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This communication presents a lesson study conducted with prospective mathematics teachers and seeks to know what the participants consider having learned and what is their perception of the lesson study. The participants are 14 prospective mathematics teachers with a master's degree in teaching. Data collection was made by participant observation with a research journal and individual interviews with six prospective teachers. The results show that the participants needed some time to understand this formative process but recognize that they made significant learning in several aspects concerning mathematics teaching.

Introduction

Lesson study is a process of professional development of teachers originated from Japan (as jugyokenkyuu) in the late 19 th century, popularized since the late 20 th century from the USA [START_REF] Stigler | The teaching gap: Best ideas from the world's teachers for improving education in the classroom[END_REF], and currently used worldwide (Huang et al., 2019). The work done in a lesson study focuses on students' learning. This work is informed by the curriculum guidelines and research related to a given theme, assuming a collaborative nature and center on school practice.

A lesson study is developed from the identification of a learning problem identified by the participants, who study curriculum documents, research and professional papers, textbooks, and other relevant material that can help to understand how to deal with this problem and, based on this study, plan a lesson in detail. This lesson, called research lesson, is taught by one of the participants and observed by the others, and is then the subject of a post-lesson reflection. Finally, the participants present their experience, in particular to other teachers. It is a process close to an investigation on professional practice, involving the definition of a research problem, the realization of preparatory work that includes a literature review, the realization of an experiment (the research lesson), the analysis of data related to that experience, and the dissemination of results.

Lesson study is a formative process developed for in-service teachers. Given the agenda of initial teacher education (ITE) in preparing future teachers regarding all aspects of teaching practice, the question arises if lesson study can be used in this field and how that may be done [START_REF] Larssen | A literature review of lesson study in initial teacher education: Perspectives about learning and observation[END_REF][START_REF] Ponte | Lesson studies in initial mathematics teacher education[END_REF]. Given the specificities and constraints related to ITE, there are several questions that need to be considered, such as: (i) How to define the research question? (ii) In which class can the research lesson be taught? (iii) Who teaches this lesson, the class teacher, a prospective teacher, or the university teacher? (iv) Who observes the research lesson? In cases where the prospective teachers constitute a large group, it is not easy to establish an organization to carry out the lesson study, and microteaching experiments have been carried out with the prospective teachers teaching each other in small groups [START_REF] Fernández | Learning through microteaching lesson study in teacher preparation[END_REF]. In this communication, we present the main aspects of a lesson study conducted with prospective mathematics teachers during the 2020-2021 school year. Our aim is to know what the participants consider having learned and what is their perception of the lesson study.

Theoretical framework

Many different organizational arrangements have been used to introduce lesson study in prospective teacher education [START_REF] Ponte | Lesson studies in initial mathematics teacher education[END_REF]. Two main situations may arise: the lesson study is made with a relatively large group of prospective teachers, in the frame of a university course, or the lesson study is carried out during student teaching with very small groups of prospective teachers. For example, in an experience carried out in the USA, [START_REF] Burroughs | Pre-service teachers in mathematics lesson study[END_REF] describe a lesson study made in the frame of a middle school mathematics methods course with 24 prospective teachers. The lesson study was carried out by a team of seven experienced mathematics teachers from local schools, with the prospective teachers in the role of observers of this activity, collecting and analyzing data from specific moments of the lesson study sessions. The research lessons were observed by just a few prospective teachers that reported to the whole class.

An example of an experience carried out during student teaching is described by [START_REF] Nakamura | How lesson study helps teachers learn how to teach mathematics through problem-solving: A case study of a student teacher in Japan[END_REF], with the case of a prospective teacher in Japan involved in lesson study that focused on problem solving. The work was done in three weeks, with teaching in three mathematics classes, following the steps of preparation, teaching and reflection. The participants were the cooperating teacher and other prospective teachers (5 or 6) but there was no participation of a university teacher. The preparation of the lessons was made by the prospective teacher in interaction with the cooperating teacher but with no interaction with other prospective teachers. The most distinctive aspects of this activity were the intensity of the work carried out and the key role of the cooperating teacher.

