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"That is how you do it, when you justify something in math": Learning opportunities with an unproductive sociomathematical norm
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Promoting students' mathematical reasoning skills is a challenging teaching goal. This paper exemplifies that the construct "negative discursive activities" provides a useful theoretical perspective to capture characteristics of class discussions that might impair students' understanding of what acceptable justifications in mathematics are. By applying this construct to three episodes from mathematics lessons in Grade 7 , an unintentional evolvement of a sociomathematical norm with potentially negative consequences for students' reasoning skills is reconstructed. The core purpose of this paper is to broaden researchers' understanding of interactions involved in the process of establishing sociomathematical norms.

Introduction

In this paper, teaching is considered as a continuous process, in which teachers establish and maintain a specific classroom culture of doing mathematics, where "doing mathematics" refers to students' activities when they learn and use mathematics in the classroom. According to this understanding of teaching, one goal of teachers' practices in the classroom is to support students' enculturation into the ways of speaking, working and thinking that are specific for mathematics. Teachers do it, among other things, through the negotiation of social and sociomathematical norms [START_REF] Yackel | Sociomathematical norms, argumentation, and autonomy in mathematics[END_REF]. Both kinds of norms pertain to normative or students' taken-as-shared interpretations of their mathematical activities in the classroom. They describe what learners are expected to do in certain situations, e.g. when presenting their solutions to others [START_REF] Yackel | Sociomathematical norms, argumentation, and autonomy in mathematics[END_REF]. Social norms refer to the expected activities in class discussions, whereas sociomathematical norms to their quality. Examples of a social norm can be that learners are expected to explain and justify their own answers. Sociomathematical norms, on the other hand, regulate what is an acceptable explanation or justification in their class. For example, they may specify that explanations must be comprehensible for others and that justifications must be based on actions performed on mathematical objects known in the class or on properties of these objects. Both kinds of norms are not simply imposed by teachers and accepted by students. Instead, they are negotiated through student-teacher interactions. In this process teachers play a crucial role as representatives of the mathematical community in a class. They legitimize certain aspects of learners' mathematical activities and sanction others by pointing them out as inadequate or incorrect. Sociomathematical norms described in research literature are commonly associated with means that have a positive potential to support students' mathematical enculturation and their intellectual autonomy in doing mathematics, i.e. their ability to judge and decide in action on what is an appropriate cognitive activity in a given situation [START_REF] Yackel | Sociomathematical norms, argumentation, and autonomy in mathematics[END_REF]. Teachers can intentionally initiate the negotiation of these norms [START_REF] Mcclain | An Analysis of Development of Sociomathematical Norms in One First-Grade Classroom[END_REF]. However, also negative, i.e. unproductive, norms can emerge unintentionally. Thereby norms are meant that might hinder the mathematical enculturation of students, their intellectual autonomy or their understanding of what they learn. To avoid such norms, the process of their development must be understood. In this paper, the construct "negative discursive activities" [START_REF] Cohors-Fresenborg | Modelling classroom discussions and categorising discursive and metacognitive activities[END_REF] is used to shed light on this process. The paper exemplifies that this construct provides a useful theoretical perspective to identify activities and interactions in class discussions that might lead to an unproductive sociomathematical norm. This is the pragmatic purpose of this paper. The theoretical purpose is to broaden teachers' and researchers' understanding of the role of negative discursive activities in interactions involved in negotiating sociomathematical norms. Given the teachers' interest in improving teaching quality, this paper is also of practical relevance.

The insights presented in this paper result from our1 reflection on a communicational pattern that we unexpectedly noticed when analysing instructional data from the perspective of a metacognitivediscursive teaching quality [START_REF] Nowińska | Assessing how teachers promote students' metacognition when teaching mathematical concepts and methods[END_REF] in a broader empirical study [START_REF] Nowińska | Evaluation of a Rating System for the Assessment of Metacognitive-Discursive Instructional Quality[END_REF]. The following section explains the theoretical perspective that gave rise to these insights.

