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The purpose of this study is to characterize early algebraic thinking in relation to students' understanding of generalized arithmetic concepts and procedures. The participants of the study were 203 Grade 6 students. Data were collected from two tests which focused on number, operations, equivalence, and equality properties. The first test included arithmetic tasks which could be solved by either strategies based on calculations or strategies based on arithmetic structure, while the second test included algebraic tasks which involved letters-symbolic representations. The results indicate that students who were able to solve arithmetic tasks using arithmetic structure were also able to solve algebraic tasks. The findings imply that generalized arithmetic abilities underpin the syntactical manipulation of algebraic expressions and exemplify why seeing structure is a highly important process of early algebraic thinking.

Introduction

Generalized arithmetic has been described by [START_REF] Kaput | What is algebra? What is algebraic reasoning[END_REF] as a basic algebra content strand in the K-12 curriculum. In the context of early algebra, generalized arithmetic provides students with the opportunity to work with properties that are inherent to number and arithmetic operations and understand that these properties are generalizable [START_REF] Kieran | Early algebra: Research into its nature, its learning, its teaching[END_REF]. This kind of activity entails the process of generalizing, but also the complementary process of seeing structure.

Placing attention on structure means turning attention away from carrying calculations [START_REF] Hewitt | Never carry out any arithmetic": the importance of structure in developing algebraic thinking[END_REF]. Looking for and becoming aware of structure pertains to the manipulation of number and arithmetic operations as objects which could be decomposed and recomposed in various ways [START_REF] Kieran | Seeking, using, and expressing structure in numbers and numerical operations: A fundamental path to developing early algebraic thinking[END_REF]. While the process of generalizing has been explored in extend, more research is still needed in respect to the process of seeing structure, especially within generalized arithmetic contexts [START_REF] Kieran | Seeking, using, and expressing structure in numbers and numerical operations: A fundamental path to developing early algebraic thinking[END_REF]. This study aims to contribute towards a better understanding of the role of generalized arithmetic and arithmetic structure awareness in the development of early algebraic thinking. Specifically, the study aims to exemplify why and how Grade 6 students' abilities in generalized arithmetic may be related to their understanding of algebra symbolic language and the meaningful manipulation of algebraic expressions.

Literature review

Generalized arithmetic

Generalized arithmetic abilities involve understanding of (a) the properties of numbers, such as odd and even numbers [START_REF] Bastable | Classroom stories: Examples of elementary students engaged in early algebra[END_REF], (b) the way operations relate to each other and the use of properties of operations for transforming arithmetic expressions (Britt & Irwin, 2011), and (c) the relational conception of the equals sign, which is not merely a signal for performing operations, but also a signal for presenting the relationship of equivalent expressions and preserving the same value on both sides of an equation [START_REF] Jones | Substitution and sameness: Two components of a relational conception of the equals sign[END_REF]. These abilities could be developed within activities that are abstracted from computations and do not address the use of letters [START_REF] Kieran | Early algebra: Research into its nature, its learning, its teaching[END_REF]. They facilitate the development of structural awareness which in turn enables the interpretation of arithmetic expressions as encoding the operational composition of numbers [START_REF] Subramaniam | The arithmetic-algebra connection: a historical-pedagogical perspective[END_REF]. For example, the number 989 could be decomposed and recomposed into various structures depending on different relations, i.e., 9 × 109 + 8 or 9 × 110 -1 or 989 = 9 × 10 ! + 8 × 10 " + 9 × 10 # ) [START_REF] Kieran | Seeking, using, and expressing structure in numbers and numerical operations: A fundamental path to developing early algebraic thinking[END_REF].

Several studies explored the significance of structural awareness within generalized arithmetic contexts for students' successful engagement in algebraic activity. [START_REF] Warren | The role of arithmetic structure in the transition from arithmetic to algebra[END_REF] indicated that understanding the use of properties of operations, like the commutative and associative property of addition, is critical for interpreting an operation as a general procedure that reflects a specific relationship between quantities, either known or unknown. Similarly, it was found that the use of opposite and inverse relations for simplifying arithmetic expressions enables students to understand that performing calculations in a serial way is not always necessary and that similar procedures could be applied for manipulating algebraic expressions [START_REF] Linchevski | Structure sense: The relationship between algebraic and numerical contexts[END_REF]. Britt and Irwin (2011) also indicated that helping students to understand the relational function of the equals symbol supports their meaningful engagement with algebra as a formal symbolic language. For example, using compensation in addition to transform 27 + 6 into 30 + 3 provides a foundation for generalizing that 𝑎 + 𝑏 is an equivalent expression to (𝑎 + 𝑐) + (𝑏 -𝑐). Likewise, students can more easily understand that the transformations performed for solving an equation, like 4𝑥 -8 = 3𝑥 + 1, should always preserve the equivalence of the two sides [START_REF] Knuth | Middle school students' understanding of core algebraic concepts: equivalence & variable[END_REF].

