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Number sense is one of the pillars of arithmetic learning. Among other things, its acquisition allows to understand our numeration system. Understanding this numeration system remains a challenge for many students. The purpose of this theoretical essay is to explore the role that groupitizing might have in building internal imagistic and dynamic representations of quantities to help students better understand our decimal numeration system. Three activities issued from a didactic sequence will be presented. These activities are intended for students at the end of Grade 2 and the beginning of Grade 3 (ages 7-8) who are having difficulty with the concept of numeration. They were developed as part of our thesis.

Introduction

Number sense is a key part of learning arithmetic in elementary school. [START_REF] Sayers | The Role of Conceptual Subitizing in the Development of Foundational Number Sense[END_REF] differentiate three different conceptions of number sense. The first is an innate or preverbal conception. It considered the ability to perceive accurately small numbers (from 0 to 4 elements) or, roughly (without counting each element), quantities that are in the range of single to double, for example 4 and 8 or 10 and 20 [START_REF] Dehaene | Précis of the number sense[END_REF][START_REF] Jordan | Socioeconomic Variation, Number Competence, and Mathematics Learning Difficulties in Young Children[END_REF]. The second is what grade one children need to understand about number and number relationships. This understanding requires instruction. [START_REF] Sayers | The Role of Conceptual Subitizing in the Development of Foundational Number Sense[END_REF] call it the foundational number sense (FoNs). They identified eight distinct and not unrelated FoNs components : number recognition, systematic counting, awareness of the relationship between number and quantity, quantity discrimination, understanding different representations of numbers, estimation, simple arithmetic competence and awareness of number patterns [START_REF] Sayers | Foundational number sense: Summarising the development of an analytical framework[END_REF][START_REF] Sayers | The Role of Conceptual Subitizing in the Development of Foundational Number Sense[END_REF]. The third conception is called applied number sense and it refers to "those core number-related understandings that permeate all mathematical learning" (Sayers et al., 2016, p. 473). It is characterized by a flexibility in number manipulation that reflects a true understanding of the concept of numeration that goes beyond the correct execution of techniques or routines [START_REF] Bobis | From here to there: The path to computational fluency with multi-digit multiplication[END_REF][START_REF] Reys | Promoting Number Sense in the Middle Grades[END_REF]. A good acquisition of number sense is necessary to manipulate numbers according to the operations requested, to estimate an answer to invent calculation procedures [START_REF] Reys | Promoting Number Sense in the Middle Grades[END_REF]). Yet, some 7-8-year-old students still seem to have some difficulties acquiring this level of understanding. The present study considers more the applied number sense but refers to some elements of the FoNs, particularly the awareness of the relationship between number and quantity, the understanding of different representations of numbers and the awareness of number patterns.

