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Jean Dieudonné's "Euclid must go!" provoked controversy among participants at the 1959 Royaumont Seminar. Although Dieudonné's outcry led to misunderstandings, many contemporaries shared his view that geometry education needed to be modernized. On how to proceed, there was less agreement. At international meetings after Royaumont, no clear and supported solution could be proposed. For Dieudonné and other (Bourbaki-oriented) mathematicians, linear algebra was the royal road to geometry, but even then opinions differed widely. The controversy peaked in 1964 with the publication of Gustave Choquet's L'Enseignement de la Géométrie and, shortly thereafter, Dieudonné's Algèbre Linéaire et Géométrie Élémentaire. We carefully analyze these two seminal books and the role they played in the debates on modern mathematics in the early 1960s. Key differences are revealed and put into perspective with the similarities identified.

Introduction

The 1959 Royaumont Seminar is widely recognized as a turning point in the history of the modern mathematics movement of the 1960s [START_REF] Bjarnadóttir | Fundamental reasons for mathematics education in Iceland[END_REF][START_REF] Skovsmose | Towards a critical professionalism in university science and mathematics education[END_REF]. The Seminar brought together American and Western European reformers for the first time, and it also marked the start of this movement in several countries not previously involved. Although in recent years several researchers have argued that very diverse positions were taken at Royaumont, for example about the role of applications [START_REF] De Bock | From Royaumont to Lyon: Applications and modelling during the sixties[END_REF] and of systematic psychological research (Schubring, 2014a[START_REF] Schubring | The road not taken-The failure of experimental pedagogy at the Royaumont Seminar 1959[END_REF], in the collective memory of mathematics educators, Jean Dieudonné's sharp attack on the traditional teaching of (Euclidean) geometry, for which his battle cry "Euclid must go!" was symbolic, continued to resonate.

A lot of ink has also been spilled about the exact meaning of Dieudonné's slogan. Whence this vehement attack on "Euclid" while he deeply admired the achievements of the Greeks to mathematics ("I consider their creation of geometry perhaps the most extraordinary intellectual accomplishment ever realized by mankind", Dieudonné, 1961, p. 35)? First, Dieudonné criticized what he considered a fossilized (French) educational tradition in geometry education, or as Hans Freudenthal (1967, p. 745) formulated it:

The inventor of the slogan "A bas Euclide" a follower of Euclid? It looks odd, but it does so simply because few slogans have been misunderstood as badly as this one. Partly, it was Dieudonné's own fault. When he cried "A bas Euclide," he actually meant "A bas 'Euclide'," (viz. the Euclid of French lycée textbooks), but in oral discussions it is a hard thing to pronounce quotation marks.

Almost everything to which much attention was paid in this tradition, in particular "the triangle", had, according to [START_REF] Dieudonné | New thinking in school mathematics[END_REF], "as much relevance to what mathematicians (pure and applied) are doing today as magic square or chess problems!" (p. 36). However, Dieudonné was clearly in favor of an axiomatic approach to geometry, but not the old one of Euclid with its fuzzy distinction between "axioms" and "postulates", but of a "modern" one based on linear algebra. Dieudonné's views caused "sharp controversy" among the Royaumont participants, yet all agreed that a modernization of geometry education was needed. There was, however, less unanimity on how that modernization should be achieved. In a number of follow-up meetings in the early 1960s, the international mathematics education community attempted to come to some form of agreement, though without success. The debate quickly rigidified into the search for the "best" axiom system for secondary school geometry, and further hardened with the publication of Gustave Choquet's L'Enseignement de la Géométrie and Jean Dieudonné's Algèbre Linéaire et Géométrie Élémentaire, both in 1964. In this paper, we first provide a brief overview of the development of the geometry debate in the first half of the 1960s. Second, we carefully analyze the aforementioned books by Choquet and Dieudonné in order to unravel the differences and commonalities in vision of these two scholars. To this end, inspired by the topic model for discourse analysis of [START_REF] Jacobs | Topic models meet discourse analysis: A quantitative tool for a qualitative approach[END_REF], we first manually compiled a list of topics (such as for instance "droite" [straight line], "symétrie" [reflection], …) that appear in the books, and this page per page. Then, we counted (using the freely available online tool of browserling on https://www.browserling.com/tools/word-frequency), how many times a topic is mentioned in each book. We compared how the topics that ranked highest in this count were dealt with in the two books. In comparing the manipulation of the different topics, we paid specific attention to the differences caused by the axiom system chosen. In the final section of this paper, we discuss how it came to a settlement, at least between Choquet and Dieudonné.

