Anna Teledahl 
  
Linda Marie Ahl 
  
Ola Helenius 
email: ola.helenius@ncm.gu.se
  
Cecilia Kilhamn 
email: cecilia.kilhamn@ped.gu.se
  
Quality in students' writing in mathematics

Keywords: Writing, quality, progression

We present a literature review with the aim to identify and characterise research frameworks that propose standards for assessing the quality of students' mathematical writing. Eleven studies that investigated students' solutions to problems, journal writing, essays, or instructions, and proposed frameworks for analysing such writing, were identified. The analysis sought to characterise what the frameworks attended to in students' mathematical writing and whether they described a progression with a reference to quality of the writing. The main result is that the frameworks mainly attend to the content and that there is little attention to form. Further, quality is most often regarded as a question of content, if the text contains for example an explanation, then the explanation is seen as a sign of quality with no reference the form. Our review concludes that research rarely describes levels of quality in students' mathematical writing, something we believe further research should do.

Introduction

The universal practice of having students present their solutions to mathematical problems in writing and using this writing to draw conclusions about students' proficiency, has been common for centuries [START_REF] Morgan | Writing mathematically: The discourse of investigation[END_REF]. Reporting mathematical work in writing requires knowledge on how to represent mathematical investigations, conclusions, justifications, and arguments. In many curricula communication is presented as a competency and as such it can develop so that students over time could exhibit a progression, for example in the quality of their mathematical writing. In this paper we have investigated the question of quality in mathematical writing through a literature review where we set out to answer the questions: Does research provide standards for assessing the quality of students' mathematical writing (MW) and if so, what are these standards?

A theoretical point of departure is the idea that competence in mathematical communication, in our case in writing, is a skill that can be analytically separated from other skills. This idea is captured by the concept of communicative competence [START_REF] Hymes | On communicative competence[END_REF], which suggests that in a particular social situation all things said are not communicated with equal competence (Craig & Muller, 2007;[START_REF] Rickheit | The concept of communicative competence[END_REF]. The simplest criteria for what can be considered competent communication are efficiency and appropriateness [START_REF] Rickheit | The concept of communicative competence[END_REF]. Efficiency relates to the idea that communication takes place to fulfil a goal and if you achieve your goal then the communication is effective. Appropriateness connects with the social aspect of communication: to communicate well in a social situation is to be familiar with all the ways of making meaning within that situation. Wittgenstein referred to this social localisation using the metaphor of a language game. He suggested that competent communicators are those who know and abide by the rules of the language game that the social situation constitutes (Wittgenstein, 1953(Wittgenstein, /1986)). It can thus be argued that what is considered good communication changes with the situation. This idea is fundamental to the movement labelled Writing Across Disciplines which has advocated the differentiation of writing skills in relation to different academic disciplines of which mathematics is one [START_REF] Bazerman | Reference guide to writing across the curriculum[END_REF].

In line with the ideas presented above it can be noted that modern communication in mathematics is a special kind of communication which has developed over two centuries (Solomon & O'Neill, 1998) and is defined by its multi-semiotic nature [START_REF] O'halloran | Mathematical discourse: Language, symbolism and visual images[END_REF]. Because mathematical concepts are often difficult to articulate in ordinary language, mathematical symbolism has developed to express meaning beyond what can be expressed by ordinary language [START_REF] Schleppegrell | The linguistic challenges of mathematics teaching and learning: A research review[END_REF]. It has been proposed that MW can be decomposed into a formal logical structure in which we find definitions, theorems and proofs, and a complementary informal structure in which motivation, analogies, examples, and explanations have their place [START_REF] Steenrod | How to write mathematics[END_REF]. The logical structure relies on mathematical notation and symbolism which owe their strengths to their universality and independence of context [START_REF] Sfard | Learning mathematics through conversation: Is it as good as they say? For the Learning of Mathematics[END_REF]. The complementary structure relies on natural language, which owes its strength to its flexibility, offering a nearly endless number of ways of conveying meaning through multiple modes.

