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SINGULAR MODULES FOR AFFINE LIE ALGEBRAS, AND
APPLICATIONS TO IRREGULAR WZNW CONFORMAL BLOCKS

GIOVANNI FELDER AND GABRIELE REMBADO

AsstrACT. We give a mathematical definition of irregular conformal blocks in the
genus-zero WZNW model for any simple Lie algebra, using coinvariants of mod-
ules for affine Lie algebras whose parameters match up with those of moduli
spaces of irregular meromorphic connections: the open de Rham spaces. The
Segal-Sugawara representation of the Virasoro algebra is used to show that the
spaces of irregular conformal blocks assemble into a flat vector bundle over the
space of isomonodromy times a la Klarés, and we provide a universal version of the
resulting flat connection generalising the irregular KZ connection of Reshetikhin
and the dynamical KZ connection of Felder-Markov-Tarasov—Varchenko.
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INTRODUCTION AND MAIN RESULTS

In this paper we pursue the viewpoint that a natural mathematical formulation
of conformal field theory (CFT) lies within the geometry of moduli spaces of
meromorphic connections, and we take a step in this direction.

The prototype are the Knizhnik-Zamolodchikov equations (KZ) [38], in the
genus-zero Wess—Zumino—-Novikov—Witten model (WZNW) for 2-dimensional
CFT [55, 56, 43]. They were originally introduced as the partial differential equa-
tions satisfied by n-point correlators, and mathematically they amount to a flat
connection on a vector bundle over the space of configurations of n-tuples of
points in the complex plane [20].

The construction of the flat connection relies on representation-theoretic con-
structions for affine Lie algebras, and on the Segal-Sugawara representation of
the Virasoro algebra on affine-Lie-algebra modules [39]. An alternative derivation
is possible via deformation quantisation of the Hamiltonian system controlling
isomonodromic deformations of Fuchsian systems on the Riemann sphere [46, 30],
the Schlesinger system [49]. In particular the vector bundle where the KZ con-
nection is defined comes from the quantisation of moduli spaces of meromorphic
connections with tame/regular singularities (simple poles).

In this paper we develop a representation-theoretic setup for any simple finite-
dimensional complex Lie algebra g, in order to go beyond the case of regular
singularities and allow for irregular/wild ones. We will thus define a family of
modules for g and for the affine Lie algebra g associated with g, which we call
‘singular’ modules.! Their parameters match up with those of symplectic moduli
spaces of (possibly irregular) meromorphic connections on the sphere, generalising
Verma modules.

Indeed the regular case will correspond to ‘tame’” modules V), C \A/;\, which are
standard Verma modules for g C g, whose defining representations depend on
characters b* — C and b+ — C for Borel subalgebras b* C b+—corresponding
to positive roots within the root system given by a Cartan subalgebra h C b*.
Such characters are encoded by linear maps A € h", which in turn match up
with local normal forms for (germs of) meromorphic connections around a simple
pole via the natural residue-pairing Lgdz ® Lg — C, where Lg = g ® C((z)) is
the (formal) loop algebra of g. Moreover, if G is the connected simply-connected
Lie group integrating g, then the G-action on the coadjoint G-orbit O C g* of
the character corresponds to the gauge action on meromorphic connections on a
trivial principal G-bundle. Repeating this construction at n > 1 marked points
on the sphere provides a finite-dimensional description of the moduli space of
isomorphism classes of logarithmic connections with prescribed positions of the
poles and residue orbits, defined on holomorphically trivial bundles: this is the
open part M, € Mgr of the de Rham space, that enters into the nonabelian Hodge
correspondence on (complex) curves. The full de Rham space Mg is obtained by
removing the requirement that the bundle be holomorphically trivial, rather just
topologically trivial [8, Rem. 2.1].

Hence classically there is a complex symplectic reduction of a product of coad-
joint G-orbits O; C g, the moduli space

Mie = ([T05) 16, M

Singularity modules’ is also a fitting name, since they are attached to the singularity of a
connection—at a point on Riemann surface.
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whose quantum counterpart is the vector space 7 = H, of g-coinvariants of the
tensor product H = ), Vi, of tame modules: the space of WZNW covacua. If the
level is integral, which we do not assume here, one would replace Verma modules
by integrable ones; then dualising yields the space of vacua, i.e. the space of WZWN
conformal blocks.

Now one very important feature are the deformations, both in the semiclassical
and quantum setting. Namely as the positions of the simple poles vary the moduli
spaces assemble into a symplectic fibre bundle

Mg — Conf,, (C),

over the space Conf, (C) C C™ of (ordered) configurations of points on the com-
plex affine line, equipped with a flat symplectic Ehresmann connection: it is the
isomonodromy connection [31], defined here by the integrable (nonautonomous)
Schlesinger system [49]. The leaves of this (nonlinear) connection are isomon-
odromic families of (linear) meromorphic connections, i.e. the monodromy data are
kept locally constant.> Hence classically we find a flat symplectic fibre bundle.

On the quantum side one thus looks for a (linear) flat connection on the confor-
mal block bundle, to yield identifications of different fibres up to the braiding of
the marked points, analogously to the symplectomorphisms defined by the non-
linear isomonodromy connection. This natural flat connection is precisely the KZ
connection, which is intrinsically defined via the slot-wise action of the Sugawara

operator L_; € it on the tensor product H = & Vy, of tame modules for the
affine Lie algebra, where it is the Virasoro algebra. The action is compatible
with that of the Lie algebra of g-valued meromorphic functions on the punctured
sphere, hence induces a well defined connection on the bundle of coinvariants.

This is the picture that we wish to generalise on the side of the representation
theory of affine Lie algebras. Namely to define generalisations of Verma modules
we look at the symplectic geometry of moduli spaces of irregular meromorphic con-
nections, which has been studied in much greater generality: for arbitrary genus,
complex reductive structure group, polar divisor, and for any nongeneric/twisted
irregular types [8, 9, 10, 13, 16]. Intrinsic definitions allow for the construction of
symplectic local systems of wild character varieties generalising the above, also
entering the wild nonabelian Hodge correspondence on (complex) curves [5]. We
concern ourselves here with the case of genus zero, of a simple group, and un-
twisted irregular types; cf. [7, 14] for terminology and motivation.

Hence the open de Rham spaces M} are still defined. Importantly one now
considers isomorphism classes of connections with higher-order poles, which have
local moduli at each pole parametrising the principal parts—beyond the residue
term. This may be formalised in terms of ‘deeper’ coadjoint orbits of the dual Lie
algebra g7, where

p—1
op = 0zl /2702l ~ Po 2,
i=0

which is a Lie algebra of truncated g-currents, holomorphic at z = 0. Indeed the
residue-pairing matches g, up with a space of meromorphic g-valued 1-forms,
which we see as principal parts of (germs of) meromorphic connections on a trivial

2These data are the G-conjugacy class of the monodromy representation of the fundamental group
of the punctured sphere, with the poles removed. Indeed the isomonodromy connection is the pullback
of the (nonabelian) Gaufi-Manin connection on the associated family of character varieties along the
Riemann-Hilbert correspondence, viz. the map taking monodromy data (which can thought as a
‘global’ version of the exponential g — G, cf. the abstract of [14]).
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principal G-bundle at a wild singularity. The upshot is that one still has the
description (1): now however one considers coadjoint Gy,-orbit O; C g;7, where

Gp = G(C[z] /z"C[z]) .

This is the group of (p — 1)-jets of bundle automorphisms of the trivial principal
G-bundle on a (formal) disc, integrating g,,. The diagonal G-action corresponds to
a change of global trivialisation of the bundle, as in the tame case, cf. the proof
of [8, Prop. 2.1].

Hence we will define modules W"' € WiP) (at depth p > 1) for gp and g
respectively, whose defining representations depend on elements of h7 C g,. In
turn the latter correspond to characters for Lie subalgebras generalising the positive
(affine) Borels, so that for p = 1 they reduce to the usual tame modules (else they
are ‘wild/irregular’). This is done in Def. 1.1, which is a variations of similar
definitions considered elsewhere, and which is the best suited to our viewpoint
on the moduli spaces (1). For example (10) has a more general scope than the
‘confluent Verma modules’ of [34, 42], since we allow for an arbitrary simple Lie
algebra and for arbitrary irregular singularities (of arbitrary Poincaré rank)—and
we do not use the viewpoint of confluence. Also we do not work in Liouville
theory, i.e. we do not consider modules for the Virasoro algebra as in [41]. The
approach in this paper is closer to the ‘level subalgebra’ of [21] (cf. also § 12), or
rather to one of its “‘more reasonable’ variants (see Rem. 4 of op. cit.). The other
variant is used in [22, § 2.8]: in this setup the natural pairing (15) matches the
parameter of the modules with half of principal parts of irregular meromorphic
connections, contrary to (10).> The other two important differences with [22] is that
we work at noncritical level, and that our g,-modules are highest-weight, leading
to finite-dimensional spaces of coinvariants.

The singular modules enjoy several natural generalisations of the standard prop-
erties of tame modules, some of which we gather here. We will refer to “affine’
modules when g is involved, and to “finite’ modules when g, is.

Theorem 1.

o The singular modules admit explicit PBW-generators (Cor. 3.1 and Cor. 3.2).

o The singular modules are smooth (Lem. 3.2).*

o The singular modules are h-semisimple (Prop. 3.1), and the finite singular modules
have finite-dimensional h-weight spaces (Prop. 3.2).

o The finite singular modules are highest-weight g,,-modules (Lem. 3.4).

o The singular modules are cyclically generated by a common eigenvector for the
Sugawara operators{ Ly, } 1 (Prop. 5.1), which is a Gaiotto—Teschner irregular
state of order p — 1 [28].

n>p—

We also give a formula for the (finite) dimension of h-weight spaces of finite
modules, generalising the usual Weyl characters of Verma modules, in (27). The
combinatorial complexity still lies in the positive root lattice, so in the archetypal
case of g = sl(2, C) there is a simple solution (see (29)).

After establishing these properties we consider tensor products of singular mod-
ules labeled by marked points on the Riemann sphere, and study their space .7
of coinvariants for the action of g-valued meromorphic functions with poles at the

3The viewpoint of op. cit. on meromorphic connections is different: at critical level Kk = —h" one
identifies quotients of the ‘universal Gaudin algebra’” with algebras of functions on spaces of opers with
prescribed singularities for the Langlands dual group "G of G, with a view towards the geometric
Langlands correspondence for loop groups [25].

4Recall a g[z]-module is smooth if every vector is annihilated by zN g[z] C g[z] for N > 0.
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marked points. Introducing generalisations of the standard filtrations/gradings of
tame modules we prove the following.

Theorem 2.

o The space ¢ is canonically identified with the space of g-coinvariants for the tensor
product of finite modules (Props. 7.1, 7.2 and 8.1).
o The space € is finite-dimensional if one module is tame (Cor. 7.1).

To ensure nontriviality of the space of coinvariants we explore two options: ei-
ther replacing one of the modules at the marked points with its associated contra-
gredient representation (see Prop. 8.2), or restricting the action of rational function
to the subalgebra of those which vanish at an unmarked point (see Rem. 7.1).

Finally we consider deformations of the marked points, i.e. variations of the tame
isomonodromy times. This is not the full set of isomonodromy times, as in the most
general setup one may also vary the irregular types/classes and give nonlinear
differential equations for the invariance of Stokes data along these deformation.
This goes beyond the isomonodromy times of [37], but also going the ‘generic’
case of [33]. We briefly discuss one natural setup to introduce a space of irregular
isomonodromy times in § 6.4, and we plan to pursue its quantum version in future
work, which should be more closely related to to [21, 22] (cf. the outlook section
below).5

Thus we allow for variations of marked points at finite distance on the sphere.
Then we use the Sugawara operators to define a flat connection on the trivial vector
bundle whose fibre is the tensor product of affine singular modules, and show this
is compatible with the action of rational functions on the punctured sphere. Hence
the spaces of coinvariants assemble into a flat vector bundle over the space of tame
isomonodromy times, so in particular their dimension is a deformation-invariant—
when finite.

Using the above results it is possible to give descriptions of the flat connections
on the space /¢ of coinvariants. Considering all possible cases of our setup we
recover as expected:

(1) the KZ connection [38] (§ 9.2.1);

(2) avariation of the Cartan term of the dynamical KZ connection [23] (§9.2.2),
and the very same Cartan term with a slightly different setup (§ 12);

(3) the general case of [46] (§ 9.2.3), which generalises the KZ connection;

(4) a generalisation of op. cit. with nontrivial action on the module at infinity
(§9.2.4).

In particular the semiclassical limit of the flat connections indeed yields isomon-
odromy systems for irregular meromorphic connections on the sphere, as wanted.

Note the last two items in principle descend from a more general setup, where
the point at infinity is not fixed, provided one can show how horizontal sections
transform under the pull-back diagonal PSL(2, C)-action. Going in this direction,
in § 11 we prove that horizontal sections of the bundle of coinvariants are naturally
equivariant under the action of the subgroup of affine transformations of the affine
line, with the explicit transformation (67).

