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Elaboration and use of sentences for specialized mathematical meanings in classroom teaching talk
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Language as resource is a challenging research approach in mathematics education because it examines whether, how and why language can function to support mathematics learning and teaching. The approach originally started to develop in response to discourses of non-mainstream languages and cultures as problems or obstacles to mathematics teaching and learning. While in the past language as resource has been mostly examined with respect to the languages and cultures of school learners of mathematics and more recently to the orchestration of mathematical discourse practices, a mathematical-linguistic focus is proposed for extending the notion/approach in the study of and work with mathematics teaching talk. For this, a verbal tool in language -lexicalization or giving sentences with specific meaning potential into a content register-is presented and discussed in relation to school teaching and developmental work with mathematics teachers.

Introduction

 [START_REF] Planas | Language as resource: A key notion for understanding the complexity of mathematics learning[END_REF]built on two related arguments to explain the complexity and importance of the language as resource approach, namely: 1) all languages of learners own the potential of producing mathematical meanings; and 2) obstacles and supports to the realization of such a potential are critical to the generation of mathematics learning opportunities in classroom interaction. The view of the language complexity of mathematics learning was not specifically linked to the view of the language complexity of mathematics teaching. The current widening to include the languages of mathematics teachers in teaching talk represents substantial progress. The communication of mathematical meaning in classroom teaching talk is not always sufficiently explicit or precise. Communication in the mathematics classroom, as in all other language contexts, is made up of communicative intent and intended meaning on the one hand, and communicative function and interpreted meaning on the other. Mathematics teaching and teachers need to support learners in their communication of the intended mathematical meaning, but also need themselves to successfully resolve their communicative intents of mathematical meaning. Given the challenge with mathematics teaching talk that the intended content meaning be always communicated as clearly as expected, a question is: How a focus on language at the sentence level can support research and work on mathematics teaching?

Language in/for the study of mathematics teaching

In this first part, I address the critical accomplishment of content communication of mathematical meanings in classroom teaching talk. In [START_REF] Planas | Transition zones in mathematics education research for the development of language as resource[END_REF][START_REF] Planas | How specific can language as resource become for the teaching of algebraic concepts[END_REF], I initiated this discussion for algebraic contents through the examination of instances of two teachers' talk. That discussion was built on the identification of specialized meanings within the algebra of equations and of their communication in classroom teacher talk. In the teaching of the equation concept, explicitness of specialized meanings for algebraic equivalence and equal sign was particularly revealed as crucial and critical, and some tools in language were preliminarily explored. With inspiration in the Mathematics Discourse in Instruction frame (MDI; [START_REF] Adler | Mathematics Discourse in Instruction (MDI): A discursive resource as boundary object across practices[END_REF][START_REF] Adler | Content and context specificity matter in the 'how' of language-responsive mathematics teacher professional development[END_REF] and in the Systemic Functional Grammar theory (SFG; [START_REF] Halliday | Language as social semiotic: The social interpretation of language and meaning[END_REF][START_REF] Halliday | An introduction to functional grammar[END_REF], the next section offers some progress on the theorization of the verbal tool in language called lexicalization. The mathematical-linguistic focus in this report is not to say, however, that the study of content mathematics teaching can be limited to the study of vocabulary and grammar. Words and sentences are tools interacting between them, within the large system of tools and modes in language, and with the many discourse practices ongoing in any social setting. The selection of a mathematical-linguistic focus to illustrate an extended interpretation of language as resource is part of a more general attempt to rectify the imbalance I see in recent classroom research on mathematics teaching and language, where varied interests in discourse practices or strict interests in vocabulary and word names, have led to a certain disregard of what is linguistically said and how in mathematics teacher talk. Even though learners and teachers listen to and talk to each other in the classroom, and hence teaching is discourse in interactional practice [START_REF] Erath | Quality dimensions for activation and participation in languageresponsive mathematics classrooms[END_REF][START_REF] Ingram | Patterns in mathematics classroom interaction: A conversation analytic approach[END_REF], words and sentences in teacher talk mediate mathematical discourse practices with and between learners. Figure 1 puts together, not in opposition, content-specific verbal language of the teacher and mathematical discourse practices in the talk with learners. I see these two dimensions as made of related nodes and itemised into diverse discourse practices and verbal tools. 