In Quebec, Koudogbo (2013[START_REF] Koudogbo | La numération de position : Où en sont les connaissances d'élèves québécois?[END_REF] studied 7-8-year-old students from a regular classroom. She wanted to assess their understanding of numeration, an important component of number sense. Her results suggest that the underlying principles of the number system are difficult to grasp and understand by students of this age, similar to those identified in research conducted in the 1980s. Indeed, Bednarz and Janvier-Dufour (1984a;[START_REF] Bednarz | La numération : Une stratégie didactique cherchant à favoriser une meilleure compréhension[END_REF][START_REF] Bednarz | Une étude des conceptions inappropriées développées par les enfants dans l'apprentissage de la numération au primaire[END_REF] noted that many students did not perceive the multiplicative role of the grouping principle in quantity processing. However, the work of Bednarz and Janvier-Dufour (1984a;[START_REF] Bednarz | La numération : Une stratégie didactique cherchant à favoriser une meilleure compréhension[END_REF][START_REF] Bednarz | Une étude des conceptions inappropriées développées par les enfants dans l'apprentissage de la numération au primaire[END_REF] shows that it is possible to support students so that they develop and demonstrate a true understanding of numeration. In addition, the studies by [START_REF] Jordan | Catching Math Problems Early: Findings From the Number Sens Intervention Project[END_REF] on number sense suggest that developing FoNs by taking advantage of students' ability to count globally when items are organized in groups of 4 or fewer, which is called groupitizing [START_REF] Starkey | The emergence of ''groupitizing'' in children's numerical cognition[END_REF][START_REF] Wender | Subitizing and its subprocesses[END_REF], would lead to a better understanding of the number system. Therefore, we wanted to understand the links between groupitizing and numeration. To do this, we first defined what the decimal numbering system is. We then defined what it means to understand this system. We have retained a key element in the understanding of this system that many students struggle with (Bednarz & Janvier-Dufour, 1984a[START_REF] Bednarz | La numération : Une stratégie didactique cherchant à favoriser une meilleure compréhension[END_REF][START_REF] Bednarz | Une étude des conceptions inappropriées développées par les enfants dans l'apprentissage de la numération au primaire[END_REF]Koudogbo, 2013;[START_REF] Koudogbo | La numération de position : Où en sont les connaissances d'élèves québécois?[END_REF], namely the perceived relevance of groupings, and detailed it. Links to groupitizing skills and perceived relevance of groupings were then established. These concepts have also been detailed. Finally, activities developed within the framework of our thesis are presented to show the role that groupitizing skills could have in the construction of internal imagistic and dynamic representations of quantities, facilitating the understanding of the number system.

Numeration is a "system comprising symbols and rules for using these symbols to write, represent and name various numbers" [START_REF] Patnaude | Lexique de mathématique[END_REF]. Understanding our numeration system requires being able to make and dissolve groups, groups of groups or exchange a group of a certain order for a higher order unit or vice versa (Bednarz & Janvier-Dufour, 1984a[START_REF] Bednarz | La numération : Une stratégie didactique cherchant à favoriser une meilleure compréhension[END_REF][START_REF] Bednarz | Une étude des conceptions inappropriées développées par les enfants dans l'apprentissage de la numération au primaire[END_REF]. Before understanding the concept of equivalence, it is necessary to understand the role of groups, and more particularly, groups of ten. The grouping strategy is triggered by a task using large numbers of objects to count. Figure 1 is a good example of this. To be able to count a large quantity at a glance, it is necessary to form groups of ten ( tens) and ten groups of ten ( hundreds). This makes it easier to access the cardinal (or number of elements) of this collection thus organized. counting one by one the organized collection Grouping simplifies memorization more than the tedious task of one-to-one counting of items. As mentioned previously, despite its capital importance, few students see the relevance of using grouping and few students can explain how grouping helps organize a collection (Bednarz & Janvier-Dufour, 1984a[START_REF] Bednarz | La numération : Une stratégie didactique cherchant à favoriser une meilleure compréhension[END_REF][START_REF] Bednarz | Une étude des conceptions inappropriées développées par les enfants dans l'apprentissage de la numération au primaire[END_REF]. Also, few students are able to form dynamic and imagistic mental representations of groups and groups of groups [START_REF] Thomas | Children's representation and structural development of counting sequence 1-100[END_REF].

What if we took advantage of groupitizing skills to help students build dynamic mental representations of quantities? Learning to place items correctly for small sets or elementary constellations could help students group large quantities to see them better. Research by [START_REF] Wender | Subitizing and its subprocesses[END_REF], [START_REF] Starkey | The emergence of ''groupitizing'' in children's numerical cognition[END_REF] and [START_REF] Clements | Subitizing: What is it? Why teach it?[END_REF]2019) has provided insight into this strategy by finding that items placed in small groups of 2 or 3 are counted faster than if they are placed in a disorganized array. This ability is called groupitizing.

In the 2000s, researchers in cognitive science questioned the impact of quantity organization on counting skills. [START_REF] Wender | Subitizing and its subprocesses[END_REF] measured the time adults took to count small amounts. They found that this time is shorter when items are organized in small "subitizable" groups, whether they are in classic configurations, such as dots on a die, or other subsets that are easy to count at a glance. Their conclusion is that structuring the quantity has a major impact on counting performance. They proposed the term groupitizing to designate this global recognition strategy. These authors conclude that the idea of groupitizing would support the development of the desired flexibility in addition and could also lead to a better understanding that larger numbers are formed by nestling smaller numbers together. In other words, counting with small groups would later facilitate the perception of the role of grouping in our numeration system.

