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The aim of this study is to discuss how specific educational researchers' choices, regarding the design of a professional development (PD) program for in-service mathematics teachers, influence the praxeologies of both the teachers and the researchers. In particular, we aim to highlight what learning mechanisms are activated by these choices. We use the Meta-Didactical Transposition (MDT) and the Boundary Object (BO) frameworks to describe the interactions between the two communities involved in the PD program, the researchers' and the teachers' one. The choices regarding the design of the program, made by the researchers, trigger internalization processes for both communities, as a result of the learning mechanisms activated during the joint work on a BO. These internalization processes led to an evolution of the initial praxeologies of the two communities and to the creation of a new, shared praxeology.

Introduction and theoretical framework

The study of mathematics teacher professional development has been an important focus of research over recent decades. Within CERME11 TWG18, open questions and issues emerged regarding, among the others, the crucial role of teacher educators [START_REF] Zehetmeier | International perspectives on mathematics teacher professional development[END_REF]. The present study is focused on the analysis of a teacher professional development (PD) program for lower secondary school (6 th -8 th grade), in-service mathematics teachers, held by a group of educational researchers (the authors), with particular regard to the researchers' choices in the design of the program itself. We aim to highlight the evolutionary process undergone by both communities, the teachers' and the researchers' one, and to describe how convergence on some theoretical and practical aspects was favored by specific researchers' choices.

Meta-Didactical Transposition

We use the MDT framework as an interpretative lens, which allows us to describe the interactions between two communities, one of teachers and one of researchers, in a dynamic way, showing the evolution over time of their respective praxeologies. The term "praxeology" was introduced by [START_REF] Chevallard | L'analyse des pratiques enseignantes en théorie anthropologique du didactique[END_REF]: it refers to the combination of a practical component, or praxis, and a theoretical component, or logos: in the case of didactical praxeologies, this combination is referred to teachers' activity in the class. The practical component includes tasks to be solved and techniques to solve them, while the theoretical component includes the justification and the explanation of the techniques. In the case of MDT, the praxeologies involved are meta-didactical ones, because they are referred to teachers' activities in the context of a PD program, not in their everyday classes. The evolution of the praxeologies of the two involved communities is described as the result of internalization processes of elements that were previously external to the communities. [START_REF] Robutti | Boundary objects in mathematics education and their role across communities of teachers and researchers in interaction[END_REF], in order to explain the evolution of praxeological elements from external to internal, suggest conceptualizing the meetings between mathematics teachers and educational researchers as "boundary encounters" between communities with different perspectives and objectives, which work together on a BO. Following [START_REF] Star | This is not a boundary object: Reflections on the origin of a concept[END_REF], we can say that a BO allows different communities to work together without preliminary consensus, due to its interpretive flexibility. Cusi et al. (in press) focus their attention on the internalization process during a professional development program. They show an example in which the MDT framework is integrated with the BO construct, to explain how the evolution of the praxeologies has been triggered. [START_REF] Akkerman | Boundary crossing and boundary objects[END_REF] identify four potential learning mechanisms activated by the joint work of two communities on a BO: identification of the practices of the different involved communities; coordination through cooperative exchanges between the two communities; reflection on the practices of both communities and transformation through the co-development of (new) practices and perspectives. Transformation has several steps, including: confrontation with some lack or problem, recognition of a shared problem space and hybridization, in which a hybrid cultural form emerges from the encounter and dialogue of different practices.

Boundary Object

Aim and research questions

In this study, we use the MDT and BO frameworks as lenses to discuss how the researchers' design choices for the PD program influence the praxeologies of both communities, in terms of activation of learning mechanisms. The learning mechanisms, identified by Akkerman e Bakker (2011), can explain how the development of a (completely or partially) shared meta-didactical praxeology between the community of the teachers and the community of the researchers took place. We will describe, in the following sections, the evolution of both the praxis and the logos components of the praxeologies of the two communities, the consequent internalization processes and the learning mechanisms triggered by specific design choices for the PD program.

In the light of what has been said, our research question is: What researchers' design choices for the PD program trigger learning mechanisms towards a shared praxeology, in the context of the joint work on the BO? In order to better understand the effects of the design choices made by the researchers for the PD program, we will also answer two sub-questions: Which internalization processes can be identified in the two communities, following the activated learning mechanisms? and Which evolution of the praxeologies of the two communities can be highlighted and which shared meta-didactical praxeology, if any, is developed?

Context and features of the PD program

The PD program we are studying is included in the University project SSPM: Scuole Secondarie Potenziate in Matematica, which is part of the national project Liceo Matematico [START_REF] Commodari | Liceo Matematico in Catania: a first analysis on teachers' professional development[END_REF]. The program is directed to lower secondary school mathematics teachers, who participate because their schools signed an institutional agreement with the University. They are all experienced teachers, only two of them have less than 10 years of service, and they have already participated in the previous three years of the program. The PD program consists, in fact, of two phases: the first lasted for the first three years of the program, while the second began with the fourth year and will continue for two more years. The object of this study is, in particular, the first year of the second phase of the program.

