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Multiplicative comparison of fractions: potentials and limits of commensuration meaning
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We aim at examining the potentials of the commensuration meaning for teaching and learning fractions, in particular "multiplicative comparison relationships" between fractions. We focus on students' reasoning based on commensuration meaning by analyzing a variety of data collected through teaching experiments: on the one hand, old data from experiments conducted at the Michelet school by Brousseau in primary school in the eighties and on the other hand, recent experiments that we have conducted in a form of continuity with college students in a new context (one experiment designed by Brousseau for students of grade 5 and another we designed for students of grade 8). The results of our research highlight the potential of commensuration meaning to enable students to access to a broad conceptualization of multiplicative comparison relationships between fractions.

Introduction

Developing a deep understanding of fractions requires a conceptual understanding of different meanings of fractions and relationships between them [START_REF] Clarke | Ten practical, research-based tips for making fractions come alive (and make sense) in the middle years[END_REF]. In French primary school, fractions are studied as splitting the unit meaning. The French curriculum describes this meaning of fractions as follows: you split a unit by a natural number of equal parts and you take a number of those parts, potentially larger than the numbers of parts included in the unit. Brousseau's work (1987) highlights another original meaning of fraction, called commensuration. However, commensuration has not found its place in the French curriculum. In previous work, [START_REF] Chambris | Unités et systèmes d'unités pour l'enseignement et l'apprentissage des nombres et du calcul à l'école. Contribution à un état des lieux-potentialités[END_REF] and [START_REF] Coulange | Reasoning and comparing fractions Potentials of commensuration meaning[END_REF] have shown how splitting the unit meaning of fraction does not easily build multiplicative relations between quantities in primary school. Our goal is to examine the potential of the commensuration meaning for teaching and learning fractions, in particular "multiplicative comparison" [START_REF] Greer | Multiplication and division as models of situations[END_REF] relationships between fractions. In this study, we focus on students' reasoning relying on multiplicative comparison relationships between different fractions with commensuration meaning.

Theoretical framework and methodology

Multiplicative comparison relationships, "flexible units" and fractions

In the domain of models of multiplication and division, [START_REF] Greer | Multiplication and division as models of situations[END_REF] distinguished two main types of multiplicative word problems: equal group and multiplicative comparison. Relating to Greer's theoretical viewpoint about multiplicative field, we distinguish multiplicative comparison relationships between measures or numbers of units (seen as n more…than or n less…than) from inclusive relationships. Inclusive relationships between measures or numbers of units (seen as n times in) refer more to equal groups of objects considered in the context of measurement or counting. Such multiplicative comparisons seem necessary to develop a high-level conceptualization of magnitude [START_REF] Steffe | Children's fractional knowledge[END_REF]Thomson et al., 2014) relying on "flexible units" linked by multiplicative relationships to each other [START_REF] Chambris | Raisons d'être des grandeurs. Le cas de l'arithmétique à l'école élémentaire[END_REF][START_REF] Chambris | Unités et systèmes d'unités pour l'enseignement et l'apprentissage des nombres et du calcul à l'école. Contribution à un état des lieux-potentialités[END_REF]. Thus, they may provide a flexibility of reasoning about both measures and numbers in the field of arithmetic [START_REF] Chambris | Raisons d'être des grandeurs. Le cas de l'arithmétique à l'école élémentaire[END_REF].

Returning to our main subject, we assume that a broad conceptualization of fractions requires multiplicative comparisons, following a "fraction as comparer" approach [START_REF] Freudenthal | Didactical phenomenology of mathematical structures[END_REF]. [START_REF] Cortina | Unit fractions in the context of proportionality: supporting students' reasoning about the inverse order relationship[END_REF] referring to [START_REF] Norton | Continuing research on students' fraction schemes[END_REF] also emphasizes the conception of fraction as "a size of an attribute, instead of as an actual piece of an object, or as a discrete element in a set (p.84)" in such an approach. From our point of view, this assumption is related to the distinction between "equal groups" and "multiplicative comparison" mentioned above.

In our study, according to this theoretical background, we aim at examining the potential of commensuration [START_REF] Brousseau | Theory of didactical situations in mathematics[END_REF] for teaching and learning multiplicative comparison between different fractions.

