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We present a methodological discussion of how to elaborate different scale epistemological reference models and in particular, present a large-scale model for the domain of arithmetic in Japanese primary school, based on the national program and selected textbooks. Our theoretical base is the Anthropological Theory of Didactic (ATD), specifically the notion of praxeology and the levels of didactic codetermination. We also briefly discuss our motivation for creating such models, namely to analyse how students experience shifts between mathematics in different school systems.

Introduction

When we observe mathematics teaching in a classroom, we observe teachers and students interacting on tasks like "Let us think ways of calculating 12+3" or "Let us calculate 29  3" etc., normally introduced by the teacher; we may want to understand how the activity promotes various types of learning. Other questions may be difficult to answer from what we observe in the class, like: where do the specific mathematical tasks come from? Why do the students encounter difficulties? etc. In my doctoral research project, I am interested in pupils who attend (or attended) mathematics teaching in different school systems (Japanese, Swedish and Danish). For these and many other questions in educational research, we need to include information on conditions and constraints in a wider context, even if we just want to analyse the phenomena observed within certain classroom situations.

A metaphor may be useful here. The world map gives us a prices idea of the location of the countries we want to look for. For instance, we can see that Germany is located on the European continent and Kenya on the African continent. With a more detailed map, we can find out more details (e.g., what cities are there in Germany?). In other words, we are able to look up and compare since we have a map. Even when preparing a holiday in a small beach town, we need to know how it is situated in relation to other locations like airports and so on.

In the same way, when analysing a classroom episode on the teaching of addition of fractions in grade 3, to understand the actions of teachers and students, a wider "map" of the knowledge at stake in the subject (or even in the school institution) may be needed. The main point of the present paper is to show how the anthropological theory of the didactic (ATD) can be used to define different scales of such a "school knowledge maps" (also called epistemological reference models), and to develop a methodology for the specific purpose of creating "large scale" models that shows how a mathematical domain is structured over several school years within a specific school institution. Concretely, we present an epistemological reference model for the domain of arithmetic in Japanese primary school, along with a methodological discussion of how that model was produced, based on certain official documents along with textbook material. It is also a main point that the ATD allows us to connect such large-scale models directly with more detailed models of specific parts of the domain which are more commonly used in ATD analysis of classroom episodes.

Theoretical Framework and research question

Our study adopts the anthropological theory of the didactics (ATD) proposed by Yves Chevallard from the early 1980s (Bosch & Gascòn, 2006), more precisely, the notion of praxeology and the levels of didactic codetermination. According to ATD, any human knowledge and practice can be described by using the notion of praxeology. Praxeologies are made of a practical block: a type of task (T) and a technique (τ) and a knowledge block: a technology (θ) and a theory (Θ). In addition, Chevallard proposed the levels of didactic codetermination for researchers to identify conditions and constraints at different levels. The scale of levels of didactic codetermination are constituted of nine different levels: 1. Subject 2. Theme 3. Sector 4. Domain 5. Discipline 6. Pedagogy 7. School 8. Society 9. Civilisation (Bosch & Gascòn, 2006). Concretely, for instance, the quadratic formula, polynomial equations, polynomials, and algebra constitute a subject, theme, sector and domain, respectively [START_REF] Artigue | International comparative studies on mathematics education: A viewpoint from the anthropological theory of didactics[END_REF]. The school subject of mathematics is a discipline. Higher levels determine all disciplines and will not be modeled here. The first three levels (1-3) are defined by praxeologies [START_REF] Artigue | International comparative studies on mathematics education: A viewpoint from the anthropological theory of didactics[END_REF]. A subject corresponds to a few praxis blocks, while a theme and a sector are determined by a shared technology and a shared theory, respectively.

We can now formulate our research question for this study: How to elaborate an epistemological reference model for an entire domain of school mathematics, in the sense of the official domain to be taught in a given school system, when the model is required to cover several years of teaching, and still with a level of detail that would make it useable to situate a concrete teaching situation and to compare with how the domain is taught in other school systems? As a case (considered here), how to do this for the domain of arithmetic and grade 1-6 in Japanese primary school?

Note that this paper is mainly about how to develop a method based on a strong theoretical paradigm, and methodology is therefore more important in this paper than the products we exhibit from the concrete case mentioned in the research questions, in order to illustrate it our methodological approach.