Another example concerns the result of operations with classes of numbers that have specific properties, like odd and even numbers. This kind of activity was found supportive for developing generalization, since multiple instances are compressed into a single, unitary form [START_REF] Blanton | Implementing a framework for early algebra[END_REF]. At the same time, the process of seeing structure is triggered, since the result of operations with specific classes of numbers is justified by their additive and multiplicative structure. At a later stage, students become able to represent the structure of operations with specific classes of numbers using letters i.e., odd + odd = even as (2𝑛 + 1) + (2𝑚 + 1) = 2𝑛 + 2𝑚 + 2 = 2(𝑛 + 𝑚 + 1).

Aim of the study

The current paper aims to extend prior research by providing insight into students' behavior when they confront a variety of generalized arithmetic tasks and whether this behavior influences their abilities in solving algebraic tasks. Therefore, this paper aims to contribute into further characterizing abilities in generalized arithmetic and exemplifying its role in developing early algebraic thinking abilities. Specifically, this paper focuses on describing Grade 6 students' abilities in solving generalized arithmetic tasks that involve (a) properties of operations, (b) equivalence and equality properties, and (c) properties of numbers. Moreover, this paper aims to illustrate why and how these abilities may be related to students' capability for solving respective algebraic tasks.

Method

Participants

A group of 203 6 th grade students from 4 urban schools (7 classrooms) participated in the study. The schools were chosen through convenience sampling, but attempt was made to invite schools from various socio-economic backgrounds to participate in our study. All students had received similar instruction in respect to algebra which was based on the content of their mathematics textbooks. Mathematics textbooks are the same for all students and are used at a national and compulsory level. These lessons involved the use of properties of numbers for simplifying calculations and finding the value of numerical expressions, the use of variables for representing unknown quantities, the formulation of algebraic expressions, the concept of equality and equality properties, equation solving (one-step and two-step equations), the concept of function, the use of different representations for representing functional relationships, and modeling problems.

Procedure and materials

Two tests were administered to the students. To distinguish more easily the two tests, we named the first test "aricthmetic" and the second "algebraic". The first test included 10 tasks that involved numbers, whereas the second test included 10 corresponding tasks that involved letter-symbolic representations. By corresponding tasks, we mean that for each task in the first test, there was a corresponding task in the second test which involved the same concept (Table 1). Each test consisted of three categories of tasks: (a) properties of operations (3 tasks), (b) equivalence and equality properties (4 tasks), and (c) properties of numbers (3 tasks). The tasks in the arithmetic test could be solved based entirely on calculation procedures, but they could also be solved through procedures based on the identification of general properties. The tasks in the algebraic test could only be solved through algebraic procedures. 

Research questions

To fulfill the general aim of the study, the following research questions were addressed:

(1) Is there a statistically significant difference between students' performance in the arithmetic and algebraic tasks?

(2) Is there a statistically significant difference between students' performance in the tasks concerning (a) properties of operations, (b) equivalence and equality properties, and (c) properties of numbers, when these tasks include only numbers and when they include letters?

(3) Are there any differences in the strategies that low, medium and high achievers employ to respond to these types of tasks?

Analysis

The first step of the analysis was to mark the tests and give 1 point to correct solutions and 0 points to erroneous solutions. The second step was to assess the type of strategy that students used to respond to each task in the first test. Researchers categorized students' strategies as (a) strategy based on claculations, (b) strategy based on arithmetic structure, and (c) no strategy. By "strategy based on calculations" we mean the application of calculation procedures in a serial way or trial and error strategies. By "strategy based on arithmetic structure" we mean the identification of general properties, as these are instantiated as relationships between mathematical objects [START_REF] Mason | Appreciating mathematical structure for all[END_REF]. No strategy was used to characterize responses that did not include a description of the way an answer was reached. To ensure reliability of the categorization of students' strategies, a subset of responses was randomly selected and coded by each author individually. Then, the authors compared their coding. Disagreements were resolved through discussion, until consensus was reached. The data analyses were conducted with IBM SPSS Statistics 27. Descriptive analysis was conducted for the variables and paired sample t-test to compare the students' results in the two tests.

Presentation of Results

To respond to the first research question, we analyzed the means and standard deviations of students' responses in the two tests. Students had a mean performance of .777 in the first test and .664 in the second. The difference in the means of these two tests was statistically significant (p<0.001).