Somewhat more recently, [START_REF] Starkey | The emergence of ''groupitizing'' in children's numerical cognition[END_REF] looked at the impact of small group organizations that respect the limits of perceptual subitizing (ability to instantly recognize numbers less than four [START_REF] Clements | Subitizing: What is it? Why teach it?[END_REF]), on the effectiveness of counting in students, from preschool to third grade, which led them to the groupitizing strategy proposed by [START_REF] Wender | Subitizing and its subprocesses[END_REF]. They found counting speed is increased when small groups are present, especially when the groups meet the limits of perceptual subitizing. Images displaying 5, 6, or 7 dots, of equal size, were shown to students. The dots could be 3 or 6 mm in diameter and the space they occupied ranged from 5 cm by 5 cm to 10 cm by 10 cm. [START_REF] Starkey | The emergence of ''groupitizing'' in children's numerical cognition[END_REF] results show that counting speed is influenced by whether the quantity is organized in small groups or not. They also compared students' scores on groupitizing tests with standard arithmetic tests and found that students who performed better on groupitizing also performed better on arithmetic. They conclude that groupitizing contributes to the understanding of our symbolic numeration system.

Groupitizing is what allows global recognition, the ability to recognize quantities without needing to point out each of the individual elements [START_REF] Brissiaud | Comment les enfants apprennent à calculer[END_REF]. This ability is called conceptual subitizing by [START_REF] Clements | Subitizing: What is it? Why teach it?[END_REF]. The quantity is organized and structured, respecting the sensory limit of our perceptions, which is three or four elements. This skill helps develop number abstraction and arithmetic strategies [START_REF] Clements | Subitizing: What is it? Why teach it?[END_REF]. For example, in figure 2, it is possible to see on the card on the left that 3 + 2 = 5. It is also possible to see on the card on the right that 2 + 2 = 4 and 4 + 1 = 5. This global recognition relies on perceptual subitizing skills. It is also about a global count which makes it possible to perceive the figures as a whole, without going through sequential counting, enumeration. This involves finding the quantity of a collection from the composition or the decomposition of a constellation [START_REF] Clements | Subitizing: What is it? Why teach it?[END_REF][START_REF] Hunting | Part-whole number knowledge in preschool children[END_REF][START_REF] Van Nes | Mathematics education and neurosciences: Relating spatial structures to the development of spatial sense and number sense[END_REF]. This flexibility of representation enriches number sense [START_REF] Brissiaud | Comment les enfants apprennent à calculer[END_REF]. It is not simply a matter of recognizing constellations, but playing with different arrangements and spatial structures [START_REF] Battista | Students' Spatial Structuring of 2D Arrays of Squares[END_REF]Braconne-Michoux and Marchand, 2021). This will eventually support calculation skills [START_REF] Brissiaud | Comment les enfants apprennent à calculer[END_REF][START_REF] Van Nes | Mathematics education and neurosciences: Relating spatial structures to the development of spatial sense and number sense[END_REF]. This flexibility will alleviate some frequently encountered difficulties by students, such as the recall of numerical facts in addition [START_REF] Brissiaud | Comment les enfants apprennent à calculer[END_REF]Fayol, 2012). Indeed, they will have a mental representation of the quantity.

Thus, our perception of the role of groupitizing in our numeration system may be linked to our ability to "groupitize". In this paper, we have chosen to use the word groupitizing rather than conceptual subitizing to better emphasize the idea of small group counting based on subitizing skills. Global counting and groupitizing are unfortunately undervalued in our school culture which is frantically focused on sequential counting. [START_REF] Twomey | Jeunes mathématiciens en action, construire la multiplication et la division[END_REF] insist that the ability to group is the crux of the matter, as students must give up these one-to-one counting strategies.

