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This study combines the Toulmin model and processes while proving to analyze the language activities of proving processes concerning logical structures. A case study of Alena and Jannis (both grade 10 and 15 years old) is presented in more detail. The qualitative analysis of the proving processes of Alena, Jannis, and 46 other students (grades 8 to 12) reveals insights into the development of verbal activities from the first verbal sequence to the written product, in particular: 1) The linguistic implicit logical structures in the process of proving, 2) the limited number of language activities, 3) the use of explicit logical language means in the last sequence of writing.

Introduction

Language means (words, phrases, and grammatical forms) can have different meanings in mathematics than in everyday language [START_REF] Duval | Sémiosis et pensée humaine: Registres sémiotiques et apprentissages intellectuels[END_REF][START_REF] Schleppegrell | The linguistic challenges of mathematics teaching and learning: A research review[END_REF]; this mainly applies to the language means of proofs and proving (such as conjunctions or other logical connectors). Within the huge learning content of proof and proving, particular challenges were identified in the structural change to deductive reasoning [START_REF] Fischbein | Intuition and proof[END_REF] and the steps from the process to the product of argumentation, such as proofs [START_REF] Albano | A scaffolding toolkit to foster argumentation and proofs in mathematics: Some case studies[END_REF]. These challenges are also rooted in linguistic challenges, e.g., with new meanings of the exact words [START_REF] Duval | Sémiosis et pensée humaine: Registres sémiotiques et apprentissages intellectuels[END_REF] and their necessary connection to the language [START_REF] Ferrari | Mathematical language and advanced mathematical learning[END_REF]. Therefore, the language of deductive reasoning requires more systematic research attention [START_REF] Durand-Guerrier | Examining the role of logic in teaching proof[END_REF]. To study the language of proving, language must be functionally extended from the words and phrases to the language activities used by these language means [START_REF] Schleppegrell | The linguistic challenges of mathematics teaching and learning: A research review[END_REF]Prediger & Zindel, 2017). This extension resonates with the Vygotskian perspective of this paper, as [START_REF] Vygotsky | Thought and language[END_REF] regards language as an artifact that is learned by using it in meaningful activities. Hence, the language of deductive reasoning is learned in the language activities involved in proving activities with logical structures. Therefore, specific language challenges have to be figured out for relevant learning contents (Bailey, 2007). This paper aims at specifying the appropriate proving activities and their language representation related to the logical structures of proofs. Therefore, this study focuses on concrete language activities to overcome the logical structures while proving from the first verbal try to the proof text. First, the specification is theoretically derived from the existing state of research and then empirically investigated using students' processes with the following research question: Which language activities do students enact in their transition from verbally arguing to writing proofs?

Theoretical Background

Logical structures

Understanding the logical structures is essential for students' transition from intuitive to deductive proof [START_REF] Fischbein | Intuition and proof[END_REF]. The Toulmin model (1958) is widely used to analyze argumentations, particularly in mathematics education, to model logical structures (e.g., [START_REF] Krummheuer | The ethnography of argumentation[END_REF]. In the current paper, the short version of Toulmin's model is adapted so that data, warrant, and claim are described as the logical elements premise, warrant, and conclusions of a proof. Additionally, the logical relations between the logical elements are considered. In line with [START_REF] Duval | Structure du raisonnement deductif et apprentissage de la demonstration[END_REF], the use of a conclusion from a previous step to another as a premise is called recycling. In this way, a multiplestep proof can be described. Figure 1 shows the adapted model used in this study to capture students' activities with logical structures. 

Proving activities related to logical structures

Whereas [START_REF] Boero | Argumentation and mathematical proof: A complex, productive, unavoidable relationship in mathematics and mathematics education[END_REF] has specified all proving activities in general, [START_REF] Heinze | Strategies to foster students' competencies in constructing multi-steps geometric proofs: Teaching experiments in Taiwan and Germany[END_REF] have focused mainly on proving activities related to logical structures (for proving activities at proofs with multiple steps). Additionally, [START_REF] Tsujiyama | On the role of looking back at proving processes in school mathematics: Focusing on argumentation[END_REF] emphasized the identification of the premise and target conclusion. Based on their work, the following proving activities were specified as relevant concerning the logical structure of proofs [START_REF] Hein | Logische Strukturen des Beweisens und ihre Verbalisierung -eine sprachintegrative Entwicklungsforschungsstudie zum fachlichen Lernen[END_REF]: 1.) unfolding the information in the task (premise and target conclusion), 2.) identifying warrants and their logical structure, 3.) forming logical relations between logical elements (premise, warrant, conclusion) within the proof steps, 4.) arranging and creating relations between the proof steps, 5.) finding a linear representation of the proof. It should be noted that these activities can emerge in different orders and do not have to be observable.