One of the main aspects of the preparation of prospective mathematics teachers concerns the development of their knowledge about mathematics and mathematics teaching. Current discussions about such knowledge are framed in a decisive way by the seminal work of Shulman (1987) who called attention for a kind of knowledge that he considered neglected in initial teacher education-pedagogical content knowledge. Following the European tradition of defining didactics as the study of teaching and learning in different curriculum subjects, [START_REF] Ponte | Estudiando el conocimiento y el desarrollo profesional del profesorado de matemáticas[END_REF] highlights the central role of the teacher's knowledge of the teaching process, that includes key concepts necessary to develop a practice aligned with curriculum frameworks, particularly the notions of task and classroom communication. Besides the content of knowledge to develop in future teachers, another important issue concerns the processes of development of such knowledge. In this respect, a key contribution was provided by [START_REF] Ball | Developing practice, developing practitioners: Toward a practice-based theory of professional education[END_REF] who consider the work in practice-based situations a fundamental strategy for teacher education.

Lesson study allows to establish a relation among these theoretical perspectives. On one hand, it has a strong connection with practice, developing around the preparation, undertaking, and reflection of a lesson. On the other hand, lesson study requires the mobilization of knowledge of the content, regarding concepts, procedures, solving strategies and representations and of didactics knowledge, in key issues such as lesson planning, selection of tasks, and analysis of students thinking processes and of classroom communication. What prospective teachers learn in a lesson study depends very much of the emphasis of the work [START_REF] Ponte | Lesson studies in initial mathematics teacher education[END_REF]. They may learn about mathematics teaching including the planning of a lesson, the features of tasks that best support students' learning, the strategies and difficulties of students, the dynamics of a mathematics class [START_REF] Burroughs | Pre-service teachers in mathematics lesson study[END_REF][START_REF] Ponte | Lesson studies in initial mathematics teacher education[END_REF]) and develop professional competences such as reflection and collaboration [START_REF] Gunnarsdóttir | Lesson study in teacher education: A tool to establish a learning community[END_REF][START_REF] Lewis | Lesson study for preservice teachers[END_REF].

Research methodology

This study took place in a semester course (in February to May 2021). The participants were 14 prospective teachers who attended the first year of master's degree in teaching (a 2-year course after a 3-year bachelor's degree). Two of these prospective teachers, come from the bachelor's degree in mathematics and 12 come from degrees in other areas. The course had two co-teaching instructors (the authors of this paper). We chose to organize the 14 participants in 4 groups, doing 4 lesson studies in parallel, with some superimpositions in the preparatory phase. Although the teacher education program does not require the prospective teachers to teach lessons during this semester (but only in the 3 rd semester), the research lessons were taught by two prospective teachers in their classes since they were already teaching. The analysis of the school curriculum planning and the university calendar circumscribed the possible topics to address. Clarisse, who was teaching grade 7, choose the theme "Internal and external angles of a triangle" and Joana, who was teaching grade 8, choose the theme "Isometries". Thus, two lessons were held in grade 7 with the topics (i) Justification of the properties of the internal and external angles of a triangle and (ii) Problem solving involving internal and external angles of a triangle. Two other lessons were held in grade 8 with the topics (i) Rotation, and (ii) Central Symmetry. This option for the organization of the class into 4 groups was based on the idea that work, to be productive, must be organized into groups with a small number of elements.

The work on the four lesson studies had 12 sessions (S) and developed in four strands, addressing different aspects of teacher knowledge. The first strand (S1-S2) focused on mathematics, including solving mathematical tasks and reflecting on solving strategies and representations. The second strand (S3-S4) addressed students' strategies and difficulties on the topics. The third strand (S5-S8) concerned the detailed planning of four lessons, considering the curriculum documents. Finally, the fourth strand (S9-S12) included the observation and reflection on the lessons. A very important emphasis of all activity was work from tasks (Swan, 2017(Swan, -2018)). Prospective teachers were required to look for tasks that could be used in the research lessons. The tasks were solved and their features were discussed in detail according to the learning objectives defined, as well as the possible difficulties of the students in solving them. Another important emphasis was the organization of the mathematics class based on a work on tasks that can contribute to students' learning, in a perspective identical to what Japanese researchers call "structured problem solving" [START_REF] Fujii | Lesson study and teaching mathematics through problem solving: The two wheels of a cart[END_REF].

