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Introduction

Generalizing is a process that is deeply embedded in mathematics and mathematical thinking. For Dreyfus (1991) generalizing is to infer "from particulars, to identify commonalities, to expand domains of validity " (p. 35). It can also be seen as the application of an argument in a broader context [START_REF] Harel | The general, the abstract, and the generic in advanced mathematics[END_REF]. This paper focuses on the role of generalization in mathematics learning and offers a possibility to reconstruct generalization processes in interactions. [START_REF] Tall | The psychology of advanced mathematical thinking[END_REF] and Haral & Tall's (1991) considerations of generalization provide the theoretical basis. Coordinated with [START_REF] Meyer | Abduction -A logical view of processes of discovering and verifying knowledge in mathematics[END_REF] theory of abduction, their theory of generalization can be made accessible for the interpretative research. Therefore, the contribution can also be seen as an example of the connection of different theoretical approaches. Following the networking strategy of coordinating theories (cf. [START_REF] Prediger | Introduction to Networking: Networking Strategies and Their Background[END_REF], a conceptual framework is built. Coordinating these theories and following the interpretative research paradigm [START_REF] Voigt | Interaktionsmuster und Routinen im Mathematikunterricht[END_REF] allows the explication of implicit elements of spoken or written language concerning processes of generalization. This will be demonstrated in this paper by analyzing an interview of a German first grader that focuses on the number zero and the addition with zero.

Theoretical Framework

Different Types of Generalizations [START_REF] Harel | The general, the abstract, and the generic in advanced mathematics[END_REF] made out three types of generalizations and refer to "schemas" when describing cognitive knowledge of an individual. They propose to distinguish between the following types of generalizations:

1. Expansive generalization occurs when the subject expands the applicability range of an existing schema without reconstructing it.

2. Reconstructive generalization occurs when the subject reconstructs an existing schema in order to widen its applicability range.

3. Disjunctive generalization occurs when, on moving from a familiar context to a new one, the subject constructs a new, disjoint, schema to deal with the new context and adds it to the array of schemas available. (Harel & Tall, 1991, p. 39) [START_REF] Mitchelmore | Abstraction, generalisation and conceptual change in mathematics[END_REF] considers generalization processes in a comparable way. He does not speak of "applicability range" but of a set of applicable situations, which is more fitting for the scope of this paper and pairs better with the theory of abduction described in the next section. Therefore, the term mathematical situation will be used in the following. In this paper, mathematical situation refers to engagements with enactively, iconically or symbolically (cf. [START_REF] Bruner | The process of education[END_REF] presented mathematical objects of interaction. For example, an action, a material, or even an utterance in a mathematical context can be interpreted as a mathematical situation.

The expansive generalization is characterized by the fact that there is no change or reconstruction of the schema. If there is no explicit change, it can be difficult to distinguish expansive generalizations from a renewed confrontation with an already known mathematical situation, i.e., it can be difficult to determine whether the subject is dealing with a known applicable mathematical situation or with a new mathematical situation. However, when interpreting an interaction, this could be clarified, for example, by considering the mathematical situation against the personal background of the subject as well as the context in which they encounter the mathematical situation. Thus, the question whether the learner could have realistically dealt with the mathematical situation before, has to be considered while interpretating.

The reconstructive generalization, is characterized by a reconstruction of an existing schema. In this case, a modification of the schema enables the subject to consider situations that were previously not applicable, to be subsequently recognized as applicable. The range of the schema becomes larger, since more mathematical situations can be recognized as applicable. From a purely theoretical point of view, this process can be assumed to be often more cognitively demanding than the process of expansive generalization. Thus, in an interaction, reactions of the subject such as hesitation, pausing, checking, or even inquiring could be interpreted as indicators of reconstructive generalizations. Nevertheless, a deeper interpretative procedure is necessary.

In disjunctive generalization, no connection to an already formed schema is recognized. Instead, a new schema is formed. A connection between the different mathematical situations remains unrecognized. A disjunctive generalization may well lead to successful solving of a math problem, but is of little value for the subject [START_REF] Tall | The psychology of advanced mathematical thinking[END_REF].

