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This contribution draws on a research study the aim of which was to investigate the number line as a vehicle for mathematical understanding in the naturalistic setting of the elementary classroom. This paper focuses on one aspect of this research; the use of Concept Cartoons as an educational tool to support the role of the number line as a tool for fostering the development of conceptual understanding. Evidence from whole class discussion and the pupils' own productions points to the role of Concept Cartoons in supporting pupils' sense making, the elaboration of informal strategies, and the development of more sophisticated ones.

Background.

The understanding of and ability to use the linear, mathematical number line constitutes an essential facet of pupils' mathematics education [START_REF] Lemonidis | Mental Computation and Estimation: Implications for Mathematics Education, Teaching and Learning[END_REF]. The number line representation plays an important role in facilitating pupils to develop flexibility in mental arithmetic as they actively construct mathematical meaning, number sense, and understandings of number relationships [START_REF] Frykholm | Learning to think mathematically with the number line: A resource for teachers, a tool for young children[END_REF]. The number line is not a simple representation. According to [START_REF] Herbst | The number-line metaphor in the discourse of a textbooks series[END_REF], a number line is formed by the consecutive translation of a specified segment U, as a unit from zero that can be partitioned in an infinite number of ways. He suggests that the number line is a metaphor of the number system. The number line is also considered a geometrical model, involving a continuous interchange between a geometrical and an arithmetic representation [START_REF] Gagatsis | La droite arithme´tique comme mode`le ge´ome´trique de l'addition et de la soustraction des nombres entiers[END_REF]. Within the literature, two major types of number lines can be identified; the structured number line and the empty number line (Diezman et al., 2010). There is a large body of literature that discusses the number line and its crucial role in teaching and learning elementary mathematics [START_REF] Beishuizen | The empty number line[END_REF][START_REF] Gravemeijer | A socio-constructivist elaboration on Realistic Mathematics Education[END_REF]. Whilst generally effective, research findings often raise doubts about the usefulness of the number line as a didactical model [START_REF] Van Den Heuvel-Panhuizen | Learning from "Didactikids": An impetus for revisiting the empty number line[END_REF]. These studies point towards a coherent treatment of the number line throughout the years of compulsory education and presentation of the number line in the school official documentation in a developmentally appropriate manner, by focusing on the simultaneous presence of the geometric and the arithmetic conceptualization of number on the number line. It is acknowledged that it is superficial to simply recommend the use of the number line for the students' mathematical development or include it in curriculum materials and other recourses. If emphasis is given on the nature of the number line and its use as a representation of sophisticated ideas, then a conceptual way of teaching and learning is being encouraged, contributing to addressing students' difficulties [START_REF] Van Den Heuvel-Panhuizen | Learning from "Didactikids": An impetus for revisiting the empty number line[END_REF]. In promoting a non-threatening classroom culture that encourages all pupils to create, formulate, extend and express their mathematical understanding, and simultaneously provides the teacher an insight into the pupils' understanding, a didactical tool that can be utilised alongside the number line is Concept Cartoon.

Concept cartoons are cognitive drawings or visual engagements that use a cartoon-style design to present mathematical conversations inside speech bubbles [START_REF] Dabell | Concept Cartoons in Mathematics Education[END_REF]. The integrated written text is characterized by minimal use of written language, in order to be accessible by all pupils, regardless of their literacy skills. The cartoon characters are engaged in a dialogue or an argument presenting alternative statements, concepts or questions that are related to a central content-related topic. All alternative viewpoints presented by the cartoon characters have equal status and are grounded on research related with pupils' understanding in order to appear credible [START_REF] Naylor | Concept Cartoons: What have we learnt[END_REF]. Thus, the legitimized argument presented in the concept cartoon provides a comfortable and non-threatening environment inviting pupils to engage in and extent the characters' argument. Concept cartoons are considered a valuable learning and teaching tool that provides the pupils the opportunity to interpret and understand mathematical concepts [START_REF] Naylor | Concept Cartoons: What have we learnt[END_REF]. As the pupils' ideas are articulated by the cartoon characters, even reluctant or less confident pupils are encouraged to express their personal views as responses to the characters and justify their reasoning and thus, engage in the discussion [START_REF] Sexton | Using a concept cartoon to gain insight into children's calculation strategies[END_REF]. Comparing and contrasting ideas facilitates learning and interpretation of knowledge, reveals and eliminates misconceptions [START_REF] Dabell | Using concept cartoons[END_REF]. Adding to the above, research studies with a focus on engaging pupils with concept cartoons, also argue that the use of concept cartoons has the potential of increasing levels of motivation, involvement and interest towards lessons and have a positive effect on mathematical achievement [START_REF] Naylor | Concept Cartoons: What have we learnt[END_REF].

