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Capitalizing on interdiscursivity to support primary school students to bridge the empirical-deductive gap: The case of parity of numbers
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Previous research has made calls for interventions to assist students in bridging the empiricaldeductive gap. We respond to this call in a larger commognitive study that involved small groups of primary school students who discussed parity of natural numbers with a teacher-researcher. As part of this study, a learning environment was created based on the construct of interdiscursivityelements of task design that afford students to draw on and expand their familiar empirical approaches in situations where deductive arguments are needed. The study aims to explore how interdiscursivity can support students in taking their first deductive steps. In this paper, we analyze the activity of two 8-year-olds to learn how the interdiscursive elements contributed to their discursive growth. The central finding pertains to the activity of the teacher-researcher, who played a key role in realizing the interdiscursive potential of the designed environment.

Introduction

Research has shown that primary school students are capable of engaging in proving and generating valid mathematical arguments [START_REF] Stylianides | The notion of proof in the context of primary school mathematics[END_REF]. However, a wealth of research corroborates what [START_REF] Stylianides | Research-based interventions in the area of proof: The past, the present, and the future[END_REF] describe as "key and persistent problems" (p. 124)-students' reliance on a few confirming cases as proof and the difficulty of transitioning from empirical to deductive arguments. To address these problems, [START_REF] Stylianides | Research-based interventions in the area of proof: The past, the present, and the future[END_REF] call for studies into classroom-based interventions, highlighting a particular need for research at the primary school level. The researchers foreground three desired characteristics of such studies: an explanatory theoretical framework to identify key features to which the impact of the intervention could be attributed, a narrow and well-defined scope, and an appropriate mechanism to trigger and support changes in students' learning to prove.

In her doctoral research, [START_REF] Knox | How primary school students' arguments develop: Taking initial steps in a deductive discourse[END_REF] has been addressing this call by using the commognitive framework, focusing on parity of natural numbers, and designing a learning environment to support primary school students in bridging the empirical-deductive junction. This paper presents a snippet of this research. We begin with the commognitive conceptualization of this junction, describe the designed environment, and analyze two students' collaborative activity in this environment.

Commognitive framing of the study

The commognitive framework [START_REF] Sfard | Thinking as Communicating: human development, the growth of discourses, and mathematizing[END_REF] views mathematics as a historically established discourse, when mathematics learning is construed as a lasting change in the ways one participates in this discourse. A discourse about natural numbers (or a numerical discourse) is in our focus, when we distinguish between its two versions-empirical and deductive. The main objects of the empirical discourse are specific numbers, and it can be characterized with keywords that signify them verbally (e.g., "six"), mediators that point at them visually (e.g., the symbol "6", Numicon tiles in Figure 1), narratives about them and their properties (e.g., "6 is even"), and routines that involve them (e.g., substantiating that 6 is even). Deductive numerical discourse enables communicating about numbers without specifying their quantities. This communication becomes possible through the usage of such keywords as "an even number" and such symbolic mediators as "2n + 1". Deductive numerical discourse also allows for generating universal statements, such as "the sum of two odds is even". In commognitive terms, the deductive version of numerical discourse subsumes the empirical one since everything that can be said and done in the latter holds in the former. But deductive discourse affords much more. This is useful in situations that can be handled within both discourses. For instances, the narrative "3 + 5 is an even number" can be substantiated through either executing the addition and consequent arguing that the sum is even, or through resorting to the universal narrative stating that "odd + odd = even".

The deductive numerical discourse summons specific ways for substantiating universal narratives. Here, showing that such a narrative holds for particular numbers is usually not viewed as an acceptable substantiation. Moreover, the deductive and empirical numerical discourses differ in their usage of some keywords. For instance, in the former, "odd" and "even" are conventionally interpreted as "all odds/even" or "the set of odd/even numbers"; in the empirical version, these words act as adjectives that describe properties of specific numbers. In commognition, discourses that differ in their underpinning rules and the use of the same keywords are called incommensurable.

