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In this study, a questionnaire was administered to different-aged students in order to explore the intuitive conceptions they hold regarding the concept of set. A number of different conceptions emerged. Students' scores per grade were compared in order to investigate the effect Mathematics education has on their conceptions.

Introduction

The concept of set is fundamental in modern mathematics. In school mathematics, the concept of set is used in various contexts, generally in an inconsistent manner [START_REF] Fischbein | The mathematical concept of set and the'collection'model[END_REF]. In the curriculum of most countries, sets are included in Algebra as a means of defining the concept of function, express the solution of an inequality etc.

The set concept is accepted in mathematics as a primitive, undefined concept. Instead of a formal definition one starts with an intuitive model, the idea of a collection of objects [START_REF] Fischbein | The mathematical concept of set and the'collection'model[END_REF]. In order to grasp the essence of a set, students need to be taught the formal properties and aspects of sets in school mathematics. If that doesn't happen, students can only rely to their intuitive conceptions regarding the set concept. Spontaneous conceptions are the result of generalization of everyday experience in the absence of systematic instruction and can lead to the creation of "spontaneous concepts" [START_REF] Karpov | Vygotsky's doctrine of scientific concepts[END_REF]. Such concepts are not conscious and often differ from scientific ones. Scientific concepts, once acquired by students, begin to mediate their thinking and problem solving. Thus, the instruction of such concepts plays a decisive role in their mental development facilitating their ability to operate at the level of formal-logical thought [START_REF] Karpov | Vygotsky's doctrine of scientific concepts[END_REF].

Theoretical framework

Spontaneous conceptions that are contradictory to scientific conceptions (conceptions that experts have consensus on) are named misconceptions. [START_REF] Fischbein | The mathematical concept of set and the'collection'model[END_REF] identified a number of students' misconceptions. The most profound being the following: (a) there must be at least one common property or a relationship between elements of a set; (b) a set must contain at least one element; (c) a set can contain repeated (not discrete) elements; (d) two sets are equal if they contain the same number of objects; and (e) a set cannot contain an infinite amount of elements. [START_REF] Bagni | Some cognitive difficulties related to the representations of two major concepts of set theory[END_REF] showed that students might be unable to distinguish between the concepts of "inclusion" and "belonging" especially when they are dealing with various semiotic systems (verbal, diagrammatic and symbolic). Lastly, [START_REF] Tsamir | When "The Same" is not perceived as such: The case of infinite sets[END_REF] found that students hold contradictory ideas when they are asked to compare the number of elements of infinite sets. The most prominent categories of ideas were: (a) all infinite sets are equivalent; (b) infinite sets are incomparable; (c) if set A is a subset of set B then A has fewer elements than B; and (d) 2 sets are equivalent if there is a one-to-one correspondence between their elements.

Fischbein and Baltsan found that the formal mathematical properties of sets, which usually contradict the corresponding intuitive ones, are "forgotten as an effect of age" (1998, pp. 20). In Greece, students are using the concept of set in various contexts, even before it is formally introduced to them. They learn about number sets and they define a circle as a set of points on a plane that are equidistant from a given point. The concept of set is first taught in grade 9 in the course of Probabilities and then in grade 10 in the course of Algebra. In both grades the curriculum suggests that the teacher will spend two lessons teaching the concept of set and the operations between sets. In most cases, even those two lessons are neglected and the set is just being seen as a supplementary concept in different contexts like geometry, algebra, analysis, or probabilities. The research questions of this study are: (1) What conceptions do different-aged students have regarding the mathematical concept of set?; and (2) What effect does age have in the understanding of the set concept and its properties?

Methodology

The research tool was a questionnaire, consisting of 11 questions, which were constructed based on the aforementioned findings of previous research regarding the concept of set. Questions regarding the concept of set and equality between sets (1 to 7) were included in the questionnaire given to all groups, while questions regarding union, interception, inclusion, belonging and comparison of infinite sets (8 to 11) were only included in the questionnaire of groups 2 and 3. The questionnaire was administered to 116 grade 6 students (group 1, primary school), 127 grade 9 students (group 2, junior high school) and 154 grade 12 students (group 3, high school), from various schools around Greece. Students from the first two groups had never been explicitly taught anything regarding sets. Some of the students of the third group had been provided with a definition for the concept of set in grade 10 (two years prior to this study), but all of them use sets regularly, in the form of "the domain" or "the range" of a function. Data were analyzed with IBM SPSS Statistics 26. To answer the first research question we calculated the percentages of students that held each conception (questions 1 -7, 11). We will present and discuss the results from some of the questions that we find particularly interesting. As far as the second research question is concerned, we conducted an ANOVA test to check the hypothesis that, no differences were found between the scores of the three groups.