Finally we abstract the formulze for the reduced connections and define a family
of universal ones: these are connections V,, on the trivial vector bundle with fibre
U(gp)®™ for p > 1, over the space of tame isomonodromy times, which induce the

5A recent series of papers gave an intrinsic description of irregular isomonodromy times: in full
generality in the untwisted case [19, 18], and in the type-A twisted case [15].
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above connections on # by taking representations.® Since all induced connections
are flat and well defined on g-coinvariants, it is natural to conjecture that the same
holds for the universal connections before taking representations.

Theorem 3 (Thms. 10.1 and 10.2, and Prop. 10.1). The connection ¥V, is flat, and
descends to a connection on g-coinvariants of the tensor power U(gp)®™.

These results show the singular modules provide a solid mathematical notion
of irregular conformal blocks in the genus-zero WNZW model [28, 57].

Recall irregular conformal blocks are central objects in the recent literature on
the asymptotically-free extension of the Alday-Gaiotto—Tachikawa correspondence
(AGT) [1, 26], which however is formulated in Virasoro/Liouville theory. Irreg-
ular extensions in Liouville theory have been obtained within the formalism of
Whittaker modules, e.g. [24, 41]; in principle it should be possible to relate the
latter with our construction for g = s[(2, C), in view of the duality between Liou-
ville theory and the Hy -WZNW model [47] (then in turn our construction should
generalise [27] beyond sl(2, C), which is compatible with the duality [48]).

LAYOUT OF THE PAPER

In § 1 we consider a depth p > 1 to introduce singular Lie algebras &P) C
g, singular characters x: &) — C, and affine/finite induced singular modules
WP C W,

In § 2 we explicitly match up the data (p,x) with the local moduli for the
isomorphism class of (the germ of) an irregular meromorphic connection.

In § 3we introduce countable PBW-bases By, C W of the finite singular modules,
as well as gradings and filtrations on the finite and affine singular modules: notably
gradings ;" and FZ for the degree in the variable ‘z’, their associated filtrations,
and then h-weight gradings.

In § 4 we introduce left-module structures on (graded/restricted) dual vector
spaces W* - W™,

In § 5 we introduce the Sugawara operators L, for n € Z, and prove that the
cyclic vector w € W C W is a common eigenvector for L,, withn > p — 1. This
concludes proving the properties of Thm. 1.

In § 6 we define the spaces of irregular covacua .7#. They are quotients of tensor
products H C H of finite/affine singular modules labeled by marked points on
the Riemann sphere with respect to the action of g-valued meromorphic functions
(and we globalise the action introducing suitable sheaves over the space of tame
isomonodromy times).

In §§ 7 and 8 we study coinvariants, and we prove Thm. 2 using the material of
§§ 3 and 4.

In § 9 we introduce the flat connection on the bundle of coinvariants, using the
Sugawara operator L_; and fixing the point at infinity. In § 9.2 we give explicit
formulee for the reduced connection.

In § 10 we introduce the universal connection V,, at depth p > 1, on the trivial
vector bundle with fibre U(g, )®™ over the (restricted) space of tame isomonodromy
times, and we prove Thm. 3.

In § 11 we introduce the action of Mobius transformations on horizontal sections
of the bundle of coinvariants, and establish equivariance under affine transforma-
tions.

®Note the connection of [46] is given in universal terms: gp-modules and (co)invariants are not
discussed, nor are the irregular types of irregular meromorphic connections.
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Finaly in § 12 we slightly modify the setup of § 1 to generalise the dynamical KZ
connection, i.e. [23, Eq. 3].

Some standard notion is recalled in the appendix A, while some lengthy com-
putations are gathered in B.

Affine spaces, vector spaces, vector bundles, associative/Lie algebras and tensor
products are defined over C—unless otherwise specified.

The end of a remark is signaled by a ‘A"

1. Serur

Let g be a finite-dimensional simple Lie algebra, and h C g a Cartan subalgebra.
Let then Rt C R C hY be a choice of positive roots within the root system R =
R(g,h), and R~ :=—R" the subset of negative roots. There is a triangular/Cartan
decomposition

g=n &hont,
where n* is the maximal positive/negative nilpotent subalgebra defined by the
subset of positive/negative roots:

nt = @ Ooc, go(::{Xeg‘ (adH—oc(H))X:OforHeb}.

aeRE

Equip g with the minimal nondegenerate ad g-invariant symmetric bilinear form
(-1-): g ®g — C—so the highest root has length v/2. Consider then the (formal)
loop algebra

Lg =glz) =g®C(z),
and letg(.|.) = g ~ £Lg @ CK be the associated affine Lie algebra. The Lie bracket of
g is defined by K € 3(g) and

Xef,Yogl,=[XV] ®fg+cXaf,YogK, forfgeC(z) X Yeg, (2
where c: Lg /A Lg — C is the Lie-algebra cocycle defined by
c(X®@f,Y®g)=(X]|Y) Res.—o(gdf), ®)

and where in turn Res,_o(w) :=f_1 forw = Y _; fizi dz € C((z)) dz.
Then there is an analogous decomposition g =n" @® h ®n*, where

=t el ez, n=z'glzlen ®1), h=(h®1)®CK.
Finally let b* :=h @ n* be the positive/negative Borel subalgebras associated
with the sets of positive /negative roots, and b* :==(b* @ 1) & zg[z] & CK.
Hereafter we drop the ‘®1’ from the notation for vector subspaces of the constant
part g C Lg, and the subscripts from the Lie brackets.

Remark. The dual Coxeter number h of the quadratic Lie algebra (g, (- | -)) is half
of the eigenvalue for the adjoint action of the standard quadratic tensor on g [35].
More precisely let (X )i be a basis of g, (X*)x the (- | -)-dual basis, and define

Q=) Xe®X*eg®,
k

i.e. intrinsically the element corresponding to Idy € g ® g in the duality g¥ ~ g
induced by (- | -). The projection of Q to the universal enveloping algebra is the
quadratic Casimir

C=) XuX*eUlg), )
K
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which is a central element—Dby the invariance of (- | -). The adjoint action of C on
g is thus a homothety, and we define h¥ by

ade X =) [Xi, [X,X]] =2h"X,  forXeg.
k

We will also need a generalisation of the standard quadratic tensor Q. For
m, 1 € Z define

Q=) Xz™ @ X 2! € £g®2, ®)
K
with the shorthand notation Xz' = X ® z* for X € g and i € Z. Then the identity
[C,X] = Y [XkX*,X] =0, valid for all X € g, also implies
D> Xiz™ - [XEX]Z X, X]z™ XK =0, form, 1€ Zso. (6)
K

A

1.1. Singular modules. For an integer p > 1 consider the singular Lie subalgebra
&) C bt (of depth p), defined by

6Pl =b0"[z] + zPg[z] @ CK, (7)
so that 1) = b+,

Lemma 1.1. There is an identification of abelian Lie algebras

&P ~p, & CK. (8)
Proof. We can define a linear surjection 7t: &P) — b, & CK with kernel
[67), 6P =nT[z] +zPg[z], )
by setting
p—1 p—1
Z(H1+Xi)®zi+zpf+ aK — ZHi®zi+ ak,
i=0 i=0
where f € gz],a € C,H; € h,and X; e n forie{0,...,p—1}. O

Characters of (7) are coded by linear maps & g) — C, i.e. by elements of ) plus
the choice of a level k € C for the central element—using (8). We split the notation:
for p =1 write A € h” the linear map, and for p > 2 write it (A, q) € b,;, where

p—1
q=(ay..., ap_l) € (f)p/f))v ~ @(f) ®Z1)v .
i=1
We will refer to x = x(A, q,k): &) — C as a singular character (of depth p),
and we denote Cy, the 1-dimensional left U(&P))-module defined by it. We also
refer to A as the tame part of the singular character, and to q as the wild part.

Remark. This hints to the dictionary with irregular meromorphic connections on
the Riemann sphere: A corresponds to a semisimple formal residue at a simple pole
(a tame/regular singularity), and q to an untwisted irregular type at a higher-order
pole (a wild/irregular singularity), see § 2.

We will use the uniform notation A = ag when this distinctionisnotrelevant. A

Definition 1.1 (Affine singular modules).
e The affine singular module (of depth p) for the singular character x is

~ = u(s) .
W:WQ’)::Indu(G(p))(szu(g) ®u(6(p)) Cy - (10)
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o Wewrite V = \7X = \//V\>(<1 ), and call it the tame affine module for the character
x=xAk):b" — C.

The latter item is the standard definition of an affine Verma module, and by
definition these are level-k modules.”

Now denote w = [1 ® 1] € W the canonical cyclic vector; then using (8) and (9)

yields
zPglz]w = (0) = n" [z]w,
Hz'w = (a;, Hz"w, forHebh, 1€{0,...p—1},
plus Kw = kw. This generalises the relations satisfied by the highest-weight vector

in a tame module.
Consider now the subspace

W =U(g [Z_l])w CW.

(11)

Because of (11) it equals W~ = U (7~ )w, so it is naturally a left U (7~ )-module with
cyclic vector w—and it is canonically isomorphic to U (n™~) as vector space. Further
matching up cyclic vectors yields an isomorphism W~ =~ V of left U(g[z'])-
modules, regardless of p > 1 and q € (by/ h)v. Note we implicitly use a C-basis
of U (ﬁ) as provided by the Poincaré-Birkhoff-Witt theorem (PBW) for countable-
dimensional Lie algebras.

Consider then the subspace

W=U(g[z])w C W, (12)

which is naturally a left U(g[z])-module, and which will play a more important
role. An inductive proof on the length of monomials—with base (11)—shows
that zPg[z]W = (0), so the g[z]-action factorises through the finite-dimensional
quotient g[z] — gp, so (12) is naturally a left U (g, )-module. Further W = U(n; )w
since bg w = Cw, so in particular W ~ U(n ;) as vector spaces, independently of x.

Remark. Here we use the triangular decomposition g, = n; ® b, © n; and the
inclusion by =n; ® by C gp- A

One hasnf = [b},b}] and (b)) ~ by, so by (11) there is a canonical identifi-
cation Uan)
W~ Ind}} (%) €, = Ulg,) ®u(ey) Cx. (13)

where we keep the notation x: b; — C for the character defined by (A, q) € hy—the
level « is lost.

Definition 1.2 (Finite singular modules).
e We call W = W>(<p) C W the finite singular module (of depth p) for the
singular character x.
o Wewrite V=V, = Wf(l), and call it the tame finite singular module for the
characterx = x(A): b — C.
The latter item is the standard definition of a finite Verma module. Analogously
to the above, the finite tame module is canonically embedded as a U(g)-submodule,

namely as the subspace W-nW =U(gwC W.
On the whole there is an identification of left U (ﬁ*)—modules

W~ U®R7) @u) Ulny), (14)

"Beware a ‘regular’ Verma modules is a Verma module defined by a dominant weight A € b, so
‘tame’ is better terminology here.
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independent of x.

1.2. Algebricity. The structure of W as left-module is controlled by algebraic ele-
ments, not by arbitrary formal power series.
More precisely define

Lgalg =49 [Zil} =g® C [Zil] ’
and then ﬁalg —» Lgag using the restriction of the cocycle (3). These are the algebraic
loop algebra and the algebraic affine Lie algebra of g, respectively. Replacing ‘g[z]’ by
‘glz]” in (10) then yields left U (ﬁalg) -modules, temporarily denoted W,,, generated
by a cyclic vector wy, € Walg.

On the other hand the modules W are left U(ﬁalg)—modules via the inclusion
U(ag) <= U(g), and composing with the canonical projection

U(ﬁ) —» W ~ U(ﬁ)/Amu(a) (W)
yields a linear map t: U(gag) — W.
Lemma 1.2. The map \ induces an isomorphism \//V\alg ~W of left U (Gaig)-modules.

Proof. By (11) the map tis surjective, since Wis generated by the cyclic vector over
U(Lgayg)- Its kernel is

Ker(1) = Ann | (5) (W) NU(Gaig) = Ann | (500) (Walg) - O

Hence the action of meromorphic g-valued functions on the singular modules

is given by Laurent polynomials only. We will drop the subscript ‘alg” from all
notations.

2. RELATION WITH (IRREGULAR) MEROMORPHIC CONNECTIONS

There are canonical vector space isomorphisms (g ® z') " ~ g @z~ (1+1) dz, for
i € Z. They are induced from the nondegenerate £G-invariant residue-pairing

Lgdz x Lg — C, X@w,Y®g)— (X]Y)- Res.—o(gw), (15)

where Lgdz:=g® C((z)) dz, G is a connected simply-connected (simple) Lie group
with Lie algebra g, and £G the associated loop group.

Thus after fixing a level k € C the families of singular modules (10) and (13) are
both naturally parametrised by elements

A=dQ+ /\% €z 'z '] dz. (16)

Namely the residue term Az~ dz € h® z ! dz corresponds to the tame part A €
of a singular character, and the irregular type

p—1
Ai . ‘
Q:;; €h(z)/blz] ,  with A; € b foralli,

is such that d(Aiz ') = —iAiz ""1dz € h ® 2=+ ! dz corresponds to the wild part
a; € (h®z')”. The meromorphic 1-forms (16) should be thought of as principal
parts of germs of meromorphic connections at a point on a Riemann surface (with
semisimple formal residue and untwisted irregular type; here we are considering
‘very good’ orbits in the terminology of [14]).

