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On the implementation of proving in primary school
Melanie Platz

Saarland University, Germany; melanie.platz@uni-saarland.de

The project Prim-E-Proof aims to generate substantial learning environments to support proving
skills at the primary level. The learning environment “The Pythagoreans” on the theorem “the sum
of two odd numbers is always even” is constantly further developed through design science research.
The evaluation showed that the majority of the primary school pupils use empirical justifications and
that the solutions of younger primary school children do not seem to differ much from those of older
ones. A first concept for the reflection of justifications is supposed to support learners in developing
valid justifications and teachers in implementing proof in primary school.
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Introduction

“Reasoning” can be understood as a generic term for forms of argumentation and proof (Brunner,
2014, p. 31). However:

A formal-deductive understanding of proof is not suitable to describe the aspect of reasoning in
primary school [in Germany]. The same is valid for the “inhaltlich-anschaulich” [a loose
translation could be “content-visual”] proving, although its use in primary education is
undoubtedly possible. However, a content-visual proof also aims at proving the validity or non-
validity of general mathematical facts such as rules, conspicuousness, relationships, or the like.
The detachment from the individual case, the generalization, represents an indispensable aspect of
content-visual proofs. In contrast, mathematics lessons often require reasoning to lend validity to
a very concrete example or a particular assertion. (PeterRen, 2012, p. 20)

Stylianides (2016) formulates two crucial goals from a pedagogical standpoint that can be reached
through a more central place of proving in the mathematical experiences of children:

First, elementary students will have more opportunities to learn deeply in mathematics and engage
with it as a sense-making activity. Second, when students get to secondary school they will not
only be better prepared to engage with proving, which they will see as a natural extension of their
prior mathematical experiences, but also better able to reason mathematically in disciplined ways
[...]. (Stylianides, 2016, p. 10)

In the context of primary school, especially the research perspective of Blum and Kirsch (among
others 1991), together with Wittmann and Mdller (among others 1990), which Reid and Knipping
(2010, p. 43) call a “preformalist” research perspective, seems suitable. In content-visual proofs,
preformalists loosen the requirement that proofs must be formal. Still, they expect deductive
reasoning to be used and that proofs based on intuitive or obvious foundations are as convincing (or
even more convincing) as formal proofs (ibid.). A content-visual proof is based on a concrete, visually
perceptible object, on which something general is proven and which is usually presented in an iconic
way. It can be understood as an object of a more general kind by trained observation. To produce a
content-visual proof, the more general in the special of an example must be mentally seen
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(Krumsdorf, 2015). But in particular, to disengage from examples, i.e., to generalize the effects of
operations, confronts primary school children with a problem that they cannot solve spontaneously
and without support (Sturm, 2018). Another challenge for primary school learners is that the content-
visual proof must be verbalized. What is initially subjectively found to be universally valid can be
socially shared and recognized by others (Wittmann & Ziegenbalg, 2007). The pupils face the
requirement of generalizing without knowledge of the algebraic language. They interpret a general
structure into the given mathematical signs and use the signs they know from other contexts to
describe the general patterns and structures (Akinwunmi, 2012). Besides the challenges for learners,
proving in primary school brings challenges to teachers that make an implementation into
mathematics teaching difficult. These are:

[...] the weak knowledge that many elementary teachers have about proof (factor 1) and their
presumed beliefs that proving is an advanced mathematical topic beyond the reach of elementary
students (factor 2); the high pedagogical demands placed on elementary teachers who strive to
engage their students in proving (factor 3); and the inadequate instructional support offered or
available to elementary teachers about how to achieve that goal in their classrooms (factor 4).
(Stylianides, 2016, p. 21)

Melhuish et al. (2020) evaluated the efficacy of a 3-year teacher professional development program
with participants from 25 elementary schools. They concluded: “Even when teachers are engaged in
a PD designed to promote high-level reasoning forms (in our case justifying and generalization) and
are provided with relevant definitions, teachers may continue to revert to nonstandard views of those
reasoning forms.” (p. 63). This emphasizes the complexity of designing support measures for
teachers.

The Prim-E-Proof project’s objective is to develop substantial learning environments for primary
school mathematics lessons, among others inspired by the tasks stimulating operative proving in the
primary school book Zahlenbuch (based on Wittmann & Muller, 1990), to support proving skills with
a particular focus on the factors identified by Stylianides (2016). Wittmann (1998) characterizes
substantial learning environments based on four criteria. They must (1) represent central goals,
content, and principles of mathematics education; (2) provide rich opportunities for students’
mathematical activities; (3) be flexible and easily adaptable to the particular circumstances of a given
class; (4) integrate mathematical, psychological, and pedagogical aspects of teaching and learning
holistically and therefore offer a broad potential for empirical research. The starting point is the
theorem: the sum of two odd numbers is always even.