The geometry debate in the aftermath of Royaumont

The first half of the 1960s was particularly rich in international activities on the modernization of school mathematics. In addition to the annual meetings of the International Commission for the Study and Improvement of Mathematics Teaching (CIEAEM), important international meetings were held in, among other places, Aarhus, Denmark (1960), Zagreb-Dubrovnik, Yugoslavia (1960), Bologna, Italy (1961), Budapest, Hungary (1962), Athens, Greece (1963), and Frascati, Italy (1964). These meetings were initiated by one of the following international bodies, either in partnership or not: The International Commission on Mathematical Instruction (ICMI), the Organization for European Economic Cooperation (OEEC; in 1961 joined by nations outside Europe to form the Organization for Economic Cooperation and Development, OECD), and UNESCO. A detailed discussion of the objectives and conclusions of these meetings is beyond the scope of this paper and for that we can refer the reader to, for example, Furinghetti and Menghini (to appear). To indicate the international context and "climate" in which the polemic between Choquet and Dieudonné occurred, we discuss in a nutshell some key elements related to the debate on geometry education.

Although the 1960 Aarhus meeting was intended to have a broader scope, the debates concentrated on "Modern teaching of geometry in secondary schools with particular emphasis on ways of treatment opened up by developments lately, in particular by the algebraization of mathematics" (Behnke et al., 1960, p. ii). No less than five different proposals for "new" axiom systems for secondary school geometry were presented, including by the Royaumont lecturers Dieudonné and Choquet. Dieudonné reiterated his position that geometry education should be approached from the study of two-(or three-) dimensional vector spaces over the field of real numbers, equipped with an inner product. Choquet proposed his axiom system for affine and metric plane geometry that he would adopt in L'Enseignement de la Géométrie (1964). Although views differed, there seemed to be a consensus that Euclidean geometry was too difficult for 12-13-year-olds, even in the form of Bewegungsgeometrie [motion geometry], a German approach rooted in the work of Felix Klein and proposed at Royaumont by Otto Botsch. There were timid attempts, by Freudenthal, Willy Servais, and Tullio Viola, to include psychological aspects in the debate on school geometry, but this led to no less than a quarrel between Freudenthal and Dieudonné, with the latter stating, "la psychologie, je m'en fiche" [psychology, I don't care] (Behnke et al., 1960, p. 104).

In Zagreb-Dubrovnik (1960), a group of experts was commissioned to work out a detailed synopsis for modern secondary school mathematics "in the spirit of Royaumont". The experts agreed on the introduction to set theory, algebra, analysis, probability theory and statistics, but regarding geometry education, the outcome was an ambiguous compromise. For the final years (15-18-yearolds), an axiomatic and structural approach-heavily influenced by Choquet's vision-was recommended, while in the early years (11-15-year-olds), the emphasis would be put on a more intuitive approach [START_REF] Oeec | Synopses for modern secondary school mathematics[END_REF]. The attention to intuitive geometry was largely due to the intervention of the Belgian Paul Libois, a lifelong advocate of intuition-based geometry teaching, but a dissident voice in the 1960s debates (Vanpaemel & De Bock, 2017).

The 1961 meeting in Bologna was intended to discuss the results of Aarhus and Zagreb-Dubrovnik, which had not led to any form of agreement. The discussion in Bologna led to some kind of compromise around a proposal by Emil Artin to define the Cartesian plane axiomatically as a vector space of dimension two with an inner product, but Freudenthal, Libois, and Viola partly disagreed. According to the first, the geometry programs proposed in Aarhus and Zagreb-Dubrovnik were based on an "anti-didactic inversion", expressing that an end product of mathematical activity, the most recently composed structure of mathematics, is taken as a starting point for mathematics teaching [START_REF] Freudenthal | Enseignement des mathématiques modernes ou Enseignement moderne des mathématiques[END_REF].