As mentioned in the introduction, the crucial facts are:
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(1) gp = Lie(Gp), where G, :=G(C[z]/zPC[z]) is the group of (p — 1)-jets
of bundle automorphisms for the trivial principal G-bundle on a (formal)
disc;

(2) the level-zero complex symplectic reduction for the diagonal G-action—
on products of coadjoint G,-orbits—yields a description of an open de
Rham space M}y, viz. a moduli spaces of isomorphism classes of irregular
meromorphic connections on a holomorphically trivial principal bundle
over the Riemann sphere (with prescribed positions of poles and irregular
types [10, § 5]; see [8] for G = GL,(C)).

Moreover the diagonal G-action will correspond to taking g-coinvariants for the
tensor product of finite singular modules, generalising the tame case (see §§ 7
and 8).

Remark 2.1 (Birkhoff groups/Lie algebras). Consider the subgroup B, C G, of
elements with constant term 1. Then G acts on B, by conjugation, and there are
natural identification G, ~ G x B, and g, ~ g x by, where b, = Lie(B,).® This
yields a vector space decomposition g;; ~ g* @ b: in the duality (15) the former
summand corresponds to formal residues with zero irregular types, and the latter
to irregular types with zero residue (so in particular q € b}). A

3. BASES, GRADINGS AND FILTRATIONS

Denote TT = {6; }; C R* the set of simple roots, and choose an order R, =
(x1,..., &) for the set of positive roots. If r:=rk(g) we may assume 6; = o
fori e {1,..,7} Letthen (Fy)xecr+ and (Ey)xex+ be bases of n= and n* with
(Fa, Ea) € 9—« @ g, and such that (F, Hy =[E«, Fl, E«) is an sh-triple. (We may
at times write E_ :=F for the sake of a uniform notation.)

In particular (Hg)ger is a basis of b, and we get a (ordered) Cartan—-Weyl basis
of g

(Xl, ey X23+T) ::(Foclr ey chs, Hel, ey He‘_, Eoclr ey Ecxs ) . (17)

For a multi-index n € 725" define

X=X X5 € Ulg).

2s+T1
By the PBW theorem these monomials provide a C-basis of U(g).

3.1. PBW-bases of singular modules. Let = (fi)i>0 be a sequence of non-
negative integers with finite support, and consider another sequence with values
in the index set of the Cartan-Weyl basis (17), i.e. k = (ki)izo € {1,..., 7+ 2s }220.
Then define
XyzP = H Xi, 2Pt € U(Lgay) -
iep—! (Z>0)

Lemma 3.1 (PBW-basis of algebraic affine enveloping algebras).
A C-basis of U(Lgaig) is given by

B.= { Xz BT XM Xy 2P } (18)

k.8 nkp
where B' is nonincreasing, B is nondecreasing, and k; < ki (resp. k;j < kji1) if
Bj = Bj+1 (resp. B = Bj,1)-

This is one statement of the PBW theorem for the countable-dimensional Lie
algebra Lgy; =g® C [zil] —we have monomials over a totally ordered basis.

8Beware to distinguish the positive/negative deeper Borel subalgebra b% from the Birkhoff subal-
gebra by,
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Corollary 3.1 (PBW-basis of affine singular modules).
A C-basis of the affine singular module W can be extracted from

B ::{ Xz B XM XzPw } 19)

KB/ kB
where B', X', n, X, and B are as above.

Proof. The family generates over C since U(Lgqg)W = W, and using Lem. 3.1. [0

Remark. In (19) one may take 3 bounded above by p — 1, as zP g[z]w = (0). A
Using this set of generators we can prove smoothness.

Lemma 3.2. The singular modules are smooth.

Proof. This is clear in the finite case, as zP g[z]W = (0).
In the affine case choose X € g and an element W = Xz~ B X" X;.zPw of (19).
Then the vanishing XzNw = 0 holds for

N >p+Zﬁ{ €Z-o,
i>0
and the conclusion follows since (19) is a set of generators. (|

Lemma 3.3 (PBW-basis of depth-p finite enveloping algebras).
A C-basis of U(gy ) is given by

B— { XM Xy zP } (20)

nk,B ’
where n, k and B are as above, with the condition of Rem. 3.1. Moreover restricting to
Xi, Xy, en” forie{1,...,2s+1}andj > 0 yields a C-basis ofU(n;).

This is one statement of the PBW theorem for the finite-dimensional Lie algebras
gpand ng.
Corollary 3.2 (PBW-basis of finite singular modules).
A C-basis of the finite singular module W C W is given by

By ;:{ X" XyzPw } 1)

nk,pB ’
where all conditions of Lem. 3.3 apply.

Proof. The family generates since W = U(n,, Jw, and using Lem. 3.3 (the generating
part). But U(n;) has trivial intersection with the annihilator of w, hence the family
is free by Lem. 3.3 (the linear independence part). O

In particular W is a free rank-1 left U(ng )-module.

3.2. Gradings for z-degree. We first define two positive Z-gradings on w.

Definition 3.1. Choose k € Z. Then:
e the subspace J,, = T (m C W is the C-span of the vectors of (19) with

2iBi=K
o the subspace F; = F;" (W) C W is the C-span of the vectors of (19) with
2 iBi=k
By definition Fo =W, f;rO* — W, and

gz YT ) =T, fori=0. (22)

In particular (W, 3, ) is a Z-graded g[z']-module, where g[z ] is a Z-graded Lie
algebra with grading defined by deg(g ® z7') = i.
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The other grading instead does not yield a graded module; but we can obtain
one inducing a (positive) grading on W C W.

Definition 3.2. For k € Z set 5 :=F, NW.
It follows that & = U(g)w C W, and
n e (F) CFL,, forkiz0, (23)

so the space (W, F7) is a Z-graded n~ [z]-module, where n~ [z] is a Z-graded Lie
algebra with grading defined by deg(n™ ® z!) =1i.

3.3. Filtrations. We consider the filtration f;r;. on W associated with the grading
of Def. 3.1 for the negative z-degree. It follows from (22) that

Tapi= ) 90z ™ F), g (Fo) ST, (24)
m+l=k
fork,i > 0.
Finally we consider on U(g)w = U(n~ )w C W the natural filtration €<, induced
from that of U(n ™), so that E¢p = Cw. Note

1 (Eci) + €<k = E<iet, (25)
and further n™ acts nontrivially on the associated graded of (U( glw, Sg.)I
n(gr(€)x) € gr(€i, (26)

where as customary gr(€)y =€y /E<k—1 for k € Zzo—and E<_1:=(0).
3.4. Weight gradings. For pn € ¥ define
o (W) :?u::{w evAv} Hiv = w(H)# for H € § } cwW,
and analogously F, (W) =JF,=Wn 5"}1 CWwW.
Proposition 3.1. The singular modules are b-semisimple, i.e.
wW=@P 7., w=@ 7.
nehy nehy
Proof. This follows from the fact that all elements of (19) and (21) are h-weight
vectors, which in turn is proven recursively using the identities
H- Xoz'W = (u+ o, H)Xoz'w,  H-Hz'W = (&, H) - H'z'w,
foro € R, H,H €bh,icZandw e F,. O

Remark. In the finite case one may define the h,-weight spaces, i.e. the subspaces of
vectors w € W such that Hz'w = (u;, Hzi)w for p = (po, ..., Hp—1) € h,- However
the very first recursion fails for p > 2: if H € § is such that (x, H) # 0 then

Hz - X_ow = (a1, HZ)X_ow — (&, H)X_4z - w & C(X_ow),

where w is the cyclic vector, so the finite singular modules are not h,-semisimple.
A

The proof of Prop. 3.1 implies all weights are contained inside A+Q C b, where
Q :=ZR is the root lattice.

Remark. Consider the z-linear extension of the adjoint action h — gl(g) on Lg.
Decomposing £g = @, L8« D Lh we see Lg isnaturally a h-graded Lie algebra
(with nontrivial weights still given by R U {0 }), and the proof of Prop. 3.1 shows
the singular modules are h-graded. A
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In the finite case one can go further recovering the standard notion of positivity.
Namely (h, <) isa posetby defining p’ < pby p—p’ € Q, where Q :=Z3oR" C
Q is the positive root lattice.

Lemma 3.4. One has T = Cwand W = P, <, T

Proof. 1t follows from the fact that W is generated over U(n,;) by a h,-weight vector
annihilated by n|: it is a highest-weight g,,-module. O

In particular (21) consists of weight vectors, and the line Cw C W has the highest
weight.

In view of Lem. 3.4 the weight spaces are naturally parametrised by elements
v e Qy, viaFy :=F_. Now for an element v € " denote

+ +
Multg+(v) =< m= (Mmy)x € Z§O Z Mg -ax=v p C Z;) ,
xeR

so that the cardinality of Multx+(v) is the finite number of ways of expressing v
as a Zxo-linear combination of positive roots. In particular Multg+(0) = {0}, and
Multg+(v) = @ forv & Q.

Finally for m € Z%; denote

p—1
WComp  (m):=1{ ¢ = (@u)« | ¢a: {0,...p—1} = Z}O/Z Qi) =mus o,
i=0
which is the finite set of weak p-compositions of the integers my > 0.° In particular

WComp, (m) is a singleton containing the element ¢ with @«(0) = mq for all
xe R,

Proposition 3.2. For v € b one has

dim(%) = Y <m+p_1><oo, 27)

m
meMulty, 4+ (v)

where (™21 =ITaers (Mmr )

Proof. Choose 1 € h¥ and set v = A — . Then for m € Multg+(v) and @ €
WCompp (m) consider the vector

p—1

w® = H ( H (X_o(zi)‘p“(l)w> € Bw . (28)

i=0 \ xeR+

The family { w® }q) C W is free since it consists of distinct elements extracted

from (21) (beware of the ordering in the product), and by construction w® € F,,.
Conversely the vectors (28) exhaust (21), from which one can extract a basis of

F,, so the conclusion follows from standard combinatorial identities. O

Thus Prop. 3.2 strengthen Lem. 3.4: the given sum is empty for v ¢ Q,,
and WCompp (0) is a singleton containing the element ¢ with @«(i) = 0 for
1e{0,...,p—1}

As expected (27) generalises the standard fact that dim () =|Multg« (v)| for
Verma modules, i.e. it generalises the character of Verma modules. The difference
in the general case is that one must also specify a z-degree for each occurrence of
a positive root.

A composition of m « is a sequence of positive integers summing to m; it is a p-composition if the
sequence has finite length p > 1; and it is weak if zero is allowed.
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Remark. This notion of positivity is lost with the (finite) modules of § 12: in par-
ticular they have infinite-dimensional weight spaces and are less suited to yield
irregular versions of conformal blocks. A

For example consider the case where v = 0 € IT is a simple root. One has
Multg+ (8) = { m® }, with m& =8¢ «. Also WComp,, (m?) = { %'}, where

O ) =deody,  Li€(0.p-1).

Hence X0 = X_gzt, so we recover
dim(Fe) =p, Fo = span, { X_ow, ..., X_pzP 'w } )

Remark. It follows from the above that
U(n*z])Fy = @ Fyr, forve Q..

0=v/=v

Hence the module W is locally n* [z]-finite, i.e. the vector spaces U (n™ [z])w C W
are finite-dimensional for all w € W.

One is tempted to say that W lies in a ‘Bernstein—Gelfand—Gelfand category

O[z]’ [32]—of h-semisimple finitely generated left U(g[z])-modules which are lo-

cally n* [z]-finite. A

3.4.1. Archetypal case. One may get to the end of this story when g = s((2, C) with
the standard basis (F, H, E) and the standard A;-root system R = { o« }, where «
is positive and (x,H) = 2. Then Q4 = Z3o«, so simply Multg+(v) = {m} for
elements v = ma with m € Zq.

Thus (27) reduces to

dim (Fpna) = ‘WCompp (m)‘ _ (m + n;i - 1> , (29)

In the tame case one recovers the line generated by F™v, whereas in the general
case a basis is given by
e (i)
we =TJ(Fz")*"" v,  for ¢ € WComp,,(m). (30)
i=0
4. DUAL MODULES

In view of Prop. 3.1 we consider the restricted duals of the h"-graded singular
modules, i.e. the h-graded vector spaces

W= F W, w=@Fcw. (31)
HeEDY nepy

They are naturally equipped with a right U(ﬁ)— and U(gp)—module structure (re-
spectively), namely

(90X, W) = (b, Xz'W), K=k, foricZ XegheW, weW,
and analogously in the finite case.

To get a left action compose with a Lie algebra morphism g — g°P (resp. g, —
gy ), or rather with the induced ring morphism U(g) — U(g°) = U(g)™ (resp.
U(gp) = U(gp)°P). In particular a Lie algebra morphism 6: g — g°f has a unique
Z-graded extension : L g — L(g"P) = (L g)OP: in the finite case one can then
consider the restriction 0: g[z] — g[z]°, which is compatible with the projections
glz] - gp and g[z]°P — g7°; in the affine case one may further ask that 0 is
(- | -)-orthogonal, and extend the definition by @(K) =—K.
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In what follows we only consider morphisms of this type.

