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Pre-service teachers learn to analyse students' problem-solving strategies with cartoon vignettes
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The flexible use of different problem-solving strategies is key for processing mathematical problems successfully. The question of how future teachers can be supported to learn about such strategies and their use in the mathematics classroom is consequently of high relevance. In a one-semester university course, we provided a unit on problem solving focusing on the use of primary-school students' problem-solving strategies. To support the pre-service teachers' learning, we designed two types of cartoon vignettes: short cartoons, each illustrating a different problem-solving strategy (e.g., work backwards) and more complex cartoons providing the opportunity to analyse how students make use of different strategies and/or struggle while solving a non-routine problem. Our evaluation showed that the participants perceived the cartoons as valuable learning opportunities. Learning to analyse students' problem-solving strategies could be supported but remained a challenging task.

Introduction

Mathematical problem solving is considered a core mathematical activity and it has been incorporated as a key component in mathematics curricula and national standards worldwide [START_REF] Liljedahl | Problem solving in mathematics education[END_REF]. Related studies have provided evidence that the flexible use of so-called heuristics or problemsolving strategies can enhance problem solving (e.g., [START_REF] Carlson | The cyclic nature of problem solving: An emergent multidimensional problem-solving framework[END_REF]. Various mathematical problem-solving strategies, such as make a table, draw a picture or look for a pattern, can already be introduced for primary school children [START_REF] Charles | How to evaluate progress in problem solving[END_REF] and corresponding instruction achieved a positive impact on students' use of strategies and problem-solving abilities [START_REF] Verschaffel | Learning to solve mathematical application problems[END_REF]. However, there are also studies showing that many students do not spontaneously use problemsolving strategies or struggle when applying them to non-routine problems (e.g., [START_REF] Schoenfeld | Learning to think mathematically: Problem solving, metacognition, and sense-making in mathematics[END_REF]. It can therefore be assumed that mathematics teachers do not only need professional knowledge about students' problem-solving strategies but must also be able to analyse their students' strategy use in order to provide them with support. With this study, we build on prior research into mathematics teachers' analysing of classroom situations, described as the competence to link classroom observations with relevant professional knowledge in order to make sense of what has been observed (e.g., [START_REF] Friesen | The role of professional knowledge for teachers' analysing of classroom situations regarding the use of multiple representations[END_REF]. In the present study, we were particularly interested in the question of how future primary-school teachers can be supported in their professional learning to analyse students' problem-solving strategies. The study was conducted in the framework of the ERASMUS+ project coReflect@maths, aiming at designing and evaluating vignette-based learning material in mathematics teacher education courses with a particular focus on cartoon vignettes (cf. [START_REF] Ivars | A digital tool to support teachers' collaborative reflection on mathematics classroom situations: The coreflect@maths project[END_REF]. Correspondingly, we explored in this study the potential of different types of cartoon-based vignettes for (1) developing pre-service teachers' professional knowledge about various problemsolving strategies and (2) their competence to analyse primary-school students' use of such strategies in classroom situations. The following sections outline the theoretical background of the study, in particular with respect to mathematical problem-solving strategies and teachers' corresponding competence to analyse classroom situations. We then introduce our vignette-based approach and describe the unit about problem solving in which the pre-service teachers of this study participated.

Mathematical problems and the use of problem-solving strategies

We follow [START_REF] Schoenfeld | The wild, wild, wild, wild, wild world of problem solving: A review of sorts[END_REF] definition of a mathematical problem as an unfamiliar situation for which an individual does not know how to carry out its solution since no routine or familiar procedures are (yet) available to him or her. Such problems are often described as non-routine problems in contrast to routine problems, where students can apply familiar or routine solution methods to solve them [START_REF] Elia | Exploring strategy use and strategy flexibility in non-routine problem solving by primary school high achievers in mathematics[END_REF]. Solving non-routine mathematical problems, in contrast, requires the use of so-called heuristics or problem-solving strategies [START_REF] Liljedahl | Problem solving in mathematics education[END_REF]. Various problem-solving strategies can already be introduced to primary-school children, such as guesscheck-revise, draw a picture, act out the problem, use objects, solve a simpler problem, make a table, look for a pattern, make an organized list, write an equation or work backwards (cf. [START_REF] Charles | How to evaluate progress in problem solving[END_REF]. A study with primary-school children by [START_REF] Elia | Exploring strategy use and strategy flexibility in non-routine problem solving by primary school high achievers in mathematics[END_REF] showed that the flexible use of strategies (adapting the strategy to the given task or changing in case the chosen strategy was not successful) led to higher performance in problem solving. Knowing various problem-solving strategies and being able to change or modify a chosen strategy is therefore an important prerequisite for the successful solving of problems. However, the same study also showed that many of the primary-school children struggled with applying different strategies or could not reach a correct answer since they did not have a sufficient understanding of the problem [START_REF] Elia | Exploring strategy use and strategy flexibility in non-routine problem solving by primary school high achievers in mathematics[END_REF]. These findings highlight in particular the important role of the teacher in supporting the students in understanding the given problem as well as in choosing, applying and reflecting on the use of different problem-solving strategies.