Mathematical writing takes place in relation to different objectives and prompts. Students use writing to personally make sense of, record or explore mathematical ideas, but also to document processes, explain, describe, and make arguments in social situations with peers or teachers [START_REF] Casa | Types of and purposes for elementary mathematical writing: Task force recommendations[END_REF][START_REF] Morgan | Mathematics and human activity: Representation in mathematical writing[END_REF][START_REF] Stylianou | An examination of middle school students' representation practices in mathematical problem solving through the lens of expert work: towards an organizing scheme[END_REF]. Within these different categories there is a difference between writing in mathematics and writing about mathematics [START_REF] Bosse | Learning and assessing mathematics through reading and writing[END_REF]. Writing to personally make sense of mathematics and writing for others such as teachers and peers represent two very different processes, but commonly, they are concurrent in school mathematics [START_REF] Morgan | Writing mathematically: The discourse of investigation[END_REF]. The definition for MW used in this paper is borrowed from [START_REF] Casa | Types of and purposes for elementary mathematical writing: Task force recommendations[END_REF] and encompasses both these categories. MW is understood to be writing to reason (personal) and to communicate (with others) in an educational and mathematical context. We assume that standards for assessing the quality of students' mathematical writing apply to either one specific form of writing or several forms.

Review methodology

We conducted a literature search in ERIC (EBSCO) where we searched abstracts using the following search words: [writing AND (mathematical or mathematics) AND (pupil* or student* or children*)]. The search words were chosen with the intent to capture research in which students' mathematical writing is treated as an object separate from communication in general [START_REF] Schleppegrell | The linguistic challenges of mathematics teaching and learning: A research review[END_REF][START_REF] Steenrod | How to write mathematics[END_REF]. The search was performed on the 24th of May 2021. We found 806 peer-reviewed articles fitting the inclusion criteria (see table 1).

Using the software Covidence to manage our literature review, each paper was screened by two reviewers. The screening was made in two steps. First, we screened the title and abstract to forward relevant studies to full-text review. In cases where we were hesitant, we chose to forward the paper to full-text screening. In the full-text screening, papers were included if they contained frameworks or guidelines on how to write, or explicit descriptions of progression or levels of writing.

Of a total of 141 papers, 50 remained after the full-text screening (see table 1). These were categorized according to what was investigated in the paper in terms of: Studies that compare different frameworks for analysing mathematical writing (1); Studies that create a framework for analysing mathematical writing, but where the research question concerns something else (the framework created is a means to study for example the way digital technologies influence students' writing or how writing affords learning) (26); Studies that use a pre-existing framework for analysing mathematical writing (the framework is a means) (12); and finally, Studies that result in a framework for analysing mathematical writing (11). In this study we have chosen to focus on the latter category to investigate only research that focuses exclusively on students' mathematical writing as an object. The literature review is a configurative review [START_REF] Gough | Clarifying differences between review designs and methods[END_REF] aimed at identifying, interpreting, and characterising research frameworks that propose standards for assessing the quality of students' mathematical writing. After an initial review of overarching data such as age groups and types of writing [START_REF] Bosse | Learning and assessing mathematics through reading and writing[END_REF][START_REF] Casa | Types of and purposes for elementary mathematical writing: Task force recommendations[END_REF], the analysis focused on the proposed frameworks. The first part of this analysis sought to characterise the frameworks in relation to what they attended to, and the second part was concerned with investigating hierarchies or descriptions of progression in relation to quality, within the identified frameworks.

Results

The types of mathematical writing that was investigated varied across the studies in the sense that the writing samples were collected through different prompts. They were, however, all examples of accounts of writing that communicated mathematics, i.e., the texts were created with the understanding that they were supposed to be read by someone other than the student herself. The most common were prompts related to documenting and reporting solutions to mathematical problems. This type of writing was found in six of the eleven studies that were part of the review [START_REF] Hughes | Evaluating various undergraduate perspectives of elementary-level mathematical writing[END_REF][START_REF] Holt | Promoting student buy-in: Using writing to develop mathematical understanding[END_REF][START_REF] Kosko | Emergence of argument in children's mathematical writing[END_REF][START_REF] Morgan | What does social semiotics have to offer mathematics education research[END_REF][START_REF] Pugalee | A comparison of verbal and written descriptions of students' problem solving processes[END_REF][START_REF] Teledahl | How young students communicate their mathematical problem solving in writing[END_REF]. The remaining prompts concerned proofs [START_REF] Lew | Linguistic conventions of mathematical proof writing at the undergraduate level: Mathematicians' and students' perspectives[END_REF], journals [START_REF] Clarke | Probing the structure of mathematical writing[END_REF], essays [START_REF] Stonewater | The mathematics writer's checklist: The development of a preliminary assessment tool for writing in mathematics[END_REF], and instructions [START_REF] Kline | Procedural explanations in mathematics writing: A framework for understanding college students' effective communication practices[END_REF][START_REF] Shield | The analysis of student expository writing in mathematics[END_REF]. The writing samples were collected from different age groups, three from students in higher education, two from students aged 17-19 and the remaining from different constellations of students aged 6 -16.