Definition 4.1 (Dual singular modules).

The affine (resp. finite) 6-dual singular module \7\73 (resp. W{) is the left U(g)-
module (resp. U(gp)-module) defined by the morphism 0: g — g°P.

The U(g[z])-linear inclusion map W — W then dually corresponds toa U(g[z])-
linear restriction map \//V\g — WE.

Remark 4.1 (Dual/contragredient modules). Basic examples of morphisms 0: g —
g°P preserving (- | -) are the tautological 89 = —Idy, and the transposition 61, defined

by
01(Es) = E_, el\b =1Idy, for x € R.

We refer to 0p-duals simply as dual modules, and to 6;-duals as contragredient
modules. A

Consider then the element {p € W* dual to the cyclic vector in the basis (21), i.e.
(,w) =1 and { vanishes on all other vectors of (21)—whence Fy = Ci.

Assume hereafter that 0(h) = h°P (up to conjugating 0 by an inner automorphism
of g), and canonically identify § ~ h°P and their duals. Then we have a well defined

pull-back map 0* € GL("), which we extend z-linearly to (h ® z')" ~ b ® z\.
Moreover by orthogonality the subspace n™ @ n~ C gis 0-stable.

Lemma 4.1. The vector \p € W* satifies the relations

2Pglz]w = (0) = 0~ (n )],

. . . (32)
Hz"p = (0% a;, Hz) ), forHeh, 1€{0,...,p—1}.

Proof. Use (11), (23), zPg[z]W = (0), and the fact that 0: glz] — g[z]|°P preserves
the z-grading of Def. 3.2. O

In particular n~ [z]y = (0) in the dual case, and n* [z] = (0) in the contragre-
dient case.

4.1. Dual weight grading. Denote 0. ::(9*)71 = (071)", and introduce the nota-
tion f;r; - VAVS and J7, C Wj for the h-weight spaces.

Lemma 4.2. One has f;"ﬁ = %W and Eocz"'f;"ﬁ cFv forpebh’, ax e R 1€Z,

n+0., o’
and analogously in the finite case—restricting to i € Zxy.

Proof. Let I,: W — W be the idempotent for the direct summand §"u C W, viz.
the endi)moiphism such that IH‘VA\/(W) = 8y, Idy .- Then by definition ) € F
means 1\ = oI, and by construction

O(H)T, = 1,8(H) = (0", H)I, € End(W),  forpeh’,Heh.

Hence for w € W one has

o~

(Hb, ) = (3,3, (0(H)R) ) = (0", H) (1, @),

whence the inclusion F w C §"3* . and the equality follows from (31).

The latter inclusion follows from G(Ea)zif;" w C F u—0,« for o« € R, which is a
straightforward computation using (2).
The same pair of arguments applies verbatim to the finite case. O
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Hence (31) is the h-weight decomposition of 8-dual singular modules, and the
weights are contained inside 8% (A + Q) C h" (resp. 0% (A + Q™)) in the affine (resp.
finite) case. By Lem. 3.4 we conclude that € Wj is a lowest-weight vector of
lowest weight 054 = —A, whereas { € Wj is a highest-weight vector of highest
weight 0]A = A.

In particular in the contragredient case matching the cyclic vector with its dual
yields a canonical morphism ®: W — Wy , hence a generalisation of the Shapo-
valov form

SSWeWwW —C, WRW — (O(W),Ww').
This may be degenerate, particularly since the image of the canonical morphism is
the submodule
W§=U(gll) b C W5,
which in general is a proper submodule. Nonetheless we can recursively find the
obstruction for \{ to generate the 6-dual module. To give a necessary condition
consider the vector

W=F_ozP'w e Fr_q, axe Rt

By Lem. 4.2 a linear form @ € Wy that vanishes on By, \ { W } must lie in the span
of { 07 (Ea ), ..., 0 1 (Ex)zP 1 } C FY_, so consider a generic element

p—1
b =10(by,...,bp 1) =) b8 ' (E)JP, bjeC.
j=0

Using zPg[z]W = (0) = n" [z]w and (, w) = 1 yields
<$,V/\\)> = bp—l <ap—l/ HOLZP_1>/

so we need the highest irregular part to be regular (cf. § 6).
Conversely we have the following.

Proposition 4.1. One has W} = W{ for parameters (A, q) in a dense subspace of the
affine space b, —with respect to the strong/classical topology.

Proof. Clearly ¥ C W, and then we reason recursively on the h-weight space
decomposition of W.

Choose W € By N F,, and consider the vectors Wq (k) :=E_4z"W € F,_, for
a € R"and k € {0,...,p—1}. Asw, o and k vary, the vectors Wy (k) exhaust

Bw N T—«, so we must find coefficients by; € C such that <$o¢(i),fva(k)> = dix,
where

p—1
Poli) =) by (E)dbeF ., forie{0,...,p—1},
j=0

and where | € F . is the dual of w—lying in Wy by the recursive hypothesis.
Now one has

<$“(i),®a(k)> - ]:Z_:bij <$, EaziE_azk@ ,

hence the given condition means BM = Idcy, where B and M are the p-by-p
matrices with coefficients Bi; = by; and My = <1Ab,E“sz_“sz>, respectively
(the latter selects the component of E4ZE_4z*W € F,, along the line CW, in the
basis (21)). A solution exists if and only if det(M) # 0.

Now the determinant of M = M(w, «) is a degree-p polynomial whose coeffi-
cients depend polynomially on (A, q), hence it amounts to a polynomial function
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by — C. Thus Wy = Wy by taking (A, q) in a countable intersection of open dense
subsets. 0

Finally we can choose a complementary subspace to W inside W, and extend
P: W — C by zero to the whole of \//V\—e.g. extract a PBW-basis from (19). Then
one can consider the module \/AVé C \//V\g generated by this extension over £g, and
define gradings/filtrations on Wé — W] analogously to §§ 3.2 and 3.3, using the
generating set (18), the basis (20), and the standard filtration of U (6*1 (nt )). These
satisfy the analogous identities of (22)—(25).

5. SEGAL-SUGAWARA OPERATORS

For n € Z define

— 1 . —j . yk,n+j.
L“'_Z(K+hV)jEZZ<;'X“Z X*z ) (33)
where (Xi )i and (X¥)y are (- | -)-dual bases of g, k # —h" is a noncritical level, and
in the normal-ordered product one puts elements of g[z] C Lg to the right.

The Sugawara operators (33) (due to Segal in this particular form) are well-
defined elements of the level-k completion of U(g) with respect to the system of
left ideals U(g)z®g[z] C U(g). If follows from Lem. 3.2 that there are well-defined

actions of (33) on the modules W C W.

5.1. Cyclic vector as Sugawara eigenvector. The cyclic vector w € W is a common
eigenvector for the Sugawara operators whenn >> 0. To get explicit formulee for the
eigenvalues we recall further euclidean properties of the Cartan—Weyl basis (17).

Remark 5.1 (On bases and dualities).
Recall that (Hy | He)EX® = 2E+4. Using the pairing (- | -): ¥ ® h” — C induced
by the minimal-form duality h ~ b this can be written 2E¥* = (« | ) E4«.

Then we replace the simple-root basis of ) with a (- | -)-orthonormal basis,
denoted (Hy)x—i.e. we ‘divide’ by the Cartan matrix—, and for i € Z we transfer
the basis and the pairings to gzt and (g®z')* ~ g¥ ®z" using the canonical vector
space isomorphism g ~ g ® z'. Then one has the tautological basis-independent
identity

N
(nlw) =) (WHz )W, Hid)  forpeh’ @z,u eh’ 0.
k=1

Denote as customary p:=3 Y _»+ a € h" the half-sum of positive roots.

Proposition 5.1. The cyclic vector w is a common eigenvector for the operators (33) with
nzp—1L1Ifn>2(p—1)then Lyw =0, else Lyw = l,w with

1 i,
ln.mjlszrn(aj | (lnfj), fUT"nE {p,,Z(p—l) } , (34)
d
an 1 -
1= m <jZO(C1j | ap—1-j) +2p(p | ap—l)) . (35)

Proof. Postponed to § B.1. O
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Hence the cyclic vector is a Gaiotto-Teschner irregular state of order p — 1 [28]
arising from affine Lie algebras.

Remark 5.2. This generalises the standard fact that L,,v = 0 for n > 0, and that v is
an Ly-eigenvector, with nonzero eigenvalue for generic values of A € h. Namely
if p =1 then (35) reduces to

(ATA+2p)

Lv=2Aw, A= ,
oV = ANy A Dk rh)

reverting to the notation A = ag, which recovers the conformal weight corresponding
to the action of the quadratic Casimir (4). A

5.2. Action on finite modules. Later we will use the action of the operator L_; on

the finite module W C w.
Using zP g[z]W = (0) we see nonvanishing terms arise for 1 —p <j < p in (33),
and resolving the ordered product yields

. 1 < o) .
LW = — Z(Zxkz iXkz) )w, wew. (36)

j=1 \ k

As expected L 1w ¢ W, but it can be put back into the finite module via the
loop-algebra action (see § 7).

Remark. We see (36) generalises the usual formula from the tame case:

1

L4v=
v K+ hV

Z Xz ' X%, vev. (37)
k

6. IRREGULAR CONFORMAL BLOCKS: FIRST VERSION

Consider the Riemann sphere £ :=CP!, choose an integer n. > 1 and mark points
P1,--Pn € X. Denote ] ={1,...,n} the ordered set of labels for the points and
P = (p1,..., pn) the ordered set of points.

Let Os be the structure sheaf of regular functions on %, seen as a (smooth)
complex projective curve. Then consider the stalks 0; = O, at the marked
points, their (unique) maximal ideals M; = M, C O; of germs of functions

vanishing at pj, the completions 5’] =lm _ &; /97, and their field of fractions
05 = .
Remark. If z; is a local coordinate on L vanishing at p; then

0, ~Clzl, M;=zClyl, 6;~Clz]l, 4 ~C(z).

More generally this follows by choosing a uniformiser, i.e. a generator of the
maximal ideal(s). A

Then consider the loop algebras (Lg); =g ® JZ and the associated affine Lie
algebras g; — (£g);. There are canonical isomorphisms g; ~ gj for i,j € J, and the
subscripts distinguish the local picture at the marked points.

Now for j € | further choose an integer r; > 1, and set up singular modules as
in § 1. Hence consider the Lie subalgebras &) C gj, a common level k € C for
the central elements, and singular characters x; = x(Aj, qj, k), where A; € b and

65 = (@)1, (@5)r 1), (a)i€ (h®2) "
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This yields singular modules Wf(:") — W; C W= \//V\gi), and we consider the
vector spaces
H=Hpx=Q@W;, H=Hpy=RW;, (38)
j€] jeJ

where x = (x;j)jej. Clearly J C H, and the dependence on the choice of marked
points is void (it becomes relevant after considering the action of g-valued mero-
morphic functions in § 6.2).

The spaces (38) are endowed with natural structures of left modules for the

associative algebras U (g) ™ ~ &y U(g5) and @jc; U(ar; ), respectively.
Moreover for indices i # j € J denote 1(V): U(Lg)®? — U(Lg)®™ the natural
inclusion on the i-th and j-th slot, defined on pure tensors by

XQY— 18 lgXe1®lgygl1®i, (39)

for i < j, and analogously for i > j. Finally define /\V): U(Lg)®? — U(Lg)®™
by X® Y — 1971 @ XY ® 19"~ This yields an action of quadratic loop-algebra
tensors on (38).

6.1. Tame isomonodromy times. We now vary part of the parameters defining
the spaces (38), namely the marked points. An admissible deformation is one where
they do not coalesce, so marked points vary inside the configuration space

Cho=Conf,(X)C X",

of ordered n-tuples of (labeled) points on X.
The space Cy, is the space of tame isomonodromy times. It is a complex manifold
of dimension n.

Remark. The terminology points again to meromorphic connections on the sphere,
cf. introduction.

Let us repeat that the positions of the poles and the irregular types together
control Stokes data of irregular meromorphic G-connections over the sphere. In
turn Stokes data generalise the conjugacy class of the monodromy representation
v:m(2°,b) — G, where £°:=X\ { p; }jel is the punctured sphere with the poles
removed and b € Z° a base point [9].

Then one may consider admissible deformations of the connections along which
Stokes data (locally) do not vary, which yields by definition isomonodromic defor-
mations. This can be set up as a system of nonlinear differential equations where
the positions of the poles and the irregular types are precisely the independent
variables, hence they become the ‘times’ of isomonodromic deformations: the po-
sitions of the poles are the tame/regular times, and the rest are the wild/irregular
ones.