Commensuration meaning of fractions

Commensuration fraction meaning is distant from "splitting the unit" meaning that is usually considered in French curriculum. In the context of commensuration, ! " is the relation between two physical quantities, such as b times the first quantity gives a times the second one. Classroom experiments related to teaching and learning this meaning of fraction were conducted in primary school (grade 5) during the eighties [START_REF] Brousseau | Theory of didactical situations in mathematics[END_REF][START_REF] Brousseau | Theory of didactical situations in mathematics[END_REF][START_REF] Brousseau | Rationnels et décimaux dans la scolarité obligatoire[END_REF][START_REF] Brousseau | Teaching fractions through situations: A fundamental experiment[END_REF]. In particular, [START_REF] Brousseau | Rationnels et décimaux dans la scolarité obligatoire[END_REF] designed the "thickness of a sheet of paper" situation in which children had to find an optimal measurement strategy in situations of measuring something so thin that previously known techniques of direct measurement could not be applied. The situation involved measuring and comparing the thicknesses of various types of paper. The aim was to characterize the thickness of a sheet first by a pair of whole numbers (for example, 56 sheets -8 mm) and then by a fraction (for example # $% mm). Thus, the thickness of a sheet is # $% mm means that 56 sheets of paper measure 8 mm. Building on this previous research work, we designed mathematical tasks based on the motion of bounds of robots along a number line intended to promote teaching and learning of the commensuration meaning with students in secondary school. These tasks contextualize commensuration: some robots make regular bounds on the number line, reaching a natural number of units in several bounds. The aim is to characterize the length of robot's bound by a pair of whole numbers (for example 15 units and 7 bounds) and then by a fraction ( &$ ' units). The table below summarizes the two types of contextualization of commensuration which rely on two kinds of magnitude and measurement:

Table 1: Two types of contextualization of commensuration

Sheets of paper Robot

Number of (regular) paper sheets: q sheets of paper Number of (regular) bounds of a robot: q bounds Measure of the thickness of a pile of (q) sheets measured in mm: p mm Length reached on the number line measured in units (represented on the line): p units Measure of the thickness of a sheet:

! " mm but also

#×% &×% mm, etc.
Length of the bound of a robot:

# & units but also #×% &×% units, etc.

Methodology

Two types of data were used to study the potential of commensuration in the teaching and learning of multiplicative relationships between fractions.

On the one hand, the examination of old data relating to the engineering conceived by Brousseau (Brouseau & Brousseau, 1987) and experimented within COREM during the 1980s: all the sessions conducted during 1987 to implement the engineering in a class of 5th Grade (17 students) were the subject of a priori and a posteriori analyses [START_REF] Artigue | Ingénierie didactique[END_REF], based on all the videos of the sessions (archived in the VISA database) and the students' productions (archived and available for consultation at the "CRDM -Guy Brousseau).

On the other hand, building on this initial analysis, we designed and experimented with a resource based on a new context -that of fictitious robots and the study of the length of their bounds -a context that takes up the essential variables of the initial engineering proposed by Brousseau. In particular, our attention has been focused on tasks involving multiplicative comparison relationships between fractions. Experiments were conducted during 2021 in the 8th Grade (25 students) in accordance with the current mathematics curriculum. All the sessions were systematically video-recorded and the work produced by the students was collected in full.

Tasks of "multiplicative comparison" between fractions with commensuration

The background on the tasks under study

The examination of "old" data (Coulange et al., in press) of the teaching experiment of "sheets of paper" [START_REF] Brousseau | Rationnels et décimaux dans la scolarité obligatoire[END_REF][START_REF] Brousseau | Theory of didactical situations in mathematics[END_REF] emphasized some potential of commensuration as a means to build multiplicative comparison relationships between integers related to measures or of numbers of units. Indeed, in order to express the length of the thickness of a sheet of paper by equivalent fractions, students have to rely on such comparisons between thicknesses of a stack of paper sheets and between numbers of paper sheets. Our analyses of data related to the teaching experiment of "paper sheets" led us to consider that commensuration meaning could therefore offer strong potentialities related to the conceptualization of multiplicative comparison between fractions. Besides, the original sequence of "paper sheets" aimed at teaching such multiplicative comparison relationships [START_REF] Brousseau | Rationnels et décimaux dans la scolarité obligatoire[END_REF]. For this purpose, Brousseau designed mathematical tasks centered on the thickness of a cardboard sheet comprised of a given number of paper sheets. For example, (Figure 1, extracted from CRDM -Guy Brousseau) students had to answer the question: "A cardboard sheet is comprised of 5 paper sheets -the thickness of each paper sheet being We identified two kinds of possible reasoning supported by multiplicative comparisons:

