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The main aim of this paper is theoretical and methodological: to show how The Antropological Theory of the Didacticsin particular, the construction of a praxeological reference modelcan be used as a foundation for developing a diagnostic test tool which examines students technical and theoretical knowledge of basic algebra (and related arithmetical knowledge on which initial algebra is based). The point is to provide explicit control on what is being tested, for instance, in relation to a given national curriculum, and in relation to teaching interventions.

School algebra

In secondary school, basic algebra is a crucial bridge between arithmetic and more advanced subjects involving functions and analytic geometry. To set up algebraic models, it is necessary to master arithmetic and algebraic techniques by hand, at to know associated theory like the distributive law. But it is a longstanding and widespread problem that large groups of students seem to get stuck at this bridge between arithmetic and algebra [START_REF] Herscovics | A cognitive gap between arithmetic and algebra[END_REF]. This has major personal and societal consequences because basic algebra as taught in lower secondary school plays a crucial role in upper secondary mathematics and hence for access to attractive higher education programmes. In that way school algebra is often described as a central gatekeeper [START_REF] Loveless | The algebra imperative: Assessing algebra in a national and international context[END_REF].

The last decades of algebra research has given more attention to the theoretical foundations of students' work. Algebraic transformations are not viewed only as procedures, but also as theoretical entities [START_REF] Kieran | Learning and teaching algebra at the middle school through college levels: Building meaning for symbols and their manipulation[END_REF]. Kieran divides research in algebraic transformations into theoretical, technical, and practical elements. These elements are closely connected, and different institutions within the educational system manage them in subtly different ways. Early research on school algebra tended to make a sharp distinction among procedural and conceptual approaches. This dichotomy is currently challenged, and the potential of new theoretical and methodological approaches become essential to investigate the crucial connections between techniques and theory (Schneider & Stern, 2010). The Anthropological Theory of the Didactic offers, in particular, a promising new approach to this task.

To investigate the transition from arithmetic to algebra and to gain knowledge about what algebraic techniques and theory are particularly problematic for students in Danish lower secondary school, we ask the research question: "How can the Anthropological Theory of the Didactics (ATD) and the construction of a praxeological reference model (PRM) be used as foundation for developing a diagnostic test tool, to examine students technical and theoretical algebra knowledge?" This paper will concentrate on the construction of the PRM and the derived diagnostic test tool with preliminary results from the pilot test. The PRM and the results of the diagnostic test will be used in a latter study to select research-based resources and design teaching interventions to support teachers teaching basic algebra.

ATD as theoretical foundation

The Anthropological Theory of Didactics, subsequently noted as ATD, has emerged as a theory of mathematics education. A central feature in ATD is the use of praxeology to model school mathematics activity. A praxeology compromise types of task, techniques, technologies, and theories [START_REF] Bosch | Doing research within the anthropological theory of the didactic: The case of school algebra[END_REF]. The "practical block" or praxis is formed by the types of task and by the techniques used to solve them [START_REF] Barbé | Didactic restrictions on the teacher's practice: The case of limits of functions in Spanish high schools[END_REF]. The "theoretical block" or logos consists of technology (discourse on techniques) and theory (more general discourse, based on deductive reasoning from definitions and the like). This means the techniques for carrying out tasks are explained and justified by a 'discourse on the technique' called technology; taking this discourse to a more abstract level yields mathematical theory, to validate the technological discourse and to connect entire praxeologies [START_REF] Bosch | Doing research within the anthropological theory of the didactic: The case of school algebra[END_REF].

The use of praxeology to analyse school algebra has been particularly successful, since the birth of ATD as a theoretical foundation for mathematics education research [START_REF] Bosch | Doing research within the anthropological theory of the didactic: The case of school algebra[END_REF]. Bosch argues that the explicit reference praxeological models (PRM) concerning school algebra provides opportunities to ask research questions that go beyond the assumptions held by the school institution itself. At the international level, ATD research has led to significant new insights on the algebra problem, including the frequent disconnectedness of praxeologies taught and learnt.

According to [START_REF] Chevallard | Introducing the anthropological theory of the didactic: An attempt at a principled approach[END_REF], praxeologies are not static, but a dynamic system of institutionally situated activities. The explicit construction of a PRM will enable us to analyse what arithmetic and algebraic praxeologies are currently taught in the Danish lower secondary school according to curriculum, textbook material, and written examination. The PRM will also form the foundation for developing a diagnostic test tool, which can "diagnose" what algebraic techniques and theory are problematic for students (in our case, Danish grade 7). The result of the diagnostic test is analysed in terms of the PRM and may lead to revise the tool (e.g., if unexpected techniques appear). In a later study the diagnostic tool and the associated PRM will be used to design the intervention based on resources and to analyze the effects of the interventions. Thus, the model is the researchers' explicit reference throughout the four-step research process shown in Figure 1. 