Keeping in mind the aforementioned, this paper focuses on Concept Cartoons, as an educational tool to support the number line as a vehicle for mathematical understanding. To be more precise, this paper examines how Concept Cartoons can be utilized in a Year 2 mathematics classroom to provide a fruitful context for appreciating the nature of the number line and its use as a representation of sophisticated ideas.

Method.

The results presented in this contribution form part of a broader study that constitutes an attempt to translate the idea of the number line as a vehicle for mathematical understanding in the naturalistic setting of the elementary classroom [START_REF] Pericleous | The number line in the elementary classroom as a vehicle for mathematical understanding[END_REF]. To be more descriptive, this study sought to examine the use of the structured and empty number line as a tool to support and develop Year 2 and Year 3 pupils' sense making and calculation strategies specific to addition and subtraction in the number domain 0-1000. The study employed a design based research methodology [START_REF] Cobb | Design experiments in educational research[END_REF] that was informed by Realistic Mathematics Education and a socio-constructivist approach to teaching and learning [START_REF] Gravemeijer | A socio-constructivist elaboration on Realistic Mathematics Education[END_REF]. Thus, pupils' learning process was viewed from both the individual perspective and the social perspective. In this learning process, where pupils pass through various levels of understanding, models such as the number line function as a bridging device between informal to more formal mathematics, supporting a shift from a 'model' of pupils' informal solution strategies to a 'model for' mathematical reasoning [START_REF] Gravemeijer | A socio-constructivist elaboration on Realistic Mathematics Education[END_REF]. The study was conducted in a public primary school in Cyprus. The participants, as relevant for this paper, were 19 pupils (7-8 years old) of a wide range of abilities. The instructional sequences were conducted throughout a school year and were carried out as a part of the ordinary mathematics classroom with the teacher as the researcher and author of this paper. Starting from pupils' embodiment of the number line, and explicitly giving emphasis on the nature of the number line, the instructional approach was organized around number sequence and recognition, addition and subtraction in the domain from 1 through 100. The overall aim of the instructional approach was to create opportunities for the pupils to build connections or relations between representations of mathematical ideas, to have the freedom to come up with their own notations, find their own ways to decompose quantities and regroup/recombine them and express and discuss their ideas. In doing so, the pupils had the opportunity to understand the nature of the structured and empty number line before acting on them and modelling their solution strategies.

The data collection process as relevant to this paper included video data from the teaching sequences, the field notes from the teacher and pupils' written work. The overall process of analysis of the collected data drew upon progressive focusing and the constructs 'account-of' and 'accounting-for'. According to [START_REF] Stake | Qualitative Research: Studying how things work[END_REF], progressive focusing is achieved in various stages; first observing, then further inquiry, beginning to focus on relevant issues, and then seeking to explain. The analysis of collected data started simultaneously with the data collection process, in order to further organise the instructional sequences. The data were treated both qualitatively and quantitatively, aiming at identifying pupils' thinking, strategies and procedures and their development. The ongoing analysis being conducted while the study was in progress led to a focus on several issues and events; accounts-of, which were then placed in a broader theoretical context by conducting a retrospective analysis (accounting-for). Creating the Concept Cartoons aimed at providing pupils the opportunity to appreciate the number line as a rich model that can have different manifestations, by giving them as much initiative as possible, and simultaneously reducing the leading role of the teacher. This paper focuses on Concept Cartoons that were employed as a way to support pupils' understanding of the number line and gain access to their calculation strategies. They present addition situations up to 100 without bridging. The pupils would explore a specific Concept Cartoon either individually or in small groups. After exploring a concept cartoon, pupils would draw a star next to the cartoon they felt more close to, as a way for the teacher to gain access to their thinking and understanding and adequately build on their existing knowledge. Classroom discussion would follow.

Findings.

Supporting pupils' understanding of the number line.

There were instances where the Concept Cartoons were related with defining the structured and empty number line and developing key understandings underpinning the conventions considered to interpret, create and use number lines. For instance, in defining the structured number line, the Concept Cartoon was created by taking into consideration pupils' embodiment of the number line, requesting pupils' opinions regarding the cartoon characters' diagrams. The speech bubbles included two structured number lines (0-15, 0-30), a line with no marked numbers and a number line with no equal intervals between the marked numbers. All pupils drew a star on the structured number lines.