At the meetings in Budapest (1962), Athens (1963), andFrascati (1964), results of early experiments with modern mathematics could already be presented. In particular, the audacious approach of the Belgian Georges Papy, combining mathematical rigor with an innovative pedagogy, received considerable attention and appreciation.

Two notable books shaping the debate of the mid-1960s

When reading Choquet's L'Enseignement de la Géométrie and Dieudonné's Algèbre Linéaire et Géométrie Élémentaire, one immediately notices the points of agreement in the objective Choquet and Dieudonné aim to achieve with their work; similarities in their views on the teaching of geometry are already apparent in the introduction to their books. Indeed, both authors state that they mainly target secondary school teachers. Moreover, they agree that the teaching of geometry for young children (age less than 13) should be based on observation and experiments, while in the last two or three years of the secondary school, linear algebra should be the basis of geometry. Between these two age groups, children should be gradually familiarized with deductive reasoning.

As (pure) mathematicians, Dieudonné and Choquet were "Bourbakists". Bourbaki's approach to mathematics was axiomatic-deductive, formal, and uncompromisingly rigorous, deliberately excluding diagrams and external motivations. Both our protagonists were convinced that the Bourbaki model for structuring mathematics as a science was also the "best" model for structuring mathematics education, in casu geometry education, with the axioms of linear algebra as a fundamental model. Before presenting their "best" axiom system for teaching geometry to secondary school students, Choquet and Dieudonné digress on how it should not be done, both referring to colleagues along the way, anonymously or not. Choquet seeks to minimize the number of axioms: mais je ne pense pas qu'il soit désirable, comme l'ont préconisé certains professeurs, de prendre au départ de très nombreux axiomes [but I do not think that it is desirable, as some professors have advocated, to take very many axioms at the start1 ] (Choquet, 1964, p. 10) Dieudonné denies the claim that the axioms of linear algebra are too abstract, and refers to Choquet on the way: partir d'un autre système d'axiomes, […] le plus connu est sans doute le système d'axiomes proposé récemment par Choquet, d'une remarquable ingéniosité qui témoigne du grand talent de son auteur, mais que je tiens pour parfaitement inutile et même nuisible. [starting from another system of axioms, […] the best known is undoubtedly the system of axioms recently proposed by Choquet, of a remarkable ingenuity which testifies to the great talent of its author, but which I consider to be perfectly useless and even harmful.] (Dieudonné, 1964, p. 17) However, both authors agree on the fact that the "best" axiom system should separate affine and metric notions, or as Dieudonné phrases it: Je pense surtout ici à la distinction (clairement sentie depuis Poncelet) entre propriétés géométriques de nature « affine » et propriétés de nature « métrique ». Il est particulièrement choquant, du point de vue logique, de voir mélanger en une incroyable salade ces deux types de propriétés dès le début de la traditionnelle « Géométrie euclidienne », mettant exactement sur le même plan des notions aussi différentes que celle de parallèle et celle de perpendiculaire [I am thinking here above all of the distinction (clearly felt since Poncelet) between geometric properties of an "affine" nature and properties of a "metric" nature. It is particularly shocking, from a logical point of view, to see these two types of properties mixed together in an incredible salad from the very beginning of the traditional "Euclidean geometry", putting exactly on the same level notions as different as that of being parallel and that of being perpendicular] (Dieudonné, 1964, p. 13) Likewise, both Choquet and Dieudonné first treat the two-dimensional geometry of the plane before generalizing the concepts to the three-dimensional geometry of the space.

Faithful to his opinion that geometry should start off with a limited number of strong axioms, Choquet immediately sets off with axioms on a straight line and on a set of straight lines. He defines the plane as a set, equipped with a structure, induced by a set of subsets, called straight lines. Then he defines parallel straight lines and he states axioms on the existence of a unique straight line connecting two different points in the plane, and on a unique straight line parallel to a given straight line and passing through a given point of the plane (the so-called parallel postulate). Being parallel is an equivalence relation on the plane, leading to the concept of the direction of a straight line as the equivalence class to which the straight line belongs.

