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Didactic variables related to the use of manipulatives and their impact on students' activity: an illustrative case around fractions
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This study investigates the use of manipulatives by a pair of students working on a fraction task. Extending previous work on the role played by the manipulatives in students' activity, we now focus on the linkage of 1) different choices made around the task and the manipulatives and 2) students' activity. The theoretical underpinnings allow envisioning the manipulatives through the concept of affordance. It also helps to picture which didactic variables are at stake when using manipulatives. The analysis of Tim and Nick's mathematical activity allows us to better understand how the way the manipulatives are used serve as breaching elements and lead them to reason differently.

Introduction

In this paper, we draw on our previous research presented at the 10 th CERME meeting [START_REF] Jeannotte | Interactions Between Pupils' Actions and Manipulative Characteristics when Solving an Arithmetical Task[END_REF] about the role played by the manipulatives in students' activity when solving an arithmetical task. We aim to show how some choices made around different variables impact the students' activity. The paper reports more precisely on how subtle changes in the conditions put into place around the use of manipulatives can destabilize enough students to doubt their ways of reasoning. In the first section, a problem statement specifies what we intend to study. The concepts of affordance and didactic variables are then theoretically explicated to frame our methodological and analytical work. The third section presents an illustrative case.

The use of manipulatives

The use of manipulatives when teaching and learning arithmetic and number sense at the elementary level is recommended, even prescribed in education internationally (e.g., OECD, 2019). However, simply using manipulatives will not necessarily increase student success in mathematics. Carbonneau, Marley and Selig (2013, p. 397) mention that "instructional variables either suppress or increase the efficacy of manipulatives," but argue there is a lack of research that identifies these variables. Research on manipulatives mainly focuses on whether the manipulatives support student achievement in mathematics (e.g., [START_REF] Moyer | Are we having fun yet? how teachers use manipulatives to teach mathematics[END_REF]. However, the way it is used is rarely made explicit. What were the choices regarding its use? When it comes to manipulatives, it is as if the only variable considered was its use or non-use. Nonetheless, we consider that many variables are at stake and play different roles in students' activities.

The few research that studies students' mathematical reasoning when they use manipulatives shed light, indirectly, on some of these variables. For example, the use of familiar manipulatives may mislead students [START_REF] Mcneil | When theories don't add up: disentangling the manipulatives debate[END_REF] or, for the same task, two different materials lead students to engage in different reasonings [START_REF] Jeannotte | Interactions Between Pupils' Actions and Manipulative Characteristics when Solving an Arithmetical Task[END_REF]. The familiarity and the type of manipulatives are two examples of variables among others that can shape the students' mathematical activity. These variables can therefore be of different natures.

In this paper, we present a fraction task that students solve using Pattern blocks. We aim to show how the choices made around different variables introduce breaching elements that impact the students' activity and promote the development of different ways of doing.

Conceptual framework

With the aim of better understanding how the use of manipulative impacts students' activity and what different variables are at stake when introducing manipulatives in a mathematical task, our theoretical underpinnings convoke the concepts of affordance and of didactic variables.

We call affordances the relational properties of an object within a certain environment that are bound to certain actions. For example, a pen will generally be seen as an object to write with. Moreover, "[w]hether or not the affordance is perceived or attended to will change as the need of the observer changes, but being invariant, it is always there to be perceived" (Gibson, 1977, as cited in Brown et al., 2004, p. 120).

In a mathematics class, each manipulative has its own properties and, with pupils and the whole class actions, generates different affordances [START_REF] Jeannotte | Interactions Between Pupils' Actions and Manipulative Characteristics when Solving an Arithmetical Task[END_REF]. In other words, the affordance realized in the classroom relies not only on the tool itself, but rather on the exploitation of it, on the educational context and how it is driven by the teacher [START_REF] Drijvers | Learning algebra in a computer algebra environment: design research on the understanding of the concept of parameter[END_REF]. In that regard, we observed that students mainly rely on what they are used to do with a specific kind of manipulatives to solve a task rather than what they do without it or what they must do according to the task. Thereby, working with familiar manipulatives for novel purposes might drive the attention of pupils in an "undesired" direction [START_REF] Mcneil | When theories don't add up: disentangling the manipulatives debate[END_REF]. This does not mean that a same type of manipulative should always serve the same kind of task. On the contrary, it is by breaching these familiar ways of working with it that students will reason and make new mathematical meaning of its use. The concept of breaching (from ethnomethodology) refers to a subtle breakage of what is familiar. By varying different aspects related to the use of manipulatives, it is possible to place the students in conditions familiar enough for them to engage in the task but sufficiently unfamiliar so it resonates as a conflictual use of the manipulatives. In a way, it plays into how students perceived the affordances of the manipulative and leads them to explicit usual ways of reasoning with it and renewing these.

