in the future when teaching similar topics, thus becoming enacted PCK.

In a different case, Sarah seeks help from the community to bridge another content knowledge gap. She raises a question in the community's WhatsApp group regarding the characteristics of right pyramids and their heights. One of the community leaders replied without revealing the answer, in a way that encouraged Sarah to investigate and expand her knowledge on her own, while at the same time demonstrating how to communicate with students in PBL.

Discussion and conclusions

This study examines the case of an experienced teacher with no acquaintance and no prior experience with PBL and analyzes the development in her knowledge while transitioning to student-centered pedagogy. As mentioned in the literature, transitioning to student-centered pedagogy presents challenges and difficulties to teachers, as they require to adapt to new roles. This study brings empirical evidence of these challenges in the context of tech-related PBL and of the process of overcoming these challenges and developing relevant knowledge with the help of a teacher community. For instance, Sarah and the other teachers in the community realized that planning needs to be modular and flexible, much beyond a specific lesson, and must rely on broad mathematical knowledge, so they would be able to cope with surprises that arise from student inquiries. Teachers learned how to motivate and engage students in inquiry-based learning. They witnessed the power of learning through curiosity and experience and the notion that "breaking down the isolation of the classroom and designing performance opportunities in which students present to outside audiences can be a powerful way to support learning" (Barron et al., 1998, p. 285). Moreover, our findings demonstrate that PBL summons interpersonal situations and challenges that influence learning progress and requires teachers to develop and apply mediation skills. These insights and nuances regarding the implementation of PBL were new to Sarah and therefore represented an expansion of her knowledge.

In line with Brousseau's theory of didactic situations (1997), transitioning to student-centered pedagogy requires a new didactic contract between teachers and their students. Our study brings empirical evidence to the implementation of such a contract. Throughout the entire project, Sarah finds ways to convey her new set of expectations and re-clarify them when students lack understanding of these expectations. This movement back and forth in students' understanding of the expectations from them and the teacher's need to re-clarify the clauses of the contract is in line with Artigue's notion of an "appropriate didactical contract and the difficulties attached to the progressive negotiation of such a contract" (Artigue & Blomhøj, 2013, p. 804). From the teacher's knowledge perspective and in line with the RCM-PCK model [START_REF] Carlson | The refined consensus model of pedagogical content knowledge in science education[END_REF], the whole notion of didactic contract, its formation, and the ways to convey and clarify it to the students represent a knowledge flow from the outer circle of community's collective knowledge to Sarah's personal and enacted knowledge.

Applying the RCM-PCK model in science to mathematics education, we demonstrated the flow of knowledge between the community leaders, peers and the teacher's personal knowledge and the development in her subject matter knowledge, pedagogical knowledge, and PCK. The case study exemplified that the notion of didactic contract and the need to redesign it when implementing PBL is a development of pPCK, thus suggesting a theoretical connection between this element of the TDS with a model of teachers' knowledge. Further research is needed to characterize these connections and how the formation of multiple didactic contracts by teachers in the community will enhance cPCK. Sarah's awareness of these developments and processes and her willingness to share and expand her knowledge helped her to implement PBL in her classroom successfully. We therefore recommend incorporating the subjects of didactic contract and the RCM-PCK model of teacher professional knowledge in mathematics teacher PD programs.
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 1 Figure 1: TetraPak pyramid-shaped milk container and a diagram from one of the student projects