Metacognitive-discursive teaching quality

The construct metacognitive-discursive quality [START_REF] Nowińska | Assessing how teachers promote students' metacognition when teaching mathematical concepts and methods[END_REF] has been developed to analyse how class discussions promote students' metacognitive skills, i.e. their ability to spontaneously and adequately regulate (plan, control and reflect on) their own cognitive activities and comprehension in learning mathematics [START_REF] Cohors-Fresenborg | Modelling classroom discussions and categorising discursive and metacognitive activities[END_REF][START_REF] Nowińska | Assessing how teachers promote students' metacognition when teaching mathematical concepts and methods[END_REF]. This construct has its roots in theoretical considerations [START_REF] Flavell | Metacognition and cognitive monitoring: A new area of cognitivedevelopmental inquiry[END_REF] and empirical findings (Veenman et al., 2004) indicating that metacognitive skills improve students' learning in mathematics. Furthermore, it also considers the social context of learning in the classroom, in particular its role in constructing students' shared understanding of what they learn in the classroom [START_REF] Iiskala | Socially shared metacognition of dyads of pupils in collaborative mathematical problem solving processes[END_REF]. Metacognitivediscursive quality encompasses characteristics of class discussion that are considered favourable to improve the process and the effects of learning mathematics in the class by promoting students' metacognitive skills. One of these characteristics is that teachers provide students with opportunities to engage in metacognitive activities, e.g. to plan how to approach a given question, task or problem, control the validity of answers and solutions generated in class discussions, and reflect on their own understanding of what they learn. Another characteristic is that teachers promote students' discursive activities, in particular they support students in making their own cognitive and metacognitive thoughts comprehensible to others. That is necessary to construct a shared understanding of the mathematics discussed in the class. The term discourse refers thereby to a class discussion, where the participants make an effort to provide precise, extended explanations and justifications and to build on or elaborate previous contributions from themselves or others. They link their contributions to previous questions or comments, provide a justified agreement or disagreement on other contributions, paraphrase what has been said in order to avoid a misunderstanding. These are examples of discursive activities. Negative discursive activities, on the other hand, refer to activities that might impair or even hinder a discourse, and consequently also students' shared understanding of the mathematics discussed in the class. Examples of these are: (NDa2 ) providing unclear or fragmentary statements/argumentations or (NDb) statements in which it is not clear what is meant, (NDc) providing inappropriate (with an uncommented substantial change to what was said) summaries or repetitions of what was said, (NDd) uncommented change of the reference point or of the meaning of the issue discussed, (NDe) using false logical structure in an argumentation, and (NDf) asking a sequence of different questions or (NDg) asking a leading question. A metacognitivediscursive teaching quality is characterised by teachers' and students' efforts to prevent negative discursive activities from impairing their communication in the class.

Analysis of negative discursive activities and their effect on the learning process

The instructional data analysed in this paper consists of three consecutive episodes selected from one of four lessons on locus lines videotaped in Grade 7 in Germany. The following task is discussed in this lesson: "The perpendicular bisector of chord (𝐵𝐶 ̅̅̅̅ ) of a circle with the centre A passes through point A. Justify why." The episodes are chosen for this paper as representative examples of communicational patterns observed in all four lessons, where the students learned examples of locus lines (e.g. a perpendicular bisector and an angle bisector) and used their properties to justify relations between geometrical objects. One goal of doing mathematics in this lesson series is to foster students' reasoning skills and promote their understanding on how mathematical statements can be justified by drawing conclusions from statements accepted as "true" or "given", or justified before (deductive reasoning). Based on tasks that require this kind of reasoning, the teacher created opportunities for students to learn what is an acceptable justification in mathematics. At the end of this lesson series, however, the students were not able to decide in action what to focus on in order to provide a correct justification without asking the teacher if their answers are what the teacher wants them to say. Analysing class discussions in these lessons from the perspective of metacognitive-discursive quality allowed us to identify a communicational pattern based on negative discursive activities. This pattern might have led to the development of one unproductive sociomathematical norm of what are acceptable mathematical justifications in this class. It seems plausible that this norm contributed to the problem observed in students' understanding of correct justifications.

In the following, the three lesson episodes are analysed from the perspective of the negative discursive activities. The analytical work was done by two researchers in mathematics education who were trained to code metacognitive, discursive and negative discursive activities using the category system published in [START_REF] Nowińska | Assessing how teachers promote students' metacognition when teaching mathematical concepts and methods[END_REF]. Afterwards, it will be explained how these activities might have led to an unintentional evolvement of the unproductive norm.