Didactic variables are defined as parameters, linked to the design of a teaching situation, which can vary according to the teacher's choices, and which can lead to a change in the students' mathematical activity [START_REF] Brousseau | Problèmes de didactique des décimaux[END_REF][START_REF] Grugnetti | A mathematical competition as a problem solving and a mathematical education experience[END_REF]. There are three categories of didactic variables: those related to conditions (e.g., the choice to have students work in groups of 3), those related to the use of tools (e.g., the choice to use a single sheet of paper in a group) and those related to the problem (e.g., the choice to use fractions in a problem, rather than whole numbers, to modify its difficulty).

The concept of didactic variables aims at designing teaching situation. However, it might also be a powerful methodological tool. Varying these didactic variables related to manipulative may act as breaching elements as discussed above.

Methodology

We use an illustrative case that emerged from data collected within MathéRealiser-project, a collaborative research project undertaken with elementary teachers from first to sixth grades. In collaboration with five of them, we have created a task (titled "twelfth") that aims to develop different reasoning to represent fractions using pattern blocks. We experimented "Twelfth" into two fourth-, two fifth-, and one sixth-grade classes of about twenty students each. The task was implemented with different choices according to teachers' rationales (mainly based on students' abilities and familiarity with fractions). In this paper, we present an analysis of students' activity regarding the use of manipulatives when solving the task.

The task "Twelfth"

"Twelfth" is, at first sight, a common task in which students are asked to represent a certain fraction with pattern blocks. Students work in pairs; they receive a kit of Pattern blocks (Figure 1) and are asked several questions. These can be divided into three categories:

1) The given fraction is a twelfth and students must represent a third (the piece representing a twelfth varies): e.g., the green triangle (blue rhombus, red trapezoid, etc.) is worth 1/12, represent 1/3 of the same whole.

2) The given fraction is a twelfth and students must represent other varied fractions (unit and nonunit): e.g., the blue rhombus is worth 1/12, represent 1/24 of the same whole; the red trapezoid is worth 1/12, represent 5/6 of the same whole.

3) The given fraction varies, and students must represent varied fractions: e.g., the yellow hexagon is worth 2/5, represent 1/15 of the same whole. 

The didactic variables

While elaborating the task with the teacher, we had to make several choices. For example, the choice of manipulatives was discussed. Because of their availability and familiarity, we chose to use Pattern blocks. These manipulatives have different characteristics that can lead to different affordances.

Another example is the limitation of the number of pieces given to encourage varied strategies. We purposely did not want the student to be able to represent the whole with the same piece repeated as many times as the inverse of its value (e.g., 12 times for a twelfth). When a question such as "if a red trapezoid represents 1/12, how can you represent 1/3?" was asked, the whole could not be represented with twelve red trapezoids. For some questions, it was not possible to represent the whole at all. Bellow, we present a list of choices made regarding the design of the task. We indicate the corresponding didactic variable. 

Description of the analysis

To analyze, we listened to the videos with the transcripts in support. From this new listening, we reconstructed a table showing the different phases of the activity. The table contains three columns. The first column gathers the time of the video. In the second column, which is descriptive in nature, we portray in detail students' actions and their important comments and moves. We also used a colour code to identify four key actions related to manipulatives in the students' mathematical activity: the representation of fractions or of the whole (in yellow), the resolution which corresponds to solving (in green), the validation used to convince themselves (in cyan) and finally the explanation when they explain their solution to the teacher or researcher (in pink). In the third column, of an analytical nature, we pointed out two types of information: breaching elements (highlighted in bold in the table) and an interpretation of the use of the manipulatives for each key action.

Results: The illustrative case of Tim and Nick

The analysis presents the case of Tim (10 y.o.) and Nick (11 y.o.), two fifth-grade students who are both perceived by their teacher as quick-witted, particularly in mathematics. They generally succeed very well in mathematics. We present the analysis of their work below. We take up the salient elements in terms of affordance and breaching, and we relate it to the use of the manipulatives.

Q1. "If a triangle represents one twelfth, can you represent the third of the same whole?"

Before the question is even asked, Tim says they got the answer. He uses two hexagons as a whole.

