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The number line is an important external representation in primary education and research has shown that performance in number line tasks correlates with general mathematical achievement. A promising tool for gaining insights into students' strategies-in number line and other tasks-is eye tracking. However, previous eye-tracking research has predominantly addressed students' use of strategies on an empty number line, whereas students' strategy uses and eye movements on the marked number line have hardly been explored. This paper presents an exploratory study that investigates student strategies in locating numbers on a marked number line. In this paper, we present students' strategies in naming and placing numbers on the number line as well as differences in the use of strategies between students with short and long response times, indicating the use of more or less efficient strategies.

Introduction

It is of fundamental interest for mathematics education research to examine students' mathematical performance levels and their individual strategies when working on mathematical tasks to meet the individual needs of students [START_REF] Anthony | Characteristics of effective teaching of mathematics: A view from the west[END_REF]. The basis for many mathematical learning processes is laid in mathematics learning at primary level. Lacks in basic mathematical knowledge can lead to difficulties at secondary level (Moser Opitz et al., 2017). One essential aspect for learning mathematics is to develop the concept of numbers, which requires various aspects, including numbers in their ordinal aspect [START_REF] Fuson | Children's counting and concepts of number[END_REF]. To build up and deepen an ordinal understanding of numbers, external representations with linear arrangement of numbers, such as the number line, are often used [START_REF] Diezmann | The development of primary students' knowledge of the structured number line[END_REF]. Furthermore, number line tasks are "widely used to investigate mathematical learning and development" [START_REF] Schneider | Associations of number line estimation with mathematical competence: A meta-analysis[END_REF](Schneider et al., , p. 1467) ) and students' number line estimation performance is of predictive nature for their mathematical development [START_REF] Booth | Numerical magnitude representations influence arithmetic learning[END_REF]. Therefore, it seems crucial to examine students' strategies in locating numbers on the number line. Previous research has indicated that eye tracking holds potential for the analysis of strategies in empty number line tasks (e.g., [START_REF] Van't Noordende | Number line estimation strategies in children with mathematical learning difficulties measured by eye tracking[END_REF]. In this paper, unlike previous ET studies, we investigate the use of strategies on the marked number line and show an exploratory first excerpt from a larger study.

Number line tasks

The number line is one of the essential external representations in mathematics education to address the ordinal number aspect [START_REF] Diezmann | The development of primary students' knowledge of the structured number line[END_REF]. On the number line, numbers are arranged linearly and represented by their position in relation to other numbers [START_REF] Schulz | Zahlen und Operationen am Übergang Primar-/ Sekundarstufe[END_REF]. Students performance in number line estimation tasks correlates with broader mathematical competence (for a meta analysis, see [START_REF] Schneider | Associations of number line estimation with mathematical competence: A meta-analysis[END_REF]. There are several types of number lines, for example, the marked number line or the empty number line. For the marked number line, there are different presentation options. The number line can be completely or only partially marked with hatch marks and labelled with numbers. Hatch marks can represent visual reference points, also without being numbered. Also, different ranges of numbers can be represented. Thus, on different scales the same marks and distances must be interpreted differently [START_REF] Schulz | Zahlen und Operationen am Übergang Primar-/ Sekundarstufe[END_REF].

Often, the empty number line (where only beginning and endpoints are labelled) is used to study children's number sense. In studies using the empty number line, children are often asked to estimate the spatial position of numbers (e.g., [START_REF] Van't Noordende | Number line estimation strategies in children with mathematical learning difficulties measured by eye tracking[END_REF]. These studies indicate that children with mathematical difficulties (MD) show less precise estimations as compared to children without MD [START_REF] Landerl | Dyskalkulie: Modelle, Diagnostik, Intervention[END_REF]. Further, eye-tracking studies have indicated that differences in the estimation of numbers between children with and without MD are related to the different use of strategies for estimating numbers [START_REF] Van Der Weijden | Strategy use on bounded and unbounded number lines in typically developing adults and adults with dyscalculia: An eye-tracking study[END_REF], that students with MD are less flexible in strategy use, and that student strategies may involve, for example, the use of reference points such as the given beginning, end-and midpoint [START_REF] Van't Noordende | Number line estimation strategies in children with mathematical learning difficulties measured by eye tracking[END_REF].