Like many theories informed by Vygotsky's work, commognition suggests that learners' transitioning from a familiar into a new and incommensurable discourse, requires the support of a more knowledgeable other. The commognitive stance has traditionally assumed that at such junctions, a learner's motivation to adopt the rules of a new discourse would initially be to meet the approval of the teacher and the learner would focus on repeating the steps of a shown procedure (ritualistic participation in terms of [START_REF] Sfard | Thinking as Communicating: human development, the growth of discourses, and mathematizing[END_REF]). Yet, the ultimate goal is for the learner to eventually realize the productiveness of the new discourse and participate in it for themselves. [START_REF] Cooper | Bridging incommensurable discourses-A commognitive look at instructional design in the zone of proximal development[END_REF] argue that carefully designed tasks can support learners to by-pass the ritualistic stage in their transition between incommensurable discourses. By drawing on the muchexplored construct of intersubjectivity (e.g., [START_REF] Wertsch | The zone of proximal development: some conceptual issues[END_REF], [START_REF] Cooper | Bridging incommensurable discourses-A commognitive look at instructional design in the zone of proximal development[END_REF] propose interdiscursivity as a discursive mechanism whereby learners may be eased into a new and incommensurable discourse via "the blending of discursive elements from different discourses" (p. 1). Specifically, the researchers hypothesize that a change in learners' routines might be facilitated by tasks that capitalize on elements of the learner's existing discourse in such a way that these elements "simultaneously [hold] meaning in an emerging discourse" (p. 8). Accordingly, in this paper we address the research question: "How can interdiscursivity support primary school students in taking their first steps in a deductive numerical discourse?"

The study

To pursue our research aim, a set of concept cartoons [START_REF] Keogh | Concept cartoons, teaching and learning in science: an evaluation[END_REF] with three characters was designed, each with a speech bubble featuring contradicting statements on parity. In each cartoon, two statements were universal, while the third statement foregrounded the "sometimeness" of the previous statements (see Figure 2); we refer to the statements of the latter type as bilateral. In empirical numerical discourse, refuting one statement with a counterexample would be considered sufficient to endorse the other statement without the need to substantiate it for all relevant cases. Hence, the inclusion of bilateral statements was part of the interdiscursive design to support students' move away from empiricism. Another element of the designed environment were generic stripslong and folded paper bands with both ends exposed (Figure 3). Generic strips bear an interdiscursive potential in the sense that they can visually mediate numbers in both empirical and deductive discourses. In the former, the strips can stand for specific numbers, in a way which is not very different from Numicon tiles (Figure 1) that the students were familiar with from their school studies. On the other hand, the strips can also be treated as a generic odd or a generic even number, by focusing on the exposed edges and visually concealing the precise number of dots by folding the strip. We envisaged the introduction of the generic strips might provide the students with the material means for communicating about numbers and their parity in a nonspecific way. For instance, by drawing on the students' familiar deeds with Numicon tiles, they may be able to use the generic strips to show that "nonspecific odd number + nonspecific odd number = nonspecific even number". Twenty-eight Year 4 students (8-and 9-years old) from two New Zealand schools participated in the larger research. The participants were selected by their teachers to be withdrawn from their class to work in groups of four with the first author as a teacher-researcher (TR). The group work was videorecorded with two cameras and students' written artefacts were added to the data corpus. Each group session was transcribed in its entirety and analyzed with commognitive tools to identify instances of students' discursive development (i.e., changes in the use of keywords, visual mediators, narratives, or routines). The question underpinning the analysis was whether and how the designed interdiscursive potential of the designed environment was realized to support the students in their substantiation of universal statements in the deductive numerical discourse.

Findings

In this paper, we present a case of a single group, which was selected due to its affordances to illustrate the role of the interdiscursive environment in students' learning to substantiate universal statements. We provide excerpts to show three episodes where the group made their first steps towards deductive discourse: (1) facilitating dissatisfaction with an empirical discourse, (2) interdiscursivity in action, and (3) the students' uptake of these new discursive features in a deductive substantiation. The collected data affords focusing on two students in the group: Jane and Zara.

Prior to the first episode, Jane and Zara, classified numbers presented as Numicon tiles and written numerals as odd or even. Here, they had provided substantiations that referred to the generic structure or properties of odd and even numbers. For instance, they used the terminology of "in twos" and "doubles" to substantiate that 6 is even. When substantiating that Numicon 5 is odd, Zara said, "Instead of adding two on, you add on one and then it wouldn't be even… every time you have an even number it has to be in twos." The students' attention to numbers' structures thus placed them favourably for considering the structure of generic odd and even strips. even numbers. She starts with introducing each strip as a number that is either odd or even [298; 306; 328] and presses the students to engage with the structural features of the strip and draw on them in their substantiations. In [309], we see Jane harking back to empirical discourse, aiming to base her substantiation of the strip's oddness on counting; just as she did a short time ago with specific numbers. Then, TR steers Jane away from counting [310] towards substantiations based on the strip's edges [310,312,330]. Notably, TR does not enable students to "get away" with just pointing at the structural features of the strips but she asks them to generate verbal narratives [308; 312; 330]: she also rephrases students' narratives and models substantiations [314].