Results

First research question

We begin by addressing our first research question, namely, what conceptions students have regarding the mathematical concept of set. For that purpose, we are going to present some of the questions from our questionnaire and we will discuss the results.

Question 1.

What do you think a set is in mathematics?

In the first question of our questionnaire we found a number of different conceptions students have regarding the set concept. We will provide some examples of answers and elaborate on how we coded them. A student answered that "a set is the collection of similar objects and their classification into a group". In our understanding, this student saw sets as both a collection and as a group (the Greek word for group can also be translated as team). As expected, there were answers like "a set is any collection of objects" or "a set is a group of objects", for which the coding is obvious. Another student described a set as "a collection of numbers". This student thought of sets as a collection of numbers, not accepting non numerical elements. A student wrote that "a set is a group or a category of similar objects, rational numbers for example". That student thought of sets as both groups and categories and gave the example of rational numbers. In our estimation, this is not enough evidence to assume that he only accepts numbers as the elements of a set. There was a student that gave us the simple answer "the whole". Others wrote that a set is "the whole or a group with some common element" or "something complete". These students were considered to hold the conception that a set is the whole. Some students used the Greek word "plethos" saying for example that a set is "a plethos of elements that meet certain conditions". The word plethos can be translated as "a number of", "a multitude", or in some cases "a crowd". We chose the code multitude for those answers. Lastly, a lot of students provided answers like "for me, a set is the outcome", or "I perceive this in two ways, as the outcome of an addition or as a group". Those students seemed to conceptualize a set as the outcome or the sum of certain numbers. One would expect that every student that holds that conception accepts only numbers as the elements of a set. However, this was definitely not the case in our survey, as there were different conceptions for sets, sometimes contrasting ones, coexisting in students' minds.

There were also students whose answers were out of context or formulated in a way that didn't allow for a proper coding or they were simply unintelligible, for example "I think that the elements of a set must have a common property" or "something that is concentrated". Since a student can use more than one of the aforementioned words, the percentages do not add up to 100%. One thing that stands out is the fact that 24.2% of the students think of a set as the outcome of an operation (or the sum of certain numbers). If we include the number of students that chose (a) or (b) on question 4 (see below) and those that answered question 7c (see below) incorrectly (both implying that those students are adding up the elements) then we find that 49.4% of students think of sets as the outcome of an operation or a sum. That is probably due to the fact that, in Greek the word for "set" is commonly used as "total". It is also interesting that 28.7% of students view a set as a "group" or a "team" of elements, probably implying a uniformity between the elements of a set, while only 2.3% of them think of a set as a collection of objects (which is the term used to "formally" describe a set).

Question 3.

Do you think that the elements of a set must have a certain common property?

The students' answers to the third question (Table 2) show that most students thought that the elements of a set must have a certain common property or conform to a certain criterion that allows them to be included in the set. This finding is consistent for all three groups. [START_REF] Fischbein | The mathematical concept of set and the'collection'model[END_REF] found that the proportion of wrong answers increases generally with age. This doesn't seem to be the case in our study since the percentage of wrong answer is almost the same for all groups. This misconception is common among prospective teachers as well [START_REF] Fischbein | The mathematical concept of set and the'collection'model[END_REF]. It is worth noting that the description of a set in the Greek textbook used in grade 9 highlights that we use to collect or choose certain objects and sort them into groups or categories, for example, numbers, letters of the alphabet, books in a library depending on their content, and that, groups or categories like those, are called sets. Albeit not wrong per se, such a description can easily foster the misconception that the elements of a set must be of the same kind. Question 4.