Episodes from the class discussion

According to the teacher in the observed class, the learners know the definition of a perpendicular bisector (The perpendicular bisector of a line segment 𝐴𝐵 ̅̅̅̅ is the locus of all points that are equidistant from points A and B.) and two properties of it (P1: The perpendicular bisector to a line segment is a line which meets the segment at its midpoint perpendicularly. P2: All points that lie on the perpendicular bisector to a line segment 𝐴𝐵 ̅̅̅̅ are equidistant from A and B.). Since in this context the term "locus line" is defined as a set of all points, whose location is determined by one specified condition, one more property of a perpendicular bisector can be concluded (P3: Every point that is equidistant from A and B belongs to the perpendicular bisector of the segment line AB.).

Although a justification required in the given task can be reduced to three steps (1., 4. and 5. in the following argumentation), its logical structure is quite complex.

1. The perpendicular bisector of BC ̅̅̅̅ consists of all points that are equidistant from B and C.

[Reference to the definition of a perpendicular bisector as a locus line (or to the property P3) 2. Points B and C of the chord BC ̅̅̅̅ belong to the circle line with the centre A.

[Reference to the definition of a chord of a circle.] 3. Points B and C are equidistant from point A.

[Conclusion from 2. with a reference to the definition of a circle line as the locus of all points with the same distance to the centre of the circle.] 4. The centre A of the circle is equidistant from B and C.

[Conclusion from 3. with a reference to a property of the distance between two points.] 5. The centre A of the circle belongs to the perpendicular bisector of BC ̅̅̅̅ .

In other words: The perpendicular bisector of BC ̅̅̅̅ passes through the centre A of the circle.

[Conclusion form 1. and 4.]

Episode 1: The teacher starts the discussion by constructing a circle with the centre A, a chord 𝐵𝐶 ̅̅̅̅ of this circle and the perpendicular bisector of 𝐵𝐶 ̅̅̅̅ using GeoGebra and asking the following question:

Teacher:

The perpendicular bisector passes through the centre of the circle. (…) Is that always the case? What do you think? Karen:

I think so because I mean it's called perpendicular bisector 2 . (NDa) Teacher:

Mhm. Lea Lea:

I would also say that it always passes through the centre of the circle, because it is a circle as well, and is equidistant to every uhm to every point, the centre of the circle. (NDa) Teacher:

Mhm. Tom Tom:

And the line that passes through the centre of the circle always lies in the middle of point B and C, I mean the one that passes through to the right … so then that's automatically the centre, because uhm… (NDb)

In Episode 1, negative discursive activities, which turned to be typical for class discussions in all lessons videotaped in this class, can be identified. Karen's answer refers to the name "perpendicular bisector", which in German is associated with a middle (Mittelsenkrechte (Ger.) = perpendicular to the middle (Eng.)). She uses the word "because", but she does not explain how the argument "it is called a perpendicular bisector" is to be used to justify the observed relationship. Her answer can be regarded as an unclear, fragmentary statement/argumentation (NDa). Lea, on the other hand, refers to an appropriate argumentto a property of a circle. However, likewise Karen, she does not explain how this argument can be used to draw the conclusion that the perpendicular bisector passes through the point A. Her answer has the form of an unclear, fragmentary statement/argumentation (NDa) too. Tom's contribution consists of broken sentences. Based on them it is difficult to reconstruct his reasoning. Therefore, for the teacher and for the classmates is may by not clear what exactly he wants to say (NDb). The negative discursive activities observed in this episode may indicate that the students lack an adequate understanding of what are precise, acceptable justifications. As a consequence of these activities it might be difficult for the classmates to grasp logical relations between the given arguments and the relationship to be justified.

Coding the learners' contributions as negative discursive activities does not mean that their reasoning is fundamentally wrong or irrelevant for the intended argumentation, nor does it mean that perfectly articulated justifications are expected there. These codes are used to mark parts of the discussion that clearly indicate opportunities for the teacher to explicitly negotiate with the students what acceptable justifications are. Instead, the teacher implicitly accepts the contributions ("Mhm.") without challenging the students to explain their reasoning.