This teaching seems to work for Jane and Zara as their substantiations gradually change to become in tune with the rules of a new "discursive game". Indeed, the students cooperate with the underpinning assumption that a long strip, not all parts of which are visible, stands for a number, and that its parity can be determined by edges only [299; 305; 307; 311]. Jane shifts from providing gestural responses to communicating verbally [e.g., from 307 to 309]. Moreover, she does not only abandon her counting substantiation [309], but also independently generates substantiating narratives through introducing new phrases ("extra bits" [331], "same amount of dots", and "one more" [334]).

The students' uptake of new discursive features in a deductive substantiation

In the following episode, TR prompts the group to draw on the previous conversation regarding a second nonspecific odd having "one more" [Episode 2, 334], to substantiate "odd + odd = even".

TR

So … She [Jane] said that with odd numbers there's one more and with another odd number is there going to be an extra one again? […] 337 Jane: …if it was like three then we could put it there [picks up Numicon 3-tile and connects it with the odd generic strip].

And then it's not gonna be like that and there's gonna be one left no more [puts the Numicon tile down and runs her finger around the "extra one" of the strip]. 338 TR:

Is it like a jigsaw puzzle so they kind of fit together? 339 Jane, Zara:

[together] Yeah. In this episode, we see changes in Zara and Jane's communication. First, they now endorse the "odd + odd = even"-statement, which marks a shift from where they were in the first episode. Second, the episode captures a development in their substantiations. Initially, Jane chooses a numeric example (Numicon 3-tile) to "add to" the odd generic strip, and, by running her finger around the exterior of the latter, she visually mediates the generic "even" rectangular shape created by the two odds. This gesture can be viewed as Jane divorcing from the "counting-the-dots" approach that was previously evident [309]. In turn, Zara introduces the generic word "square" [341] and instantly replaces it with Jane's "rectangle" [342]-two nouns that had not been previously used by TR. These nouns, coupled with Zara's sketches [341][342][343] offer even more abstract realizations of even and odd numbers than the generic strips. Zara's narratives underscore that the structure of the sketched rectangle determines its parity (i.e., "if you have like two circles on each side" and "if you added an extra one"), when the precise number of paired circles is irrelevant and can "just keep on going down". This may be interpreted as a marker of her first independent steps in the generic talk on numbers' parity that is necessary for deductive discourse.

Note that TR still has a role to play in leading students' discourses. She asks the students to draw "another odd number" [345] so that the two figures "fit together…like a jigsaw puzzle" [338]. Here, she signals to the students that they can use the structural features of odd (i.e., "an extra one") to substantiate their endorsement of "odd + odd = even", rather than perform a calculation.

Summary and Concluding Remarks

This paper offers a snippet of [START_REF] Knox | How primary school students' arguments develop: Taking initial steps in a deductive discourse[END_REF] larger research into young students' first steps in a deductive version of a numerical discourse. This research contributes a New Zealand case to the international body of knowledge on how young students generate deductive arguments to substantiate universal statements (e.g., [START_REF] Stylianides | The notion of proof in the context of primary school mathematics[END_REF]. Moreover, with commognition as its explanatory theoretical framework to identify key features to which the impact of the intervention could be attributed, a narrow and well-defined scope, and with interdiscursivity as a mechanism to trigger and support changes in students' learning; this research specifically addresses [START_REF] Stylianides | Research-based interventions in the area of proof: The past, the present, and the future[END_REF] call for research into proving at the primary school level. [START_REF] Knox | How primary school students' arguments develop: Taking initial steps in a deductive discourse[END_REF] takes Cooper and Lavie's (2021) theoretical proposal to an empirical test drive by investigating how interdiscursivity can be mobilized to assist students to by-pass ritualistic participation in a new discourse that is incommensurable with their familiar one. The two distinctive features of the designed environment are bilateral narratives and generic strips. In the case of a single group of students, we illustrated how the bilateral narrative played a role in triggering one student's dissatisfaction with empirical substantiations with "small numbers" and interest in accounting for numbers that are "really big […] we can't even count them". This interest opened the door for introducing a way of talking about parity that does not rely on counting. Generic strips were designed to have meaningful interpretations in an empirical and a deductive version of the discourse. These artefacts laid the grounds for providing students with the discursive apparatus to communicate about generic odds. In the analysis, we highlighted the roles that these features had in the development of Jane and Zara's substantiations of "odd + odd = even".

