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Against the backdrop of policy documents and educational researchers' vision of proof as an essential component of teaching mathematics across content areas and grade levels, teaching of reasoning and proof in mathematics classrooms remains an elusive goal. Teachers and the type of teaching they enact in classrooms are crucial for achieving this goal. This theoretical paper builds on the concept of proof-based teaching and suggest a set of guiding principles for what we call teaching mathematics via reasoning and proving. These principles were developed as a part of a multi-year design based project, and implemented in an undergraduate course Mathematical Reasoning and Proving for Secondary Teachers. We illustrate these principles using examples from proof-oriented lessons plan developed by prospective secondary teachers.

The state of reasoning and proving in mathematics classrooms

Learning mathematics meaningfully entails more than following procedures and recalling facts; rather, it requires understanding, making sense of, and engaging in mathematical practices, such as identifying patterns, conjecturing, exploring with examples and counterexamples, and justifying and critiquing arguments. Collectively, these disciplinary practices are called reasoning and proving [START_REF] Ellis | Developing essential understanding of proof and proving for teaching mathematics in grades 9-12[END_REF][START_REF] Stylianides | Investigating the guidance offered to teachers in curriculum materials: The case of proof in mathematics[END_REF]. Proof serves many roles in mathematics, but in mathematics classrooms, reasoning and proving mainly serve to support students' sense-making by providing insights into why something is true, and not just that something is true. Importantly, the means for showing why should be through deductive reasoning rather than relying on authority of the teacher or a textbook [START_REF] Hanna | Proof and Proving in Mathematics Education: The 19 th ICMI Study[END_REF]. Student participation in reasoning and proving activities across grade levels and mathematical topics is widely recognized as essential for meaningful learning (NGA & CCSSO, 2010;NCTM, 2009), due to the focus on mathematical sense making. Reasoning and proving are also linked to knowledge retention, enhanced understanding and making mathematics intellectually satisfying for learners [START_REF] Harel | Intellectual need[END_REF].

However, the uptake of reasoning and proving as an integral part of school mathematics has been slow and limited [START_REF] Stylianides | Research on the teaching and learning of proof: Taking stock and moving forward[END_REF][START_REF] Nardi | Changing classroom culture, curricula, and instruction for proof and proving: How amenable to scaling up, practicable for curricular integration, and capable of producing long-lasting effects are current interventions[END_REF]. Several potential explanations are offered for this phenomenon. Some researchers (e.g., [START_REF] Thompson | Opportunities to learn reasoning and proof in high school mathematics textbooks[END_REF] locate the problem with the dearth of examples in curricular materials for engaging students with reasoning and proving. Although there are some texts that aim to help teachers to integrate reasoning and proving in their teaching (e.g., [START_REF] Ellis | Developing essential understanding of proof and proving for teaching mathematics in grades 9-12[END_REF]NCTM, 2009) they are often more appropriate for problem-based curricula rather than what can be considered a traditional secondary mathematics curriculum.

Another reason for the low occurrence of reasoning and proving in mathematics classrooms is that teachers and students tend to interpret it narrowly, as two-column exercises in high school geometry [START_REF] Herbst | Engaging students in proving: A double bind on the teacher[END_REF]. The didactic contract [START_REF] Brousseau | Theory of didactical situations in mathematics[END_REF] that develops around this genre of exercises seem to be about reproduction of sometimes "obvious" mathematical results in a prescribed format. This leads both teachers and students to perceive proof as intellectually unexciting and a redundant activity [START_REF] Harel | Intellectual need[END_REF]. The powerful image of proof championed by mathematicians and championed by mathematics educators, does not seem to precipitate into mathematics classrooms. In addition, teachers' own gaps in mathematical knowledge specific to proof and unproductive beliefs about teaching proof (for example, that only high-performing students can handle proofs) can sometimes pose barriers to classroom integration of reasoning and proving [START_REF] Stylianides | Research on the teaching and learning of proof: Taking stock and moving forward[END_REF]. But the issue runs deeper than that. Studies have shown that even teachers who seem to appreciate proof and acknowledge its importance in mathematics tend to prioritise development of procedural skills over proof-related activities in their own classrooms (e.g., [START_REF] Kotelawala | The status of proving among US secondary mathematics teachers[END_REF]. [START_REF] Nardi | Changing classroom culture, curricula, and instruction for proof and proving: How amenable to scaling up, practicable for curricular integration, and capable of producing long-lasting effects are current interventions[END_REF] suggest that "Orchestrating a focus on proof appreciation requires a change in classroom culture with respect to proof and proving, a change that must start with the teacher", but it would also require "changing classroom culture, curricula, and instruction" (pp. 268-269). As much as we agree with the authors about the need for change and the critical role of teachers in this process, we are doubtful whether such an overhaul approach to classroom teaching is viable. First, many teachers' personal experiences with proof as learners and their mental image of what it means to engage students in proving may impede them from enacting reasoning and proving in their classrooms. Thus, the role of teacher preparation and professional development in spearheading changes in classroom instruction is critical. Some positive effects of teacher preparation and professional development programs on classroom teaching have been reported in the literature (see Stylianides et. al., for an extensive summary).