To respond to the second research question, Table 2 shows the means and standard deviations in the three different categories of tasks and the results of the paired t-tests. The mean performance in all the categories of the arithmetic tasks was always higher than in the respective algebraic tasks. Paired t-test analysis showed that this difference was always statistically significant. To respond to the third question, we first examined the strategies used by students to solve the arithmetic tasks. Table 3 illustrates examples of students' responses to an arithmetic task that involved the use of opposite and inverse operations. Students' responses to the respective algebraic task are also presented. Christos was one of the students that used a strategy based on calculations for solving the arithmetic task; he performed calculations in a serial way, without noticing the components of the expression and the relationship between them. In the respective algebraic task, he answered that he could not find the value of the expression, because he needed first to know the values of the variables. Dora was one of the students that used a strategy based on arithmetic structure for solving the same arithmetic task. Dora seems to have immediatedly looked at the arithmetic expression and noticed the relationship between opposite and inverse numbers. She was also successful in solving the algebraic task. As [START_REF] Mason | Appreciating mathematical structure for all[END_REF] have highlighted "to decide without any calculation is a form of relational thinking, of appreciating arithmetic structure" (p.21). To better understand the profile of students who used each type of strategy, we identified three groups of students, based on students' mean score in the two tests, We labeled as (a) low achievers those with a mean score in the two tests equal or below 0.654 (N=58, 28.6% of the population), (b) middle achievers those with a mean score between 0.655-0.854 (N=88, 43.3% of the population), and (c) high achievers those with a mean score 0.855-1 (N=57, 28.1% of the population). Then, we examined the type of strategy that low, middle, and high achievers used to solve the arithmetic tasks in the first test. Tables 4,5, and 6 show the percentage of students who used strategies based on arithmetic structure (S.S), strategies based on calculations (S.C), and no strategy (NoS.).

The percentages in Tables 4,5, and 6 tell the same story. In the three categories of tasks, low achievers, consistently used more strategies based on calculations. High achievers systematically used strategies based on arithmetic structure. Middle achievers used more frequently strategies based on arithmetic structure than the low achievers but less frequently than the high achievers. However, we should note that the percentage of strategies based on arithmetic structure in solving properties of numbers tasks was much smaller in relation to the other two categories. 

Discussion and conclusion

The purpose of this study was to characterize students' early algebraic thinking in respect to generalized arithmetic abilities. The results showed that students who were able to manipulate structure within arithmetic expressions were also able to manipulate the syntactical structure of algebraic expressions where calculations are impossible. Therefore, this study offers empirical evidence to theoretical postulations which addressed that seeing structure is significant for the emergence of early algebraic thinking, equally important to generalizing [START_REF] Kieran | Seeking, using, and expressing structure in numbers and numerical operations: A fundamental path to developing early algebraic thinking[END_REF].

The results revealed that some students used strategies based on calcilations for solving the arithmetic tasks, whereas others used strategies based on arithmetic structure. It was found that low achievers more often used strategies based on calculations to solve the arithmetic tasks. In contrast, high achievers did not perform calculations right away, but they analyzed and made use of the embedded structure. In a similar way, they approached respective algebraic tasks. This result shows that to achieve the full potential of generalized arithmetic in enhancing early algebraic thinking, instruction needs to support all students to look for structure.

The tasks in the two tests captured three basic categories of generalized arithmetic, as these were described by previous theoretical and research studies: (a) properties of operations, (b) equivalence and equality properties, and (c) properties of numbers. In each category, students' awareness and use of the embedded properties seem to have enabled the manipulation of both arithmetic and algebraic expressions as objects that can be decomposed and recomposed in flexible ways [START_REF] Kieran | Seeking, using, and expressing structure in numbers and numerical operations: A fundamental path to developing early algebraic thinking[END_REF][START_REF] Subramaniam | The arithmetic-algebra connection: a historical-pedagogical perspective[END_REF]. The fact that the algebraic expressions involved letters did not seem to obscure their manipulation. This finding is also supportive of the idea that understanding of the formal and symbolic language of algebra might be rooted in students' understanding of the irrelevance of performing calculations and the fact that expressions, even if they involve only numbers, could remain uncalculated to declare a kind of relationship between two quantities or more.

Further analysis of the data revealed that the lowest percentage of strategies based on arithmetic structure was applied to tasks that involved properties of numbers, implying that these tasks might be more difficult or less emphasized in schools. This kind of strategies was more requently used in tasks that involved equivalence and equality properties, implying that the number of students in the sample who could understand the equals sign relationally was higher. The highest percentage of strategies based on arithmetic structure was observed in tasks that involved properties of operations. These findings denote that the instruction that these students received might have placed an emphasis on specific generalized arithmetic concepts and procedures and less attention was paid to others.