Geometrically these differential equations constitute a nonlinear flat/integrable
symplectic connection in the local system of moduli spaces M} of meromorphic
connections, as the marked points and the irregular types vary (i.e. as the wild
Riemann surface structure on the sphere varies [13]). A

Remark 6.1. Let £ O U = C be a local affine chart on Z—so £ ~ C U{oo }.
Then coordinates on the open subset C(U):=Conf,(U) C C, are given by
t: Cu(U) — C™, where t = (tj)j¢; and tj(p) =z(p;j)—so Cn(U) ~ Conf,(C),
and C, =~ Conf,(C) U Conf,_;(C). This yields an atlas on the configuration
space. A

Now for a J-tuple x of singular characters we consider the vector bundles H =
Hex = Cn and H = H, — Cy, whose fibres over p € C,, are the spaces (38),
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respectively. We have an inclusion H C H, and global vector bundle trivialisations:
H~QUA™) @) U(ny,) x Cn — Cn,
Jel
by (14), and the simpler
H~ @ U(n,,) x Co — Car,
€]

by Wj ~ U(n; ). The point here is that both vector space isomorphisms do not
depend on the choice of marked points (nor on the character, cf. 6.4).

6.2. Action of meromorphic functions: punctual version. Given marked points
pj € I consider the effective divisor D=} ;; [pj] on Z, and denote as customary
O.p (L) = O ,.p (L) the vector space of meromorphic functions along ¥ with poles
at most on (the support of) D. Then let g.p(X): =g ® O,p(X) be the Lie algebra of
g-valued such meromorphic functions, with bracket coming from g:

[f, gl(p) =[f(p),g(p)] €9, forf,geg.n(X),pecl.

Taking Laurent expansions at p; yields a linear map 7j: O,p(Z) — JZ/]\, and
tensoring with g a linear map g.p(Z) — £Lg; C gj.

Remark. If z; is a local coordinate on X vanishing at p;, and f € €,p (Z), then there
are coefficients f; € C such that

T(f) =fzj)= )  fizl €C(z),

112—0rc1]Dj (f)
where ord,, (f) > 0 is the order of p € X as a pole of f. A
Thus there is an arrow
T gp(D) — End(H), tXef)=)Y XeH)". (40)

jeJ
Using (2), and the fact that the sum of the residues of a meromorphic 1-form on X
vanishes, shows that (40) is a morphism of Lie algebras.

Then the action T: g.p(Z) — g[(f}A{) endows H with a left g+p (X)-module struc-
ture.

Definition 6.1 (Irregular covacua, first version).
The space of irregular covacua at the pair (p, x) is the space of coinvariants of the

g«D (X)-module H:

H =g, = Hpx/9:0 (E)FHpx - (41)
Remark. In our terminology (41) would be better called the space of singular cov-
acua, and be irregular/wild when r; > 2 for some j € J. A

The space of vacua is the dual of (41), and provides a mathematical construction
of an irregular version of conformal blocks:

~

AT :=Homy, , (5)(Hpx, C) (42)
_ { (Wl € 7 ‘ (b, T(X@ )W) =0forX € g, f € Oup(Z), W € Fpy } .

Note we invert the usual usage of the dagger, since in this paper we focus on the

space of coinvariants of H—rather than the space of invariants of its dual (cf. [6]).
By (40), the fundamental identity inside the space of covacua is

(xen@) W == 3 [xegmn) W], (43)
JEN{i}
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for i € ], where square brackets denote equivalence classes modulo g.p (Z)?A{p,x.

6.3. Action of meromorphic functions: global version. Now we want to globalise
the action (40) over the space of configurations of n-tuples of points on the sphere,
i.e. we want a map of sheaves of Lie algebras on C,.

To define the domain sheaf consider the projection

Tty : Zn+1 —>Zn/ (p/pl/‘”/pn) — (pl/‘”/pn)'
Then set

Y=y (Cn) = { (P, P1,-.. Pn) | P #pjfori#j} C 2™,

so that ty: Y — C,, is the universal family of n-pointed spheres.

Now for j € ] define the hyperplane Pj:={p =p; } € £""!, consider the
effective divisor D=3, ; [YNPj] onY, and let O.p = Oy,.p be the sheaf of
meromorphic functions on Y with poles at most along (the support of) D. Then
we have the push-forward sheaf (75 ). 0. on Cy, and by tensoring we obtain the
sheaf of Lie algebras g.p =9 ® (115). Osp.

Remark. If U’ C Cy is open then g.p(U’) is then the Lie algebra of g-valued
meromorphic functions on X x U/, such that the restriction to Z x { p } ~ X has
poles at most at the set { p; }jel for all p € U’, as wanted. A

Now for U" C C,, open we consider the Laurent expansion t; (U’)(f) of functions
f € O.p (7' (U)) along the divisor Y N P;. Then tensoring with g yields a map of
sheaves
Tj: gup — Oc, ® Lg; C Oc, ®70j,
where O¢, is the structure sheaf on the configuration space.

Remark. 1f z; is a local coordinate on X vanishing at pj, U’ = Conf,, (U) for U C X
an open affine subset, and f € (75).O0.p(U’), then there are suitable functions
fi: U — C such that

T (UW)(F) = f(zj, tr,.. . tn) = Z fi(ty,... ta)zl € Oc, (U) ® C((z),

using the local coordinates (tj)je; on U’ C Cy of Rem. 6.1. By definition the
functions f; may have poles on the hyperplanes { t; = t; } C C™ A

Finally summing the action over each slot of the tensor product we have a
sheaf-theoretic analogue of (40), acting on sections of J.

6.4. Irregular isomonodromy times. One may add the other possible deforma-
tions, e.g. with the following setup.

Recall the regular parts of the Cartan subalgebra and its dual are the complements
of (co)root hyperplanes:

bregi=b \ [ J Ker(a),  byg=b"\ |J Ker(evn,),
xR xeR
and analogously for h ® z* and its dual.
Then consider irregular parts q; € b, such that the most irregular coefficient
(aj)r;—1 is regular, and define an admissible deformation of as one in which the
most irregular coefficient does not cross coroot hyperplanes.

Remark. This is the analogous condition as for the marked points: the open charts
Cn(C) C C™ are regular parts for Cartan subalgebras of rank-n type-A simple Lie
algebras. A
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Doing so we get to the space of isomonodromy times

B =Cnx ] J(0) g (44)
j€]

where
Ti—2

(05 = [T (@ 2) > (b2,
i=1
and in turn (h ® z')eg ::{ Hzt ‘ H € breg } ChoziforieZ.
The space (44) is a complex manifold of dimensiond = n+13_;;(r;—1), where

T = rk(g). As expected it coincides with the space of tame isomonodromy times if
Ty =1forje].

Remark. If there is just one irregular module Wj with r; = 2 then

B=Cnx (h®2z)

v
reg’

and one recovers the base space for the FMTV connection [23]—up to the canonical
vector space isomorphism h ® z =~ h. If further the variations of marked points
are neglected then (44) becomes the base space for the ‘Casimir” connection of De
Concini and Millson-Toledano Laredo (DMT) [40, 53]. A

Then in (38) one can let both p € Cy and x € [7]; e](hrvj)reg vary, getting a
vector bundle over the base space (44). This also comes with a canonical vector

bundle trivialisation, reasoning in the same way as for JH C H (namely (14) is also
independent of ).

Finally one may extend the sheaf g.p trivially along the Cartan directions.
Namely the projection 7ic,, : B - C;, is open, so one may take the naif pullback
sheaf:

e, g (U) = gup (e, (W), for U C B open.

7. CONFORMAL BLOCKS IN TERMS OF FINITE MODULES: FIRST VERSION

Throughout this section fix a pair (p,x) to define the spaces H C H as in (38).

Compose the inclusion H — H with the canonical projection 7y H — S to
obtain a map v: H — 7.
To study the image of t consider the tensor product filtration

Foo=QF)-., (45)

je]
where (gr]’ ), is the filtration defined in § 3.3 on Wj. By definition ¥, = %, and
we push (45) forward to a filtration j\g , on 77, along the surjection 7t . Note @2.

is exhaustive, since ¥ _, is.
X

Proposition 7.1. The map 1 is surjective,

Proof. We will show that j\gk lies in the image of ¢ by induction on k > 0. The
base is given by é‘;’o = 70 (H).

Now we use (43) for a function f; € 0,p(Z) with a pole at p;, and only there.
Such a functionis e.g. defined by fi(z) = (z—t;)~™, with the notations of Rem. 6.1,
working in a local chart containing p.

Hence 7 (f;) € Oy forj # i, and if W € HA’;k the rightmost identity of (24) shows
that the right-hand side of (43) lies in %k. Then by induction the image of t
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contains %k and all the vectors on the left-hand side of (43), and the conclusion
follows from the leftmost identity of (24). O

Proposition 7.2. One has Ker(t) = gH C H.

Proof. Consider an element w = t(X @ f)u with u = ey € H, f € g.p(Z) and
Xeg.

EIfE{che function f is noncostant then it has a pole, say at p; € Z. It follows that
7(f) & 63, whence X 1;(1)0); ¢ (37) by (22), and W & 9 = F L.

Thus to have element of the kernel we must restrict to f € C. Ihen usin/g\ (22)
again we see that X ® f = X ® T;(f) € g preserves the grading (5"]-_)_ on Wj, so
(X @)l € W; = (7, implies ; € Wj.

Conversely gH C g.p (X)H N K lies in the kernel. O

Hence there is an identification .# ~ H; = H /g3, generalising the analogous
standard fact for the tame case.
To go further one may appeal to the tensor product of the weight grading of

§3.4, which is a (h*)’-grading on 3. Namely we consider the subspaces
Tu=Tu (00 =@ T, (W) CH,  forp=(ueye (b)) .  (46)
je]
By (40) the subspace F, lies inside the weight space of weight|p|:=} ; 1; € h" for
the tensor product h-action.
If|ul # 0 then F,, C hF, is annihilated by 71, so we still have a surjective map
9o @ F. 5, (47)
[n|=0
and by construction the h-action is trivialised on this subspace.
Remark. The condition |u| = 0 is reminiscent of meromorphic connections: it is

equivalent to the vanishing of the sum of the residues over *—in the duality (15).
A

7.1. Auxiliary tame module. Suppose one of the modules is tame, e.g. the last
one: 1, =1 and Wy, = V;,. Then we split the tensor product as
H=HoVn, H=QW,
jel’
where J":=]\ {n }, and we embed
H— 3, QW — QW @vn,
jel’ jeJ’
where v, € V,, is the cyclic/highest-weight vector.
Proposition 7.3. One has (H') = 7.

Proof. Denote Eg) the filtration on U(g)vy C V;, defined in § 3.3, which is exhaus-
tive in this (tame) case. We will prove by induction on k > 0 that (') contains
the classes of all vectors inside H' ® 8(52, noting the base follows from the identity
el = Cvn.

For the inductive step we use the constant version of (43). For X € g this shows

that the class of X(™)W lies in ((}’) as soon as that of w € H' ® 82}2 does, which
is precisely the inductive hypothesis. Hence the conclusion follows from (25). [



SINGULAR MODULES AND IRREGULAR CONFORMAL BLOCKS 25

Now Cv, = T, (Vn), so (47) yields a surjection:

H' D @ F, 5o, where p = (yj)jej € (bv)]/, (48)
“’ll:*)\n

writing |u| = Zje ACES h" analogously to the above, and where F L C H’ is the
tensor product of the weight-gradings over J' C J (analogously to (46)). Note the
direct sum is just the weight space of weight —A, € b for the (tensor) action of h
on H’; let us temporarily denote this space by J'(—Ay,).

Lemma 7.1. The kernel of (48) equals ntH' N H'(—An) € H'(—An).

Proof. We must show that no coinvariants can arise from the residual n™ -action.
To this end recall n~ has nontrivial action on the associated graded of the
filtration €<, of § 3.3: more precisely (26) yields

n- (%’@gr(c‘i(“))k) C (fH’ ®gr(8(“))k) ® (%’@gr(c‘i(“))kH) C K,

for k € Zx; but there can be no vanishing of components in the latter direct
summand since V,, is freely generated over U(n™), and this applies in particular to

Vn € 825) ~gr(ei™). O
The punchline is the final identification

A= K (M) [ (FH A H (D)) (49)

7.1.1. On dimensions. To go further we use the results of § 3.4; in particular we
employ the notation JF, (W;) =7, v C W, for v € Q" —i.e. we parametrise the
weights 1 =Aj —v < A\jby ve QF.

By definition the weight space of weight —A, € " for the h-action on H’,
denoted H'(—A.) above, is the direct sum of the spaces F.,, C H' such that 0 =
An + Zje]'U‘i — vj), so only elements such that|v| =|A| € h¥ will contribute to
coinvariants. This actually depends on the sum of the tame parts of the singular
characters, hence we ought to change notation:

Hy= P FLcH'. (50)
IvI=IAl

Proposition 7.4. The h-weight space H\| € H' has dimension

dim(36y) = 3 (H 2 )(mﬁif_l))mo. (51)

IVI=IAl \J€]7 meMulty 1 (v;
Proof. 1t follows from (27), taking the products of the dimensions of the weight
spaces S"V). cw;.
The dimension is finite since for v € Q. there are finitely many J’-tuples v €
(Q*)”" such that|v| = v—analogously to |[Mults (v)| < co. O

We deduce the following.