The second, and probably more substantial barrier for classroom integration of reasoning and proving, is found in factors external to individual teachers, but nonetheless critical, such as society, institutions and the culture of schooling [START_REF] Chazan | Research on the teaching of mathematics: A call to theorize the role of society and schooling in mathematics instruction[END_REF]. Cultural environments dominated by standardized testing, pressure from parents, administrators and other stokeholds; a culture in which a teacher's success is measured by the number of students passing tests, are less conducive change. In such environments, a teacher may find him/herself navigating a complex system of competing expectations and obligations; with the external pressure contributing to teachers' reluctance to spend time on proof, instead of "covering" the curriculum.

Towards possible solutions

The problem and its plausible causes described above are not new, and several approaches to address it have been proposed over the years. One, already mentioned, is through teacher education and professional development initiatives aiming to enhance future and practicing teachers' subject matter and pedagogical knowledge specific to proof, affecting their beliefs about proof, and providing ongoing classroom support for teachers enacting reasoning and proving in their classrooms (see [START_REF] Stylianides | Research on the teaching and learning of proof: Taking stock and moving forward[END_REF] for an overview). Such initiatives often rely on researcher-developed instructional materials that teachers try in their classrooms. These efforts are important as they help move the field towards developing theoretical and practical knowledge for making reasoning-andproving a reality in mathematics classrooms. Towards addressing this knowledge gap, [START_REF] Stylianides | Research on the teaching and learning of proof: Taking stock and moving forward[END_REF] emphasized the need for theoretically sound and well-defined classroom interventions of short duration that support change of students' conceptions.

Another approach, proposed by Reid (2011), is Proof-Based Teaching (PfBT). As opposed to focusing on teaching proof, the PfBT is a way of teaching mathematics in which the teacher guides students through a carefully designed sequence of exploratory activities in which learners develop and prove mathematical results. The PfBT is akin to problem-solving teaching and inquiry-based learning [START_REF] Ronis | Problem-based learning for math & science: Integrating inquiry and the internet[END_REF], but with the emphasis on students deductively proving the conjectures they develop during the exploratory activities. The PfBT approach seems to hold much promise for advancing change in teachers' classroom practices related to proof. Changing the discourse from teaching proof towards proof-based teaching, puts student learning of mathematics in focus, potentially helping to alleviate some of the tensions teachers might associate with proof. Far from being a simple change of rhetoric, the PfBT restores the place of proof and proving in mathematics [START_REF] Hanna | Proof and Proving in Mathematics Education: The 19 th ICMI Study[END_REF], highlighting its role in production of mathematical knowledge.

The key element of PfBT, which guides the work of teaching, is the use of a framing theory. This theory outlines a sequence of definitions, statements, and conjectures that students are expected to discover and prove, to develop well-connected knowledge of particular mathematical content. For example, [START_REF] Reid | Evidence and argument in a proof based teaching theory[END_REF] developed a framing theory for learning the operation on integers, called integer tiles theory (ITT), and enacted a PfBT teaching experiment in a 3 rd grade classroom based on it. Although these results are encouraging, the PfBT model in its current form might not be easily extendable to secondary classrooms. The current state of educational research is such that many prominent topics in the secondary curriculum, e.g., quadratic functions, logarithms, trigonometry, analytic geometry, and others, do not have well-developed and well-established instructional theories.

The lack of such theories may impede the broad application of PfBT. Thus, additional pathways are needed to promote instruction focused on reasoning and proof at the secondary level. In the next section, we outline Teaching Mathematics via Reasoning and Proof (TMvRP) model, which is close in spirit to PfBT, but does not rely heavily on the existence of established instructional theories.