Summing up, this study illustrates through empirical evidence how and why generalized arithmetic comprises a critical content strand of early algebra lessons. As to how, the results imply that generalized arithmetic offered students the opportunity to decompose and compose arithmetic expressions and transfer this process when the format of an expression changed from numerical to letter-symbolic. As to why, it seems that generalized arithmetic provided a concrete foundation for placing attention to structure and not to calculations. Future research may examine students' behavior through qualitative methods to clearer describe the transfer of working from arithmetic to algebraic contexts and describing pedagogical instructional environments which establish this transfer for all students.

  (a) 27 + 89 + 262 -92 + 92 -89 = (b) 846 ÷ 28 • 28 ÷ 2 = Vasiliki claims that she can find the value of the following expressions. Do you agree or disagree with Vasiliki. Explain your answer (a) 420 -3𝜒 -4𝜓 + 3𝜒 + 3𝜓 + 𝜓 = (b) 35 • 3𝜒 ÷ 4𝜓 ÷ 3𝜒 • 4𝜓 = Equivalence and equality properties Find the missing number. Explain your thinking. + 17 = 15 + 24 18 + 𝐴 = 20 + 𝐵 Based on the above equality, express the relationship between 𝛢 and 𝛣.Properties of numbersName number 𝑦, using one of the following labels: odd number, multiple of 10, 2-digit number. (𝑎) 𝑦 = (10 × 3) + 8 (𝑏) 𝑦 = 246 779 568 + 1 (𝑐) 𝑦 = 10 × 1245 Name number 𝑦, using one of the following labels: even number, multiple of 10, odd number. (𝑎) 𝑦 = 2𝑎 (𝑏) 𝑦 = 2𝑏 + 1 (𝑐) 𝑦 = 10𝑐

(

  𝑎) 27 + 89 + 262 -92 + 92 -89 (𝑏) 846 ÷ 28 • 28 ÷ 2 Vasiliki claims that she can find the value of the following expressions. Explain your answer. (𝑎) 420 -3𝜒 -4𝜓 + 3𝜒 + 3𝜓 + 𝜓 (𝑏) 35 • 3𝜒 ÷ 4𝜓 ÷ 3𝜒 • 4𝜓 Arithmetic strategy (Christos) "No, because you first need to know the value of 𝜒 and 𝜓." it is correct because if you add a number and then subtract it, the number stays the same. The same stands for multiplication and division."

Table 1 : Examples from the arithmetica nd algebraic tests

 1 

		Arithmetic tasks	Algebraic tasks
	Properties of	Calculate the result. Show your work.
	operations	

Table 2 : Students' performance in the three categories of tasks in the two tests

 2 

	n	Mean	SD	t	df	p

Table 3 : Examples of students' responses to arithmetic and algebraic tasks

 3 

	Arithmetic task	Algebraic task

Calculate the result. Show your work.

Table 4 : Percentages of different strategies in properties of operations tasks Table 5: Percentages of different strategies in equivalence/ equality properties tasks

 4 

	Item	Concept	Low Achievers	Middle Achievers	High Achievers
			N=58 (28.6%)	N=88 (43.3%)	N=57 (28.1%)
			S.S	S.C	NoS. S.S	S.C	NoS.	S.S	S.C	NoS.
	Ar4a	Equality -additive structure	5.2	43.1	51.7	9.1	69.3	21.6	26.3	52.6	21.1
	Ar4b Equality -additive structure	3.4	39.7	56.9	11.4	63.6	25.0	22.8	50.9	26.3
	Ar4c	Equality -multiplicative structure	5.2	46.6	48.3	14.8	63.6	21.6	28.1	49.1	22.8
	Ar4d Equality -multiplicative structure	8.6	8.6	82.8	25.0	33.0	42.0	36.8	31.6	31.6
	Ar5	Equality -scale representation	46.6	20.7	32.8	70.5	22.7	6.8	94.7	5.3	0
	Ar6	Equality -additive structure	6.9	48.3	44.8	10.2	77.3	12.5	10.5	84.2	5.3
	Ar7a	One-step equation	0	0	100	9.1	0	90.9	17.5	0	82.5
	Ar7b One-step equation	0	0	100	11.4	0	88.6	22.8	0	77.2
	Ar7c	Two-step equation	0	0	100	10.2	1.1	88.6	24.6	0	75.4

Table 6 : Percentages of different strategies in properties of numbers of tasks

 6 

	Item	Concept	Low Achievers	Middle Achievers	High Achievers
				N=58 (28.6%)	N=88 (43.3%)	N=57 (28.1%)
			S.S	S.C	NoS.	S.S	S.C NoS.	S.S	S.C NoS.
	Αr8	Consecutive/odd numbers	3.4	29.3	67.2	13.6 60.2 26.1	15.8	64.9 19.3
	Ar9	Consecutive numbers	3.4	32.8	63.8	1.1	63.6 35.2	0	71.9 28.1
	Ar10 Multiples of 3	5.2	25.9	69.0	4.5	67	28.4	12.3	78.9	8.8