The learning environment “The Pythagoreans”
The tasks within the learning environment are as follows:

(1) What was again an even number, and what was an odd number? With this question, the childrens’
previous knowledge is linked up.

(2) In the past, calculation stones were used for calculating instead of reversible tiles. The
Pythagoreans alienated the calculating stones to perform mathematical proofs — among other things
about even and odd numbers. These calculation stones of the Pythagoreans were further developed



in this applet [besides the applet also analog material is provided]. Let me show you what the applet
can do [the functions of the applet (www.melanie-platz.com/Steinchen-Applet/Steinchen.html, see
Fig. 1) are presented]. How might the Pythagoreans have represented even and odd numbers with
stones? Use the applet and represent an even and an odd number. To avoid a defensive reaction
(Platz, 2019) and to be able to arouse a need for proof and thus provide rich opportunities for
mathematical activities for pupils, a historical digression (Krauthausen, 2018) is initiated.

(3) Always add two odd numbers. What do you notice? Bezold (2009, p. 37) describes four activities
or steps in an argumentation chain. The first two activities are stimulated by this task: the discovery
of mathematical features as prerequisites for argumentative activities. Step 1 represents the
description of discoveries (ibid.) or a reference to common prior knowledge (Neumann et al., 2014).

(4) Why is this so? Give reasons! With this task, step 2 of the argumentation chain, according to
Bezold (2009), the questioning of discoveries, and step 3, the finding of justifications or ideas for
justification of mathematical regularities and connections, are stimulated.

Research Questions

In this paper, the following research questions are targeted: RQ(1) Which level of proving do learners
working on the learning environment “The Pythagoreans” reach when providing support measures
to support and supplement the learners’ activities?; RQ(2) Which consequences can be drawn for the
further development of the learning environment?

Methods and procedures for collecting and analyzing data & obtained data

A multiple case study (Yin, 2018) using qualitative data collection and analysis methods was
conducted. A clinical interview with only key questions defined and the requirement to follow
children’s thinking is analogous in principle to classroom management in implementing a substantial
learning environment (Wittmann, 1998). The collected data can provide information “[...] about
teaching/learning processes, thinking processes and learning progress of students [...]. On the other
hand, they help to evaluate and revise the learning environments to design teaching/learning processes
even more effectively.” (ibid., p. 339).

A course concept for student teachers, who did not have experiences with proving in primary school
before, was developed: the students elaborated various support options for the learners that were
applied (if necessary) depending on the proof phase, e.g., variation of suitable materials or
representations (Krauthausen, 2001), variation of appropriate example-based proof processes
(approaches) (Krumsdorf, 2015), use of Big Numbers (Martin & Harel, 1989) or merely presented
examples (Krumsdorf, 2015) or use of pre-exercises for proof (Brunner, 2014). Before the students
performed the clinical interviews, the learning instruction was focused which should help to enable
them to support and supplement the children’s activities with suitable impulses that do not go too far
and to be a rich source of reliable factual information for the children (Wollring, 2008).

The learning environment was tested by student teachers at the University of Minster in the winter
semester 2020/21 and the University College of Teacher Education Tyrol in the summer semester
2021 in 40-minute clinical interviews with primary school children (grades 1-4). The interviews were
videotaped and transcribed. The solutions of 17 pupils were analyzed regarding the handling of
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examples (abstraction) and generalization, the level of justification, the need for support during
proving and classified in proving levels. Almeida (2001, p. 55) adds ‘proof” by authority (level 1)
and ‘proof” by intuition (level 2) implied by Cobb (1986) to Balacheff’s (1991) widely accepted
descriptions of the levels of proving: (3) ‘proof” by naive empiricism, (4) ‘proof’ by crucial
experiment, (5) proof by generic example and (6) proof by thought experiment. Proofs on levels 5 and
6 can be regarded as valid.