Generalization is often considered an advanced mathematical thinking process (Dreyfus, 1991;[START_REF] Tall | The psychology of advanced mathematical thinking[END_REF]. Nevertheless, generalization plays also a role in learning elementary mathematics [START_REF] Mitchelmore | Abstraction, generalisation and conceptual change in mathematics[END_REF], which will be shown further in this paper.

Abduction Theory

Meyer (2010) focused on the analysis of discovery processes and, in doing so, elaborated Charles Sanders Peirce's logical-philosophical modes of inference for use in mathematics didactics. Since then, their use has become established, especially in interpretive research of mathematics education (e.g., [START_REF] Rey | Experimentieren und Begründen: Naturwissenschaftliche Denk-und Arbeitsweisen beim Mathematiklernen [Experimenting and reasoning[END_REF]. Since discovering common properties of different mathematical situations is central to generalization processes, this theory lends itself as a further basis for interpreting generalization processes manifested in interactions. [START_REF] Meyer | Abduction -A logical view of processes of discovering and verifying knowledge in mathematics[END_REF] describes the three logical-philosophical inferences abduction, deduction, and induction as well as their interplay. Central in this context are the terms case, rule, result (resp. phenomenon), which are related to each other in different ways depending on the mode of inference.

A deduction is the inference from a concrete case and a general rule to a concrete result. The case and the general rule form the premise, the result is the inferred consequence. The rule is considered general, since it is possible to infer from different cases with the same rule. Deduction plays a crucial role in mathematics, since it is the only inference that guarantees certainty. [START_REF] Meyer | Abduction -A logical view of processes of discovering and verifying knowledge in mathematics[END_REF] According to [START_REF] Meyer | Abduction -A logical view of processes of discovering and verifying knowledge in mathematics[END_REF], constructing new knowledge, which is not already implicated in former ones, is only possible by means of abduction. The generation of knowledge therefore always presupposes an abduction. It is a discovery process in which an individual generates a rule while exploring and explaining a phenomenon [START_REF] Meyer | Abduction -A logical view of processes of discovering and verifying knowledge in mathematics[END_REF]. When confronted with a phenomenon 𝑅(𝑥 ! ) worth explaining, the individual infers a general rule and the specific case 𝐶(𝑥 ! ) that could explain the phenomenon (see Figure 1). The case and the rule go together and are acquired simultaneously; they represent a possible cause of the phenomenon. After the generation of a rule, the phenomenon becomes a result of that rule. Thus, the premise of this inference is exclusively the phenomenon; rule and case represent the consequence [START_REF] Meyer | Abduction -A logical view of processes of discovering and verifying knowledge in mathematics[END_REF]. This is illustrated by the position of the horizontal line in Figure 1. Abduction is by no means an inference that provides certainty; an abducted rule is only one of many possible rules that could explain a phenomenon with the corresponding cases. [START_REF] Meyer | Abduction -A logical view of processes of discovering and verifying knowledge in mathematics[END_REF] states that in this context the term rule has to be understood in a very broad sense. Rules do not need not be true propositions in the mathematical sense. They might be only plausible or even false. The only conditions that rules must satisfy are that the concrete phenomenon/result can be logically deduced from them (as a consequence of the rule) and that the case forms a concretized antecedent of the rule [START_REF] Meyer | Abduction -A logical view of processes of discovering and verifying knowledge in mathematics[END_REF].

Coordinating the theories: On the role of abductions and rules in generalization

The reconstruction of inferences, especially the consideration of potential rules, offers the possibility to look at generalizing in process. For this purpose, the following section shows how we fitted together elements from the considered theories (cf. [START_REF] Prediger | Introduction to Networking: Networking Strategies and Their Background[END_REF]. In particular, the concepts abduction, rule, mathematical situation, schema as well as (expansive/reconstructive) generalization are set into relation to each other. Also, these concepts are used for the reconstruction of mathematical communication in order to show the empirical fitting as well as the fruitful use of the concepts that allows to reconstruct also implicit aspects of spoken language.

