Markus Leifeld 
email: leifeldm@math.upb.de
  
Sebastian Rezat 
email: srezat@math.upb.de
  
A proposal to develop and understand algorithms through algorithmic thinking

Keywords: Written algorithms, elementary school mathematics, algorithmic thinking, subtraction

come    

Children have to be prepared to participate in an increasingly digitalized society and education is regarded to be the elementary key for children to participate in digital change. In Germany, the Standing Conference of the Ministers of Education and Cultural Affairs (KMK) has launched a strategy for education in the digital world. This strategy comprises a framework of competencies to be acquired by students during primary and secondary education. One of these competencies relates particularly to problem solving by using and/or developing algorithms.

Due to the traditional role of algorithms in mathematics, mathematics education is one area, besides informatics education, where thinking about and the development of algorithms may be promoted. Mathematics education research on written algorithms has shown that the written algorithms are on the one hand preferred by learners, but on the other hand are mostly carried out without understanding [START_REF] Fischer | Should we continue to teach standard written algorithms for the arithmetical operations? The example of subtraction[END_REF][START_REF] Jensen | Understanding of written subtraction algorithms: What does that mean and how can we analyse it[END_REF]. This has generally led to a critical consideration of the role of algorithms in primary education (Selter, 2000;[START_REF] Hurst | Algorithms and Multiplicative Thinking. Are Children Prisoners of Process[END_REF].

The notion of algorithmic thinking is associated with the two previous mentioned problem contexts: It is regarded as "a key element of the new digital literacy", and "it can contribute to a deeper mathematical understanding" (Stephens & Kadjevich, 2019, p. 117). Algorithmic thinking comprises cognitive abilities such as decomposition and abstraction and is required whenever an algorithm is to be understood, tested, improved or designed (Stephens & Kadjevich, 2019).

In summary, in the context of algorithms in primary mathematics education three main strands can be identified and need to be followed:

1. Political demands starting from the role of algorithms in society (Use/development of new algorithms). 2. Teaching and learning algorithms with understanding in mathematics education 3. Algorithmic thinking as a possible link between problem context 1 and 2.

Research Question

The question is how these strands can be connected in mathematics education. There is a need for learning environments related to the learning of algorithms that contribute to a deeper understanding of algorithms and also foster algorithmic thinking. Therefore, our research question is, how to design a learning environment for the learning of written algorithms in primary school that fosters algorithmic thinking and contributes to students understanding of the algorithms.

Theoretical framework

We present a proposal of a learning environment, as part of a design-research project that connects the three strands related to algorithms in elementary school. The main idea of the learning environment is that algorithmic thinking is fostered by deriving written subtraction from the algorithm of written addition.

Students learn the difference between "putting together" (addition) and "taking away" (subtraction) as inverse operations in first and second grade. While written arithmetic is widely taught through demonstration [START_REF] Jensen | Understanding of written subtraction algorithms: What does that mean and how can we analyse it[END_REF], our instructional approach is to use the commonalities of the written addition and subtraction algorithms. Both algorithms are similar in the way that they calculate each place value separately and proceed from the smallest place value to the biggest, i.e. from right to left. However, the operation (add/subtract) to be carried out with each place value and the carry-over are inverse in addition and subtraction algorithms. Addition carries ten units of a place value to the next larger one, while subtraction works the other way around and borrows one unit of juxtaposed larger place value and regroups it into ten smaller ones.

The idea is that students decompose the iterative steps of written addition and invert them separately, and thus derive the written subtraction algorithm from written addition. This way, they carry out the two main aspects of algorithmic thinking. The students should discover that the steps of both algorithms are almost identical and only have to be inverted with regard to the operators "add/subtract" and "carry/borrow" (abstraction).

Consequently, the students use the discovered structure of the algorithm of written addition and refine it to written subtraction as step-by-step instructions to solve a subtraction problem with the derivative of an already known and formulated algorithm (developing new algorithms).

In a next step the learning environment will be tested with students who have just learned written addition in order to improve it with the goal to foster students' understanding of written subtraction through algorithmic thinking.