Student1:

The child's (cartoon character) number line is wrong, because the numbers are at some parts very close to each other and at other places they are away from each other. They do not have the same distance from each other. Student2:

And the other one has no points for the numbers. Student1:

Yes. Student3:

It is a number line (0-15) because it begins from zero, the numbers have equal spaces from each other, and they are marked. Student4:

And the numbers are in order. Student5:

I agree. It is the same with the one that goes up to 30. Teacher:

Keeping in mind this discussion, how can we define the number line? Student5:

It is a straight line that has numbers that are placed in order; they are shown on the line with a mark and have the same distance from each other. Student6:

And it goes to infinity.

While, at first the pupils would refer to the perceptual features of the number line, progressively, they would make reference to order, continuity and the variety of numbers that could be represented on it. The discussion led to the conclusion that a number line shows the order of specific numbers, it includes points in equal intervals that show the place of the number and that the difference of a number to the next is constant. The classroom constructed a definition of the number line. This definition was often revisited throughout the year to support the development of a global perspective on the number system, by focusing on the unit interval and the partition of this interval. Furthermore, Concept Cartoons were created so as to demonstrate the flexibility of the number line. For instance, the Concept Cartoon in Figure 2 was explored after the classroom was introduced to the empty number line as a tool to record one's thinking. By drawing upon the pupils' own informal strategies, Figure 2 provided the classroom the opportunity to discuss calculation strategies and the flexibility in the ways of recording results (for example including arrows or writing on top of the jumps made) and in the jumps made on the number line to solve a computation task. In this Concept Cartoon, the pupils' preferences were divided between the cartoon characters of Ann, Lina and Peter. Ann and Peter added the tens and then the ones. They worked in the same way but Peter did not put the arrows. Student2:

Yes, but do we have to? It's addition, we know it from the plus sign. Teacher:

The empty number line gives us a lot of freedom in the ways of recording results. Student2:

Thus, we can decide what to do. Teacher:

Yes.

The pupils argued that it was more difficult to follow Nick's way of recording results because of the missing symbols above the jumps. The classroom established that the written symbols that accompany the jumps show the steps one follows to calculate the result, as well as possible errors. Furthermore, one pupil stated that even though he chose a cartoon character, his choice was related with the way of recording results and not with the calculation strategy presented by the cartoon character, explaining "I would start from 60, add the tens and then the ones. It is easier this way". At this point, it should be noted that even pupils that struggled to model their calculation strategy on the empty number line, they understood the conventions used in interpreting the diagram, and thus, reading and identifying the strategy being modelled on the empty number line. Folllowing this Concept Cartoon, the pupils solved a calculation task, using their own strategies (see Figure 3).

Gaining insight into pupils' calculation strategies.

Another type of Concept Cartoons created and employed in the classroom aimed at gaining insight into pupils' calculation strategies, as well as providing pupils with the opportunity to experience and develop a range of mental calculation strategies. Speech bubbles proposing various solution procedures encouraged pupils to identify the name of the character that best matched their personal strategy choice for calculating the result, and providing reasons for choosing the specific strategy.

For instance, in Figure 1, the Concept Cartoon was exploited as an introduction to the addition of two-digit numbers, where the second number is multiple of 10. The strategies used by the cartoon characters would enable the teacher to determine whether the pupils perceive the calculation as too hard, can solve the calculation in different ways, but recognise that a mental strategy is most efficient, would solve the calculation using auxiliary means, can remember a strategy, but would need to write it to perform the calculation [START_REF] Sexton | Using a concept cartoon to gain insight into children's calculation strategies[END_REF]. The discussion led to a repertoire of proposed methods and procedures to calculate the result. According to the pupils the result could be calculated using arithmetic blocks, making jumps on a structured number line (counting by ones or tens), with a drawing (iconic representation of tens and ones, money model) or mentally. The pupils' mental reasoning strategy was to split 64 into tens and ones and processed separately. It was noticed that writing on paper to solve the calculation meant making a drawing and not a written calculation strategy. This can be explained by the fact that the pupils had not been introduced to written calculation strategies yet. This is also an indicator of pupils engaging in and extending the cartoon character's argument. In addition, while no pupil perceived the calculation as difficult, the reliance on arithmetic blocks was evident, suggesting the need for the pupils to be provided with more opportunities to develop mental calculation strategies. Nonetheless, all pupils, using their preferred models, method and procedure reached the same result.