Data collection was made by participant observation with a research journal of sessions (Sx) and individual final interviews (FI) with 6 prospective teachers. For these interviews (all transcribed), we selected prospective teachers with different profiles, with some or no professional experience and with high or low participation in the classes. As data analysis strategies, we use content analysis [START_REF] Bardin | Análise de conteúdo[END_REF]. Data analysis began by identifying significant moments in the sessions and interviews, that is, moments in which future teachers' discourse may be a signal of teachers' learning, taking into account the prospective teachers' perspectives about the work done in the different sessions, namely about the (1) lesson study's organization in the course;

(2) the work on tasks; (3) the preparation of the lesson plan; and (4) the preparation of the observation of the research lesson. Regarding their perspectives about mathematics knowledge, we analyzed, (5) their awareness of own difficulties in mathematics, and, regarding their knowledge of mathematics teaching, we considered (6) lesson planning; (7) selecting tasks; (8) anticipating the reasoning and difficulties of students; and (9) conducting classroom communication. The interpretation of data was originally made by one of the authors and cross-checked by the other author. In some cases, the original interpretation was revised.

Results

Understanding and getting involved in the lesson study process

In the first session of the course, the work to be carried out throughout the semester was presented, with a complete script indicating all phases of the lesson study. It was in the second session that the work in the lesson study really began. A document was presented explaining in detail the work that was to be carried out and an article with a detailed description of a lesson study was discussed. However, for the prospective teachers, it was not sufficiently clear what was to be done. In the final summing up, carried out in the last session of the course, several prospective teachers indicated that they were confused regarding the work of the lesson study, namely the exploration of tasks related to the chosen topics: Joana:

Well Clearly, the prospective teachers were not used to do the type of work that was proposedworking in detail with mathematics tasks. For the first time, they were asked to select and analyze tasks in depth, anticipate possible strategies and difficulties of students, and plan a lesson. They began by not understanding why doing that. At the very beginning, they showed some difficulty in foreseeing and understanding the whole process. However, this problem was overcome in later sessions, with the continuation of the work, as they saw the structure of the lessons to be taught getting shape.

The planning of four research lessons at distance was very demanding and the prospective teachers suggested the need for more time for the planning, to prepare the observation, and to elaborate and reflect on the observation script:

Joana: So, I think if we had a little more time there to think a little more about these issues and write a better script... Not that our scripts were horrendous, but I think I could have a little more time there on the observation part. Especially in this issue, I think it was very fast. It was just one lesson, basically. (FI)

In a similar direction, Carolina indicated that observation is a very demanding process:

Carolina:

The issue of focus... Of the focus spoken by [the teacher] in the last session… That was important to me because I dispersed a bit and tried to focus and even then after the lesson I ended up dispersing myself because I had not pointed [some aspects] and even as I had the script and still did not record everything I wanted... I ended up not being able to point well the times... And other things... (FI)

Learning about mathematics and mathematics teaching

Despite the initial difficulties of understanding the formative model, the prospective teachers considered important the opportunity they had to put into practice the knowledge recommended in the course. They valued that they had the opportunity to plan a lesson in great detail, even if the course does not yet provide for prospective teachers to teach:

Olga: I ended up liking this course very much, because it was a course where I could feel a little bit of what my future will be like as a teacher [...] and then do that with a grade 7 class. I managed to have participative students, enthusiastic about the tasks.

I do not know if it was good for me or not, but I will continue with the positive feeling that students will like the tasks ... And I always try to enthusiasm them. (FI) For Olga, the lesson study was a complete experience with the preparation of a lesson that was then taught by another prospective teacher. Olga was excited with the outcome that the lesson that she planned with her group and, more specifically, the tasks, had on the students, and expressed a wish to maintain a similar practice in the future.

The whole group was involved in a deep analysis and reflection on the nature of tasks, their relevance to the learning of the selected topics, as well as the possible difficulties that could arise for students, culminating in the observation of students' work in these tasks. The prospective teachers had already studied in other courses the classification and characteristics of the different types of tasks, so they already knew some of the language associated to this theme. They acknowledged, however, that the deep work of solving and analyzing tasks, considering the objectives defined for the research lessons, provided them with new knowledge: "the work on tasks added something to what we already knew..." (Beatriz, FI). It also led them to deepen the previous knowledge "about the type of tasks we had already seen in the 1 st semester" (Carolina, FI). They highlighted that this work became more productive because it was practical: "the most productive work on tasks is as practical as possible" (Carolina, FI).