Language activities related to the logical structures

The state of research on logical structures in the adapted [START_REF] Toulmin | The uses of arguments[END_REF] model and the specified proving activities (following [START_REF] Heinze | Strategies to foster students' competencies in constructing multi-steps geometric proofs: Teaching experiments in Taiwan and Germany[END_REF][START_REF] Tsujiyama | On the role of looking back at proving processes in school mathematics: Focusing on argumentation[END_REF] is the theoretical foundation to identify the language activities: This paper defines language activities as linguistic representations of concrete (learning) activities.

Here, the main emphasis is on the linguistic representations of the proving activities related to logical structures (in the following stated as language activities). For every proof activity related to logical structures, a linguistic representation is described and graphically categorized to the Toulmin Model (Figure 2). Although these activities can be done mentally, this paper describes how these activities can be observed. The underlying assumption is that the students need first to notice the logical structures for their understanding through visible activities.

Methodology for the analysis of proving processes

Data collection

The data corpus for this paper stems from a major design research project on deductive reasoning in grades 8-12 with angle sets. A teaching-learning arrangement with verbal and graphical scaffolds was developed within the project. Whereas other publications investigate students' learning process of the logical structures (see [START_REF] Hein | Fostering and investigating students' pathways to formal reasoning: A design research project on structural scaffolding for 9th graders[END_REF], this paper focuses on identifying the enacted language activities. The complete data corpus consists of transcribed videos from design experiments and written proofs with 24 pairs of students (20 students in grade 8, 6 in grade 9, 4 in grade 10, 18 in grade 12). An example of the analysis is given using the case of Alena and Jannis, both tenth-graders and 15 years old [START_REF] Hein | Logische Strukturen des Beweisens und ihre Verbalisierung -eine sprachintegrative Entwicklungsforschungsstudie zum fachlichen Lernen[END_REF]. Their process illustrates the typical phenomena for the whole dataset, and the design experiments were still in a laboratory setting to gain deeper insights. The author was the teacher herself in the laboratory setting and interacted with the students to explore their learning (see [START_REF] Cobb | The constructivist researcher as teacher and model builder[END_REF].

Methods of qualitative data analysis

The qualitative analysis of the students' language activities while proving draws upon the Toulmin Model, the proving activities, and the derived linguistic representations. First, the related logical structure based on the Toulmin model is coded (Figure 2). Then the proving activities are identified, respectively, as their linguistic representation. Based on the previous steps, the following tool analyzes the language activities in proving and their operationalization within the design experiment: 1.) Linguistically unfolding the information in the task: stating the premise (step 1) and target conclusion (step 2); 2.) Stating (step 1) and linguistically unfolding the warrants (step 2): stating the mathematical propositions that must be used and unfolding the conditional implication structure; 3.) Using language means for logical relations within proof steps: verbalize the logical relations with causal or conditional conjunction respectively prepositions; 4.) Using language means for logical relations between proof steps: verbalize the relation between the proof steps with logical language means; 5.) Linearly verbalizing the proof with language means for the logical structure and making text coherence: primarily through a proof text with an explication of the logical elements in their logical order, and the use of logical language means.

Empirical insights

Alena and Jannis work on their second proof within the teachinglearning arrangement (the alternate interior angle proposition as in Figure 3). They have the necessary warrants (corresponding angle proposition, transitivity proposition, and vertically opposite proposition) available on cards. The whole session, they work as a pair.

For a first overview, Table 1 summarizes the reconstruction of the language activities of Alena and Jannis for each sequence. 

Phases of proving

Reconstructed language activities (related to logical structures)

Sequence 1 Verbal reasoning

• No language activity Sequence 2 Filling in graphical scaffolds

• Linguistically unfolding the information in the task (State the target conclusion (activity 1 step 2) • Linguistically unfolding of the warrants (activity 2 step 2) • using language means for logical relations within proof steps (activity 3) Sequence 3 Writing the if-then-clause

• Linguistically unfolding the information in the task (activity 1) Sequence 4 Written products

• Linguistically unfolding information in the task (activity 1) • Stating and linguistically unfolding the warrants (activity 2) • Using language means for logical relations within proof steps (activity 3) • Using language means for logical relations between proof steps (activity 4) • Linearly verbalizing the proof with language means for the logical structure and establishing internal coherence (activity 5)

Sequence 1: Verbal reasoning

In the first sequence, Alena refers to another task with a concrete alternate interior angle task (asking for gamma if alpha is 50 degrees) and points at it (Turn 578). Again, Alena and Jannis perform no language activity here.

Alena This is… [16-sec break]. Again with this… [points on the previous task]

In another task, Alena and Jannis, and the other students state the arguments or point with fingers at the cards with the mathematical propositions, which is possible in the design of the teaching-learning sequence 4. Jannis uses language means of logical relations between proof steps only in his text. The students mainly use language means for the logical relations within and between the proof steps, particularly in the writing products.