-The thickness of a cardboard sheet is 5 times thicker than a paper sheet, so the pile of 25 cardboard sheets will be 5 times thicker than a pile of 25 paper sheets. Indeed, the thickness of a cardboard is:

( )$ 𝑚𝑚 × 5 = (×$ )$ 𝑚𝑚 = &$
)$ 𝑚𝑚. -The thickness of a cardboard sheet is 5 times thicker than a paper sheet, so we need 5 times less cardboard sheets than 25 paper sheets to obtain a pile of cardboard sheets which will have the same thickness of 3 mm. Indeed, the thickness of a cardboard is:

( )$ 𝑚𝑚 × 5 = ( )$:$ 𝑚𝑚 = ( $ 𝑚𝑚.
Similar reasoning could also be conducted about dividing a fraction by a natural number to answer another type of questions: "The thickness of a cardboard sheet measures ' )$ 𝑚𝑚. This cardboard sheet is made up of 8 similar paper sheets. What is the thickness of a cardboard sheet?" Commensuration meaning of fractions may promote the emergence of these kinds of reasoning relying on multiplicative comparison between measurements or numbers of units. Analysis of "old" video data from the VISA video data base show that it is not so easy to promote such reasoning for students of grade 5. Students had difficulties in answering questions about the measurement of the thickness of a cardboard sheet. The teacher tried to help them by using an additive model: considering that the thickness of a cardboard sheet equals to the iterative addition 1 of the thicknesses of paper sheets. Referring to an additive model avowed students to solve the problem given the right answer. From our point of view, this may have moved them away from the two types of reasoning described above. In fact, the iterative addition model seems to be closer to an "equal groups"'s point of view (of objects as paper and cardboard sheets) than to a "multiplicative comparison"'s point of view (comparing the thicknesses of paper and cardboard sheets). Therefore, we aimed at investigating further the potential of commensuration meaning for the conceptualization of multiplicative comparison between different fractions through a new teaching experiment with older students. Thus, we designed new mathematical tasks related to commensuration and based on the motion of bounds of robots (see above) for students of grade 8. We experimented these mathematical tasks with a class of 25 students during the month of June 2021. 

A new experiment about commensuration and multiplicative comparison of fractions (grade 8)

In this new experiment, we have, on the one hand, taken up tasks close to those described above, involving the multiplication and division of a fraction by an integer. In order to permit the strong emergence of reasoning relating on commensuration meaning, we did not use, in a first step, the common notations of fractions but coded the length of the bound of a robot which reaches a units in b bounds by the couple (a u; b s) 2 . In a second step, the link between this notation and the usual notation of fractions was made. Such a choice allowed us to see a variety of reasonings, and not only reasonings based on "splitting the unit" meaning of fractions.

For example, the question asked to students was: "The robot A reaches 5 units in 12 bounds. The robot B makes bounds 4 times longer than those of the robot A. What is the length of a bound of the robot B?". The students' works below (Figure 2) show that they appear to have employed both types of reasoning mentioned above. The video data shows that students formulated these reasonings relying on multiplicative comparison between measurements and numbers of units. For example, to answer the question: "The robot A reaches 8 units in 21 bounds. The robot B makes bounds 14 times longer than bounds of the robot A. What is the length of a bound of the robot B?", one student spontaneously gave the correct answer:

Student:

The robot A does 8 units in 21 bounds and the robot B make a bound 14 times longer than the length of the bound, of a bound of the robot A. So we have 8 times 14. It gives 112 units.

In addition, some of the wrong answers given by students in the class were able to be invalidated by themselves through interactions in the classroom. In the case of the episode below, a student was able to give the correct answer relying on multiplicative comparison, after a discussion with the teacher and another student.

Teacher: Why could it not be 21 times 14, actually? Student 1:

No because it is 21 bounds times 14 bounds. What I'm saying makes no sense. Teacher:

So why do you multiply the number of units by 14 and you don't multiply the number of bounds by 14. Is it correct? Student 2:

Because it is the length of a bound so it is the units which are multiplied and not the number of bounds.

Our analysis of this new teaching experiment confirms the potential of commensuration meaning to conceptualize multiplicative comparison of fractions, even though students sometimes partially state their own reasoning. For example, in the episode transcribed above, students did not formulate the argument of "with the same number of bounds" which remained implicit. However, these results led us to design more complex mathematical tasks addressed to students in the same class.