The theories pointedly compared, following statements suggest themself: The recognition of a connection or the identification of common properties presupposes abductions and the formation or modification of schemas. For Meyer, abducted rules are central at this point; for Harel & Tall, common properties of the mathematical situations under consideration are central. These two considerations are comparable if one interprets the central common properties of the mathematical situations as being made out by abducted rules starting with concrete consequences of the rule (the former phenomena) and therefore sees the schema as being anchored in these rules.

Depending on the reconstructed type of inference, mathematical situations can be compared to the (contents of) phenomena or, after a successful abduction, as (contents of) results of the rule, after the phenomena have been explained. Depending on the generality of the rules in which a schema is anchored, an individual may recognize more or fewer mathematical situations as applicable. These situations can be identified as the 𝑥 " in Figure 1. The more general the rule, the larger the set of mathematical situations that can be recognized as applicable by expansive generalization.

If a new mathematical situation cannot yet be recognized as applicable, a reconstructive generalization can take place. The subsequent modification of the schema also presupposes a change of the associated rule. I.e., these rules become more general or the learner grasps the generality of an existing rule. At this point abductions take place, since knowledge is generated [START_REF] Meyer | Abduction -A logical view of processes of discovering and verifying knowledge in mathematics[END_REF].

Methodology

The data analyzed in this paper originates from an interview with a German first grader (age 7) that was conducted as part of the bachelor thesis of Mirjam Jostes. The topic of the interview is the number zero and addition with zero. During the interview a custom board game and other materials were used. The interview was video recorded and transcribed. The transcript is analyzed with regard to generalization processes. Guided by the theoretical framework outlined above, an attempt is made to make statements about generalization processes and their products by analyzing and interpreting the given interaction. The analysis follows the interpretative research paradigm of [START_REF] Voigt | Interaktionsmuster und Routinen im Mathematikunterricht[END_REF], which is widely used in the German mathematics education community. The basis of the interpretative research paradigm is symbolic interactionism (see [START_REF] Blumer | Symbolic interactionism: Perspective and method[END_REF] and ethnomethodology (see [START_REF] Garfinkel | Studies in ethnomethodology[END_REF]. Central steps of the Voigt's interpretation method are:

Step 1: At the beginning, the interpreter paraphrases the situation with "his common sense" (Voigt 1984, p. 111, our translation). The goal of the first notation is not to eliminate these previous experiences, but to become aware of them. This pursues the goal of being able to explicitly distinguish oneself from the interpretations in the following; the interpreter thus forces themselves to see more than what was previously clear.

Step 2: Subsequently, the text is divided into episodes and the first utterance is "extensively interpreted" (Voigt, 1984, p. 112, our translation) in order to include as many interpretive hypotheses of the utterance as possible.

Step 3: The interpretation of single turns enables predictions about the further course of the interaction. These are subjected to a test on the subsequent utterance(s): They are either corroborated, when the predictions occur, or the hypotheses have to be falsified.

Step 4: By repeatedly following an extensive interpretation of the subsequent utterance (step 2) as well as a test on the subsequent utterance (step 3) until the end of the episode, the initial variety of interpretations is both expanded and increasingly restricted.

The resulting interpretations are then linked to the corresponding theoretical concepts according to the theoretical framework and checked again on the transcript. The interpretations, which are repeatedly corroborated in the transcript and also enable a maximum gain in knowledge from the point of view of the theory, represent the result of the analysis as interpretive hypotheses. In the following, only corroborated interpretative hypotheses are exemplified. By following the interpretative research paradigm of [START_REF] Voigt | Interaktionsmuster und Routinen im Mathematikunterricht[END_REF] and reconstructing inferences in the interaction, one does not make statements about the cognitive structure of an individuum. One reconstructs inferences that a learner like the individuum, acting in an interaction like this, could make. The interpretation is based on the original German transcript. For this paper, the transcript was translated and adjusted to increase readability.

Analysis and Results

The interview begins with introductory questions. Subsequent to introductory questions, a board game is played. The game board is a path with 10 stepping stones. The first stone is labeled "Start" the subsequent stones are numbered 1 to 10. A custom dice that also has empty faces (represented by in the following, esp. Figure 3) is rolled and a game piece is moved accordingly. Each round Luisa writes down the current position of the game piece, the dice roll, and the new position of the game piece into a table (see Figure 2). The final column of the table is labeled "calculation". It is filled in after the completion of the game. For example, Luisa writes down in row 8 of the table: "current position 6, dice roll 0 ( ), new position 6", when she rolled a zero and did not move the game piece.