Teaching Mathematics via Reasoning and Proving (TMvRP) Our method

Guiding principles of the TMvRP model were gradually developed and formulated while engaging in the multi-year design-based research project in which we designed a special course Mathematical Reasoning and Proving for Secondary Teachers, and systematically studied its impact on prospective secondary teachers' (PSTs) knowledge, dispositions and practices specific to reasoning and proof. [START_REF] Buchbinder | Preservice teachers learning to teach proof through classroom implementation: Successes and challenges[END_REF]. In this course, the PSTs designed four proof-oriented lesson plans and taught them in local schools. The course discussions revolved constantly around the role of reasoning and proving in teaching and learning mathematics, and its usefulness and advantages for student learning. Having the PSTs design four proof-oriented lessons and enact these lessons in local schools aimed to convince the PSTs that (1) it is feasible to integrate reasoning and proving with any topic from the secondary mathematics curriculum, and (2) students are capable of learning complex concepts pertaining to deductive reasoning, such as conditional statements, indirect reasoning, and quantification. Through the iterative cycles of implementing and studying this course, the guiding principles of TMvRP models emerged.

The Guiding Principles of TMvRP

Guiding Principle 1: Teaching reasoning and proving must be fully embedded within the existing content of mathematics curriculum. When teachers perceive reasoning and proving as practical and not competing with their curriculum, then there is a chance, they will embrace it in their classrooms.

One of the key aspects that PfBT and TMvRP have in common is the emphasis on school mathematics, which we see as essential in order for teachers to get on board with the model. If teachers perceive reasoning and proving as taking time away from "curricular coverage", they will be reluctant to spend class time on it, sending an implicit message of irrelevancy to students. Thus, we integrated reasoning and proving within the regular mathematics curriculum.

Guiding Principle 2: Emphasis on deductive reasoning as a means to produce and validate mathematical knowledge. Proof-oriented tasks should focus on a small subset of deductive reasoning concepts, at the core of conventional mathematical knowledge.

We wanted teachers and students to develop perceptions of reasoning and proving as central to mathematical thinking; processes that help to answer why something in mathematics is true (or false). At the same time, in mathematics there are special ways of responding to the question why, different from those used in everyday life, sciences, history or other fields. Mathematics requires deductive reasoning, which can be challenging to teach and learn. There TMvRP model allows to address some of the common and persistent proof-related misconceptions [START_REF] Stylianides | Research on the teaching and learning of proof: Taking stock and moving forward[END_REF], such as students' overreliance on empirical evidence). Focusing on one such misconception at a time, or on one element of deductive proof can help to maintain the focus on deductive reasoning in the classroom discourse.

Guiding Principle 3: Use language, notation and representations within the conceptual reach of the students. This principle resonates with Stylianides' (2007) definition of proof in school as an argument that uses knowledge, language and representations that are within the conceptual reach of the classroom community. We operationalize this in our TMvRP model by encouraging teachers to de-emphasize form of the proof (e.g., two-column or algebra-only) and avoid unnecessary "logical jargon" (inverse, contrapositive). Instead, the model encourages multiple proof formats and representations, appropriate to the grade level, to communicate about deductive reasoning.

Illustration of the guiding principles of TMvRP in lesson planning

Following are excerpts of two lesson plans developed and taught by a PST Diane (a pseudonym) in a 9 th grade Algebra 1 class. We use these excerpts to illustrate the guiding principles of TMvRP.

Lesson plan 1 integrated ideas pertaining the role of examples in proving with the mathematical topic of systems of linear equations through a context of the Hiking Exploration Problem (Fig. 1).

In Lesson 2, Diane integrated ideas about direct (generic) proof and indirect proof with the topic of quotient rule for exponents. Diane started by having the students explore patterns of simplifying numeric quotients by expanding the exponents (Fig. 2). 
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After students noticed and explained the pattern, Diane guided them through a generic proof [START_REF] Mason | Generic examples: Seeing the general in the particular[END_REF] of the rule. Next, she had students solve a set of tasks, which aimed to test the boundaries of use of the quotient rule (Fig. 3). When solving questions of the type shown in Fig. 3, Diane wanted students to assume that a given x-value is a solution, plug it in and obtain a false statement, which the students would interpret as a contradiction and conclude that the given x-value cannot be a solution. In the lesson plan, Diane wrote: "To summarize the indirect reasoning portion of the lesson, I want to make sure I emphasize that we are finding a contradiction to a statement, and that is why they are false." Note that in the context of this lesson, indirect reasoning has a form: "X cannot be Y, because otherwise we reach a contradiction Z". This does not constitute a proof by contradiction; nevertheless, being enculturated into explicit use of indirect reasoning can help students learn proof by contradiction at a later stage.

The two lessons clearly differ from each other. In the first lesson on the role of examples in proving students learned when it is appropriate to use examples to prove existential statements and counterexamples or disprove a universal statement in the context of solving a word problem. The second lesson on indirect reasoning did not rely on a real-world context, but it included exploring patterns, conjecturing, using direct generic proof of the quotient rule of exponents. The indirect reasoning came naturally, in the context of testing the boundaries of the quotient rule.