Methods to construct the praxeological reference model

In Denmark, the so-called "common goals" for mathematics (Danish Ministry of Education, 2019), constitute the official directives for all primary and lower secondary school. They are divided into four parts: competences, number and algebra, geometry and measurement, statistics, and probability. The overall goal for algebra is that "the student can apply real numbers and algebraic expressions in mathematical investigations". It is up to textbook authors and teachers to transpose the common goals into teaching practice; in addition to the official goals, they can also find some direction in the exercises appearing the national exam after grade 9.

Our first step in building the PRM was to identify types of tasks appearing in the 2019 national exam [START_REF] Prøvebanken | Folkeskolens afgangsprøve i matematik[END_REF] and in the textbook series Kontext+ grade 7-9 [START_REF] Lindhardt | KonteXt+7, i-bog[END_REF]. We began by identifying the tasks in the material associated to arithmetic and algebra, understood as tasks solely focused on operations, equations and order relations involving numbers (arithmetic), or numbers and literal symbols (algebra). At the level of theory, operations are in these two cases obeying the axioms of ordered integral domains or fields. In this paper, we do not consider the use of CAS tools and instrumented techniques.

The second step is to analyse in terms of task type Ti and corresponding techniques τi used to solve Ti. Let us first take an example from arithmetic where students are asked to calculate the following tasks (Lindhardt et al., 2021, p.104). In general, exercises can contain several questions, where not all questions can be answered by a single technique. This means, that once a model of types of tasks and corresponding techniques has been established, more complex questions must be decomposed in tasks of the types established [START_REF] Winsløw | Study and research courses as an epistemological model for didactics[END_REF]. It is relatively straightforward to identify types of tasks and techniques in arithmetic and algebra as shown above (cf. [START_REF] Wijayanti | Mathematical practice in textbooks analysis: Praxeological reference models, the case of proportion[END_REF]. The next step is to identify themes (groups of practice blocks unified by a technology) and sectors (groups of themes unified by a theory).

Example of PRM theme and sector

The problem of ordering two given fractions can, according to special cases, necessitate different techniques. It thus leads to group of practices which are taught together and are unified by a shared discourse about techniques, involving characteristics of the special cases, and descriptions of the techniques. Table 1 is type of task Ti and corresponding techniques τi from the analysed textbook material and written exam and gives an overview of the theme of PRM according to fractions. It is characteristic of Danish textbooks that the same types of tasks reappear year after year, while the theme as a whole may still be relatively disconnected. This theme is a part of a larger "fraction sector", unified by a theory which involves both informal and more formal representations and properties of fractions, from addition of simple fractions with pizza diagrams to calculation rules given with algebraic symbolism.

Methods to construct the diagnostic test tool

The aim of the diagnostic test tool is to detect what arithmetic and algebraic techniques are particularly problematic for Danish students at early lower secondary school, and to get insight in the students' theoretical knowledge especially in relation to basic algebra. The development of the diagnostic test tool is based on the PRM and was inspired by an earlier project by [START_REF] Cosan | Faelles mål matematik[END_REF] on middle school arithmetic.

Items designed to test techniques are straightforward to construct. And several items can be included to how variations influence on success rates. For example, the item "Compute 6 + (-5)" represents the type of task T4: addition of negative integer to a positive integer, as defined above.

It is more difficult to design items that detect students' theoretical knowledge which includes technology to describe and explain techniques. The item "Explain why 𝑎 -(-𝑎) = 2𝑎" requests from students a piece of discourse justifying the algebraic rule, which may appeal to more or less formal theoretical principles. For instance, some students may refer to "two minuses can be replaced by a plus" as an overarching principle in such contexts; this could, in fact, be part of a theory that some students hold. In the ATD sense such theory elements are empirical objects, to be discovered and traced.

Items can also simply request a description of a technique (i.e., a technology), e. g. "Explain how you would determine which of the fractions 

Results from the pilot test of the diagnostic test tool

The diagnostic test has been pilot tested by 25 grade 7 students (12-13-year-old) in lower secondary school in the capital of Denmark. The students got 45 min. to do the 67-item paper and pencil test. 

Item

Item number Correct answer Incorrect No answer

6 + (-5) = 1.4 20 2 3 7 -(-9) = 1.5 8 16 1
Table 3 shows that almost all the students can solve the item of task type T4: addition of negative integer to a positive integer. But only a third of the students could solve the item of task type T6: subtraction of negative integer from negative integer. This result indicates that students know that adding opposite is the same as subtraction, but they cannot apply the rule -(-𝑎) = 𝑎.

By varying the items given for a specific type of task, we can also discover specific features of type of task. For example, the test contains variations of the task type T15: solve a first-degree equation (discussed above). These variations result in hugely different success rates. When comparing the results from item number 1.1, 1.6 and 2.1, item number 1.6 has significantly fewer correct answers. One possibly crucial difference between 1.6 and the other questions is the location of the unknown. In 1.6 the unknown is located on the right side of the equal sign. That this could make a big difference is confirmed by a longitudinal examination of how middle school students understand the equal sign and equivalence of equations [START_REF] Alibali | A longitudinal examination of middle school students' understanding of the equal sign and equivalent equations[END_REF].