In preparation for the game, the interviewer asks the question "What are the special features of doing sums with zero" (T39). Therefore, "addition with zero" is considered the thematic schema, since it is explicitly mentioned by both the interviewer and Luisa and it plays a central role in the interaction. why? T52 Luisa Because, if I do ten plus zero, it is still 10 (nodding) … because the zero actually fits every number. Luisa responds to the interviewer's question by naming an example (T40), which in turn can be interpreted as the disclosure of a mathematical situation that she recognizes as applicable to the thematic schema. Besides the pure numerical example (T40), she paraphrases an action of adding (T46). This could indicate that she also recognizes action-bound mathematical situations applicable. In T50, Luisa initially only says that it also works for other numbers. When asked, she gives another example in T52, (10+0=10), and concludes her statement with "because the zero actually fits every number". This linguistic expression suggests that her rule is quite general already.

Luisa's statements can be interpreted in such a way that she sees her schema "addition with zero" applicable to mathematical situations, when a number known to her (n) is the first summand. Thus, her rule allows mathematical situations of the form n+0=n, where n are numbers she knows. Since Luisa seems to already recognize action-bound mathematical situations as applicable, the rule could also admit all mathematical situations of the form nM+0=nM, where nM stands for the quantity n of a material/object M, e.g., one stone. Note that a reference to a material/object M seems to be optional for Luisa. At this point, it can be assumed that she deduces with a rule like "If I calculate nM+0, then the unaltered first summand represents the sum". The special role of the follow-up question of the interviewer becomes apparent. Without it, it would be impossible to reconstruct the minimal generality of Luisa's rule as being so developed.

Following the dice game, that took about 10 minutes, the focus is once again directed to the addition with zero. The interviewer asks Luisa to fill in her calculations into the table (see Figure 2). Luisa does not proceed chronologically. She starts by filling in row 4 and row 5 independently without hesitation. In row 6 (position 4, dice roll 0 ( ), new position 4) Luisa stops. This can be seen as a confrontation with a new mathematical situation for Luisa. mh, you just changed your mind. Why is that? T83 Luisa Because the result has to be four. (continues writing "+0=") Luisa's hesitation and the formulation "four plus four" (T81) can be interpreted in such a way that she does not yet see the row 6 of the table as a mathematical situation that is directly related to "addition with zero". The five-second pause and subsequent correction "four plus zero" (T81) can be interpreted as an indication of a generalization taking place. Here, a reconstructive generalization could take place, leading to a change of the rule associated with "addition with zero". The new rule seems to be applicable for calculations of the form nM+0 as well as of the form nM+ . Theoretically, this would lead to a widening of the representational options of the schema "Addition with zero". The schema Addition with zero can now be linked to more mathematical situations. An abduction that Luisa might have performed is reconstructed in Figure 3. Since a generation of the abduction is hypothetically position dice roll new position calculation considered here and not exemplified by Luisa, the inference is made from phenomenon to result and case simultaneously. The inference is therefore indicated by the line directly after the phenomenon (cf. [START_REF] Meyer | Abduction -A logical view of processes of discovering and verifying knowledge in mathematics[END_REF]). Luisa's expression "Because the result has to be four" (T83) can be interpreted as a phenomenon in need of explanation. Following this reconstruction, she would infer from the fact that the first number of the calculation and the result are equal that it has to be an "addition with zero."

Phenomenon:

The result is 4 and 4 appears in the first place of the calculation.

Rule:

If I calculate nM+ or nM+0, then the unaltered first summand represents the sum.

Case: I calculate 4+ .