Corollary 7.1. Ifone module is tame then the space (41) is finite-dimensional for all choices
of marked points and singular characters.

In particular the weight space is trivial if[A| ¢ Q*, and the simplest nontrivial
case is when [A| = 0. Then |v| = 0 implies v; = 0 for j € J’, so 3 is the line
generated by the tensor product &);j Wi of the cyclic vectors wi € W;.
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The next nontrivial example is when|A| = 6 € TT is a simple root. Now|v| = 6
implies v € { v®' }, with vf'l = 840 for i,j € J’. Then one finds the singleton
Multx (vf'i) = { 8ym? }, with m$ = 846. On the whole (51) reduces to

. éijme—kr]-—l me—kri—l
dim (€5 Z(H ( 51;mO )) :Z ( me :Zri'
LS ERVISHE
independently of the choice of simple root.
A basis is given by the pure tensors

i-1 n—1
wl ::®wk ® Fodw; @ ® Wi,

k=1 k=i+1
forieJ'andje{0,..., 1y —1}
Remark 7.1. One way to ensure coinvariants are nontrivial is the following: for a
given configurations of points p = (p;)jej consider the Lie subalgebra of g-valued
meromorphic functions with poles at p;, and further with a zero elsewhere, say at
p’ e\ {p; }j. Then the proof of Prop. 7.1 can easily be adapted working in the
chart where p’ = co—as the function fi(z) = (z — ti)~™ vanishes at infinity.

Thus there is still a surjection of J on the space of coinvariants, and similarly to
Prop. 7.2 only constant functions lie in the kernel. Hence in this setup the kernel is
trivial and 3 # (0) itself is the space of coinvariants.

Another way to ensure nontriviality is to put a 6-dual module in the tensor
product (introduced in § 4). Further when it is tame then one still has a finite-
dimensional space, see § 8. A

7.1.2. Archetypal case. Consider the same setup of § 3.4.1 for g = s((2,C). In this
case|A| = ma for an integer m > 0.

Proposition 7.5. One has
. m+R-—1
dim(H}, ) = < o > ,  whereR:= EZJ/ Tj. (52)
j

A basis is provided by the pure tensors

T5—1
we = ®< I (in)q’“’”w’) ’

el \ i=0
where ® € WCompy, (m)—identifying {1,..., R} =] ];c;/ {0,...,15—1}.

Proof. Fix an integer m > 0 and look for v € (Zsox)!" satisfying|v| = ma. Such
elements are given by weak ]’-compositions of m, i.e. functions ¢: ] — Zxo
satisfying 3 .y, ¢(j) = m, with bijection

¢ — v?, v]fb::d)(j)oc.

Then by definition Multg + (vi") = { $(j) } forj € J’, so we need only give elements
@; € WCompri (d)(j)) to allocate the z-degrees of the occurrences of —o at each

slot of the tensor product.
The data of ¢ and @ = (@;); is equivalent to that of the weak R-composition
®: R — Zxo defined by ®(i,j) = ¢j(i), and the result follows. O

Remark. In the tame case (52) simplifies to

dim (H, o) :’WCompI,(m)‘ _ <m+]/ — 1) ,

m



SINGULAR MODULES AND IRREGULAR CONFORMAL BLOCKS 27

and a basis is given by the pure tensors

vb = ®F¢(j)vj for ¢ € WComp,(m).
je]’
This is somehow the opposite of (30): there we had an arbitrary singular module,
here we have a tensor product of arbitrarily many tame modules. A

8. IRREGULAR CONFORMAL BLOCKS: SECOND VERSION

We now vary the setup of § 6 giving a special role to one of the marked points
(e.g. the last one): choose a (- | -)-orthogonal morphism 6: g — g°P and at the last

marked point put a 0-dual module Wé — W} as defined in § 4.
In this case the tensor product splits as

H=W,oQW;, H=W,aQW,, (53)

SN jeJ’
where J' =]\ {n}asin § 7.1—and omitting the subscript 6. These are naturally
subspaces of Hom(\//V\n,f]A{’ ) and Hom(W,,, 3{’), respectively, where 3’ is as in
§7.1and H' = ey \//\7] Moreover they still assemble into trivial vector bundles
H — 3 over the space C,, = Conf,,(X)—but also over the full space (44) of

isomonodromy times.
The Lie algebra of g-valued meromorphic functions on X acts on the leftmost

o~

tensor product of (53). Thinking in terms of linear maps P: W, — H’, and
using (40) and the dual actions of § 4, one has the formula

<T(x ® f)$,w> =Y xegn)"” <$, 0(X) ® Tn(f))w> e H,
je)’
where X € g, f € O,p(X) and w € VAVn. Taking coinvariants of the resulting left
module yields a second version of the space of irregular covacua, still denoted .77

again the space of vacua 7 is defined as in (42), and provides a second version of
irregular conformal blocks. Moreover the material of § 6 goes through, and there

is an action of the sheaf of Lie algebras g.p on sections of H and H.

8.1. On coinvariants. Consider first the natural inclusion t: \//V\T’1 ®H' < H, which
can be composed with the canonical projection 7 y-: H — 7.

Reasoning as in Prop. 7.1 (which may be thought of as the case W{l = C)
shows this composition is surjective. Then reasoning as in Prop. 7.2 shows the
kernel is obtained from the action of meromorphic functions with no poles at
{p1,.. Pn1} € X, but only (at most) at the point p. Hence there is a vector space
isomorphism

H =W @H [gup, (Z) (W, 0 H'),
thinking of pn € X as a divisor.
Now a function with a pole at most at py, is either constant, or its Laurent

expansion at pn liesin z;'g[z;'| C (Lg)n, where as usual z,, is a local coordinate
on X vanishing at p. Hence a coinvariant function is uniquely determined by its

restriction to Wy, C W;,, and since now poles are not allowed we get the following.
Proposition 8.1. There is a canonical vector space identification

H =W @H [g(W, @ H').
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Thus in this case as well we can reduce the discussion to g-coinvariants for the
tensor product of finite modules.

Now suppose the dual module is tame, and adapt the discussion of § 7.1. We
see there is a surjective map H’ — ¢, where again H' = §);¢;, Wj—embedded
in H via w — 1 @ w, where { € V/, is the cyclic vector. Reasoning as in Lem. 7.1
the 0~ !(n)-action cannot give coinvariant elements, so we are left with the action
of h® 0 (nt).

In the dual case where 0 = 0y = —Id,; we have 06 !(n*) = n™, so we are es-
sentially back to § 7.1.1. The contragredient case where 6 = 0, (the transposition)
instead allows to go further. In this case ! (n") = n~, whence a new identification
T ~ ﬂfé,, and to trivialise the h-action we consider again the zero-weight sub-
space inside H’. This is again (50), whose (finite) dimension is given in Prop. 7.4.

Finally in this setup we can recover nontriviality, as follows. Recall we attach
weights A = (Aj)je; € (hv)] to the marked points, and that we consider the sum
Al = Zje] Aj € bY. The weight space is Jﬂ’M C H’, hence

A~ I [ (I AL

Compare with (49): as expected the roles of the nilpotent subalgebras n* are
exchanged—by 0.

Proposition 8.2. Suppose n > 3 and [A| € QT then the space of coinvariants is
nontrivial—for any choice of wild parts.

A fortiori then nontriviality holds if the n-th module is not tame.

Proof. For w € Jj5 (W) C W consider the pure tensor

w=nwe & wiely.

2<i<n—1

(In brief put the cyclic in all slots except the first, and put a vector of suitable
weight in the first slot.) An argument analogous to the proof of Lem. 7.1 shows
that Wi ¢ n~3’, which means exactly that [w;]| # 0 inside #.

More precisely denote Eg 1 the filtration on U(g)w; = U(n™)w; C W; induced
from U(n™), asin § 3.3, with associated grading gr(£1)) . Then consider the tensor
product Z;E)—grading

gr(S).:@gr(Em)., where J”:=]"\{1}.

j c ] 1"
Using (26) yields

n—1

n (W1 & gr(S)k) c (Wl ® gr(g)k) ® @(Wl ® gr(g)kJrsi) ’

i=

for k € Z;J, where ¢; € Z)” is the i-th vector of the canonical Z-basis. Again the
vanishing of components in the latter direct summands cannot happen, since the
U(n™)-action is free on singular modules. O

Remark. If n = 2 instead simply 5% ~ F,(W)/(n"W N F,(W)) for v € Q*, and
we must further distinguish the tame/wild case.

In the tame case V = n~ V@ Cv, so nontriviality implies v € F: this forces v =0
and 7 ~ F (V) = Cv.
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In the wild case instead write v = Z“egﬁ mux for my € Zo, and consider the
vector
Wy = H (X,cxz)m“w e Fy (W),
xeR+
ordering again the positive roots along the Cartan-Weyl basis (17) (note this makes
sense at all depths p > 2). Clearly w, ¢ n~ W, since all occrrences of root vectors
have positive z-degree, hence /% # (0) always in this case. A

Remark. One may also consider the tensor products of the grading of Def. 3.2, in
addition to the h-weight grading—i.e. use the fact that every finite module is a
graded n~ [z]-module. Namely there is a decomposition

r_ + + + .
W= F, where F=0QF (W),
kez)’ ey’
which is preserved by the tensor product b~ -action, so 7 ~ @, .,/ (F +)o—. This
is a new feature: in the tame case the grading in positive z-degree is trivial. A

9. FLAT CONNECTIONS

Consider a particular case of the setup of § 6: mark n + 1 (ordered) points on %,
vary the first n > 1 of them, and fix singular characters at those points.

Thus we work on a closed subspace of Conf,, (), which is naturally identified
with the local chart U" = Conf,, (U) C C,, of Rem. 6.1 where p,,11 = co—whence
{p1,..,pn} € U ~ C. The label set becomes | = {1,...,n,00}, and we write
J'=J\{oo}.

Then we have two versions of spaces of covacua: either we put a singular module
atinfinity, or a 0-dual. In any case we consider the restrictions of the vector bundles

3 C H over U/ ~ Cn(C):=Conf,(C), as well as for the sheaves (715 ).0,p and
g.p on U’'—and keep the same notation for them.

Then we want to define a connection V on H — C n(C) which is compatible with
the action of the sheaf of Lie algebras g.p. In the given trivialisation this will be of
the form V = d—®, where @ is a 1-form on C. (C) with values in endomorphisms
of the fibres, and with a view towards (generalisations of) KZ [38] we set

<5,ati>::L(j1), forie]’,

where we use the coordinates t: C,,(C) — C™ of Rem. 6.1 and the Sugawara
operator (33). This is a translation-invariant 1-form on the parallelisable manifold
Cn(C), so in particular d® = 0. Further the actions of L_; on different slots
commute, 5o [@ A ®] = 0, and the connection V is (strongly) flat.

9.1. Compatibility with the action of meromorphic functions. We now consider
a natural connection D on the sheaf g.p»—a linear map D: g.p — Qlcn(C) ® gxD
satisfying Leibniz’s rule. Namely we set

D(X®f)=X®df,
where d: Q. ) = Q¢ ¢, is the standard de Rham differential.
Proposition 9.1. One has
V(t(X@ )W) =1(DX@ )W + (X @ f)VW, (54)
where X € g, and f and w are local sections of (s ). O.p and J?C, respectively.

To prove this we use the following well-known fact.
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Lemma 9.1 ([35], Lem. 12.8). One has the identity [L_1, Xz™| = —mXz™ ! inside the
level-k completion of U(g), for X € gand m € Z.

Proof of Proposition 9.1. For i € ]’ and for local sections w and X @ f of H and
g.p—Trespectively—we must prove that

A (tX @ W) — [LY, (X ® H)]W = 1(X @ 3¢, /)W + T(X @ F)O, W

Now for j € ]’ we have the expansions

T (f) = Z fk(tll (R tn)Z}< ’
k

where fy is a regular function on an open subset of C,,(C), and we take the local
coordinate z; = z — tj; on Z—vanishing at pj. Since ¢, (zj) + 0i; = 0 one has

¢, (15(f)) = 1j(0¢,F) + 85 [L-1, 55 ()],
using Lem. 9.1. Hence by (40):
A, (TX @ )W) = T(X @ 3y, )W + [L1, X @ 1 ()] Vo + 1(X @ £)(3, W),
and we conclude with

L9 wxe )] = LY, Xou) Y] = [Lo,Xowu(mn]

i)

t

Thus a reduced connection is well defined on # — C,(C), since v preserves
the sheaf of sections with values in the subspaces g.pJHp,x € Hp x, by (54). We
conclude the sheaf of covacua has a natural structure of flat vector bundle over
the space of tame isomonodromy times, so in particular the dimension of (41) is

constant along variations of the marked points—when finite. After dualising the
connection, the same statements follow for the spaces of vacua.

9.2. Description on finite modules: first version. By the results of § 7 it is possible
to describe the reduction of V as the g-reduction of a connection V living on the
vector sub-bundle H C fﬁ, and further as a connections acting on H' C H when
the module at infinity is tame.