Results & Discussion
RQ(1)

Analyzing the proving level of the pupils from grades 3 and 4 (8-12 years), seven pupils used
empirical justifications, three generic examples, and one a proof by thought experiment. Two could
not be convinced that the assertion is true. This draws a similar picture to the results of a study of the
proof perceptions and practices of “nineteen year ten pupils” (p. 55): Almeida (2001) observed that
the majority of pupils preferred empirical justifications. In our case, four younger children (grade 1
& 2, 6-7 years) were interviewed, and the approach to proving did not seem to differ that much from
that of the older children. Neumann et al. (2014), who assessed students’ mathematical reasoning
skills from two 3rd grades, five 4th grades, and five 6th grades, observed something similar. The
comparison of the groups showed no significant differences between grades 3, 4, and 6 (n=243).
Focusing on the proving skills of the youngest pupils, one interesting case is the following: Emma
(grade 1, 7 years) was asked by the interviewer, what pattern all the odd numbers have in common
and how she can tell straight away that she laid an odd number with the tiles. Emma explains: “[...]
because you can’t always count two together with them. For example, you can’t count to four now,
when in steps of two, two, four, then one tile is missing.” (see Fig. 1, middle). Then this scene follows:

1 Interviewer:  And if you then put two such numbers together? (...) What happens then (...)
with the steps of two?

2 Emma: (...) Then it works.

3 Interviewer: Then it works.

4 Emma: Yes

5 Interviewer:  Um (hesitating). Why is this always the case?

6 Emma: (...) Hm (thoughtful) (...) Because (...) the odd numbers are odd numbers?

Stimulated by the interviewer, Emma uses the self-chosen example 3+3=6 to show that the sum of 6
IS even by counting in steps of two (see Fig. 1, right).
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Figure 1: Screenshot of the “Steinchen-Applet” and visualization of Emma’s solution

Emma describes odd numbers through the basic idea of dividing by grouping (pairing) the tiles
(counting in steps of two). If no tile is missing to form a pair, it is an even number. If there is a tile
missing, it is an odd number. Emma does not express the proof idea (that the two individual tiles can
be joined together and that an even number can be produced when forming the sum by pairing). She
just states “then it works” (turn 2) and responds to the why-question of the interviewer (turn 5)



“Because the odd numbers are odd numbers?” (turn 6). Afterward, Emma verifies with an example
that her procedure works. The reaction of Emma to the why-question could be compared to the “I see
it this way” (cf. proof by intuition) described as an answer of children to the question “Why? How do
you know?”” by Freudenthal (1978, p. 262) focusing on a geometric context. This can be transferred
to the geometric-visualized pattern structuring in our case: “One thing | know for sure today: the
answer is not an excuse, it is true. It is not a symptom of guessing, nor is it a confession of
powerlessness in linguistic expression. On the contrary: that the child sees it prevents the linguistic
effort.” (ibid., p. 263). Consequently, Emma seems to start with a proof by thought experiment,
because she verifies the statement by appealing to the structural properties of mathematics
independent of examples. In turn 6, she seems to switch to a proof by intuition and is based on
stimulation by the interviewer directed to a proof by a generic example (which is not completed).

RQ(2)

The mathematical reasoning competencies of the students mostly do not correspond to the curricular
requirements of the educational standards, which can also be attributed to a lack of meta-knowledge
of the students regarding mathematics-specific reasoning (Vogt, 2020). But a targeted further
development of mathematical reasoning skills in primary school mathematics lessons seems to be
possible in principle (Bezold, 2009; Peterf3en, 2012; Vogt, 2020). PeterRen (2012) reports on a study
where most grade 3 pupils (n=20) used valid justifications in the categories generic example and pure
thought experiment to validate a claim; empirical justifications accounted for only about one-quarter
of the students’ justifications. “One possible explanation could be the culture of justification already
embedded in the class. The students were used to being asked why over and over again. Furthermore,
the quality of pupils’ explanations was also the subject of the lesson.” (ibid., p. 63). Understanding
proof in the following way makes the negotiation for a common argumentation basis apparent: “A
set of propositions that are accepted as true, together with inferences that are accepted as admissible,
shall be called a basis of argumentation. Reasoning based on a given argumentation basis be called a
proof concerning that argumentation basis.” (Fischer & Malle, 1985, p. 180). In terms of a common
argumentation basis, PeterRen (2012, p. 348) emphasizes the reflection of justifications with pupils.
Pupils need to understand what is required of a justification, i.e., which justification is accepted or
rejected, when, and why. Justifications in themselves and their respective persuasiveness should be
made the subject of teaching. Such a reflection of justifications was not stimulated in the learning
environment the Pythogoreans: The tasks enable to pass through the four activities or steps in an
argumentation chain described by Bezold (2009) as mentioned above. Comparing this argumentation
chain with the process model of the proof process of experts (the seven phases do not necessarily
have to be passed through in the order given here; rather, a frequent alternation between these phases
is to be expected, especially for experienced mathematicians), the first three phases seem to coincide
partly: (1) Finding a conjecture from the mathematical problem field. (2) Formulate the conjecture
according to common standards. (3) Exploring the conjecture with the limits of its validity; making
connections to mathematical framework theory; identifying suitable arguments to support the
conjecture (Reiss & Ufer, 2009, p. 162). The phases (4)-(6) are not stimulated with the tasks: (4)
Selecting arguments that can be organized in a deductive chain to form a proof. (5) Fixing the chain
of arguments according to current mathematical standards. (6) Approximation to a formal proof