While Tim raises his hand to present their solution, the teacher asks: "can you represent the third of the same whole?" This question acts as a breaching element as Tim stops and starts to reflect. He had anticipated the question would be about finding the whole. Nick and Tim think aloud, "one third, one third…" It seems Tim calculated mentally and then, adds two rhombi on top of the two hexagons. The student perceives that covering one part of the whole by overlaying pieces (property of manipulatives) makes the fraction visible. Nick wants to validate. To do so, he counts "one third, two thirds and three thirds" pointing with his finger over the whole but without moving any pieces. When a researcher asks them to explain their solution, they argue that one-twelfth means there are twelve triangles in the whole. "The third of twelve is four." Therefore, the answer is four triangles. Their explanation relies on calculation, but they also overlay four triangles on the two hexagons using once more a property of Pattern blocks (Figure 2). When asked to validate, they answer that four triangles "fit" three times in two hexagons. They complete the validation by effectively making three-thirds "fit" on top of the two hexagons. The limitation of the pieces is not a problem as they use four triangles or any equivalence (two rhombi or one trapezoid and a triangle) to represent each third. They are able to completely cover the whole. The ways of using manipulatives are familiar to Tim and Nick. Tim and Nick use three hexagons as a whole. When they count the number of rhombi fitting in the whole to validate ("3, 6, 9..."), they realize this is not enough. "There are not enough hexagons," Tim says, surprised. Based on Tim's reaction, we hypothesize that when they work with Pattern blocks, the hexagon, or some hexagons, is commonly used as a whole (affordance). To solve this impasse, Nick uses two trapezoids to complete the whole (Figure 3a).

Then, the resolution seems to result from mental calculations. Tim says they need four rhombi. They overlay the three rhombi and two triangles on top of the whole (Figure 3b). Again, overlaying is employed, and the limited number of pieces necessitated the use of different pieces (affordance). They try to validate using the manipulatives. However, this is difficult. The properties of the manipulatives make impossible to perceive the same "pattern" of a third displayed in the represented whole. Indeed, the format of a third initially represented (Figure 3c) cannot be used three times to complete the whole (Figure 3d). The limited number of pieces makes impossible to completely cover the whole, as they did previously (question 1). Nick tries to move the pieces to see if he can display the same pattern (Figure 3c) three times. He has difficulties doing so. Both Tim and Nick know this is not easy and could engender mistakes, so they use a marker (hatched triangle in Figure 4a) to realize the validation. However, they count the marker as being part of the second third (Figure 4b). They represent a third, but it laps the one originally represented (see Figure 4c for a right possibility). We hypothesize this confusion is linked to the need to move the pieces and the wish to use the same pattern (we hypothesize this is based on the usual ways of doing). Because they cannot validate their solution this way, they try to resolve it another way. Tim decides to rely on triangles. He perceives that a rhombus is formed with two triangles. Twenty-four triangles constitute the whole. "One-third of twenty-four is eight" (Tim). This comes back to three rhombi and two triangles. Tim and Nick are happy. Nick tries to validate using the manipulatives. However, they cannot complete the validation. From the start (questions 1 & 2), they have been using pieces to represent the whole. Then, they overlay other pieces to represent their solution. We hypothesize this way of using the manipulative is familiar within this class (affordance). The limited amount of manipulative combined with the choice of fractions (variable) acts as a breaching element.

Nick suggests: "Let's imagine there're three more hexagons." He suggests working with imaginary Pattern blocks. This is possible because there are physical Pattern blocks they can rely on as well. Tim says: "the third of twelve is…, the third of twelve is… four." They conclude they need four trapezoids. Although they have a solution, they feel they must validate using the manipulative (affordance). Nick's fingers point to the first two hexagons, then to two imaginary hexagons and so on. Tim convinces Nick they must represent the whole and "steals" some Pattern blocks left on the teacher's desk. "It's important not to mix them with our kit though," Nick cautions. They complete the whole with three more hexagons, overlay four trapezoids and show their response to the teacher.

The teacher validates the answer but reminds them that they need to work only with their kit. The students feel they must start over. To validate their reasoning, they change the way of resolving ("representing the whole" strategy). Tim, therefore, proposes to "reduce the fraction." He says: "Instead of four twelfths, we do two sixths… (thinks)… and a third." He shows a third with the manipulatives. Using the manipulatives, he changes the whole as he "reduces" the fraction. According to him, 1/3 means they must use "three" hexagons as a whole. Nick says, "this is not one third, but think again saying: "it's the same thing, we just reduced…" Both seem aware that something is not working but cannot go further from this proportional reasoning.