Mark each of the following answers that seem correct to you. The set of the letters of the word "TENNIS" is: On the 4 th question (table 3) we examine whether students think that a set can contain repeated elements (those that answered {6} or {T,E,N,N,I,S}) or not. We found that most students think that it is acceptable for a set to contain repeated elements. That is especially true for groups 1 and 2 (younger students). It is also important to note that only 27.7% of the students marked only the correct answer (students were allowed to mark more than one answers in this question), which is {T,E,N,I,S}. i. Yes, {} ii. No, a set must contain at least 1 element.

On the table below, we examine whether students accept the notion of a "unit set" (question 5a) and the notion of an "empty set" (question 5b). We found that almost half the students think that a set must have two or more elements, while 63.9% of the students think that a set must contain at least one element. This question is an extension of Fischbein's and Baltsan's (1998) observation that, two sets are equal if they contain the same number of objects. We presumed that some students were going to think of a set as "an ordered n-tuple", thus answering that {1,2,3,4}≠{4,3,2,1}, or as "the sum of all elements", thus answering that {1,2,3,4}={1,2,7}. From the following table we infer that: (a) 22.8% of the students think that {1,2,3,4}≠{4,3,2,1} which implies that the order of the elements play a role when describing a set; (b) 57.7% of the students believe that {1,2,3,4}={a,b,c,d}, which means that two sets are equal when they have the same number of elements; and (c) 21.9% of the students answered that {1,2,3,4}={1,2,7}, which could imply that two sets are equal if their elements add up to the same number. 

  4}={a,b,c,d} (c) {1,2,3,4}={1,2,7}

Table 1 : Words used by students in order to define the set concept

 1 

	What do students think a set is in Mathematics	Percentages of students holding this conception
	A collection	2.3%
	A group	28.7%
	A category	2.3%
	The whole	5.5%
	A multitude	6.9%
	The outcome	24.2%
	A cluster of numbers	5.6%
	Out of context/ unintelligible	21.2%
	Missing values	19.1%

Table 2 : Group * Question 3 Crosstabulation

 2 

	Group	Yes	No
	1	77.7%	22.3%
	2	76.8%	23.2%
	3	80.7%	21.4%
	Total	78.6%	21.4%

Table 3 : Question 4 -Percentages of students accepting repeated elements in a set
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	Group	Repeated elements are allowed.	Elements of a set must be discrete.
	1	78.3%	21.7%
	2	76.0%	24.0%
	3	56.5%	43.5%
	Total	69.0%	31.0%
	Question 5.		
	Do the following collections define a set? Choose the correct answer.
	(a) Natural numbers greater than 8 and smaller than 10.	
	i.	Yes, {9}	
	ii. No, a set must have more than 1 element.	
	(b) Natural numbers greater than 8 and smaller than 9.	

Table 4 : Group * Question 5 Crosstabulation
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		Question 5a		Question 5b	
	Group	Correct	Wrong	Correct	Wrong
	1	53.6%	46.4%	36.0%	64.0%
	2	37.8%	62.2%	32.3%	67.7%
	3	58.4%	41.6%	39.2%	60.8%
	Total	50.4%	49.6%	36.1%	63.9%
	Question 7.				
	Describe the following statements as true (T) or false (F).		

Table 5 : Group * Question 7 Crosstabulation
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		Question 7(a)	Question 7(b)	Question 7(c)
	Group	Correct	Wrong	Correct	Wrong	Correct	Wrong
	1	77.9%	22.1%	37.1%	62.9%	73.7%	26.3%
	2	77.4%	22.6%	41.1%	58.9%	74.6%	25.4%
	3	76.5%	23.5%	47.4%	52.6%	84.3%	15.7%
	Total	77.2%	22,8%	42.3%	57.7%	78.1%	21.9%

Question 11.

Describe the following statements as true (T) or false (F).

(a) The number of elements in an infinite set is larger than the number of elements in any of its proper subsets. (b) All infinite sets have the same number of elements. (c) Infinite sets are incomparable.