Content teaching talk at the sentence level

With forms that have become lexical units or words and sometimes names in a language, we can produce combinations which, in turn, can be grammatically correct and at the same time semantically open. 'Raining cats and dogs' is grammatical and meaningful (i.e. 'raining heavily') in English; nonetheless, when beginning learners of English first listen to this sentence, they can find the form familiar but semantically open or even absent of meaning because its use in the English language system has not been learned yet. The form remains only a group of words as long as nothing more is known about it. Lexicalization is then the reductive process, from a semantic point of view, in which a grammatical form or sentence becomes lexical or with meaning into a precise language or register. In brief, grammaticalization is about structured forms (i.e. combination of words according to established rules or operations in a language system), and lexicalization is about specialized meanings (i.e. combination of words in a grammatical way and with precise meanings attached beyond those embedded into individual units or words) [START_REF] Halliday | Language as social semiotic: The social interpretation of language and meaning[END_REF][START_REF] Halliday | An introduction to functional grammar[END_REF][START_REF] Lehmann | New reflections on grammaticalization and lexicalization[END_REF]. Rather than a 'defect' in mathematics teaching talk, semantic openness is a consequence of the ubiquitous plurality in language, as well as an opportunity for the exploration and realization of mathematical meaning potentials. Here, lexicalization is the reductive process for the communication of precise mathematical meaning within languages of mathematics. Like the learning of word names and of specialized meanings behind them in naming, lexicalization involves more than learning the forms of grammar in a language. In [START_REF] Planas | Transition zones in mathematics education research for the development of language as resource[END_REF][START_REF] Planas | How specific can language as resource become for the teaching of algebraic concepts[END_REF], the frequent naming of the word name in Catalan for the equation concept without talking mathematical qualities and connections behind the name revealed a number of hidden conceptual meanings in lessons from the participant teachers.

Paying now attention to the angle concept and given the option in language of producing grammatical forms with the word name for angle that are semantically open, lexicalization into geometry for conceptual teaching of angles is an issue. There are always sentences in teacher talk not intended to support conceptual understanding, with unfocused or implicit specialized meanings behind word names, functioning to promote pedagogic issues (e.g. 'Look at the angles in the table') or routine procedures ('Always add the angle type'). There must be, however, teacher talk aimed at providing specialized (newer) meanings for mathematical objects encoded in (un)known words and sentences.

Just as how the MDI frame refers to naming in instructional research and to word use in developmental work with teachers, lexicalization -or lexicalizing to emphasize the process over the result-can be seen as the verbal tool available in language interpreted, in the work with teachers, as the elaboration and use of sentences with the potential to make mathematical meaning explicit and precise in classroom content talk. That is, work oriented to discuss how particular sentences function or not for content teaching, and how they might more ideally function to do so. 'Angles made of a vertex and two rays' is grammatically correct and it encodes specialized meanings into static plane geometry for the angle concept, but it could more ideally function to do so. While it is not a linguistic or grammatical obligation, the additional choice of the complement '… and the space between them' would function to communicate the relevance of the region contained. More complements would still support meanings for 'between them' in relation to the two regions in principle delimited by the two rays. In 'Angles from which the view is good', for example, verbal complements for elaborating on angle view would function to encode language accounts of meaning into spatial geometry.

Table 1 summarizes the thinking of lexicalization from the use of meaning-focused sentences in languages for communication to its more ideal use in languages for communication of specialized mathematical meanings in classroom talk. There are bigger lexical unities above words and sentences in talk as well as multimodal accounts of meaning in communication; content communication cannot thus be theorized by the linguistics of words and sentences only without considering the wider communicational multimodal system and the representations of the contents at play. At the same time, the macro analyses of lesson teaching talk in search of communicational patterns do not tend to provide the grain detail of instances of lexicalization of content meaning. Words and sentences totally conforming talk, and accounts of meaning conformed at the expense of verbal representations made of words and sentences are both illusions. The intricacies and limitations of underestimating the effects of these illusions will require more study. For now, the current stage of theorization of the function of lexicalization orient the second part of the report on the function of language as resource in developmental work on mathematics content teaching with teachers. 