Episode 2: Following Tom's answer from Episode 1, the teacher asks: The teacher tries to make students' answers from Episode 1 explicit objects of the class discussion.

In doing so, she asks a sequence of different questions one after the other (NDf). This may impede a clear course of the subsequent class discussion and is therefore to be coded as a negative discursive activity. Each of these questions does definitely have the potential to initiate students' reflection on the logical structure of the arguments mentioned in Episode 1 and to explicitly negotiate the meaning of an acceptable justificationof what a justification is based on and how it is used. However, the subsequent reactions indicate that this potential is not productively used.

Felix seems to refer to Lea's answer, but he changes the meaning of her argument (NDd). Lea named a property of the point A, whereas Felix describes a property of the points B and C. He does not make a mistake here, but he shifts the focus of attention from the centre of the circle to points B and C on the circle line. This activity has the consequence that even more argumentation steps would be needed to justify the relationship in question (see steps 3.-5. in the argumentation). Since Felix responds to one of the teacher's questions about the arguments mentioned by others, his utterance is not a new unclear and fragmentary utterance/argumentation. The teacher explicitly expresses her acceptance of the given answer. She stresses the reference point of this argument ("the one about the circle") and suggests that another relevant argument can be found in Lea's and Tom's answers. Her statement has the potential to initiate students' reflection on their own understanding of their classmates' arguments. Unfortunately, Ines does not directly respond to the teacher's contribution. Instead, she expresses her own reasoning. In doing so, she changes the reference point of the conversation without any comment on this change (NDd). This activity might impair the clarity of the discussion. Furthermore, in her first answer Ines refers to the results of actions on objects that cannot be interpreted unambiguously ("the lines [divided] into right angles"). Therefore, there is a risk that for the teacher and for her classmates it is not clear what exactly she means (NDb) there. Particularly, she does not make it clear which "lines" she refers to. Her answer is the only one, where the teacher asks for clarification. Unfortunately, also in her second answer Ines refers to the results of actions on objects that cannot be unambiguously interpreted ("the circle [divided] into four equal sized halves"). Consequently, it might still be unclear for others what she means (NDb). Thus, in Episode 2, the teacher explicitly accepts justifications based on imprecise arguments "about the circle". Implicitly she does not accept justifications based on ambiguously described mathematical objects or actions. As far it is left to the learners themselves to interpret how the accepted argument can serve as a justification for the relationship described in the task. The teacher's comments in Episode 3 indicate a typical feature observed in all four lessons videotaped in this class. She interprets Ines' contributions in Episode 2 as an attempt to "link" the properties of the circle and those of the perpendicular bisector. Ines mentioned both concepts, but clear attempts to "link" them cannot be observed in her statements. Therefore, a part of the teacher's comment can be regarded as a summary with a substantial change to what was said (NDc) and to what can be interpreted unambiguously with regard to the learners' reasoning. The "links", i.e. the logical relations between the properties of the circle and those of the angle bisector, are not made explicit at any point in the class discussion. This would be, however, necessary for the students to understand the logical structure of the intended justification, and to construct a shared understanding of how arguments are to be used to provide an acceptable justification.

Since no student answers the teacher's question "What did you say and use about the perpendicular bisector?", the teacher changes it to a leading question (NDg) about "Properties of the perpendicular bisector". In her second comment, the teacher points out that the pupils did not explicitly mention this property. Despite this fact, she does not specify the expected chain of arguments and the conclusion derived from this property, nor does she clarify the logical structure underlying the intended justification. In her second contribution, she suggests that since this property is a part of the knowledge shared in the class, it did not need to be explicitly mentioned. This comment might cause the learners to feel not obliged to express their reasoning precisely and in a way that can be understood by others.