For the other 46 students, similar language activities are empirically identified: Many logical structures remain tacit in the first sequence of verbal reasoning. When provided, conclusions are often expressed without further reasoning, and mathematical propositions are stated with the argument cards. While working with the graphical scaffolds, the students perform fewer language activities expected because of deictic language means. Such as "here" can be used instead. The premise and conclusion of the proposition, which must be proven, are stated very explicitly at later stages. The students then use more language means for the logical relations within and between the proof steps in the written products. In the texts, the mathematical content of the proof is represented through language means, with a variable degree of the explicit formulation. Sometimes, unnecessary temporal conjunctions are also used.

In summary, although many opportunities are given within the design experiments, there is a slow increase in language activities related to the logical structure.

Conclusion

In this study, the logical structures and their articulation in language are investigated to specify the language learning content for proving (as demanded by [START_REF] Durand-Guerrier | Examining the role of logic in teaching proof[END_REF]. The main finding in the case study of Alena and Jannis is the following: In line with Albano & Dello Iacono's (2019) results on typical proving processes, some language activities are rarely seen in the early sequence of verbal reasoning. However, there is identifiable progress towards increasing explicitness within the four sequences. Based on previous research on the importance of language activities based on [START_REF] Vygotsky | Thought and language[END_REF] theory and this study, the following implications for teaching can be derived: 1.) Increasing the teachers' awareness of the possible explicit language activities may be helpful so that the teachers can consciously demand the language activities. In particular, concerning explicitness for the logical structures (e.g., conjunctions and adverbs for logical relations). 2.) The herein described language activities are a starting point for the students to have opportunities to learn. 3.) Emphasis should be given to having the students write the proof themselves in the classroom.

It should be noted that the teaching-learning arrangement in design experiments causes the data of this study. Therefore, it is likely that students would show even fewer language activities without the teaching-learning arrangement. In addition, not all language activities have to be observable because they can also be only mental. Finally, the study's limitations are the small size of observed students and the limited number of tasks considered.
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arrangement. Without the teaching-learning arrangement, the students often only state conclusions here.

Sequence 2: Filling in graphical scaffolds

In the second sequence, Alena and Jannis fill in graphical scaffolds to arrange the logical elements (premise, warrant, and conclusion) in the correct order. This process and the graphical scaffolds are described for another student pair in Hein & Prediger (2017, sequence 2). Here the focus is only on the language activities. Through the graphical scaffold, they are demanded to make explicit the target conclusion by writing it down. Once a warrant is linguistically unfolded (activity 2.2) while applying the transitivity proposition.

Finally, Alena and Jannis use isolated language means for logical relations within the proof steps (activity 3), such as in the following example: 620 Jannis So from this [points on a graphical scaffold] follows for now that […] In this sequence, the students use, above all, deictic language means while filling in the graphic scaffolds which represent the logical structures. This sequence is described in detail in [START_REF] Hein | Logische Strukturen des Beweisens und ihre Verbalisierung -eine sprachintegrative Entwicklungsforschungsstudie zum fachlichen Lernen[END_REF].

Sequence 3: Writing the if-then-clause

In this sequence, the students write down the mathematical proposition with "if-then" and differentiate the premise and the target conclusion (activity 1).

Sequence 4: Written products

Both students write proof texts independently, based on their filled graphical scaffolds (Figures 4,5). Both students use language means for logical relations within proof steps ("thereof.."; "in that case") (activity 3). To express the relation between the first and second step to the third step, Jannis makes explicit the conclusion of both first steps as a new premise ("The premises for the transitivity proposition are that δ=μ and μ=π. In this case…") and thereby use language means for logical relations between proof steps (activity 4). Finally, both students linguistically unfold the warrant, namely the unknown transitivity proposition (activity 2.2). Alena does this in brackets, Jannis, through the explicit application of the transitivity proposition. The other propositions as warrants are not unfolded.

Besides the language means for logical relations Jannis also uses nominalizations ("premise") and makes explicit the logical status of the premise. Alena uses language means of text coherence such as "this" and refers to parts of the text before in this way. She also uses temporal conjunctions ("Now"), which express no logical, but temporal relations.

Both students show linear verbalization of the proof with language means for the logical structure and establish internal coherence (activity 5), primarily through a proof text with an explication of the logical elements in their logical order and usage of logical language means.

Summary

As summarized in Table 1, Alena and Jannis perform different language activities. However, they can be identified depending on the related logical structures and concrete elements of the teachinglearning arrangement.

To sum up, activity 1 (the linguistic unfolding of the information in the task) can be found late, with both premise and conclusion in sequence 3. Although Alena and Jannis state the warrants in sequence 1 (here facilitated through the design of the teaching-learning arrangement), they unfold the warrant while filling in the graphical scaffolds and only make explicit the unknown warrant in their texts in The premise for the vertically opposite angle argument is that two lines cross each other. In this case, the lines a & h cross each other. Thereof it follows that γ=β.

The premise for the corresponding angle argument is that one line crosses two parallel lines. In this case, the parallel lines g & h are crossed by a. Thereof it follows that β=α.

The premises for the transitivity argument are that δ=μ and μ=π. In this case, 13 γ=β and β=α. Thereof it follows that γ=α.