Language in/for work on mathematics teaching

Over the last decade, in order to improve the impact of mathematics professional development on classroom practice, increasing attention has been given to work with teachers guided by their teaching needs (e.g. [START_REF] Kazima | Use of mathematical tasks of teaching and the corresponding LMT measures in the Malawi context[END_REF]. It is an assumption that work with teachers on teaching is especially productive in terms of professional learning when the teachers take responsibility for the identification and interpretation of challenges. The four teachers (Jana, Maia, Anna and Roc) in the second round of the research and developmental project partially reported in [START_REF] Planas | Transition zones in mathematics education research for the development of language as resource[END_REF][START_REF] Planas | How specific can language as resource become for the teaching of algebraic concepts[END_REF] expressed various concerns with the teaching of the angle concept. They all had several years of mathematics teaching experience, and worked in the same secondary school at the time of the collaboration. Their professional knowledge and my mathematical-linguistic view of the MDI and the SFG frames were the points from which we explored angle-specific teaching. Although they were very much focused on their individual classrooms, had prepared lesson plans together and experimental tasks with dynamic geometry software. The results of the learners in the tests, however, had continued to show views of angles as static only, in disconnection with space, openness and inclination and as means for classifying figures. Anna especially linked the poor learning of specialized meanings for angle to common difficulties in the later understanding of classes of triangles with equal values for trigonometric functions, and of the slope of functions in calculus.

My response to the demand of the teachers was to interrogate their talk in the school lessons on angles. In most of my experiences of work with teachers, they do not normally feel that the mathematical richness of the classroom practices can be hampered by under specificity in talk. My response, though, was not a surprise, at least for Jana and Maia since they had participated in the first round of workshops about noticing choices in talk for teaching the equation concept [START_REF] Planas | Transition zones in mathematics education research for the development of language as resource[END_REF][START_REF] Planas | How specific can language as resource become for the teaching of algebraic concepts[END_REF]. We agreed on exploring the improvement of angle teaching through improving angle teaching talk. Four of the 90-minute five sessions (S1 to S5) were task-driven workshops. Even though the four teachers graduated in mathematics, S1 was for revising mathematical knowledge on polysemous meanings for angle as: 1) static shape and dynamic turn; 2) object and means; and 3) region or sector and inclination or openness. S2 and S3 were for work on the language-based tasks, and S4 and S5 for work on explanatory tasks [START_REF] Adler | Mathematics Discourse in Instruction (MDI): A discursive resource as boundary object across practices[END_REF][START_REF] Adler | Content and context specificity matter in the 'how' of language-responsive mathematics teacher professional development[END_REF] of comparing angles, and of expanding the Pythagoras theorem to the obtuse/acute triangle. Developmental work thus supported mathematical knowledge, more ideal ways of choosing and using words and sentences for specialized communication, and mathematical discourse practices. Given the focus in this report, I present one of the language-based tasks. Task 1 was designed on the thinking of word names and sentences as related resources for mathematically situating the angle concept in teaching talk. The goal was to compare and eventually give sentences with angle-related word names, forms of grammar and meanings. Each workshop was organized to include the presentation of the task, the discussion of the teachers in group, and the final reflection with me. The pandemic circumstances recommended the synchronic online mode for all sessions. In the next section, the illustration of Task 1 is exemplary towards the argument that the realization of content teaching talk can be revised and practised throughout participation in workshops on mathematically and linguistically informed choices and uses of words and sentences.