The goal is to find an explicit expression for V. For this we will use the following
elementary fact, where we further set z, := z—1—a local coordinate vanishing at
infinity.

Lemma 9.2 (Expansions at irregular singularities).
For i € ]’ and for an integer m > 0 one has

m+1-1 z

T (zi—m) — ZLEO &J&RW , ) eJ\{i}, (55)
ZDO( 1 )tiZ£+ , j=o00.
9.2.1. Tame case. Suppose ; =1 for j € J. Then using (55) with m = 1 yields
X

X® (2 )V =

t] _ti\)j/ X®Too(zfl_1)$oo :0/

forXe g i#je],V; € Vjand vy € Vo—since zjg[z;]V; = (0) for j € J. Hence
by (43) one has the following identity inside #—with tacit use of 7t:

. ()
s o~ XU
(X®Zi ) v®voo—. E . ti_tjv®voo/
je]’\{i}

where V = &)<, Vj € 3. In particular the action is trivial at infinity.
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Looking at (37) and writing L(_ll) (V® Vs ) = Vi ® Voo we find

N 1 (XR) XU 1 Q) _
Vi_K-}-hv_ Z (Z ti— 1 v_K-}-h.v, Z ti—tj‘)/ (56)
JeEIN{i} \ k JeJN{ 1}
where Q1) =11 (Q) denotes the embedding (39) of the quadratic tensor (5)—
withm =1=0.
One recovers the KZ connection [38] on the sub-bundle K \M — H, taking V as
auxiliary tame module.

9.2.2. Tame modules in the finite part. Now allow 1o > 1 to be arbitrary. What
changes is

Too—2

X ® Too(z Z Xz W

for X € g, Woo € Wy and i € ]/, using the case m = 1 of (55). So the action is
nontrivial at infinity if ro > 2.
Then by (43) one has the following identity inside .7#—with tacit use of 7t :

Too—2

o § 1+1 %\@va.

Thus looking at (37) one finds L(jl) (VR We) = Vi @ Weo + D (VR W), where V; is as
in (56), and

xoz)Wewe=| 3 -
JEINT1)

"L_

Too—2

Z tl—o—olqu (V & V/\\)oo) ’
1=0
using again the embedding ((#°)(Q,111) of (5) defined by (39).

Di(VO W) =

K+ hV

Remark. E.g. if ro. = 2 then the new operator acts by

(ico
@i(V@)Woo):W. (57)
In this case the reduced connection is close to the dynamical KZ connection, i.e. [23,
Eq. 3]. We will recover the very same ‘dynamical” Cartan term in § 12. A

9.2.3. Tame module at infinity. Suppose symmetrically To, = 1, but rj is arbitrary for
jel.
Proposition 9.2. One has L(il)vAv @ Voo = vAvi ® Voo, With
17— (1)~
. 1 m+1 Q. aw
et T (ST (V) et e
einto \mo0 10 L

Proof. Postponed to § B.2. O

This is an irregular generalisation of the KZ connection, corresponding to an
action of the universal connection of [46].10

Remark. The flat connection (58) is known to admit an isomonodromy system as
semiclassical limit (see op. cit.): precisely the irregular isomonodromy system on
CP! for variations of the positions of the poles (the tame isomonodromy times, as
considered in [37]).

This generalises the same fact from the tame case: the quantisation of the
Schlesinger system [49] yields the KZ connection [46, 30]. A

Compare also (58) with [27, Eqs. B.6 and B.7], where g = s[(2,C): this should be a formalisation
of fn. 6 of op. cit.
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9.2.4. General case. Finally take r > 1 to be generic as well.

Proposition 9.3. One has L(jl)vAv R W = Wi @ Weo + Di (W ® W), with wy as in (58)
and

Ti—1T6—m—1
P 1 <~ m+1 00 PO
Di(W@ W) = —== D 3 < ) >t%05;,n1+m(w BWe).  (59)
m=0 1=0
Proof. This is a generalisation of Prop. 9.2 where moreover

Too—m—1
T 1-1
X ® Toolzi ™o = Y (m +1

Ly, m+1 o
)tiXZOO “Weo ,
1=0

for X € g, Weo € W, and i € ]/, using the general case of (55). Now the action is
nontrivial at infinity for o, > m + 1, and the result still follows from (36). [l

9.3. Description on finite modules: second version. Finally one may consider the
setup of § 8, i.e. put a 6-dual module Wy at infinity. In the analogue of §§ 9.2.1
and 9.2.3—when the module at infinity is tame—the description of the reduced
connection does not change, using (32). In the remaining cases one finds the action
of the same quadratic tensors on the last slot, acting on the 6-dual.

Hence in the next section we will introduce a universal versions of the reduced
connection, looking at (58) and (59), to treat the two versions on the same footing.

10. UNIVERSAL CONNECTIONS
Fix again a depth p > 1, an integer n > 1, and the finite ordered sets
{1,...n}=J]CJ={1,...,n,00}.
Consider then the nonautomous (quantum) Hamiltonian systems

]/_\li:]/_\lgp): Cn((c)_>u(gp)®|”/

1

with Hamiltonians H; = H] + H for i € ], where
1/ 1 = (ij) (M + l m —1-m-1
Hit) =~ > ()M - y) . (60)
jeyAN{i} \m,1=0
and
=~ 1 ! (ic0) m+ 1\
H/(t):= PR IR R Ly (61)
m,1=0

as suggested by (58) and (59).
These Hamiltonians are equivalent to the universal connection (at depth p):

Vp=d-@p, @p=0o,+o), m;::Zﬁ{dti, mg::Zlfl{’dti, (62)
]’ ]’

defined on the trivial vector bundle U(], p) := C,, (C) x U (gp ) o, Cn(C) bymeans

of the U(g, )®ll-valued 1-forms GJ]’D and GJ]’D’ on the base space. This generalises [46]
with a nontrivial action at infinity.

Then for every choice of singular modules labeled by ] there is an action of (62)
on H for p > 0, which reproduces the most general case of § 9.2 (with 8-duals or
not), so in particular there are induced integrable quantum Hamiltonian systems.
Hence one expects (62) to be flat before taking representations, as we will show.



SINGULAR MODULES AND IRREGULAR CONFORMAL BLOCKS 33

Remark. One directly checks that
OHj  9HJ
ot; oty

so (strong) flatness is equivalent to the commutativity of the quantum Hamiltoni-

ans. A

oH/'

-0, a —
an ati

:51]'/ fOI'i,jEI/,

10.1. Flatness at finite distance. The 1-form defining the Hamiltonians (60) can
be written

1 L.
_ (1) (¢, . .t
@) = Z (4 — ) d(ti — t),
i#Aje]’
where r,: C\{0} — g%@z is the following rational function:
p—1
m-+1\, 1
t)=— Om —-1)m™ t— o m,
p== 3 ame (") (63)

Remark. It is easy to see that 7, is skew-symmetric, meaning
i) +r0Y(—t) =0,  forteC\{0},1i,je] . (64)
A
The study of the connection VJ, :=d—®,, is closely related to the theory of the
classical Yang-Baxter equation (CYBE) [4]. In particular flatness (for|]’| > 3) is
equivalent to the CYBE for (63) in the Lie algebra g, i.e. to the following identity
inside g$°:
[T](glz)(tlz),ﬁ(gm)(t13)] + [T](g13)(t13),ﬁ(323)(t23)] + [T](glz)(tlz),T](g23)(t23)] =0,
where ti; =t; — tj.
Theorem 10.1 (cf. [46]). The rational function (63) is a solution of the CYBE.

Proof. We will reduce the proof to the well-known case p = 1, where g, = g. In

this case we have the classical result that the rational function r(t) = Qt !is a

skew-symmetric solution of the CYBE [4], which is an easy consequence of the

Drinfeld-Kohno relations [Q1), Q%) 4 Qi%)] = 0, and the Arnold relations [2]:
1 1 1

+ =0. (65)
tytik  tikta  tkity

To prove the general case consider the identification g%z ~ g2 ® A(2,p), where
A, p)=Cwy, ..., wy] / Jp is the quotient of the power-series ring by the ideal
Jp = (W},...,wR) generated by {w},..,wh }. In this identification Q1 =
Q ® wj™w}, and (63) can be written
1

(1) =0® TE&)J) (f¢) € g%z , where fe(wi, wjy) = TR !

and where TE]&%) (f¢) is the class mod J;, of the Taylor expansion of f at the origin.

Then, up to the identification g§3 ~ g% ® A(3,p), the CYBE follows again from
(65), with t; replaced by t; —wy, fori e {1,2,3 }. O

Hence we have an inverse system of classical r-matrices, with respect to the
canonical projections g[z]/z*"'g[z] — g[z]/z°g[z], corresponding to an inverse
system of flat vector bundles (U(n,p), V},) over the space of configurations of
J’-tuples of points in the complex plane. The inverse limit of the vector bundles
is naturally identified with the trivial vector bundle with fibre U(g [[:f.]])®U ' the

completion of the n-th tensor power of the positive part of the loop algebra.
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Remark. The inverse limit 1o, (t) = @p Tp(t) € g¥2[t1[z1, 25] is a solution of the

CYBE in a completion of g[z]®® @ Oc,(c)(C3(C)).
Analogously on the representation-theoretic side one may consider characters
of the Lie subalgebra

6= 6" =b"[zleCKCy,
p=1

using (7). Then & ;EO )~ hz] ® CK, so the induced non-smooth modules W)
depend oninfinitely many Cartan parameters (and a level k), and are generated over
U(Ln™) by a cyclic vector annihilated by n* [z]. Under (15) the parameters of these
modules correspond to principal parts of connections with essential singularities.

A

10.2. Flatness overall. The 1-form defining the Hamiltonians (61) can be written
1
1

_ (ic0) (4. .
@p - K+]’LV i;sp (tl)dtl/

where s,: C\{0} — g?z is the following rational function:

p—1
m+1
Sp(t) = Z Qm,m+l+1 ® ( 1 )tl-

m,l=0
Theorem 10.2. The universal connection V, is flat for p > 1.

Proof. Reasoning as in the proof of Thm. 10.1 consider the function

— Wj

gt(Wl,W]) o 1 —Wj (t +Wi) ’

Then one directly checks that the Taylor expansion of g at the origin satisfies
sp(t) = QTP (ge),

and we can conclude by proving a version of the CYBE in the Lie algebra g,,.
Namely by Thm. 10.1 the commutator of two Hamiltonians becomes

[ﬁi, ﬁj] = [r0 (), st (t0)] + [P0 (145), s (15)] + [s5) (1), 5 (15)],

using the fact that actions on disjoint pairs of slots commute, and the skew-
symmetry (64). Now we can use the standard Drinfeld-Kohno relations to reduce
flatness (for all p > 1) to a variation of the Arnold relations (65), namely to the
following identity:

Jt; (Wi/ Woo)gtj (W]/WOO) + ftij (Wirwj)(gti (Wi/ WOO) - 9t1 (W]/WOO)) = 0/

where fy = f¢(wji, wj) is as in the proof of Thm. 10.1. O

Remark 10.1. One can give a more symmetric expression of (62), with no special
role for the marked point at infinity.
To this end consider the generating function

1
71
Wi—Wj

@(wi,wj) = (66)
which is a meromorphic function on C? with poles along { wi; =wj } € C*—and
only there. It can be extended (by zero) to a meromorphic function on the complex
surface X2 \{ (00, 0) }, so we can take Taylor expansions T(;,, »,;)(¢) of @ atany pair

of distinct points pi, p; € Z—using the local coordinates w; ' and wj’1 at infinity.
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Then analogously to the above one checks that

(p)
(pi,00

(p)

P @) =rplty), b () =sp(t),

for points pi, p; € L at finite distance of coordinates t;, t; € C, respectively.
Hence

1
@ -l Y e,
i#i€]
and all marked points are treated the same.
Then the flatness of (62) for p > 1 is equivalent to generalised Arnold relations,
relating the Taylor expansions of (66) at pairs extracted from a triple of distinct
points on the Riemann sphere. A

Hence we find again an inverse system of flat vector bundles (U.(], P), Vp), over
the space of configurations of J’-tuples of points in the complex plane.

10.3. Connection on coinvariants. The universal connection (62) is well defined
for sections with values in the space of g-coinvariants of U(g, )*™.

To prove this consider the canonical embedding g < g, ~ g x b, and the
universal embedding g, — U(gp). Composing them we let g act on U(g, ) in the
regular representation, and finally the tensor product action (analogous of (40) in
the case of constant functions). Then we get a g-action on differential forms with
values in the flat vector bundle (U(J,p), Vp).

Proposition 10.1. The g-action is flat for all p > 1.

Note this is a particular case of a compatibility such as (54), for constant sections
of the trivial bundle C,,(C) x g — C»(C), equipped with the trivial connection.

Proof. Postponed to § B.3. O

It follows that (62) preserves sections with values in gu(gp)®U e U(gp)®” |, so
a reduced (flat) connection is well defined on the space of g-coinvariants of the
tensor product. This was to be expected, as it holds for the induced connections
above.