In our characterisation of what the frameworks attended to, we were originally interested in questions of form and content, inspired by previous research in which content and form in students' MW emerged as contrasting qualities. In our analysis, content and form proved to be useful categories although they failed to capture everything the frameworks attended to. Beyond these categories, we identified attention to the meta-functions of language as the focus of one of the frameworks. Our final characterisation therefore consists of the categories meta-functions of language, content, and form, which will be presented below.

Meta-functions of language

Only one of the proposed frameworks attended to the meta-functions of language and communication [START_REF] Morgan | What does social semiotics have to offer mathematics education research[END_REF]. Morgan suggested using tools from systemic functional linguistics (SFL) to analyse students' MW. Such an approach would enable us to understand how students represent their understanding of who does mathematics, what kind of objects are involved in mathematics and what relationships are constructed (the ideational aspect); who the participants are in the written mathematical communication including their relationship to each other and to mathematics (the interpersonal aspect); and what the written text does (the textual aspect).

Content

The most common question that the frameworks attended to was what?, i.e., there was a concern with content in all but one of the studies. A typical framework lists several textual elements that should appear in the MW. In the studies investigating problem-solving accounts or solutions, such elements could include recounts of the steps of the problem-solving process, explanations, accounts of reasoning, and referrals to context [START_REF] Hughes | Evaluating various undergraduate perspectives of elementary-level mathematical writing[END_REF][START_REF] Holt | Promoting student buy-in: Using writing to develop mathematical understanding[END_REF][START_REF] Kosko | Emergence of argument in children's mathematical writing[END_REF]. Mathematical language or the use of mathematical terms can also be viewed as elements of MW that are either present or not in the text, hence it becomes a question of content [START_REF] Holt | Promoting student buy-in: Using writing to develop mathematical understanding[END_REF][START_REF] Kline | Procedural explanations in mathematics writing: A framework for understanding college students' effective communication practices[END_REF]. One of the studies characterises the content of the MW as descriptions of sub-processes in the problem-solving process [START_REF] Pugalee | A comparison of verbal and written descriptions of students' problem solving processes[END_REF]. There is an orientation element, an organizational element, an execution element, and a verification element, all of which correspond to processes in students' problem-solving behaviour. The studies that describe types of writing other than solutions to problems also list content. These include descriptions of context, descriptions of steps, exemplars, kernels, goal statements, justifications, links to prior knowledge, dialogue, summaries, and recounts [START_REF] Clarke | Probing the structure of mathematical writing[END_REF][START_REF] Kline | Procedural explanations in mathematics writing: A framework for understanding college students' effective communication practices[END_REF][START_REF] Lew | Linguistic conventions of mathematical proof writing at the undergraduate level: Mathematicians' and students' perspectives[END_REF][START_REF] Shield | The analysis of student expository writing in mathematics[END_REF][START_REF] Stonewater | The mathematics writer's checklist: The development of a preliminary assessment tool for writing in mathematics[END_REF].

Some of the content elements described in these frameworks are described with a reference to quality.

The most common quality articulated is mathematical. The term mathematical is attached to textual elements such as steps, descriptions, explanations, language, and reasoning. There are, however, no descriptions of how a textual element qualifies as being mathematical.

Form

Three of the proposed frameworks address the question of mode or form. One of the studies [START_REF] Teledahl | How young students communicate their mathematical problem solving in writing[END_REF] lists empirically identified modes of communication in MW together with their apparent function in the MW. Two of the studies investigating proofs [START_REF] Lew | Linguistic conventions of mathematical proof writing at the undergraduate level: Mathematicians' and students' perspectives[END_REF] and essay writing [START_REF] Stonewater | The mathematics writer's checklist: The development of a preliminary assessment tool for writing in mathematics[END_REF] attend to students' use of mathematical notation and in the case of poofs, and in particular their adherence to rules of academic language and the formality of the proof.

Hierarchies or progression

Only four of the eleven studies address the question of hierarchies or progression in students' MW.

The remaining seven either do not mention any differences in quality or treat quality as a question of whether the MW contains a desirable element or not or how often it appears. The two studies that address quality describe three [START_REF] Clarke | Probing the structure of mathematical writing[END_REF] or six [START_REF] Kosko | Emergence of argument in children's mathematical writing[END_REF]) levels of writing and details the differences between these. In the case of Kosko & Zimmerman the analysis, and subsequently the quality criteria, details the difference in quality between six different ways of expressing an argument in students' MW. Two other studies describe elements of MW that were highly valued by respondents in relation to writing an instruction [START_REF] Kline | Procedural explanations in mathematics writing: A framework for understanding college students' effective communication practices[END_REF] or an essay [START_REF] Stonewater | The mathematics writer's checklist: The development of a preliminary assessment tool for writing in mathematics[END_REF]. The latter is the only study that mentions form as something that affects the quality of the MW. Stonewater suggest that "Highest scoring writers use both a greater number of algebraic, numeric, and graphic representations […] and a greater variety of these representations to augment their written work than do the lowest scoring writers" (2002, pp. 330-331).