Clarisse, the prospective teacher who taught the grade 7 research lessons, pointed out that, despite already having some teaching experience, she did not use to solve the tasks before proposing them to her students, "most of the tasks I did not solve and took immediately to lessons" (Clarisse, FI). The solution of the tasks and the analysis of their suitability for the objectives of the lesson and the students made her learn and value the solution of the tasks and the anticipation of the students' strategies and difficulties "Ah! I've learned a lot about teaching. The planning part, the part of bringing responses already foreseen, possible answers from students" (Clarisse, FI).

Joana, the prospective teacher who taught the grade 8 research lessons, also mentioned that she learned several issues about tasks. She became to value exploratory tasks, recognizing that they provide the opportunity for students to do practical work and build their own knowledge: Joana:

To take a task that is to practice, it is to do something, it is not to stay there just listening to the formula, hear the concept, but start from something and go working that task to learn the concepts, I found it very interesting... (FI) Although Joana already knew some of the characteristics of exploratory tasks from the work previously carried out in other courses, it was the planning of a lesson based on such tasks that had more novelty for her: Joana:

In fact, I had never thought of beginning a lesson, although we had heard enough in [a previous course] about investigation and exploration tasks, I had never thought of doing a lesson around the task itself.

[…] I found it interesting also that certain lessons could unfold just from the task... Really, beginning from a task and preparing the lesson based on it and observing the difficulties of the students and what is expected from them and what can be done from this is very interesting. (FI) In the lessons led by Joana, on isometries, the moment of whole class discussion did not go as planned. She had difficulty in orchestrating the discussion because the students were not very involved and did not know this way of working. However, Joana valued the moment of whole class discussion: "and also, yes, the moments of discussion, although in my lesson it did not go very well..." (FI).

The prospective teachers had already worked on many of the ideas on mathematics teaching considered in the lesson study. However, when they had to put these ideas into practice, supervised by the teachers of the course, these ideas acquired greater meaning, much closer of what it will be in their profession. This is what Vítor says: "I had heard of exploratory lesson in [previous courses], but it is one thing to speak in a theoretical way and it is another thing to do it" (FI).

For Clarisse, who taught the grade 7 lessons, the experience with a new approach to teaching was positive: "I think it went very well (…) and the students also liked it very much". The lesson ran according to her expectations and the students were very involved. This led her to value exploratory teaching based on the learning that students may develop, "but I think it's really essential, I even think that learning is much faster achieved in this type of teaching than in a type of teaching that I have being doing perhaps wrongly" (FI).

The detailed planning work of the lessons also caused initial confusion to the prospective teachers. For example, Clarisse pointed out that "we had some initial difficulty in planning" (FI) while Vítor found some difficulty in determining the desirable level of detail "I don't know if we didn't exaggerate in detail" (FI). Despite the difficulties with the preparation of the lesson plan, Carolina stressed that the realization of the plan, in the context of the lesson study, allowed them to understand the relevance of each of the elements of this plan and how it was thought: Carolina:

I had heard of planning and one person ends up copying the plan from some other place... Or from the internet. But the fact that we […] realize that column, that topic of planning, is important and then, in practice we realize that it is effectively important.

[…] This here in the planning […] it even seemed like it wasn't important and then we ended up... The students ended up having a different reaction in that part and even should have been more thought of, wasn't it? [...] (FI) In addition, Carolina recognized that the fact that they had also observed the lesson in practice makes each of the reflections and elements of the lesson plan more important to understand the work and learning of students. She recognized the importance of elaborating such a detailed lesson plan.