However, so far only little research has investigated students' strategies on the marked number line and previous works on the empty number line (e.g., Barth & Paladino, 2011) suggest that strategies may differ between the two representations-due to, for example, hatch marks, etc. Differences in strategy use on the marked number line may be related to a different use of reference points-as compared to the empty number line-and, furthermore, to the use of additional marks, which may be indications of counting strategies, as Diezmann and colleagues showed in an interview study (2010). This calls for studies investigating students' strategy use on the marked number line.

Eye tracking

Eye tracking (ET) is the technique to record a person's eye movements [START_REF] Holmqvist | Eye tracking: A comprehensive guide to methods and measures[END_REF]. It has proven to provide insights into children's mental processes and their strategies when working on mathematical tasks-through domain-specific interpretations (Schindler & Lilienthal, 2019). There are some ET studies addressing number line tasks in the field of natural numbers-to investigate strategies in solving these tasks-both in adults (e.g., [START_REF] Sullivan | Adults' number-line estimation strategies: Evidence from eye movements[END_REF]with MD, e.g., van der Weijden et al. 2018) and in children (e.g., [START_REF] Schneider | A validation of eye movements as a measure of elementary school children's developing number sense[END_REF]with MD, e.g., van't Noordende et al., 2016).

ET research has already addressed students' diversity with respect to their competence levels, for example, addressing children with and without MD. These ET studies use the empty number line with varying ranges of numbers (usually 0-100, e.g., [START_REF] Schneider | A validation of eye movements as a measure of elementary school children's developing number sense[END_REF]and0-1000, e.g., Sullivan et al., 2011). Yet, little is known about how students deal with the marked number line and there are-to the best of our knowledge-no ET studies investigating the use of strategies in locating numbers in marked number lines tasks. As mentioned earlier, differences in students' locating of numbers on the number line could be due to different use of strategies. Therefore, it seems worthwhile to investigate students' strategies locating numbers on the marked number line.

We ask the following research question: What strategies do students use in locating numbers on a marked number line, and how does students' strategy use differ?

This study

Tasks and procedure

In this study, we used a number line with labelled beginning and endpoint and hatch marks-with distance between adjacent marks of a unit of 10. We used this type of number line, which is an intermediate form between a completely marked and an empty number line [START_REF] Schulz | Zahlen und Operationen am Übergang Primar-/ Sekundarstufe[END_REF], to give students some help and orientation (steps of 10) but not to display all of the information (i.e., every single number) on the number line. We used two different task types. In the "number-toposition-task" (NP), we presented a symbolic number to the students and then asked them to place it on the number line. This task type is common in ET studies of number line tasks (e.g., [START_REF] Sullivan | Adults' number-line estimation strategies: Evidence from eye movements[END_REF]. In the other task type, the "position-to-number-task" (PN) (Figure 1), students were shown a position (red cross) on the number line and asked to name the number that corresponded to it. This task type avoids falsification of results due to possible motoric difficulties [START_REF] Gomez | Numerical abilities of schoolage children with developmental coordination disorder (DCD): A behavioral and eyetracking study[END_REF]. In individual sessions in a quiet room in their school, the students worked on the tasks. There were three items for each task format. Before the tasks, there was one practice task each (with number 10 each) to introduce the number line and get the students acquainted with the task format. In the NP, the numbers 70, 30, 90 (in that order) were to be placed on the number line. The numbers were presented in the upper left corner of the screen. The students were asked to read the number aloud to ensure they had perceived it correctly before the number line appeared. Then students were asked to point at the corresponding place, fixate it with their eyes, and let us know when they were done. In the PN, the position (red cross) of the numbers 80, 40, 60 (in that order) were shown and the students were asked to say what number was indicated. In between the tasks, the students were instructed to fixate a star in the upper left corner of the screen before the next task appeared, so that students' gazes started from the same place. The students received no response as to whether their answers were correct. Verbal answers were recorded through an audio-recorder.