Analysing classroom situations regarding the use of problem-solving strategies

In order to support students in using different problem-solving strategies in a flexible manner, a mathematics teacher must know about different strategies, how students can apply them to problemsolving tasks and where they might struggle. Taken together with the definition of problem solving which is characterised by the fact that the problem-solver cannot simply apply a routine or familiar solution method (e.g., [START_REF] Schoenfeld | The wild, wild, wild, wild, wild world of problem solving: A review of sorts[END_REF], a mathematics teacher's knowledge about content and students (KCS, cf. [START_REF] Ball | Content knowledge for teaching: What makes it special[END_REF] can be assumed to form an important prerequisite in this context. However, to provide learners with appropriate support, teachers must also be able to apply their knowledge in the course of instruction, meaning that they have to link relevant observations in the classroom with their knowledge to make sense of what they have observed in order to make followup decisions. Based on the concept of teacher noticing [START_REF] Sherin | Mathematics teacher noticing[END_REF], we described such ability as teachers' competence of analysing classroom situations (e.g., [START_REF] Friesen | The role of professional knowledge for teachers' analysing of classroom situations regarding the use of multiple representations[END_REF]. Numerous studies have shown that teachers' analysing of classroom situations informs their decision-making and is highly relevant for instructional quality and student learning [START_REF] Sherin | Mathematics teacher noticing[END_REF]. A teacher who is competent in analysing classroom situations regarding the use of problem-solving strategies is consequently able to identify the problem-solving strategies used by his or her students and to evaluate the strategies' potential for solving a particular task. Such competence is an essential prerequisite for supporting students in choosing and applying problem-solving strategies, for helping students where they struggle and for engaging them in reflection on the use of different strategies. In the following section, we describe the potential of using vignettes for developing and evaluating preservice teachers' professional growth in this context alongside with the cartoon-based approach we take in the framework of the ERASMUS+ project coReflect@maths [START_REF] Ivars | A digital tool to support teachers' collaborative reflection on mathematics classroom situations: The coreflect@maths project[END_REF].

Vignette-based learning and the potential of cartoons for teacher education

Using representations of classroom practice, so-called vignettes, in the form of short video clips, teacher-student dialogues or cartoons, has proven to be an effective approach in teacher education and corresponding research (e.g., Buchbinder & Kuntze, 2018). Vignettes provide the opportunity to engage in classroom practice without the pressure to act and can help future teachers to analyse classroom situations and to discuss and reflect on alternative approaches. In this way, vignettes can become both, representations of practice and theory: As learning opportunities, vignettes are often used to illustrate particular aspects of quality teaching or where norms are challenged and can therefore support future teachers in applying their theoretical knowledge to teaching practice in a safe context. Vignettes have, therefore, also proved to be an effective method to assess development in teacher education courses [START_REF] Jeffries | Using vignettes to build and assess teacher understanding of instructional strategies[END_REF]. Correspondingly, questions regarding possible designs of vignette-based learning and testing environments have become essential and the potential of cartoon vignettes has gained increased attention. Cartoon vignettes combine numerous advantages ascribed to vignettes in the formats video and text: They allow the systematic, theory-based design and variation of classroom situations where individual characteristics that are important to comprehend a classroom situation can be added easily [START_REF] Friesen | Teachers' competence of analysing the use of multiple representations in mathematics classroom situations and its assessment in a vignette-based test[END_REF]. Compared to the formats of video and text, cartoon-based vignettes can be equally suitable to assess and foster teachers' competence in analysing classroom situations [START_REF] Friesen | Teachers' competence of analysing the use of multiple representations in mathematics classroom situations and its assessment in a vignette-based test[END_REF]. The design and evaluation of cartoonbased learning material is a main objective of the ERASMUS+ project coReflect@maths and the present study has been conducted in the framework of this project. The following section describes the organisation and contents of the university course in which the study was conducted as well as the design and use of the cartoon-based learning material.