A new task: "composition of multiplicative comparison" between fractions with commensuration

Using the same experiment, students had to answer the following questions: "we consider the robot A and its bound (48u;9s) and the robot B and its bound (24u;18s). Which one of these two robots make the bigger bounds? Can you find a multiplicative relationship between the lengths of the two bounds?"

To answer the first question, we will not detail students' reasoning which appeared during the lessons (concerning the longest bound). Such reasoning has already been presented in [START_REF] Coulange | Reasoning and comparing fractions Potentials of commensuration meaning[END_REF]. Instead, we will focus on the second question centered on multiplicative comparison between fractions. This mathematical task is different from the tasks addressed to students before (and mentioned above). To answer the question, students must perform a multiplicative comparison between two given lengths of bounds of robots. A general description of the given mathematical task would be: "Giving two lengths of bounds, the length of the robot A (e u; f s) and the length of the robot B (g u; h s), the robot A reaching a distance n times greater than the distance reaches by robot B in m times less bounds (i.e., 𝑒 = 𝑛 × 𝑔 and ℎ = 𝑚 × 𝑓), find the multiplicative comparison relationship between these two lengths?". In the particular case of the tasks mentioned above, n=m. However, such a mathematical task requires reasoning based on composition of multiplicative comparison of relationships between measurements of distances (reached by robots) and numbers of bounds (made by robots). The robot A reaches a distance, n times greater than the one reached by the robot B, with m times less bounds than the number of bounds of the robot B (to reach the initial given distance related to this robot). So, the length of a bound of the robot A will be 𝑛 × 𝑚 longer than a bound of the robot B. In the particular case of the mathematical task addressed to students, it gives: a distance 2 times longer reached with 2 times less bounds mean bounds are 4 times longer.

Classroom experiments bring to light both difficulties to find the meaning of this composition of multiplicative relations but also levers to support the conceptualization of such compositions. For example, students seemed to mistake "a distance 2 times longer reached with 2 times less bounds" with the length of "a bound 2 times longer" ([𝑚 × 𝑘 𝑢; 𝑛 × 𝑘 𝑏] and [𝑚 𝑢; 𝑛 𝑏]× 𝑘). Such confusions may refer to previous tasks in which students had to find different designations of a same robot. Qualitative strategies of comparisons (for more details, see [Coulange & Train, 2021]) helped students to overcome such difficulties:

Teacher:

The robot A goes further than robot B? Is that true? Student:

Yes. Teacher:

And, concerning the number of bounds? Student:

Smaller, but it goes further. Teacher:

It goes further, it reaches a greater distance in fewer bounds? is that true? Student:

Yes.

Concerning the composition of multiplicative comparison, the introduction of a third robot (reaching a distance two times greater than the distance reached by the robot B in the same number of bounds) allowed students to note that the length of robot A is not two times bigger than the length of robot B. No.

According to these episodes, the didactical variable's choice, especially m=n (a distance 2 times longer reached with 2 times less bounds) seems not to be the best choice: it fostered the emergence of wrong answers given by students (the length of a bound of the robot A is 2 times larger than the length of a bound of the robot B). In the same time, the "third" robot introduced by the teacher to invalidate these first propositions played another function. It finally helped students to access the composition of the two multiplicative comparison relationships: they identified the length of a bound of this "third" robot as an intermediate measurement which is both two times longer than a bound of the robot B and two times less long than a bound of the robot A. Indeed, at the end of the session some students formulated the right answer taken up by the teacher:

Teacher:

The A makes bounds two times longer than C. […] Student:

Two times this one (Robot C) which is two times this one (Robot B).

[…]

Conclusion

The findings highlight the potentials of commensuration meaning to access to a broad conceptualization of multiplicative comparison relationships between fractions. In our view, such multiplicative relationships are distinct from multiplicative inclusive relationships that could be constructed with an "equal groups" approach. Thus, the composition of multiplicative comparison relations as "n times more…than m times more…than" is more difficult to conceptualize than "n sets of m sets of". We assume that our new experiment did not allow all the students to easily access such conceptualization. However, this experiment shows that students, under teacher's guidance, finally mobilized such mathematical knowledge. We believe that these first results will lead us to improve the design of mathematical tasks devoted to the teaching and learning of multiplicative comparison relationships between fractions.
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