The purpose of item number 3.7 is to get insights in students' argumentation for which fraction is largest. And we get answers like: "If the denominators are the same, I just look at the numerators which are the highest" and "I look at the denominators and if the fractions have the same denominator, then I will look at the numerator which one is the largest". With such items, we can detect not only a (correct) technique but also what it is, and a level of technology.

In the following two examples, the student's argumentation is based on pizza representations of fractions, which are also extensively used in Danish textbooks. Figure 2. "I want to draw". Figure 3. "By seeing it as a circle and look where there are most fields that are filled". In Figure 2, we can see the representation serves as an argument but in Figure 3, this wordless technology fails because of missing the usual convention, that the circle must be divided into equal parts. The diagrammatic representation has evident forces in giving meaning to fractions (between 0 and 1) for young children; but the division of a circle into five equal parts is also a task which contain other meanings (including angles etc.) that are in some sense irrelevant to the task. Varying this task to include fractions with large denominators or nominators would evidently also make this technology fail.

Conclusion

In this paper, we have shown by a few examples, how ATD and the construction of a PRM, can be used as a foundation for developing a diagnostic test tool, to examine students technical and theoretical knowledge. By first constructing the PRM based on textbook material, written examination, and common core. Then grouping the task and corresponding techniques in themes and sectors according to shared technology and theory. The PRM is then used to design the diagnostic test items in line with the tasks, techniques, and level of theory in the PRM. In that way the diagnostic test is aligned with the knowledge to be taught and provide explicit control on what is being tested.

Among the examples from the pilot test, we discussed the students' difficulties with relating subtraction and additive inverse, and especially with repeated additive inversion. These examples indicate that the diagnostic test, based on the PRM, can be used to identify significant obstacles. This is crucial for the next steps in our doctoral project.

The next step in the project is to apply the results from the pilot-test to inform and strengthen the PRM. Then to revise the diagnostic test tool and complete the final test in four classes, before and after the teaching intervention. The overall aim is to investigate the transition from arithmetic to algebra and to explore if and how interventions with research-based material can support teachers' efforts to teach basic algebra.
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 1 Figure 1. Construction and use of the praxeological reference model

  a. 6 + (-7) b. 5 -(-7) c. -3 -(-6) + (-4) -2 Tasks a. and b. are simple (they can be solved by one technique). Task a. is what we have named type T4: addition of negative integer to a positive integer, with corresponding technique τ4: 𝑎 + (-𝑏) = 𝑎 -𝑏; where b. is a task of type T6: subtraction of negative integer from negative integer, with corresponding technique τ6: 𝑎 -(-𝑏) = 𝑎 + 𝑏. Task c. requires both techniques τ4 and τ6 and is thus a combination of more elementary tasks.An example of a type of task from algebra is T15: solve a first-degree equation. Tasks of this type appear for instance in the written national 2019 exam[START_REF] Prøvebanken | Folkeskolens afgangsprøve i matematik[END_REF] solved by the technique τ15: involving addition, subtraction, multiplication, and division on both sides of the equal sign.
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  Figure 2. Student answer to question 3.7 Figure 3. Student answer to question 3.7

Table 1 . Theme of PRM based on textbooks (Kontext) and written exam (FSA) according to fractions
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	Type of task		Techniques			Kon-	Kon-	Kon-	Kon-	Kon-	FSA	FSA
									text+ 5	text+ 6	text+ 7	text+ 8	text+ 9	2020 Dec	2021 May
	T19: Given two unit		τ19: The fraction with the	
	fractions which is largest 1 𝑎 and 𝑏 1	,		lowest denominator is largest i.e., 𝑎 < 𝑏 ⇒ 1 𝑎	>	1 𝑏
	T20: Examine which		τ20: The fraction with the	
	fraction with like			highest numerator is largest
	denominator and and 𝑐 is largest. 𝑏 different numerators,	𝑐 𝑎	i.e., 𝑖𝑓 𝑎 < 𝑏 ⟹	𝑎 𝑐	<	𝑏 𝑐	
	T21: Examine which		τ21: The fraction with lowest
	fraction with like numeration and			denominator is largest i.e., 𝑖𝑓 𝑎 < 𝑏 ⟹ 𝑎 𝑏 𝑎 > 𝑐
	different denominators fraction 𝑎 𝑏 and 𝑎 𝑐 is						
	largest.								

Table 2 . Sum of type of answers in the test
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	Correct answer	Incorrect answer	No answer	Sum
	455	306	914	1675

Table 2

 2 shows that more than half of the items has not been answered by the students. Despite this, it is possible to give some preliminary results. The following are examples of analyses of test answers in relation to the previously selected examples from the PRM.

Table 3 . Item and associated sum of answers in the test
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Table 4 . Test results of variations of the task type T15
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	Item	Item number Correct answer	In-correct	No answer
	36 -_____ = 29	1.1	21	2	2
	8 + 4 = _____ 5	1.6	4	18	3
	_____ -32 = 45	2.1	23	1	1
	2𝑥 = 10	2.5	10	1	14
	7𝑥 -7 = 13 -3𝑥	4.7	8	9	13