The university course: organisation and cartoon-based learning material

The present study was conducted in a one-semester university course (April-July 2021) for preservice teachers studying to teach mathematics at primary schools. The course took place at a University of Education in the south of Germany where primary school comprises the first four years of schooling for students aged between six and ten years. Due to the pandemic situation, the course had to be delivered completely online with meetings organised as video calls and study material provided via the university's online learning platform. The course covered different topics related to the teaching and learning of mathematics at the primary-school level. Problem solving was one unit within the course covering four weeks and three group meetings (3 x 90 minutes). The problemsolving unit contained key topics with special regard to the primary-school context (e.g., what are mathematical non-routine problems, problem solving according to Polya, problem-solving strategies, how can learners be supported). Figure 1 (on the left) shows the organisation and contents of the unit. In order to support the pre-service teachers' learning about students' problem-solving strategies, we designed two types of cartoon-based vignettes: (1) short cartoons with the aim to develop the participants' professional knowledge about different problem-solving strategies and (2) more complex cartoons with the aim to develop their competence to analyse primary-school students' use of such strategies in classroom situations. Figure 1 (on the right) shows one of the short cartoons illustrating the problem-solving strategy "work backwards". Based on Haering (2016) who describes various problem-solving strategies used by primary-school students, 16 of such short cartoons were designed, each depicting a problem-solving task and how one or several students solve that task using a particular strategy. The other cartoons of that type show strategies such as: guess-check-revise, draw a picture, act out the problem, use objects, solve a simpler problem, make a table, look for a pattern, make an organized list, write an equation, etc. (cf. [START_REF] Charles | How to evaluate progress in problem solving[END_REF]. During the unit, the pre-service teachers worked on different tasks provided with the vignettes. They explained, e.g., the strategies used in the cartoons and verified their use with the cartoon characters' solutions or comments. They were also asked what alternative strategies students could have made use of for solving the given task and to compare and reflect on the potential of different strategies.

Figure 2 shows one of the more complex cartoon vignettes. These vignettes were designed based on lesson transcripts by [START_REF] Rasch | Textaufgaben für Grundschulkinder zum Denken und Knobeln [Word problems for primary school children[END_REF], representing typical classroom scenarios around primary-school childrens' solving of non-routine word problems. Four vignettes of that type were used in the unit about problem solving, each showing one or several students who use various strategies while solving a non-routine task, who struggle in choosing and/or applying a strategy and who are supported by their teacher. The participants of the course were asked to identify the strategies used by the cartoon students and to evaluate their potential for solving the task. They were also asked to make assumptions about reasons for the students' difficulties in solving the task and to verify their answers with the students' use of strategies as shown in written solutions, use of material or comments. Finally, the participants were given the task to evaluate the teacher's support and to think about alternative approaches. For sharing these approaches, they received a cartoon with empty speech bubbles that could be adapted. In this article, we focus on the students' use of problem-solving strategies. 

Research interest and research questions

This study aimed at exploring the potential of cartoon-based vignettes for pre-service teachers' professional learning regarding students' use of problem-solving strategies. Accordingly, we addressed the participants' own perceptions regarding their learning with the cartoons and their competence to analyse students' use of problem-solving strategies in classroom situations at the end of the unit. The research questions were the following: (1) How do the participating pre-service teachers perceive the potential of cartoon vignettes in terms of their professional learning? ( 2) To what extend are the participating pre-service teachers able to identify the strategies used by students when analysing a complex cartoon vignette? (3) Can they suggest alternative strategies?

Sample and methods

The course evaluation took place at the end of the unit on problem-solving after the fourth online meeting (cf. Figure 1). The pre-service teachers received an online questionnaire and were asked to analyse a complex cartoon vignette and to evaluate the cartoon-based learning material in terms of their professional learning. They could use their course material and as much time as they needed. N=42 pre-service teachers gave consent to have their data analysed in an anonymised way and participated in the study. The items for the pre-service teachers' evaluation of the cartoon vignettes in terms of their learning (RQ 1) are displayed in Table 3. Since participants' engagement with vignettes is an essential pre-requisite for analysing them (cf. [START_REF] Friesen | Teachers' competence of analysing the use of multiple representations in mathematics classroom situations and its assessment in a vignette-based test[END_REF], items 1-3 addressed the pre-service teachers' perceived motivation, authenticity and immersion when working with the cartoons. Items 4-5 evaluated to what extent the participants felt supported by the use of cartoons in their learning about problem solving and items 6-7 evaluated the perceived potential of cartoons for teacher education in a more general way. Figure 2 shows the cartoon used for the course evaluation (RQ 2+3) together with the following task: In the presented situation from a second grade classroom, Max is working out the solution to a problem-solving task while his teacher is supporting him. Please read through the situation and answer the following questions: What problem-solving strategies does Max use to solve the task? What other problem-solving strategies could he have used to find a solution?