Figure 3: Reconstructed Abduction

This interpretative hypothesis is corroborated in the further course of the transcript, especially in Luisa's subsequent confrontations with very similar mathematical situations. For example, Luisa looks at table row 8 (current position 6, dice roll 0 ( ), new position 6) and says "funny" (T88), but then directly states "because I like such calculations with zeros" (T92). Building on the above interpretation, an expansive generalization could be reconstructed here. The rule in which the schema "addition with zero" is anchored would now be general enough so that the new mathematical situation 6+ can be recognized as applicable (see Figure 3). Moreover, in the subsequent discussion of table row 2 (current position 1, dice roll 0 ( ), new position 1), which she had initially skipped, Luisa directly refers to the previous task 6+ , "like down here with the six" (T104), which suggests that it belongs to a common schema. As Luisa seems to determine the order herself and does not want to or could not process row 2, but would be able to do this from a mathematical point of view, further strengthens the interpretation of a completed reconstructive generalization in the course of the interaction that allows subsequent expansive generalizations to take place. Part of the corroborated interpretative hypothesis is, that Luisa's rule depends on the position of zero in the calculation, i.e., zero has to be the second summand. Hypotheses where this was not the case, for example one hypothesis was that Luisa uses the commutativity of addition, were falsified during the course of the analysis, when she was confronted with the first table row.

Discussion and Conclusion

The scene shows how generalization processes can take place in an interaction and how they are built interactively through language. The analysis has shown how the theory of [START_REF] Harel | The general, the abstract, and the generic in advanced mathematics[END_REF] can be made accessible to the interpretative research by utilizing the theory of abduction described by [START_REF] Meyer | Abduction -A logical view of processes of discovering and verifying knowledge in mathematics[END_REF]. Without the possibility to reconstruct rules that manifest in a real interaction, statements about the set of mathematical situations an individual's schema applies to, would be empty. On the basis of the theoretical framework, it was possible to trace a conceivable development of the generality of rules and schemas in Luisa's language and actions. This provides insights into generalization processes that students like Luisa could carry out in an interaction like this.

Furthermore, the analysis has shown how challenging it is to make statements about the generality of a rule or the applicability range of a schema. However, the used method allows statements about what mathematical situations could be considered applicable and about possible dimensions of generality of a rule. Mathematical action is based on rules which are generated, applied or tested by abduction, deduction or induction. But they are seldomly made explicit. In classroom reality, a real time reconstruction of rules or of the set of applicable mathematical situations is inconceivable, even in smaller learning groups. This underlines the importance of explicating rules in the classroom and providing students with language means to do so. Asking for explicit formulations of an individual's rules and to explore the applicability range of schema together with the learners can stimulate further generalization processes.
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 1 Figure1: The general pattern of cognitive abduction[START_REF] Meyer | Abduction -A logical view of processes of discovering and verifying knowledge in mathematics[END_REF] 
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 2 Figure 2: Luisa's table and calculations T80 I Tell me what you are thinking right now T81 Luisa so. (slowly) four-(points at the current position 4)… hm. plus four (points at the new position 4) (5 sec) (faster) four plus zero. (begins to write "4") T82 Imh, you just changed your mind. Why is that? T83 Luisa Because the result has to be four. (continues writing "+0=") Luisa's hesitation and the formulation "four plus four" (T81) can be interpreted in such a way that she does not yet see the row 6 of the table as a mathematical situation that is directly related to "addition with zero". The five-second pause and subsequent correction "four plus zero" (T81) can be interpreted as an indication of a generalization taking place. Here, a reconstructive generalization could take place, leading to a change of the rule associated with "addition with zero". The new rule seems to be applicable for calculations of the form nM+0 as well as of the form nM+ . Theoretically, this would lead to a widening of the representational options of the schema "Addition with zero". The schema Addition with zero can now be linked to more mathematical situations. An abduction that Luisa might have performed is reconstructed in Figure3. Since a generation of the abduction is hypothetically

  T40 Luisa Doing sums with zero. (4 sec) if I do one plus zero, it is one.

	T41 Int.	mhm-…
	T42 Luisa because the zero, … is actually nothing.
	[…]	
	T46 Luisa If I have one stone and add zero stones, it still remains one stone. Because, you
		can't see the zero.
	[…]	
	T49 Int.	ok-, and does it work with other numbers as well or only with the one?
	T50 Luisa It also works with other numbers
	T51 Int.