Methodology 1: choice of data (and how to get the data)

Before describing the process of elaborating an epistemological reference model, we explain the selection of materials for the case, which could be similar (yet different) according to the context. There are two levels of official programs in Japan: a general course of study for primary school (SHOGAKKO GAKUSHU SHIDO YORYO) and a primary school teaching guide for the Japanese course of study in mathematics (SHOGAKKO GAKUSHU SHIDO YORYO KAISETSU SANSU-HEN). Both are issued by the Ministry of Education, Culture, Sports, Science and Technology (MEXT). The former includes the basic act of education, general educational goals, and an outline of contents for teaching in each discipline. By contrast, the latter is published in each discipline and contains more detail than the course of study. When more detail is sought, we consider also mathematics textbooks authorized by MEXT. These are published by commercial textbook companies, based on the first mentioned documents, and are selected and distributed by schools. The three levels of material are interconnected, and tightly aligned. The primary sources of our modeling approach are the teaching guide for mathematics (refered to in the sequel as the program), and one selected textbook series. The textbook is published by TOKYO SHYOSEKI publishing company, and is widely used both in Japan, and in the supplementary schools that will later be a main focus of our research. From the program, we mainly use a table that summarizes mathematical contents for teaching in each grade. This table is extremely useful for elaborating large-scale models since it specifies that, for instance, teaching addition and subtraction of 2-digit numbers occurs in grade 1. One can say that the table specifies the location of themes and sectors. Then, the textbook can be used to develop more detailed, local models (example given in table 2), in other words, at the subject level in terms of types of task and techniques. This is why we use the program rather than the general course of study to develop our models. It is also easier to model because what is shown in the general course of study school is similarly explained in the programme, with additional detail. In fact, we can elaborate the large scale model based on the program to some extent; however, textbooks are needed to specify more closely the types of task and techniques to be taught. The process of elaborating a large-scale epistemological reference model is then as follow:

1. Browse through the table for the domain of arithmetic, dividing it into sectors.

2. Identify themes within each sector from the table, and to clarify and substantiate these further, refer to the detailed description in the program and to practices exhibited in relevant textbook chapters.

The method of constructing detailed models of themes is then as follow:

1. Browse through relevant textbook chapters, and analyse all examples and exercises to identify types of tasks and the corresponding techniques; in conjunction with that, when we identify types of tasks and analyse techniques. (In Japan, as textbooks are strongly aligned with the program, it is justified for many purposes to base the model on just one textbook system.) 2. Whenever a task is encountered which does not belong to a type of task already identified, a new type is added to the model. The end result covers the theme in question.

The second part of our approach is similar to the one employed in the study by Wijayanti and Winsløw (2017). They elaborate praxeological reference models for certain themes related to proportion, as they appear in a range of different Indonesian textbooks. However, our method to categorize and situate different themes and sectors, is new. In our model, representation with rationale numbers and operation with rational numbers were identified as the two sectors, corresponding to theories developed throughout the six years of primary school. This is because the domain of arithmetic is roughly divided into two parts in the table of the program: number and operations, and it is also justified by the details (roughly, themes) appearing in these parts. In Japan, negative numbers are taught only in secondary school. Hence, rational numbers do not include negative numbers in this context. Within the sector1 and 2, we identified twenty-one themes (for instance, representation of 3-digit numbers, Representation of fractions) and forty-two themes (for instance, addition with fractions of the different denominator), respectively, based on the table of the program. Table 1 shows in which grade(s) a given theme is to be taught.

We finally show a more detailed model of one particular theme: Addition of 1-digit numbers (Table 2), with types of tasks (T) and technique (τ), along with examples of tasks from the textbooks. This is the kind of model presented and used (more extensively) by Wijayanti and Winsløw (2017). t3: Sora is 6th from the front. Behind Sora, there are 4 people. How many people are there in total?

Conclusion

In this paper, we have shown how ATD can be used to answer a methodological question: how to elaborate a large-scale model of a curriculum. As a concrete case we have shown different scale models for the domain of arithmetic in Japanese primary school. Such a model can be used, for instance, to precisely situate observations from a lesson in a larger context.More generally, the levels of codetermination (subject, theme, sector) and praxeologies allow us to elaborate different scale models and relate them to each other. We acknowledge that the form and characteristics of study programmes and textbooks may vary from country to country. For instance, our next step will be to develop similar models for the domain of arithmetic in primary school in Denmark. However, the Danish curriculum is (roughly speaking) less explicitly structured than the Japanese one; therefore, the precision of the model will be different. We will later use the model to address the main questions of my PhD project: how the domain of Japanese arithmetic, defined by MEXT, transposes to the Japanese supplementary school in Denmark (held on Saturdays), and how the students there experience it, as they attend Danish school on working days.
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Methodology 2: analysis of data (examples and overall outcomes)

We now present a large-scale epistemological reference model for the domain of arithmetic in Japanese primary school in grades 1-6 (Table 1), based on the above methodology. After the long table presenting the result, we provide further details of how the method was applied.