Data analysis and results

Related to the first research question, Figure 3 displays the results of the participants' evaluation of the cartoon vignettes in terms of their learning. Regarding pre-service teachers' engagement with the cartoon vignettes, they rated their perceived authenticity, motivation and immersion on average as positive. The pre-service teachers perceived the cartoons as supportive for their learning regarding students' different strategies and difficulties in solving problems. They evaluated the use of cartoons in teacher education as helpful and as a good connection to practice. To answer research question 2, an a priori analysis of the cartoon vignette used for the evaluation (see Figure 2) was conducted. In this way, the strategies used by the student in the cartoon vignette (e.g., work backwards, use objects, guess-check-revise) and further potential strategies for solving the given task were identified (e.g., try systematically, make a table). The pre-service teachers' written analyses for the complex cartoon vignette were coded accordingly. The findings show that all of the participants were able to correctly identify at least one strategy used by the student in the complex cartoon; 32 pre-service teachers (76.2%) were able to correctly identify two or three strategies and eight pre-service teachers (19.0%) were able to correctly identify four or five strategies. There were, however, also participants who identified strategies that were not appropriate (e.g., "write an equation" although the student did not use the equation to solve the problem, but only when writing down the answer). In this context, 21 pre-service teachers (50.0%) described one or two such unsuitable strategies and five participants (11.9%) matched three or four strategies in an incorrect way. Although not explicitly asked for, providing explanations for the choice of the strategy was found to be significantly correlated (r(40) = .41, p = .008) with the number of correctly identified strategies. All of the participants were able to suggest between one and four suitable alternative strategies for solving the task in the vignette. However, 27 participants (64.3%) suggested also one or two unsuitable alternatives; 11 participants (26.2%) suggested three or four. 

Summary and discussion

Vignettes provide safe environments for future teachers' analysing of classroom situations and can support them in connecting classroom observations to theoryan essential prerequisite for making sense of what has been observed when teaching and for making suitable follow-up decisions (Buchbinder & Kuntze, 2018). This study shows that cartoons hold great potential in this context: they can be purposefully designed to represent key aspects of practice and theory on the learning of mathematics while considering different levels of complexity (cf. [START_REF] Friesen | Teachers' competence of analysing the use of multiple representations in mathematics classroom situations and its assessment in a vignette-based test[END_REF]. Although the study has limitations (e.g., no control group or pre-post design), it encourages further research into the use of cartoons in teacher education: The participants perceived the cartoon vignettes as a valuable learning opportunity, not only in the context of problem solving but also for teacher education in general. The findings show that pre-service teachers' analysing results were more often correct when they explained them by referring to relevant events in the given classroom situation. When working with vignettes, validating observations with specific classroom events should be part of that work and pre-service teachers need to be supported in a systematic way. Whereas numerous studies have shown the importance of teachers' analysing for instructional quality and student learning [START_REF] Sherin | Mathematics teacher noticing[END_REF], this study contributes by showing how pre-service teachers can learn to analyse in a university course on problem solving and how different types of cartoon vignettes can support their learning.
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 1 Figure 1: Organisation and contents of the unit on problem solving (left); Short cartoon vignette illustrating the problem-solving strategy "work backwards" (right); (cartoon designed by Alyssa Knox based on Haering (2016); characters drawn by Michael Weninger)

Figure 2 :

 2 Figure 2: Complex cartoon vignette illustrating different strategies and need for learning support (designed by Alyssa Knox based on Rasch, 2016; cartoon characters drawn by Michael Weninger)

Figure 3 :

 3 Figure 3: Pre-service teachers' own perceptions of their learning with cartoons (means and standard deviations; 0 = I strongly disagree; 4 = I strongly agree.)

Table 1 : Sample answers showing the relation between correctly identified strategies and explanation for the choice of strategy by referring to relevant events in the vignette

 1 When he works with the objects later, he also tries systematically, because he notices for 17 and 13 that the difference is still too small and moves one brick from the bar with 13 bricks to the bar with 17 bricks.

	(…)"Try systematically" as he	(…)"Look for a pattern"	(…)
	goes through examples in	as he always has to check	
	order (first 16, then 17, then	for two numbers	
	18) and comes to a result this	(difference 6 and result	
	way (PST #2)	30) (PST #2)	

(PST #22) 
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