The proposal in this article is to first allow students to see, through problem-solving activities, that when placing items to be counted in small subitizable groups, it is easier and faster to count them. Then, through other activities, giving the students the opportunity to create a dynamic and imagistic mental representation of quantity. Finally, to allow them to reuse these observations and these mental representations to better understand the numeration system.

We wanted to verify this hypothesis within the framework of our doctoral thesis. We have designed a didactic sequence allowing students to develop a better understanding of number sense. This sequence gives them the opportunity to develop dynamic and imagistic mental representations thus taking advantage of their groupitizing skills. This gives the students the opportunity to experience activities related to their development of number sense. We present three activities in this article to highlight the links between groupitizing skills, the construction of dynamic and imagistic mental representations and the comprehension of numeration.

Activities

The didactic sequence created within the framework of our thesis consists of ten 60-minutes periods. Two activities are offered during these periods: an activity to train subitizing and groupitizing skills and an activity aimed at a central concept of the number system. An a priori analysis was carried out for each of these activities and links were made between each activity to allow students to reuse what they have learned in a following activity.

Through this sequence, students first have the opportunity to become aware of the role of their groupitizing skills in counting. When the quantities are arranged in a subitizable manner, they are easier to see and count. Students can practice using these skills and, in the process, build a dynamic and imagistic mental representation of quantities. Then follow-up activities allow them to reuse their groupitizing skills with larger quantities encouraging a shift to the grouping principle. Arranging the elements in subitizable patterns makes it possible to perceive larger and larger sets of elements as a whole. Students then can practice using grouping to count groups and groups of groups. Other activities then build on these visual skills to introduce counting and equivalence. Here, too, students are given opportunities to practice. There is a back and forth between problem solving, allowing students to discover concepts (groupitizing, grouping, numeration) and activities in which it is possible to use the acquired knowledge. Three of the twenty activities developed are briefly presented in this article: Baby Birds, Jewels of her Majesty and The Shepherdess and the Witch [START_REF] Lyons | Les incontournables du nombre au primaire[END_REF].

Baby Birds

The goal of this activity is to get students to establish the relevance of groupitizing for counting, memorizing, and reproducing a quantity. This activity is a problem-solving activity: A magpie cries over the fate of her young:" At each meal, it's the same crisis! If I do not put exactly the same amount of food in front of each of my young, they squabble and scramble.

One day, some of them will end up falling from the nest. I do not know what to do to avoid that". The instructions are as follows: "Help the mother Magpie to feed her young. Observe the nest carefully. How could you make sure that you have the correct amount of fruit "? Pictures of baby birds in a nest are shown on an IWB for exactly two seconds (see Figure 3). Students must place the tokens on the model nest in front of them, respecting the layout of the baby birds shown on the screen.

Students can explore and manipulate the material. They also have the opportunity to share with their peers the strategies they used. When returning to the large group, at the end of the activity, all the nests are shown on the screen and the teacher leads a discussion about the more difficult arrays.

In this activity, students become aware of the role of their groupitizing skills. Various constellations have been chosen, allowing them to start from their basic subitizing skills to then process larger and larger and larger quantities. The chosen constellations are not prototypical since the goal is to get the students to see the importance of correctly placing lots of tokens in order to count them better. For the last two cases, the baby birds are placed in a representation that is not subitizable, that is, one that is not organized into small noticeable groups of four elements or less. The goal is to provoke a reaction in the students and get them to see that when the items to be counted are well arranged, it is easier to form a mental representation of them.

Jewels of her Majesty

The goal of this activity is to make students aware of the relevance of grouping to count large quantities. It is also about getting them to build on the development of their groupitizing skills to see the usefulness of placing groups in a subitizable arrangement. This activity provides the context for the activity and initiates a discussion with students about their strategies associated with grouping. It also allows students to develop their awareness of number pattern.