Dieudonné, however, first dedicates some pages to the necessary basic properties of real numbers and to the axioms of Euclidean geometry. He defines the plane as a set on which there exist three operations: addition of two elements, scalar multiplication of an element with a real number, and scalar product of two elements. Assuming the former two operations satisfy the necessary conditions, he calls this plane as soon as possible a vector space. Dieudonné then defines a straight line as an affine subspace with its direction fixed by the corresponding linear subspace (i.e., a straight line through the origin). Two straight lines are parallel if they have the same direction (that is, if they are both affine subspaces resulting from the same linear subspace). From these definitions, and using the properties of the underlying vector space, the proposition that there exists a unique straight line through two different points, and the parallel postulate, are proved.

In conclusion, because of the different choices for the axiom systems in the two books, properties that are put forth as axioms by Choquet can be proved as corollaries by Dieudonné, and vice versa.

In the further treatment of affine geometry in the books by Choquet and Dieudonné, their different starting points lead to only minor or mere formal differences. Noteworthy however, is the topic of the addition of two vectors. In Dieudonné's exposition, this addition is inherent to an operation on the elements of a vector space. Choquet, however, defines this operation by making use of parallelograms: The addition of two points x and y is the point z such that the origin, x, y, and z form a parallelogram. It illustrates Choquet's statement from his introduction, expressing how vectors are naturally at the foundation of geometry: L'axiomatique d'Euclide-Hilbert est basée sur les notions de longueur, d'angle, de triangle. Elle cache à merveille la structure vectorielle de l'espace […]. Le fait qu'un triangle soit la moitié d'un parallélogramme n'a pas empêché qu'on mette l'accent pendant plus de vingt siècles sur l'étude détaillée […] des triangles […]. On voyait le triangle, mais non le parallélogramme qui aurait pu conduire aux vecteurs. [The axiomatic system of Euclid-Hilbert is based on the notions of length, angle, triangle. It hides wonderfully the vector structure of the space […]. The fact that a triangle is half of a parallelogram has not prevented one to put emphasis for more than twenty centuries on a detailed study […] of triangles […]. One saw the triangle, but not the parallelogram which could have led to vectors.] (Choquet, 1964, p. 10) Continuing with the definitions of an affine transformation, a translation, a homothety, and a dilatation, there are some differences in the order in which these concepts are treated and in the importance that is given to them. Loyal to his choice of the axiom system, Choquet first defines a translation as an operation on a straight line, before extending this definition to the plane. Dieudonné first defines these transformations as mappings on the vector space, even before defining a straight line. The definition of a dilatation is in Dieudonné's book left for the exercises, which should not be a surprise, since a dilatation is either a translation or a homothety.

Entering the world of Euclidean geometry, the consequences of the different choices for the axiom system, seem, at first sight, to manifest themselves again more firmly. At this point, Choquet first mentions briefly that only basic and well-known properties of real numbers will be used. He then posits in an axiom the concept of distance as a structure on a straight line. Later, in his chapter on the axioms of the metric structure, he first states an axiom on when two straight lines are perpendicular, followed by the definition of perpendicular projection. Only then, the notion of distance is used to define the norm of a vector. This concept of norm, together with the perpendicular projection, finally leads to the definition of the scalar product of two vectors.

Dieudonné reverses this order more or less completely. Since he starts with a vector space as underlying structure of the Euclidean space, he disposes immediately of the scalar product of two vectors. Similar to Choquet, however, he restricts this scalar product as an operation on a straight line. Applying the scalar product, the definition of a norm of a vector and the distance between two points, follow immediately. Only then, the notion of two perpendicular vectors is defined, again using the scalar product of these two vectors.