(Phase (6) is only realized in a few cases. Usually, the proof found in phase (5) is reviewed and, if
necessary, published by the mathematical community at conferences and in the context of peer
review.) (ibid.). (7) Acceptance by the mathematical community (ibid.), whereby in the school
context, this role of the mathematical community is usually performed by the teacher. As the model
is based on an expert’s (optimal) proof process, it cannot directly be transferred to purposes of
teaching (ibid., p. 163), but it can be used as a starting point for the development of a teaching concept.
With this intention, the reflection of justification is focused for helping students understand what is
required of a justification (PeterBen, 2012) and to find a common argumentation base (Fischer &
Malle, 1985) to be able to select arguments that can be organized in a deductive chain to form a proof
(phase (4)). In the next step of the project, the reflection of justifications is focused on, which is
supposed to be done via analyzing authentic pupils’ solutions. These solutions can include errors or
not. What should be emphasized is that most of the pupils’ answers are not wrong; the pupils just had
another understanding of the argumentation base. The reflection of errors or justifications that are to
be rejected can lead to negative knowledge (Oser et al., 1999). This includes two main components:
the differentiation knowledge (To what extent does something not belong to a specific item, concept,
or procedure?) and the error knowledge (What must not be done in a particular situation?). The use
of solutions of other (anonymous) pupils can be justified because not each error has to be done by
oneself to learn from it, and pupils usually prefer to work on mistakes from others (Prediger &
Wittmann, 2009). The aim of reflecting “good” solutions or justifications that are to be accepted is
not for every child to learn and use as many ways of proving as possible. It is essential that they find
ways to prove according to their individual preferences. This way, the lack of familiarity with
adequate tools (Krauthausen, 2001) and the interpretative openness of figural representations
(Krumsdorf, 2015) in tile-proofs can be counteracted. Training in the flexible perception of different
states (one representation, different perspectives) can be supportive. It can be helpful if the same
situation can be experienced and explicitly compared using different representations (ibid.). For
analyzing the students’ solutions, the teacher can guide the pupils through stages with increasing
metacognitive demand similar to those proposed by Prediger & Wittmann (2009, p. 8) for analyzing
errors: (1) Find calculation errors or errors in the procedure of the student (What is wrong here?
Justify why.; What rule was broken?). (2) Compare two solutions (Here are two different solutions.
Which one is better?). (3) Explain the procedure of a student (How did the student think here?). (4)
Reconstruction of the reason why a justification was given that must be rejected/accepted (What idea
is behind the solution?; Explain why the justification is rejected/accepted.). (5) Development of
optimization measures (How would you help the student?; What would you do same wise/different?).
The following scene could be used as starting point for a discussion (especially items (3)—(5); in
comparison with Emma’s solution also (2)): After checking on several examples, Ben (grade 3, 8
years) was asked why his procedure (pairing) always works:

Ben: If you can partition the little tiles exactly. Then it must be an even number. But. (5)
Two odd numbers make an even one. (...) Because it remains. If you divide them
up, there is always one remaining. And if you combine the one leftover with the
other one/ one is left over. If you then put them together, you have two again. And
(..) if you had three odd numbers now, they would have remained odd.



Conclusion & further Development

Peterf3en (2012) identifies the following aspects that positively affect the development of reasoning
competence and a subjective need for reasoning: discovery learning as a teaching principle, good
tasks, regularity, pupil-focused communication, and subject-specific competent teachers. By
developing substantial learning environments that should be implementable regularly, discovery
learning is realized, and good tasks are designed. Focusing on the reflection of justifications,
informative scenes from the clinical interviews will be extracted and prepared for use in the primary
school classroom. Melhuish et al. (2020) suspect that

[...] the ability to notice complex mathematical-reasoning forms (a necessary prerequisite for
fostering them in classrooms) may rely not only on providing teachers with mathematical
definitions and rich examples but also on promoting explicit connections between definitions and
the examples themselves. (p. 64)

With the focus of promoting explicit connections between definitions and the example scenes, teacher
training courses will be developed, building on the experiences of Melhuish et al. (2020) and the
concept professional vision (Sherin, 2007) to support teachers subject-specifically and in pupil-
focused communication.
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