For Beatriz, all this detail in the preparation of the lesson plan made her more aware of the fact that there are different ways to solve a task and also of the importance of the teacher to be attentive to different solutions and value them in the classroom:

Beatriz:

Not so much in the way of looking at students, more in the way of looking at the diversity of student solutions. That's right, because sometimes we only think in one way and when we see, there are several students who have several ways to solve and that is also correct, and I think it is important to give due value. (FI) All prospective teachers assumed that they made significant learning on mathematics teaching issues, in some cases with new ideas, in other cases bringing a different perspective on things that they already knew. This contrasts with their views regarding mathematics, in which they did not identify any significant learning. However, we note that there were several discussions on mathematical issues in which the prospective teachers seemed somehow confused. This happened, for example, with the issue of how to prove that the sum of the measures of the internal angles of a triangle is 360º, as they were willing to accept that a physical demonstration involving cutting vertices from a triangular sheet of paper could be seen as a mathematical proof. It seems that the fact that they had made many courses in mathematics previously, in their undergraduate study, led them to assume that they had a strong mathematical preparation despite the discussions in the course sessions seemed to suggest that they had several ideas to revise and clarify.

Conclusion

Several prospective teachers indicated an initial confusion regarding the work to be carried out in the lesson study, namely the exploration of tasks related to the chosen topics. More than a difficulty in understand the lesson study process, the teachers had difficulty in understanding why to do a so detailed analysis of tasks related to the chosen topics. Perhaps this needs to be better explained in the future.

In previous courses, the prospective teachers had already studied the classification and characterization of different types of tasks. However, they tended to look at the tasks superficially. They selected tasks to propose to students without solving them and without analyzing the possible strategies and difficulties involved in their solution. The deep work of task analysis and anticipation of students' strategies, as well as the detailed planning of an exploratory lesson, as well as its observation, provided significant learning on the teaching of mathematics. As indicated in Ni Shuilleabhain and Bjuland (2019), the future teachers highlight the value of going to the school in order to plan a lesson that is then put into practice, emphasizing that this experience favors the understanding of the characteristics of the tasks. In the end of the course, the future teachers also emphasized the importance of the practical work of selection, analysis and discussion of tasks, underlying the value of working from practice for the development of teachers' knowledge [START_REF] Ball | Developing practice, developing practitioners: Toward a practice-based theory of professional education[END_REF]Smith, 2001).

The format proposed for the planning of research lessons also caused some initial confusion. However, after observing the lesson, the prospective teachers tended to value the realization of a detailed planning, recognizing the importance of anticipating the possible strategies and difficulties of students, as pointed by [START_REF] Burroughs | Pre-service teachers in mathematics lesson study[END_REF]. Overall, the prospective teachers highlighted significant learning about the teaching of mathematics but not on mathematics. This may be regarded as natural, given that so far, they had many courses in mathematics, but they still do not have much experience in mathematics teaching.

The pandemic brought some challenges to the lesson study, namely the difficulty in accessing classrooms. The definition of an organizational model with a group of 14 participants proved to be challenging. As in the study by [START_REF] Burroughs | Pre-service teachers in mathematics lesson study[END_REF], the proposed format contemplated the division of the group into 4 subgroups. However, contrary to this experience, two future teachers taught the research lesson. In previous experiences, the research lesson was led by a cooperating teacher who contributes with his practical experience to the definition of research questions. The option that we assumed in this course, provided an important opportunity for these two future teachers, who are already teaching with other qualification, to reflect on their own practice. Despite the restrictions imposed, it should be noted that, contrary to what happened in the study by [START_REF] Burroughs | Pre-service teachers in mathematics lesson study[END_REF], this division into 4 subgroups allowed all future teachers to attend the research lesson they planned, completing the entire cycle of the lesson study, with the observation of the research lesson, so valued by them. Although the overall view taken by the prospective teachers regarding the work done is very positive, it is important to adjust the distribution of lesson study sessions to the number of research lessons to plan, considering, in particular, also the need for a deep preparation of the observation of the research lessons.

  , I think that at first the [course] was a little confusing. [...] First, we were looking at textbooks for a long-time and... I think that it was too much time for that. When we started being more oriented [by the teachers] and we realized what it was to do, I think it went very well. I think it was quite interesting. (S12) Carolina: I confess that only from the third session I begun reading about it and I realized what we were doing [laughs]. Really, we were studying textbooks and [I thought] "and now we're going to have to study the textbooks?" Then I understood what we were actually doing... And I really enjoyed it. (S12)
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