In his chapter on the metric structure of Euclidean space, Choquet mentions that the axioms he presented allow to show that the concept of distance that he introduced is equivalent to the concept of distance that is associated to the scalar product (which is the way Dieudonné defines distance), summarized in a Theorem: Théorème 96.3. Pour tout point , on peut définir sur , de façon unique, une structure d'espace vectoriel d'origine , muni d'un produit scalaire, dont les variétés affines de dimension 1 et 2 sont les droites et plans de , et dont la distance associée au produit scalaire soit identique à la distance donnée sur . [Theorem 96.3. For any point , one can define on , in a unique way, a structure of a vector space with origin , equipped with a scalar product, whose affine subspaces of dimension 1 and 2 are the lines and planes of , and whose distance associated with the scalar product is identical to the distance given on .] (Choquet, 1964, p. 148) The treatment of the Euclidean transformations or isometries (i.e. translations, rotations, and reflections) is very similar in the books of Choquet and Dieudonné. Of special interest is that both authors first define a rotation, and then use the group of rotations to present a definition of an angle. As Choquet formulates it, a substantial part of geometry can be constructed without the use of angles: remarquons que nous avons pu construire commodément une grande partie de la géométrie sans parler jamais d'angles: La structure affine de Π, le théorème de Pythagore, la théorie des similitudes, ont été établis sans utiliser, ni angles, ni cas d'égalité des triangles. [note that we could conveniently construct a large part of geometry without ever talking about angles: The affine structure of Π, the Pythagorean theorem, the theory of similitudes, were established without using neither angles, nor similar triangles.] (Choquet, 1964, p. 97) Only in a later stage they write about trigonometry and trigonometric formulas and about measuring angles. Both Choquet and Dieudonné end their exposition on the "best" axiom system by looking beyond secondary school geometry by examining in the appendices some extra topics, such as angles from a different viewpoint, non-Euclidean geometry, and quaternions and rotations.

A settlement between Choquet and Dieudonné

Papy's didactic approach, as elaborated in his Mathématique Moderne (Papy, 1964(Papy, -1967)), soon enjoyed considerable prestige in circles of mathematics educators, particularly in France (see, e.g., [START_REF] Walusinski | La réforme est en acte[END_REF]. Also [START_REF] Dieudonné | Algèbre linéaire et géométrie élémentaire[END_REF] had praised "the remarkable and promising trials of our Belgian neighbors" (p. 17). Papy's approach to the teaching of geometry basically consisted of two stages. In the lower grades (12-15-year-olds), a system of (synthetic) axioms for affine plane geometry was gradually introduced, leading to the structure of the vector plane, an approach showing strong parallels with Choquet's. In the third year of secondary school (14-15-year-olds), this structure was equipped with an inner product, leading to the so-called Euclidean vector plane. At the beginning of the upper grades (15-18-year-olds) then followed what Papy called a "retournement psychologique" [psychological reversal]: The achieved goal of the first stage-the Euclidean vector space structure of the plane-was taken as a new and "unique" axiom for the second stage, i.e. the further development of geometry (of the plane and of higher dimensions) from a purely algebraic perspective.

At a meeting of the CIEAEM in Milano Marittima, Italy in 1965, and titled "The place of geometry in modern mathematical teaching", André Revuz tried to reconcile Choquet's and Dieudonné's points of view [START_REF] Revuz | Pour l'enseignement de la géométrie, la route est tracée[END_REF]. Revuz, who was esteemed by all parties, presented a statement about the role of geometry in the education of 12-to 18-year-olds, based on Papy's two-stages approach which was agreed upon by the CIEAEM members present. In the same year, on the occasion of an ICMI colloquium in Echternach, Luxembourg, this proposal was solemnly approved by Choquet and Dieudonné (De Bock & Vanpaemel, 2019).

In conclusion

Excesses of modern mathematics of the 1960s, such as the one described in this paper, have likely contributed to the current divide between the mathematics community and the mathematics education community, a divide that is unhealthy for both (Fried & Dreyfus, 2014). As concluded by [START_REF] Kilpatrick | The new math as an international phenomenon[END_REF], although modern mathematics is considered a failure, it did change mathematics education and the way it is treated by its stakeholders. Likewise, the books discussed in this paper were criticized [START_REF] Freudenthal | Review of Algèbre linéaire et géométrie élémentaire by J. Dieudonné[END_REF] and presumably not often used in secondary education, but they did stir the debate on geometry education in the 1960s and afterwards, geometry education did not return to the state it had before Dieudonné initiated the debate. Although the outcome of this debate on geometry education is in large likely due to the diplomatic qualities of Revuz, further research on the role of Papy's approach in this settlement could be of interest.

All translations were made by the authors.