A researcher comes to ask about their solution. Nick tells her: "It's the two of them (showing two yellow hexagons overlaid by two trapezoids) but should be full of red (meaning with four trapezoids overlaid)." During their attempt to explain why their solution works, the researcher sees they struggle to represent the whole and make the three-thirds visible. The identification of the fraction with overlaid pieces, in that case, is their only way to act. She asks: "why are you keeping the red trapezoids on top?" She takes the two red trapezoids. She combines three pairs of hexagons with the pieces to show the three thirds and says "that makes 1/3, that 1/3 and that another third" (Figure 5). They are stunned. "Euh!… Well… yes!", says Tim. "We did not succeed from the start," adds Nick.

Figure 1 :

 1 Figure 1: kit of pattern blocks available to each pair of students

-

  Didactic variables related to conditions: o Students were asked to work in pairs (to foster communication) o Questions were asked during their work (to encourage substantiation) -Didactic variables related to tools: o Choice of pattern blocks (known, diversity of affordances possible) o Students shared a single kit (to foster communication) o Limit number of pieces in a kit (to encourage the renewal of strategies) o Allowing or not the use of paper and pencil (to keep track of work and answers) -Didactic variables related to the problem: o Choice of fractions (to encourage the renewal of strategies) o Asking about finding a fraction from a given fraction (as a breaching element)

Figure 2 :

 2 Figure 2: Overlaying pieces on top of the whole Q2. "If a rhombus represents one twelfth, can you represent the third of the same whole?"

Figure 3 :

 3 Figure 3: Tim and Nick's actions during question 2

Figure 4 :

 4 Figure 4: Using the triangle (hatched) as a marker Q3. "If a trapezoid represents one twelfth, can you represent the third of the same whole?"Tim and Nick put three hexagons in front of them. Tim picks up the trapezoid and says: "it must fit twelve times in the whole." While Tim uses triangles and rhombi to complete the whole, Nick argues they need three other hexagons to represent the whole (familiar way of representing wholes). Tim tells Nick they need to represent the whole, but both realize it is impossible to use all the pieces, especially because the trapezoids are used as indicators of 1/12, placed on top of one hexagon (familiar ways of representing fractions). From the start (questions 1 & 2), they have been using pieces to represent the whole. Then, they overlay other pieces to represent their solution. We hypothesize this way of using the manipulative is familiar within this class (affordance). The limited amount of manipulative combined with the choice of fractions (variable) acts as a breaching element.
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Discussion and conclusion

This analysis of students' action drifts us away from the belief that using manipulatives necessarily helps students [START_REF] Ball | Magical hopes: Manipulatives and the reform of math education[END_REF]. Tim and Nick are able to resolve the questions without any manipulatives. But using it makes them act differently. Thus, this illustration is coherent with previous observations that using manipulative is not a concrete version of doing mathematics without it, it is a completely different activity [START_REF] Corriveau | Quelques apports du matériel de manipulation sur l'activité mathématique au primaire[END_REF]. Moreover, we move from viewing manipulatives as an aid to facilitate the resolution of a task, to considering it as a constraint that stimulates new ways of doing and thinking. This is visible especially when Tom and Nick want to validate.

Through the lens of affordance, we see from the actions of Tim and Nick, that the use of Pattern blocks is bound to certain actions: representing the whole, usually with hexagons and representing the fraction by overlapping pieces, using the same partition (or pattern) for each part. Articulating the calculation and the validation with this manipulative, and showing the result, command this way of using it. We could interpret this use as a ritual from a commognitive perspective (Lavie, Stein & Sfard, 2019). However, in the progression of the three questions, we show how certain choices based on didactic variables create breaching elements that play an important role in students' activities. Even if Tim and Nick are able to resolve the questions by calculation, the introduction of manipulatives commands renewal of familiar ways of using it. They need to complete the whole using other pieces than hexagons, they deal with the impossibility to overlay pieces (using all the pieces to represent the whole) and even, in some other questions, they manage the impossibility to represent the whole. From a commognitive lens, the way the task is constituted acts as deritualization, a process that transforms a ritual into an exploration [START_REF] Sfard | Thinking as communicating: human development, the growth of discourses, and mathematizing[END_REF]. The students have no specification regarding the way in which the manipulatives must be used. They are the ones in charge of the endorsement. Mathematically, this task, and all the choices made around it, put the focus not only on one way to envision the concept of fraction (1/12 means there are 12 equal parts and a third means they are divided on three) but also put the focus on the equivalence of fractions (4/12 and 1/3) and on the process of validation. It emphasizes on rules that are necessary to communicate mathematically. Tim and Nick's activity indicates somehow that a solution and its validation must me "readable." It is as if oral explanations and calculations are not recognized as a way of communicating in mathematics for them. We hypothesize that this is an important aspect of the classroom culture. Finally, the way the manipulative is used nuances what is mathematically important when using it and what is not: e.g., the overlapping is a nice way to compare the fractions but is not necessary.