Participants and eye tracker

A total number of 186 German fifth graders (165 students of a comprehensive school, 21 students of a special school for learning difficulties) worked on the tasks. We chose fifth graders since at the end of primary school (i.e., grade 4), students may still have difficulties with the number line [START_REF] Rodriguez | Fourth-grade culturally and linguistically diverse exceptional students' concepts of number line[END_REF]. From the entire group of participants, ten students each were selected for the NP and PN tasks (mean age: 10.11 years) based on response times in the respective task type: To get insights into a diverse set of strategies, we included five students (both tasks: three students from special school and two students from comprehensive school) whose response times were particularly long (LRTgroup), and five (from comprehensive school; except for NP: one student from special school) with particularly short response times (SRT-group). This choice was made since long and short response times typically reflect different strategies (e.g., Schindler et al., 2019). Additionally, we analyzed only trials where students solved the tasks successfully, to rule out that the students just guessed.

The students' eye movements were recorded with the remote eye tracker Tobii Pro binocular,infrared). This eye tracker is attached to the bottom frame of a monitor and therefore very unobtrusive. The average accuracy for the students in this study was 0.7°. Tasks were presented on a 24" Full HD computer screen. The distance of the students to the screen was about 50 cm.

Data and data analysis

We used response times and videos, which were provided by Tobii Pro Lab software. The existing ET studies on number line tasks examine fixations. In our study, however, we use gaze-overlaid videos (where student gazes are augmented through a dot wandering around)-like, for example, Schindler and Lilienthal (2019) did. These videos are unfiltered and contain all captured information, that is, all eye movements are considered (not only fixations), which is advantageous when studying strategies. Analysis of these data has already proven to be useful in identifying children's strategies in other mathematical domains and tasks (for quantity recognition, see e.g., Schindler et al., 2019). We analyzed the gaze-overlaid videos in an inductive manner based on [START_REF] Mayring | Qualitative content analysis: Theoretical foundation, basic procedures and software solution[END_REF] qualitative content analysis: For each task, the eye movements were first looked at, described, interpreted, and then paraphrased. In a subsequent strategy finding process, commonalities between the eye movements of the students were sought, categories of strategies were found and each assigned with corresponding descriptions. Finally, the strategies used by the students in the two groups (with long and short response times) were compared qualitatively.

Results

In the following, we will pursue the research question: What strategies do students use in locating numbers on a marked number line, and how does students' strategy use differ? We will do so by elaborating on the strategies used by the LRT-group and the SRT-group respectively. For visualizing gaze patterns, we use gaze plots, although we used gaze-overlaid videos for the data analysis.

Position-to-number-task

Task 80: The five students of the SRT-group showed an orientation to the end of the number line (100), this means they used counting from 100 backwards to the red cross (80) (Figure 2). The students of the LRT-group mainly used counting from the beginning of the number line forward and were partially additionally oriented to the whole number line (i.e., gazes were at beginning and endpoint) (Figure 3, left). One student also showed an orientation of 100 backwards after first appearing to want to count from the beginning (Figure 3, right). The LRT-group students mainly used counting from the beginning of the number line forward (Figure 5, left). One student additionally used the middle of the number line as orientation (Figure 5, right). Task 60: Both groups predominantly used the middle of the number line as orientation (Figure 6, left), while the students in the LRT-group partly also paid attention to the entire number line (i.e., beginning and endpoint) (Figure 6, right). In sum, we found that students with long response times predominantly used counting procedures, which are time-consuming-especially from 0 forward for high numbers-or a combined use of reference points (e.g., beginning and endpoint). In contrast, students with short response times tended to use more efficient strategies such as looking directly at the red cross or the nearest reference point.

Number-to-position-task

Task 70: In this task, there was predominantly an orientation to the endpoint (100) for the SRT-group. Two examples of orientation to the endpoint are shown in Figure 7: from 100 stepwise (counting) to 70 (left) and from 100 directly to 70 (right). The orientation to 100 was also frequently evident in the LRT-group, but here students sometimes additionally showed an orientation to the midpoint (50) (Figure 8, left). One student of the LRT-group used counting from 0 forward (Figure 8, right). In sum, for the first two tasks of the NP, students who had short response times appeared to use more efficient strategies than students with long response times, such as using a near reference point only. In contrast, in the group of students with long response times, for example, combination of strategies (reference points) or counting from the beginning (time-consuming for high numbers) occurred.