In question 10 (not listed here), which was included only in the questionnaire for groups 2 and 3, we asked the students to compare some infinite sets. We used different representations, known to elicit specific answers [START_REF] Maria | Teachers' perceptions about infinity: a process or an object[END_REF][START_REF] Tirosh | The role of representations in students' intuitive thinking about infinity[END_REF][START_REF] Tsamir | When "The Same" is not perceived as such: The case of infinite sets[END_REF]. For example, we gave them the sets A={1,2,3,4,5,…} and B={1,4,9,16,25,…} and asked them whether the number of elements in set A is larger, smaller, or equal to the number of elements in set B, or if it the two sets are incomparable. Then we gave the students the sets A={1,2,3,4,5,…} and B={1 2 ,2 2 ,3 2 ,4 2 ,5 2 ,…}, and asked them the same question. The first representation is known to lead students to answer in terms of "inclusion", while the second is supposed to lead them to consider "one-to-one correspondence" as the appropriate way to answer the question [START_REF] Maria | Teachers' perceptions about infinity: a process or an object[END_REF][START_REF] Tirosh | The role of representations in students' intuitive thinking about infinity[END_REF][START_REF] Tsamir | When "The Same" is not perceived as such: The case of infinite sets[END_REF]. The main reason for using this question was to engage students with a task regarding the cardinality of infinite sets and then, explicitly ask them about their ideas, in question 11. In question 11 (table 6), which was also included only in the questionnaire for groups 2 and 3, we verified [START_REF] Tsamir | When "The Same" is not perceived as such: The case of infinite sets[END_REF] findings that some students come up with contradictory ideas when they are asked to compare the number of elements of infinite sets. Specifically, 32 junior high and high school students marked both Q11a and Q11b as true ("true" being the wrong answer), 38 of them marked both Q11c and Q11a as true (also wrong) and 29 marked both Q11b and Q11c as true (also wrong). It is important to note that 15 students didn't answer Q11a, 17 didn't answer Q11b and 15 didn't answer Q11c, and so they are excluded from the following table. We should also point out that, [START_REF] Tsamir | When "The Same" is not perceived as such: The case of infinite sets[END_REF] used the phrase "number of elements" in her study. In our questionnaire, written in Greek, we actually used the word "plethos" instead of "number". The Greek word for "cardinality" is derived from the word "plethos". 

Second research question

Fischbein and Baltsan (1998) found that the formal mathematical properties of set are "forgotten as an effect of age". To check that hypothesis, we decided to use our questionnaire as a test, thus, calculating the total score of each student for questions 1-7 (those that were included in the questionnaires of all three groups) and then, to compare the mean scores of the three groups (Table 7 andTable 8, SUM1_7). What we found was that group 3 (high school students) scored significantly higher than the other two groups. That finding could be explained due to the fact that, in Greek schools the concept of set is almost never taught explicitly even though students are using it in various contexts. It is impossible to forget something that you have never been taught, so the effect of age cannot be explained in terms of forgetfulness. 

Discussion

All misconceptions found by previous research [START_REF] Fischbein | The mathematical concept of set and the'collection'model[END_REF][START_REF] Tsamir | When "The Same" is not perceived as such: The case of infinite sets[END_REF] were verified by our study and some new ones were added in the mix. The most prevalent conceptions that differ from the formal use of the set concept were: (1) a set is an outcome, (2) a set is a group of objects, (3) elements of a set must conform to a certain criterion, (4) a set must have at least one element, (5) a set can contain repeated elements, (6) a set is an "ordered n-tuple", (7) two sets are equal if they contain the same number of elements, (8) two sets are equal if their elements add up to the same number (only apply to number sets), ( 9) the number of elements in an infinite set is larger than the number of elements in any of its proper subsets, (10) all infinite sets have the same number of elements and (11) infinite sets are incomparable.

When we compared the mean score of each group, we found no significant difference between groups 1 (primary school) and 2 (junior high school). High school students (group 3) scored significantly higher than their younger counterparts. This discrepancy may be due to the fact that 12th graders have gained more experience in sets as a result of using them in Algebra and Analysis courses in High School. [START_REF] Fischbein | The mathematical concept of set and the'collection'model[END_REF] found that the percentage of wrong answers increases as age increases. This wasn't the case in any question of our survey. On the other hand, [START_REF] Tsamir | When "The Same" is not perceived as such: The case of infinite sets[END_REF] findings that some students hold contradictory ideas when they are asked to compare the number of elements of infinite sets were in accordance with our findings.