The argumentation given by the teacher in her second comment in Episode 3 indicates a false logical structure (ND3e). The teacher should have used the property P3 instead of P2. P3 describes conditions that must be fulfilled for a point to belong to the perpendicular bisector. P3, on the other hand, describes properties of points that are known to belong to the perpendicular bisector. This comment is not to be understood as a negative discursive activity just because it includes a mistake. The reason for coding it as a negative discursive activity is that this mistake makes it more difficult for others to understand how the teacher generates her justification based on the mentioned properties of mathematical objects. Moreover, the teacher's comments differ from what the students actually said (NDc). No student said that B and C are equidistant to the perpendicular bisector. Since this argument is not relevant for the intended argumentation, this comment must be regarded as an unclear and fragmentary statement/argument (NDa). For the learners, it might be unclear how the arguments mentioned by the teacher should be "linked" together to form an adequate justification. Consequently, the learners must find their own interpretation of the statement "that is how you do it, when you justify something in math, that you take different properties of different objects and try to link them together and to look for connections". One possible interpretation, supported by the way how the teacher provides the final justification, is that of linking together as collecting properties of mathematical objects given in a geometrical representation; for an acceptable justification, the arguments on which a justification is based must refer to unambiguously described mathematical objects or actions.

Conclusion

The negative discursive activities identified in the three episodes occur in all four lessons videotaped in this class and create a pattern with the following regularities: (1) The students make an effort to provide justifications based on their knowledge about mathematical objects given in a particular geometrical representation, but their justifications lack precision with regard to the language and logical structure.

(2) The teacher usually does not comment on students' imprecise answers nor does she provide comments that could help the students improve their reasoning. Instead, she implicitly accepts arguments and justification despite their negative discursive character. Only if students' contributions refer to ambiguously described mathematical objects, the teacher asks for a clarification. In doing so, she implicitly negotiates the boundaries of what is an acceptable justification.

(3) The teacher inaccurately summarizes the students' contributions. There she gives an answer to the question under discussion without referring very precisely to the learners' previous answers. Her explanations support the interpretation of justifications as collections of arguments related to mathematical objects.

Since the regularities occur in all four lessons, the students seem to have it as a rule that the teacher "summarizes" their contributions and gives the expected answer or solution. This is evidenced by the fact that they often try to guess what the teacher expects them do say (e.g. "Do you mean this?") and do not question the teacher's "summaries". Their behaviour can be interpreted as acting according an unproductive sociomathematical norm. According to this norm, acceptable justifications are collection of properties of clearly named mathematical objects. This norm promotes activities and interactions that are unproductive in the sense that they impair students' understanding of mathematical justifications and their reasoning ability.

The paper has demonstrated that negative discursive activities can be used to capture interactions in class discussions that might lead to unproductive sociomathematical norms. In class communication negative discursive activities cannot be completely avoided and this should not be an idealistic teaching goal. Moreover, not each negative discursive activity necessarily implies negative consequences for students' understanding. The consequences depend on whether teachers accept these activities or rather sanction them and use them as learning opportunities to negotiate ways of thinking and talking that are specific for mathematics. In the first case, there is a risk that unproductive sociomathematical norms emerge. The negative norm identified in this paper indicates a challenge for teachers' educators to make teachers aware of consequences that negative activities might have for students' learning and to enable teachers to productively deal with these activities.

  Ines wanted to link the circle and the perpendicular bisector, their properties. And you guys also mentioned the properties of the circle before. Lea did it first and Felix just picked it up again. So, what you did is that you looked at the properties of the circle. The points B and C of the circle are always equidistant to A. And you also used another argument. You also linked the circle and the perpendicular bisector, just like Ines tried to do again just now. What did you say and what did you use about the perpendicular bisector? (4 sec) You also used these in your statements, maybe you weren't even aware of it, again the properties of perpendicular bisectors used. Which ones? (5 sec) Eva. (NDc, NDg) Eva: Every point on the perpendicular bisector has uhm is equidistant uhm to B and C. Teacher: Mhm, exactly. That is what you used. Sometimes you didn't even say that directly because we have always talked and known about that in class. And so that is what you used: B and C are equidistant to the perpendicular bisector and the centre of the circle is equidistant to both points as well. And that is what you linked to justify, that the centre of the circle A has to be on the perpendicular bisector. That's actually a useful strategy or that is how you do it, when you justify something in math, that you take different properties of different objects and try to link them and to look for connections. (NDe, NDc, NDa)
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The codes given here for negative discursive activities will be used to code these activities in lesson transcripts.