Discussion

Our study revealed different strategies for tasks on the marked number line-indicated by the students' eye movements. We found that the students appeared to use different reference points (beginning, midpoint, or endpoint) and that they partially combined reference points. We found counting strategies starting from different reference points and we also found strategies of direct orientation starting from different reference points or without looking at any reference point. Furthermore, our analyses indicate differences in the use of strategies between students who had long response times (LRT) and those with short response times (SRT). For the naming of numbers on the number line (PN), there were apparent differences between the two groups: The LRT-group used time-consuming counting procedures along the number line and the combined use of reference points. They used the relation of given marks [START_REF] Schulz | Zahlen und Operationen am Übergang Primar-/ Sekundarstufe[END_REF], for example, that the number 40 is next to the number 50, the marked midpoint, less often than students with shorter response times. SRT-group students had almost exclusive gazes at the marked place and the nearest reference point. Students with longer response times used less efficient strategies. This is in line with previous ET research (e.g., Schindler et al., 2019), including studies on the empty number line, which showed differences in the efficiency of different students' use of strategies (e.g., [START_REF] Van't Noordende | Number line estimation strategies in children with mathematical learning difficulties measured by eye tracking[END_REF]. Beyond that, for placing numbers on the number line (NP), similar differences in the use of strategies were found. However, these differences in the use of strategies only showed for two out of three tasks. This could be due to the chosen number of the third task-90 is close to 100 and probably therefore, there was little variation in this task.

Our insights relate to the results found by [START_REF] Rodriguez | Fourth-grade culturally and linguistically diverse exceptional students' concepts of number line[END_REF] that students in the transition from primary to secondary level may still have difficulties with the number line. This implies that naming and placing numbers on the number line partially needs to be supported at the beginning of secondary school-even in the range up to 100. With respect to the whole sample, future studies should explore the tasks on the marked number line further to see if the results found here are transferable and if the trends of our exploratory study can be found in larger samples. Looking more students, might show a greater variation of strategies. It would also be interesting to investigate if there are differences between children with and without MD in their strategy use to locate numbers on the marked number line-as shown for the empty number line (e.g., [START_REF] Van't Noordende | Number line estimation strategies in children with mathematical learning difficulties measured by eye tracking[END_REF]. We believe that our exploratory study contributes to gain fine-grained insights into students' strategies when working on number line tasks-an important tool for the development of the number concept and its ordinal aspect [START_REF] Diezmann | The development of primary students' knowledge of the structured number line[END_REF]. Gaining such insights is an important step for being able to address students' individual needs in this mathematical content [START_REF] Anthony | Characteristics of effective teaching of mathematics: A view from the west[END_REF].
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 1 Figure 1: Position-to-number-task
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 2 Figure 2: Gaze plot SRT-group-identifying 80 on the number line (PN)

Figure 3 :

 3 Figure 3: Gaze plots LRT-group-identifying 80 on the number line (PN)Task 40: The students of the SRT-group named the number without looking at reference points (i.e., direct identification), or oriented themselves to the middle (50) of the number line (Figure4).
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 4 Figure 4: Gaze plot SRT-group-identifying 40 on the number line (PN)
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 5 Figure 5: Gaze plots LRT-group-identifying 40 on the number line (PN)
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 6 Figure 6: Gaze plots-identifying 60 on the number line (PN)
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 7 Figure 7: Gaze plots SRT-group-placing 70 on the number line (NP)
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 8 Figure 8: Gaze plots LRT-group-placing 70 on the number line (NP) Task 30: The students of the SRT-group either counted from the beginning (Figure 9, left) or used no reference points (Figure 9, right).

Figure 9 :

 9 Figure 9: Gaze plots SRT-group-placing 30 on the number line (NP) One student of the students of the LRT-group counted from the beginning but additionally had many gazes at the end of the number line (Figure 10, left). Another one was more oriented towards the middle (50) and counted backwards (Figure 10, right).

Figure 10 :

 10 Figure 10: Gaze plots LRT-group-placing 30 on the number line (NP) Task 90: Here, the strategy use was similar for the two groups. The placing of the number happened either directly (Figure 11, left) or in orientation to the endpoint (Figure 11, right).
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 11 Figure 11: Gaze 90 on the number line (NP)
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