Adding to the above, in Figure 4, the methods used by the cartoon characters would enable the class to discuss various ways of computation as well as enable the teacher to determine the ways the pupils preferred to solve the calculation. The speech bubbles included splitting (Ann) where the numbers are divided by multiples of ten and units and processed separately when operations are carried out, stringing or compensation strategy (Nick) which refers to keeping the first number intact while splitting the second number into tens and ones, which are then added separately from the first number, the conventional paper and pencil algorithm (Lina) and arithmetic blocks (Peter). Even though the algorithm had not been introduced in the classroom, it was mentioned previously by some pupils, as knowledge they had acquired outside school. Thus, it was included in the Concept Cartoon, so as to be explicitly discussed, but without expecting pupils to use it as a way of working. Indeed, two pupils chose Lina. One pupil chose Peter, revealing that pupils would gradually rely less on models to solve a calculation task. The other pupils' preferences were divided between Ann and Nick, with four pupils commenting that they did not need to write it down because they worked the calculation mentally. Figure 5 illustrates pupils' calculation strategies when solving similar calculation tasks. Comparison of the pupils' calculation strategies modelled on the empty number line that followed the exploration of Concept Cartoons presented in Figure 3 and 5 accordingly, also revealed that pupils' strategies involved fewer steps.

Discussion and Conclusion.

The purpose of this paper was to examine Concept Cartoons as an educational tool to support the number line as a vehicle for mathematical understanding. This study confirms findings from other research studies that Concept Cartoons act as an engaging and beneficial tool that supports pupils in interpreting and understanding concepts [START_REF] Naylor | Concept Cartoons: What have we learnt[END_REF][START_REF] Sexton | Using a concept cartoon to gain insight into children's calculation strategies[END_REF]. The Concept Cartoons presented in this paper constitute an illustration of the attempt made to treat in a coherent way the number line by focusing on the simultaneous presence of the geometric and the arithmetic conceptualization of number on the number line, and fostering the transition from a model of pupils' informal solution strategies to a model for mathematical reasoning. Empirical evidence from the classroom indicates that Concept Cartoons created opportunities for the pupils to build connections and relations between representations of mathematical ideas, to have the freedom to come up with their own notations, as well as express and discuss their ideas, pointing to the usefulness of the number line as a didactical model [START_REF] Van Den Heuvel-Panhuizen | Learning from "Didactikids": An impetus for revisiting the empty number line[END_REF]. Initially, the Concept Cartoons provided the pupils with a platform from which, by drawing upon experience, they reached a definition, as suggested by [START_REF] Herbst | The number-line metaphor in the discourse of a textbooks series[END_REF]. Even though the instructional approach followed in this study was focused on positive whole numbers, the pupils' statements and work point to the number line being used as a metaphor to support thinking. Furthermore, by supporting pupils in defining and understanding the number line, the pupils were able to understand the conventions used in interpreting diagrams and thus, reading and identifying the strategy being modelled on the empty number line (see Figures 2 and4). Adding to the above, findings from this study, also show, that the Concept Cartoons containing procedures in their bubbles (as a text or image), provoked discussion, reasoning and reflection regarding strategy choice and comparison of strategies, supporting pupils in developing mental calculation strategies (see Figures 3 and5). As the Concept Cartoons were carefully designed by taking into account pupils' backgrounds, language literacy skills, as well as their level of mathematical understanding, pupils were kept motivated and engaged. This was also evident in the pupils' mathematical journal where they shared their thoughts stating for example "I like concept cartoons because the characters are like us", "The lesson is easier with the concept cartoons".

Concept Cartoons also proved a valuable instrument in providing the teacher with insight concerning pupils' understanding of the number line and the repertoire of strategies pupils use to perform an addition calculation. At this point it should be noted that this was not a straightforward process. For the effective use of the Concept Cartoons and supporting pupils' understanding of the number line and development of strategies and procedures, the classroom environment encouraged communication, exploration, discussion and reasoning. The social and sociomathematical norms negotiated and established in the classroom [START_REF] Kilpatrick | Adding it up. Helping children learn mathematics[END_REF], offered pupils the freedom to develop, express and share their thinking. However, this does not tell the whole story. Concept Cartoons containing bubbles with proposed various results or with empty bubbles were also created and employed in the classroom both in addition and subtraction in the number domain 0-100. Through reflection and classroom discussion supported pupils progressing towards more elegant and higher-level strategies [START_REF] Gravemeijer | A socio-constructivist elaboration on Realistic Mathematics Education[END_REF]. Interpreting the number line, associating actions with it and communicating mathematical meaning may contribute towards a comprehensive picture of its conceptual structure and complete development of understanding of the number system. Additionally, employing Concept Cartoons alongside the number line in the teaching and learning process, points to the role of the teacher in taking into consideration their affordances, as well as the difficulties and limitations in their use depending on the mathematical content and the cognitive level of the pupil.
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