Discussion

The review aimed to identify research-based frameworks that propose standards for assessing the quality of students' mathematical writing. The results indicate that while there were several frameworks that in different ways describe students' mathematical writing there are very few that do so with a focus on different levels of quality. Of the four frameworks that describe quality beyond the inclusion of different elements in the MW, only one investigated accounts of problem solving. This framework however focused on a specific part of such accounts: the expressing of an argument.

The other three studies investigated other types of mathematical writing.

If quality is thought of as something that can be decided based on which elements are included in MW, then there are more examples of frameworks. The choice whether to include specific features in MW can be related to what prompted a student to write the text or to her idea of the discourse in which the text is written. The simplest of the criteria for communicative competence are appropriateness and effectiveness [START_REF] Rickheit | The concept of communicative competence[END_REF] both of which depend on knowledge about the discourse or, to use Wittgenstein's words, the rules of the language game (1953/1986). Adherence to rules and conventions regarding the form and content of MW is connected to the appropriateness as well as the effectiveness of the communication. If you communicate in ways that let readers recognise the writing as mathematical discourse, then this is appropriate and if readers understand what is communicated then the writing is effective. In the written discourse of mathematics there are conventions and expectations [START_REF] Schleppegrell | The linguistic challenges of mathematics teaching and learning: A research review[END_REF][START_REF] Sfard | Learning mathematics through conversation: Is it as good as they say? For the Learning of Mathematics[END_REF] particularly in mathematical domains such as proofs that rely heavily on mathematical notation [START_REF] Steenrod | How to write mathematics[END_REF]. The result of this review, however, indicates that in school mathematics such conventions and expectations are, if not missing, then at least not described in research, neither regarding content nor form. It is possible that this is connected to the fact that communication in school mathematics, because the students are young and/or still learning, rely more on natural language than other modes of communication [START_REF] Sfard | Learning mathematics through conversation: Is it as good as they say? For the Learning of Mathematics[END_REF].

In preparing for the review, we assumed that we would find research that had taken an interest in how the use of different representations or forms of communication could contribute to an increased quality of MW. Not only did we encounter very few frameworks that addressed the issue of different levels of quality at all, but we only found one that mentioned form. The study that mentioned form, however, proposed that a greater number of different representations together with a greater variety of forms of representations was a sign of high-quality writing without addressing the appropriateness of the representations in relation to the context. How students communicate in writing is, from what we can conclude, not an issue connected to the quality of the writing. If we instead turn to content, we still encounter a lack of agreement on the features that signal quality in accounts of problem solving. The idea that the quality of MW increases if it contains arguments and/or justifications is only visible in frameworks that investigate other types of writing. Considering the small number of papers in our study it is likely that our scope was too narrow and that our study will yield different results when we, in the future as part of our longitudinal study, include also studies that propose frameworks for analysing MW while investigating something other than the quality of the writing itself. But this issue pinpoints our concern regarding the separation of MW as a means from MW as the primary object of interest. Our aim was to identify studies in which the focus was on the MW itself, as an object worth investigating in detail.

Considering that the studies investigated different types of writing from different age groups, one might ask if we should expect agreement or universal ideas on quality in student MW? Is writing not intimately connected to different curricula, different contexts, and different levels of mathematics?

We believe there could be universal ideas on some elements of MW, for example the inclusion of arguments and/or justifications in students' accounts of problem solving. It is our hope that future research will attend to such ideas.

Table 1 : Screening process

 1 

		Inclusion Criteria	Exclusion Criteria	Excluded
	Title and	Mathematical writing	Journal writing without guidance for	665 studies
	abstract	Students	assessing writing	irrelevant
	screening	Frameworks for assessing writing	No instruction or identification of	
	806 studies	or identifying aspects of writing	aspects of writing or frameworks for	
	imported		assessment	
	Full-text	Frameworks for how to write	Not a research article	57
	screening	Guidelines for how to write	No criteria for analysing or assessing	21
	141 studies	Explicit ideas for progression	mathematical writing	8
	imported	Descriptions for progression or	Full text not available.	5
	50 remained for	levels of writing	Not about mathematical writing	
	data extraction			
		Meta-reflections on the benefits of		
		writing		
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