This activity is a problem-solving activity: "Greengard and Blueguard are responsible for guarding the jewels of the Kingdom. Greenguard often dozes off and something tells him that his colleague is taking advantage of this. But how to prove it? Greenguard does not know how to count, but he has a good eye... He rearranges the diamonds: "If things are moved, I will know!". Figure 4 shows the two jewel arrangements of jewels proposed to students. In both cases, the arrangement of the jewels is not subitizable, to make students realize the limitation of the strategies used by Greenguard (a long line does not allow you to "see" rapidly see the quantity and to initiate a discussion about better counting strategies.

The Shepherdess and the Witch

The purpose of this activity is for students to reinvest the fruits of their learning in the activities they have done to date. They have had the opportunity to see the role of subitizable collections and their usefulness in forming a mental representation of quantities and the usefulness of counting instead of sequentially. This activity is a bridge between enumeration and numeration. A representation using the principle of enumeration shows all the elements to be counted and it is always possible to count them one by one. A representation using the principle of numeration shows higher order units resulting from the substitutions of the different groups (such as tens, hundreds, etc.), which no longer allows direct visual access to all the elements of the set to be counted (see Figure 5 presented below). This activity also allows students to develop their awareness of the relationships between number and quantity and number pattern. It takes place in two parts and is based on a scenario that is presented to the students on the IWB.

Episode 1

This first episode is a problem-solving activity. Shepherdess Bella is responsible for looking after the kingdom's sheep and she must make sure to bring them all back at the end of the winter or else Emperor Notsokind will be very unhappy. She knows that she will have to count the sheep every day, but this is made more difficult by the sheep continuously moving to have access to fresher and greener grass to eat. There are 16, a group of ten and a group of six (students use tokens). Students are asked the following question: "Do you have any ideas on how to help Bella count the sheep faster?". This is a way for the students to use the knowledge acquired in the Jewels activity, namely the relevance of forming groups. The expected answer here is to place them in groups so that they so that they can be counted more easily and circumvent the mobile sheep problem. Astuzia, her sister the witch, comes to her aid by giving her a magic flute that precisely follows these recommendations. When she plays the flute, the sheep stand in groups of ten and the sheep that are not in groups of ten place themselves in a subitizable constellation (Figure 5). They remain motionless long enough to be counted. Bella embodies the strategic boundaries of enumeration and Astuzia helps demonstrate the basics of numeration. The students have time to count the ten sheep grouped together one by one, for. This episode introduces an important kind of group, groups of 10; it also serves as an introduction to the next episode.

Episode 2

When winter comes, Bella brings all her sheep back to Emperor Notsokind, who is very satisfied. The following spring, Bella is still responsible for the sheep, but this time there are sheep and despite using the magic flute, she cannot count the sheep as they are too numerous to count. Students are asked the same question: "Do you have any ideas on how to help Bella count the sheep faster?" This is a way to reuse the knowledge and skills acquired in Jewels, or the usefulness of counting. Astuzia comes to the rescue and introduces the ten-triangle, where we no longer see 10 sheep, which is an unconventional configuration for groups of ten. She's going to show Bella that she can count groups of ten (count by leaps). Mixed notation is also introduced to allow Bella and the students to keep track of the number of sheep (Figure 6). The end of this second episode leads to an activity in which students are asked to practice using the knowledge acquired in the first and second episode.

Conclusion

Classroom use of the activities proposed in this sequence by teachers with 7-8-year-olds would enhance the importance of number sense for elementary school students. The role of imagistic and dynamic mental representations in the understanding of these concepts would also be highlighted.

Furthermore, this implementation would confirm that interventions allowing the construction of various mental representations, by relying, among other things, on the aptitudes of groupitizing as early as preschool age and would contribute to a reduction in the number of children having difficulties with the construction of number sense. This research focuses on 7-8-year-old students, but these numerical teaching tools have the possibility of greatly improving number sense in all elementary school-aged students.

The pandemic made it impossible for us to try-out these activities and didactic sequence. We hope to do an in-class experimentation of these number-teaching sequences and strategies very soon so that we can present the results in the near future.
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