11. ON CONFORMAL TRANSFORMATIONS

Consider the action of Mdbius transformations on £ = P(C?), that is
g.[t1: t2] = [at; + bta: cty + dta],

for (t1,t2) € C>2\ {0}, with g = g(a,b,c,d) given by numbers a,b,c,d € C such
that ad — bc = 1. In the standard affine chart U = X \ {[1: 0] } Y C we then have
the subgroup of affine transformation of the complex plane, with diagonal action
on C,(C) € C™, and with induced pull-back (right) action on sections of vector
bundles over that base.

In particular translations t — t + b correspond to a = d = 1 and ¢ = 0.
This is the 1-parameter subgroup corresponding to the infinitesimal generator
E € Lie (PSL(Z, (C)) = 5l(2,C), and the associated infinitesimal action reads

(@)t 0w
de e=0 4 ot. ’
1€]’ 1

_dw(tte)
0 - de

£=

considering the pathy: ¢ — g(1,¢,0,1).
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Analogously dilations correspond to the 1-parameter subgroup generated by
H € sl((2,C), and the associated infinitesimal action is given by the Euler vector
field
d (Woy) ()
de

aw ((1+¢)2t)
e T

e=
considering the pathy: e — g(1+¢,0,0, (1 +¢)7").

Proposition 11.1. Suppose the module at infinity is tame. Then the action of affine
transformations on horizontal sections of the bundle of covacua reads

w(t') = H exp(aLéi)) -w(t), (67)
ieJ’
where t' = (t{)icj with t{ = ety + b. In particular horizontal sections are invariant
under translations.
Proof. Postponed to B.4. O

Remark. As in the tame case, the g-coinvariance implies

> aWw+y oMw=o,
iAje] keJ

in the space .. The action of Q(*¥) is that of the quadratic Casimir (4) on the
k-th slot, so this term acts diagonally and can be exponentiated to find the usual
conformal weight (cf. Rem. 5.2). The point is that in general the dilation action has
further nonscalar terms. A

12. A DIFFERENT DYNAMICAL TERM AT INFINITY

In this section we generalise the dynamical KZ connection [23], varying the
setup of § 1.
Namely note another natural family of Lie algebras & P c sl C g is given by

&P =p[z] + zPg[z] ® CK.

The derived Lie algebra of ') yields the first ‘level subalgebra’ of [21], then the
two differ for p > 2. One can then define (smooth) induced modules W asin § 1,

where @ = @;p) depends on a character x: & (P) 5 C. However one does not
recover the standard affine Verma module as the starting element of the family,
contrary to (10)—which is one motivation behind Def. 1.1.

Moreover one has &) ~ hop @ CK, analogously to Lem. 1.1, so forp = 1 a
character is defined by elements A € §* and by the irregular Cartan term p €
(h ® z)¥ (plus the choice of a level k). Hence for p = 1 we see (15) matches up the
parameters of W with principal parts of meromorphic connections at poles of order
two, but in general only poles of even order can be obtained with this construction,
contrary to (10)—which is another motivation behind Def. 1.1.

_— (1 ~

So we can put the module W = \/_Vi< at infinity in the tensor product 3, and
consider the spaces of coinvariants .# as in § 6. The proofs of Props.7.1,7.2 and 7.3
can be adjusted introducing suitable filtrations on W and W = U(g[z])w, where

w € /W\ is the cyclic vector, as well as the whole of § 9.1. Hence in brief one can
use W as auxiliary module at infinity, which yields a different ‘dynamical” Cartan
term in the reduced connection—with respect to (57).



SINGULAR MODULES AND IRREGULAR CONFORMAL BLOCKS 37
Namely (57) simplifies to

Diveaw) =

where (Hy)x is a (- | -)-orthonormal basis of , using (n* & n ) @z - w =0,
Hyzoo - W = pxw, and writing e = (1, Hizoo)-

We see the reduced connection generalises the dynamical KZ equations, i.e. [23,
Eq. 3], and it coincides with it when the modules over finite points are tame.!
So we recover the Felder-Markov-Tarasov—Varchenko connection (FMTV) over

variations of marked points as a particular case of this construction.

Remark 12.1. Note the whole of the FMTV connection also allows for variations
of the irregular part u € (h ® z)¥, in addition to the deformations a la Klares
considered here [37]. In particular when there is only one simple pole the resulting
flat connection for variations of u is the DMT connection [40, 53], which is derived
from a representation-theoretic setup in [21, § 3.11], and [22, § 3.7] (for the latter
see also [54]). A

Remark 12.2 (On quantisation of isomonodromy connections). Just as in the case
of the KZ connection, a different derivation of these flat connections has been
obtained by (filtered) deformation quantisation of isomonodromy systems, this
time importantly for irregular meromorphic connections.

Namely [9] derived the DMT connection from the quantisation of a dual version
of the Schlesinger system. This is related to the usual Schlesinger system by the
Harnad duality [29], i.e. the Fourier-Laplace transform (cf. [51] on the quantum
side). In the same spirit, the whole of FMTV connection can be obtained by
quantising the isomonodromy system of Jimbo-Miwa-Méri-Sato [33] (see [44,
§ 11]; more generally see op. cit. and [45] for a further extension to connections
with poles of order three including all the above cases). A

OuTtLoOK

As explained in the introduction we also wish to consider flat quantum connec-
tions along variations of irregular types (i.e. variations of ‘wild’ Riemann surface
structures on the sphere [7]). Two viable viewpoints to introduce them are:

(1) the quantisation of the full irregular isomonodromy connections, in the
spirit of [9, 44], generalising the simply-laced quantum connections (which
quantise the simply-laced isomonodromy systems [12]);

(2) considering quantum symmetries: the quantum/Howe duality [3] was
used in [53] to relate KZ and the ‘Casimir’ connection of De Concini and
Millson-Toledano Laredo (DMT) [40], and at the level of isomonodromy
systems corresponds to the Harnad duality [29]. An analogous quantisa-
tion of the Fourier-Laplace transform may be taken here in order to turn
the variations of marked points into variations of irregular types, extending
the viewpoint of [11, 45].

Another natural direction to pursue is the higher-genus case, noting in that case
the moduli spaces of connections on holomorphically trivial bundles have positive
codimension inside the full de Rham spaces.

Finally one may try to introduce integrality conditions, and lift this Lie-algebra
representation setup to Lie groups, with a view towards the geometric quantisation
of coadjoint G,-orbits (along the lines of the Borel-Weyl-Bott theorem [50, 52, 17],
or more generally of the orbit method [36]). Another approach we will try in this
direction is that of the quantisation of the nilpotent Birkhoff orbits Og C b [8].

IReplace k + hY € Cwith‘k”and ), uxHy € b with ‘p” to retrieve the exact [23, Eq. 3].
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APPENDIX A. STANDARD NOTIONS/NOTATIONS

Duals. The (algebraic) dual of a vector space W is written W¥ = Hom(W, C), and
the natural pairing WY @ W — C is denoted o« @ w — (&, w). If I is a set and
W = P, Fi(W) an I-graded vector space then the restricted/graded dual of (W, F,)
is the I-graded vector space W* :=@;.; Fi(W)" C [ [ Ti(W)Y >~ WY,

Gradings and filtrations. If (I, <) is a totally ordered setand W = @, ; Fi(W) an
I-graded vector space, the associated I-filtration on W is defined by the subspaces
?gi = @jgi 3']' (W)

If Tand J are sets and Wj = @, 'fgj ) (Wj) a J-family of I-graded vector spaces,

the tensor product I'-grading on W = jej Wi is defined by the subspaces

Iﬂ;(@fﬂ&), fori: ] — 1.
i€

If further (I, <) is a totally ordered Z-module then the fensor product I-filtration on
W is defined by the subspaces

Foi= @ F;, foriel.

~
PIPRRICHIS

Lie-algebraic constructions. Let L be a Lie algebra. The abelianisation of L is the
abelian Lie algebra Lo, :==L/[L, L], and the opposite of L is the Lie algebra L°P on the
same vector space, with bracket [X, Y], :=[Y,X], for X,Y € L.

If p > lis aninteger and ‘z” a variable then the associate Lie algebra of depth p is

L, =L[z]/z"L[z] ~ L ® (C[z] /z"C[z]),

coming with a projection L, - L1 = L. There is then a canonical vector space
isomorphism L, ~ @P_ L ® z}, which can be upgraded to an isomorphism of
Lie algebras if one defines a Lie bracket on the direct sum by truncating terms of
degree greater thanp — 1.

If W is a left L-module then the space of L-coinvariants is Wi =W / LW, where
LW:=3 i XW C W—in particular L, is the space of ad -coinvariants.

AprpreNDIX B. COMPUTATIONS

B.1. Proof of Prop. 5.1.

Proof. Set a](j) =(a;, Hx2)) for k € {0,..,r}and j € {0,...,p—1}, and further
al) :=(aj, Ha)) for o € R.
By (11) we see that : Xxz IX*z":w = 0 implies 1 —p <j < p—1—mn, so
n < 2(p — 1) is necessary for nonvanishing terms.
Now importantly forn € {p—1,...,2(p—1)}andj € {1—p,...p—1—n}
one has
—jn+je{l—p+n,...,p—1}1<{0,..,p—11},

so the normal ordered products are void in (33). Thenforx € R* andie{1,...,r}
one computes

Hyz TH 2 Tw = a(_J)a](2+“)w, E¥2 TEz2" P w =0,
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and
(Ho | Ha)

2

(n)

Eoz VE*Z" W = Hoz"w = 8n p1agw.

Hence

p—l—n T
2(K+hv)LnW= Z (Z(sz—in2j+n)+ Z (E“Z_on‘zj“L“)) W

j=1-p \k=1 xEeR"
_ (—5) G+ (ol )
= (Z(ak a) ™) +8npa2p-n—-1) ) (TaoC ) w,
ik xeR
which implies (34) and (35) using @ (W, Hoz') = (o | w), for p € h¥ @ z\. O
B.2. Proof of Prop. 9.2.
Proof. Using the general case of (55) yields
nt XZ}V/\\)J'

m+1-—1
X@Ti(z; ™Mw; = ( ) , X Teolz; ™Ve =0,
n ’ é l (ti — )ty — )™ '

forXeg, i#je], wj € Wjand Vs € Voe—since 2o gz [ Voo =0 = zjr’g[[zjﬂvj.

Hence by (43) one has the identity (X ®z; m) Y ® Voo = Wi mx ® Ve inside
J, where

-1 ()

_ m+1-1 (Xzh) " 'w

Wl'm'X7_. Z (Z < 1 )(ti_tj)l(tj_ti)m ’
jeJ\{i} \1=0

The result then follows from (36). O

B.3. Proof of Prop. 10.1.

Proof. We prove the g-action commutes with V,: Q°(U(n,p)) — Q! (U(n,p)).
Since the g-action is independent of the point on the base space, this is equivalent
to @, @ X —X(@, @) =0 =2 @ X —X(@] @), for X € g.

Now by (60) one has

(k + hv)((o; ® X — X(@;, ®1l)))

p—1
_ Z Z (_1)m (ml‘F 1) ti_jl_m_l dtij ® ( Z [Q_E:le)x(k)]lb> ,

i#j m,1=0 keJ’
and analogously by (61)

(k+ ) (@) & X0 —X(@f 2 W) )

p—1
m+1 ioo
=y ¥ ( : >t} ® < > ol %x“ﬂw) :
€]’ m,1=0 keJ’
Hence it is enough to show that
Y [ xM] =0eu(g,)®m,
kej’
foralli#j € J and for all m, 1 € Z. Finally by (5) we have
. (i) ; i ()
Z [Q;Jl),x(k)] _ Z([XT,X}ZT“) (szl)(]) n (XTZT“)( )<[XT,X}ZL) j ,
kej’ T

where we let (X;), be a (- | -)-orthonormal basis of g, which vanishes by (6). (]
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B.4. Proof of Prop. 11.1.

Proof. Indeed if wisa v]g -horizontal section of U(],p) — C(C) then

EW:Z Z T](;'j)(tij) w,

€] \jeJ\{i}

which vanishes by the skew-symmetry (64), and which implies the statement about
translations after taking g,-modules.

As for dilations, in the universal case of a V]’J -horizontal section one finds

gﬁ;zz Z t1 tl] W= Z t]‘.jr-l(gij)(ti.j)ﬁ)/

€]’ \jeJ\{i} i#Aje]’
and we must consider the induced action on finite singular modules. Now one
computes
1
— X |w
Low = K+th Zsz X2 |w, forweWw,

=1 k

analogously to (36), using a (- | -)-orthonormal basis (X ) of g. Then reasoning as
in § 9.2.3 the induced slot-wise action on coinvariants is

Ti—1Tj

(i) ~ 1 m+1 el ) )
W= D ZZ( ) gy | w

jeJ’\{1} \m=0 1=0

with tacit use of the projection 7 - : JQ’M — 4%, and on the whole

H_.
FW=(L—L => 'w,

ie]’

by (63). This is the action of an endomorphism on the finite-dimensional vector
space .7, and the statement follows by integrating the resulting (linear, first-order)
differential equation. O
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