The outlines of these two lesson plans illustrate the guiding principles of TMvRP. First, reasoning and proving are fully integrated with the ongoing topic of the school curriculum. Proof concepts such as generic proof, indirect reasoning, role of examples in proving, and universal and existential statements support the learning of solving systems of equations and of exponent rules. Second, the mathematical topics provide a platform for the teacher to emphasize elements of deductive reasoning in ways that align naturally with the task. The teacher introduces students to the use of deductive reasoning in conventional mathematical ways, e.g., using supportive examples to prove existential statements and counterexamples to disprove universal statements. Third, while the teacher uses precise mathematical language throughout the lesson, she uses language within the students' conceptual reach and makes clear choices about what proof-related vocabulary is or is not critical for students in that lesson. For example, in lesson 1 Diane explained to students what a counterexample is and its role, but in lesson 2 she decided not to introduce the concept of indirect reasoning. In her lesson plan she wrote: "I don't think that using the words "indirect reasoning" is going to be particularly helpful to them [the students]." Regardless of whether we agree with Diane's choice, this example illustrates how a teacher makes instructional decisions regarding their own classroom and adjusts the language and representations to fit the students' perceived conceptual level, while introducing students to the deductive reasoning aligned with conventional mathematical practices.

Conclusions and Future Directions

In the extensive review of the research literature, [START_REF] Stylianides | Research on the teaching and learning of proof: Taking stock and moving forward[END_REF] observe a disproportionally larger number of studies describing difficulties related to teaching and learning of proof compared to studies seeking to address them. The line of research on research-based classroom interventions is gradually emerging, and with it some novel approaches to integrating reasoning and proving in classrooms, e.g. [START_REF] Reid | Understanding Proof and Transforming Teaching[END_REF][START_REF] Reid | Understanding Proof and Transforming Teaching[END_REF][START_REF] Reid | Evidence and argument in a proof based teaching theory[END_REF] Proof-Based Teaching framework. In this theoretical paper, we discussed some of the barriers to such integration, some having to do with individual teachers and others reaching beyond to institutional, cultural and societal factors. The analysis of these factors motivated our design-based research project in which we worked to support and empower PSTs to enact reasoning and proving in mathematics teaching. Through this project, we developed the guiding principles for the Teaching Mathematics via Reasoning and Proof (TMvRP) approach: (1) Full curriculum integration, (2) Incremental and continuous emphasis on deductive reasoning, and (3) Adjustment of language, notation and representations to students' conceptual level.

We believe that instructional activities developed in accordance with these principles have a potential to position reasoning and proving as vehicles for learning mathematical content, making these processes appealing and manageable for both teachers and students. The PSTs in our course had four opportunities to apply the guiding principles of TMvRP to their lesson planning and teaching, as the examples of Diane's lesson plans show. Although some PSTs remained skeptical, the overwhelming majority of PSTs developed greater confidence in their ability to enact reasoning and proving in their classrooms. At the same time, we are mindful that the motivation for integrating proof in the lesson plans was external to PSTs as it was a course requirement. Thus, the question to what extent the TMvRP principles became part of their own teaching repertoire remains open. Hence, our new project focuses exactly on that: We follow the graduates of our mathematics education program into their supervised internship and the first two years of autonomous teaching to examine how (if at all) they continue integrating reasoning and proving into their teaching of mathematics. We hope that other researchers will be inspired to test TMvRP principles with prospective and/or practicing teachers to expand the research base behind this approach.

  Given a map of a trail with the starting positions of two hikers. Matt starts at the trailhead and walks at a rate of 2 mph; Bill starts 3 miles up the trail and walks at a rate of 1 mile per hour. 1. Represent Matt and Bill's movement along the trail with equations. 2. Find evidence to support or disprove this claim: There exists a time on a 5-hour hike where Matt catches up to Bill. 3. What type of evidence and how much evidence do we need to prove or disprove this claim? 4. Solve the system of equations both graphically and algebraically. What does the solution mean in the context of the problem? 5. Find evidence to support or disprove this claim: Bill is always further ahead on the trail than Matt is. 6. What do we need to show to prove or disprove the claim in #5? 7. Put a point on a graph that represents a counterexample to the claim in #5. What x-value corresponds to it? Use our equations to show algebraically that this x-value is a counterexample. 8. What if the hike was only 2 hours long? Find evidence to support or disprove the claims: (a) There exists a time on the 2 hour hike where Matt catches up to Bill on the trail. (b) Bill is always further ahead on the trail than Matt is.

FigureFigure 3 :

 3 Figure 1: The Hiking Exploration Problem
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