A developmental task for discussion of angle-focused sentences

In S2, the participant teachers were given Task 1. An English version is offered in Table 2, with word names in the geometry of angles and pairs of related sentences written to represent those in Catalan, the source language, without pretending to be word-to-word translations or exactly equal in meaning. In the preparation of Task 1, I particularly drew on my knowledge of mathematics and of students' challenges in learning angles (for this, I built on my past experience as school teacher of mathematics, but also on [START_REF] Devichi | About the concept of angle in elementary school: Misconceptions and teaching sequences[END_REF], as well as on conversations with the teachers about their teaching needs and the local curriculum for low secondary mathematics specific to angles. On this basis, I considered emphases on dynamic turn vs. static object, object vs. means, and inclination or openness vs. region or sector, as well as angle-related word names that low secondary school learners usually know (e.g. point, vertex, orientation, measure) and which have extremely rich meaning potential in Catalan everyday languages. The original sentences came from talk of the teachers (T) in online recorded lessons at the pandemic time in 2021, and were chosen to illustrate instances with the potential of encoding specialized meanings for the concept. In all of them, the word for angle was named but important angle-related specialized meanings remained implicit or unclear. I invented the paired sentences to offer alternative sentences in the sense of more ideal, amongst many other possible, for the communication of specialized (newer) meanings for angle and related word names.

Alongside the centrality of the mathematical content in the design of Task 1, the linguistic particularities of Catalan, the language of instruction in school at my place and of the participant teachers, were also central. This is in line with what Halliday tells us (1978Halliday tells us ( , 1985)), as well as mathematics education research (e.g. [START_REF] Kazima | Mathematical knowledge for teaching: Adding to the description through a study of probability in practice[END_REF] on the centrality of the form-meaning relationship in meaning making. When looking for angle-related word names that had been said by the teachers in the online lessons, I selected ten name words (first column, Table 2) in Catalan whose meaning inside and outside languages of mathematics was shaped by the words as put in interaction with other words. Triangle was one of these names. In a lesson in which Roc had asked his learners to draw an example of angle, some learners drew a triangle and then indicated with an arrow an internal angle of the figure. The view for angle as measure and means for describing triangles, and as part of a whole, was present in lessons from the other teachers, too. Since the name of triangle was common in the lessons aimed at the conceptual teaching of angles, I looked for opportunities in the languages of the teachers to relate triangles and angles in mathematically meaningful ways through a number of possible verbal complements. For this, I selected "A triangle contains one hundred and eighty degrees." I can imagine other word names and candidate sentences in an English version of the task and the study. As far as I know, in this language and regardless of being or not common in teacher talk, the choice of angle as verb is available, and specialized meanings for angle as action can be encoded through sentences about placing an object at an angle or about changing its direction. 

Words

What does T say? What could T say?

Angle

The angle rotated around the point.

The segment line rotated around the point makes the angle.

Turn

One turn of an angle is the circle.

One complete turn of a segment line around a point draws a circle.

Point

An angle is an angle at a point. An angle is a rotation of a segment line around a fixed point in a plane or in space.

Vertex

Angles are made of a vertex and two rays.

Angles are made of a vertex, two rays, and the space between them.

Sides

Sides are not important in angles.

The length of the sides is not a characteristic of angles.

Orientation The angle is different because of the orientation.

The angle is different because its rotation has opposite orientation.

Measure

The angle is different because of the measure.

The angle is different because the measure of the rotation is different.

Right Perpendiculars intersect at a right angle. Perpendicular lines intersect at four right angles.

Straight

Straight angles look like zero. Straight angles and zero angles look similar but the turn implied is different.

Triangle A triangle contains one hundred and eighty degrees.

The three internal angles in a triangle add to one hundred and eighty degrees.

Since the four teachers accepted recording the working sessions, I could take notes at different moments in time. They were given the document with the task and were asked to comment on each word name and the sentences two by two, and to reflect on encoded specialized mathematical meanings possibly different to those already known by the school learners. On the one hand, the teachers noted that many words could be assumed to be known by learners although not necessarily in relation to the angle concept. The Catalan word name for 'right', recte, was particularly discussed.

Recte is used in the everyday language to qualify objects with no curvature; the angle-related meanings for recte cannot thus be understood through the meanings behind the word that may have been learned and, in addition, the word is mathematically polysemous in the geometry of angles as it can function to encode the ninety-degree measure and the notions of inclination and perpendicularity.