It seems unlikely that the potential of the two abovementioned features would be fully realized without the guidance of the knowledgeable other. In accord with many researchers [START_REF] Cooper | Bridging incommensurable discourses-A commognitive look at instructional design in the zone of proximal development[END_REF][START_REF] Sfard | Thinking as Communicating: human development, the growth of discourses, and mathematizing[END_REF][START_REF] Stylianides | The notion of proof in the context of primary school mathematics[END_REF], our analysis stressed the crucial role of the teacher in facilitating students' discursive developments. Conceptualizing the empirical-deductive gap as an instance where substantial discursive change is required, teachers' actions emerge as a key feature of an interdiscursive environment. To put it differently, we suggest that pre-designed features can set up the stage for interdiscursivity, but it is the teacher who can make the environment interdiscursive.

The presented case of Jane and Zara was relatively successful and concise, but it is silent about the other two members of the group. Furthermore, [START_REF] Knox | How primary school students' arguments develop: Taking initial steps in a deductive discourse[END_REF] larger research showed that some students' journeys were longer and more complicated, while some did not seem to reach the target. Moreover, even when some students appeared to participate in a midway discourse, they still often fluxed between it and the more familiar empirical arguments. Hence, metaphorically speaking, interdiscursivity does not appear to us as a train that takes learners from an empirical to a deductive station, but a bridge on which students can walk in both directions. Nevertheless, we propose that interdiscursivity may be of interest for further research to explore how students can be assisted in bridging the empirical-deductive gap.
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  […] 341 Zara: Yes, so if you have something like a square. If you have something like this [draws a rectangle]. 342 Jane: A rectangle. 343 Zara: Yes, it's an oblong. So, if you have like two circles on each then it will be even [draws two circles in the rectangle]. And just keep on going down [draws two lines going down from each of the circles]. But if you added on an extra one here, then it wouldn't be even [draws the extra circle at the bottom-right]. […] 345 TR: Can we use another colour to show how another odd number would fit with that [referring to Zara's drawing in the previous episode, line 343]? 346 Jane: Yes [picks up a pen to add onto Zara's drawing]. 347 Zara: So, then if you put like another one there ["one" is taken here to mean another "odd"] then it would be even [referring to her drawing]. [Jane draws one extra purple circle in a square to form a rectangle and continues to add pairs of purple circles to extend the rectangle.]

Dissatisfaction with an empirical substantiation of a universal narrative

In this episode, TR has just introduced the "odd + odd" concept cartoon to the students. So, because an odd and odd, like a three and three, equals odd [probably meant even] but if you put it together, they're a small number... But some odd numbers are like really big-we don't, we can't even count them-they might not, they might be odd but can't go even." […] 282 Zara:

Okay, so two odd numbers can sometimes make an even number.

In what appears as an attempt to convince Jane that "odd + odd = even", Danny visually mediates the even sum using two Numicon tiles of "3" [248]. This is an implementation of an empirical substantiation since it shows that the universal statement is correct for this example without accounting for all pairs of odd numbers. Jane, in turn, appears dissatisfied with Danny's choice of "small" numbers rather than with him resorting to an example in the first place. On the other hand, her use of the word "sometimes" [249], mimics the bilateral narrative and may be interpreted as a realization that Danny's demonstration does not account for the universal scope of the statement, and especially for numbers that are "really big, we don't, can't even count them" [253]. This utterance provides an opportunity for TR to offer discursive tools for students to communicate about numbers of this sort as part of ushering them into deductive discourse. Notably, the window is not open indefinitely as Zara seems to capitalize on Jane's doubt [253] to endorse the bilateral statement [282].

Interdiscursivity in action

To take advantage of Jane's uncertainty, TR introduces an odd generic strip.

TR:

Is it an odd number or an even number [holds up an odd generic strip]? 299 Jane:

Odd Yes and … there's the same amount of dots on each one [side], [points to the pairs on the even generic strip] but that one there [points to the "extra one" on the odd generic strip], there's one more on one side. […] This episode presents the full span of moves that TR undertakes to capitalize on generic strips and equip the group with discursive tools to communicate about generic (rather than particular) odd and