On the other hand, the teachers noted that any of them could have said the original sentences (second column, Table 2) in their teaching. They became engaged in distinguishing what was said from what was possibly intended, and so in assessing these aspects separately. Regarding "Sides are not important in angles", for example, Anna said to miss some explanation of the reasons for why they are not important, and hence found the alternative sentence more ideal. We all agreed on the need to produce teacher talk aligned with mathematical discourse practices of content explanation. Two of the teachers had referred to, "The angle rotated around the point" (first column, Table 2) in their lessons. This sentence was selected for Task 1 to pay attention to the specialized meaning as dynamic turn encoded in the name for angle. Attention to meanings behind some preposition words, however, soon led to enhanced talk about the choice of spatial prepositions such as at/around (a point) and on/around (a segment line) as words with implications on the communication of angle-related meanings. The four teachers knew that the Catalan compound word al voltant de (of which the English one-word 'around' might be a feasible counterpart) can express spatial or plane relationships, or relative location and directional motion of the subject object. The Catalan version of "The angle rotated around the point" is then grammatically correct and mathematically meaningful but the basic meanings implied are not about the angle as dynamic turn as in the Catalan version of 'The segment line rotated around the point.' In the former sentence, we work with angle as means to produce in the plane or in space other mathematical objects included the solid angle (which is not a curricular content of low secondary mathematics); in the latter, we work with segment lines to produce Euclidean plane angles. At the end of the developmental session, the mathematical meanings encoded behind prepositions in interaction with other word meanings had been discussed intensively, and related to the choice of words and sentences in content teaching. Anna, for example, introduced the discussion of how differently it was 'around the point' from 'rotated around the point' in that the two expressions encoded two different sets of paths or sequences of positions enclosing the point.

Language accounts of meaning matter but so do other accounts

The interpretation of 'more ideal' in Task 1 is not independent of the circumstances in which the sentence might be said in the school classroom, of the discourse practices ongoing, and of the broader talk and modes of communication accompanying the teaching. The inseparability of all these aspects was addressed in S4 and S5, in the discussion of promoting the communication of angle-related meanings more largely across mathematical discourse practices resourced by languages of content teaching. The fact that these are classrooms with multilingual learners is not insignificant although it was hardly brought up by the teachers in their comments over the workshops. Like the efforts here to reproduce in English word names and meaning-focused sentences originated in Catalan without missing the mathematical-linguistic points intended, Jana, Maia, Roc and Anna teach angles, equations… by moving across forms of academic and everyday Spanish and Catalan in ways that may favor the communication of some specialized mathematical meanings in one language only at a time. These teachers flexibly use their languages as resources in their content teaching of mathematics with the possibility of encoding different mathematical meanings in each language.

Behind the arguments of improving the clarity and coherence of teaching at the sentence level of language, there is the Vygotskian assumption that opportunities of mathematics learning are generated through exposition and attention to specialized mathematical talk and texts, or by active listening to others who are more knowledgeable. Making available specialized mathematical ways of talking is critical for school learning, and hence there are consequences of opening and of closing opportunities for mathematics learning through teaching talk, be it an ever present and highly visible or almost a disappearing feature of classroom communication. These arguments also apply to multilingual mathematics teaching with multilingual learners and those belonging to cultures that have developed non-verbal ways of communication. The nodes and tools in Figure 1 fall short if teachers are confronted with the communication of specialized mathematical meanings for names and grammars to learners who are learning some of the words and sentences as used in the language of instruction, and who can well recognize some of the specialized meanings when encoded in other linguistic forms or semiotic modes. Teachers cannot assume that multilingual learners who are learning the (sign) language of instruction do not know some of the mathematical meanings involved in classroom interaction, and teaching thus needs to facilitate their participation and sharing through mathematical discourse practices entailing the use of the various semiotic modes in language.

Figure 1 :

 1 Figure 1: Elements for/in content-specific school mathematics teaching

Table 1 : Lexicalization in mathematics content teaching MATHEMATICAL LEXICALIZATION -SENTENCE USE

 1 

	General function	Specific function
	What does lexicalization do …	What does lexicalization do …
	in language for communication?	in language for mathematics content communication?
	It encodes	It encodes
	-more or less complex clusters of meanings	-specialized mathematical meanings for words and forms of
	for words and forms of grammar	grammar within content-based mathematical languages

Table 2 : English version of the worksheet with Task 1 Task 1. Word use into angle-focused sentences

 2 Which are the meanings behind the word names and the sentences?
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