During the first phase (10 meetings of two hours per year), the two communities worked on inquirybased learning (IBL) [START_REF] Maaß | Implementation of inquiry-based learning in day-to-day teaching: A synthesis[END_REF] in mathematics, with a specific focus on problem solving and laboratory teaching. The researchers designed mathematics IBL tasks for students, already in a complete form, plus tasks for teachers. The teachers, during the meetings, had to solve the students' tasks in small groups, and the teachers' tasks, based on educational requests. Later, they had to experiment with the resources in their classrooms and to provide reports.

During the second phase of the PD program (10 meetings of two hours per year, as for the first phase), the teachers have been engaged in the design of resources for their students in a collective work, with the cooperation of the researchers, who provided to teachers these tasks in a not completed formulation. After the group work, in every meeting there was a collective discussion on the potentials and the limits of the tasks designed by the different groups and on the most suitable learning environment to be experimented in the classroom. The last two meetings were devoted to teachers' reports about their classrooms experimentations, with the resources designed during the PD program, and to collective discussions about possible improvements for the re-design of the resources.

Methodology

The authors, who were also the researchers/educators in the PD program, collected data by written protocols and videos related to the 18 teachers who participated in the first year of the second phase of the PD program, which took place online in a synchronous mode during the pandemic period. In particular, data come from:

1. A written preliminary questionnaire, administered during the first meeting, with open questions and a Likert Scale. The questionnaire had the aim to investigate the teachers' praxeologies, with a particular focus on their logos component, including teachers' beliefs about their students and about the teaching and learning of mathematics.

2. Video-recorded semi-structured interviews, conducted in order to better understand the answers to the questionnaire about which we had doubts or we wanted a deeper insight.

3. Teachers' written protocols related to the design of resources, carried out during the group work, and written reflections about it. 4. Video-recordings of the collective discussions that took place during the meetings.

Teachers' written and oral reports about their classroom experimentations.

In all the collected material, we looked for elements of the teachers' praxeologies referred to the design of resources, both regarding the praxis and the logos component and we traced their evolution over the ten months of the fourth year of the PD program.

As a hypothesis for our study, we considered the IBL approach as the BO on which the researchers' community and the teachers' community have been working for many years. A BO should be conceptualized, according to [START_REF] Star | This is not a boundary object: Reflections on the origin of a concept[END_REF], as a dynamic object consisting of several components, so that, when teachers and researchers work together, they often focus only on some components and not on the whole object. Specifically, during the second phase of the PD program, the BO on which the two communities interacted consisted in the design of resources for students, according to the IBL approach.

In order to answer our research questions, we looked for clues of the activation of learning mechanisms, due to the joint work on the BO. According to [START_REF] Akkerman | Boundary crossing and boundary objects[END_REF], identification occurs when a new insight is gained into what the diverse practices concern. Coordination entails a "communicative connection" between diverse practices or perspectives, allowing cooperation between two communities. Reflection entails the realization of differences between practices and thus the learning of something new about their own and others' practices. Finally, transformation is identifiable when profound changes in practices occurred, potentially leading to the creation of a new, in-between practice.

We also looked for evidence of internalization processes, occurring in both communities as a consequence of the learning mechanisms, that led to a shared meta-didactical praxeology. We particularly focus on the elements of the praxeologies of both communities, which refer to the design of resources for students: they include the mathematics tasks and all the elements of the learning environment. Each of the three authors worked, at first, autonomously, proposing also a possible correlation between the choices made by the researchers and the mechanisms observed. After numerous meetings, the three authors agreed on a shared proposal.

Results

The first and most general design choice for the second phase of the PD program was to involve teachers directly in the design of resources for their students, and it was inspired by what emerged in the ICMI Study 22 (Watson & Ohtani, 2015). This researchers' choice contributed to shed light on issues that had not emerged in previous years and constituted the basis of the activation of all the learning mechanisms that we will describe, in chronological order, in the following.

Identification

With the analysis of the preliminary questionnaire and of the collective discussions of the first meetings, we could identify some elements of the teachers' initial praxeologies, which did not emerge clearly during the previous phase. At the same time, during the collective discussions, the teachers could come to understand some elements of the initial researchers' praxeologies, that probably previously were not totally explicit. This objective has been pursued through the conscious choices made by the researchers in the design of the PD program and it led to the first learning mechanisms, i.e. the identification of the practices of the different involved communities, as well as of the justifications (logos) for these practices. The logos component of the initial researchers' praxeologies can be identified in the educational literature on IBL, recalled above. In the light of the literature and on the basis of their experience with classroom experimentations, the researchers deem it appropriate to propose inquiry-based tasks to all the students, without excluding anyone from this learning opportunity. For this reason, at the beginning of the second phase of the PD program, they asked teachers to design resources inspired by the IBL approach, in which all their students could have the opportunity to think, to explore, to conjecture and to share their ideas. We can, therefore, identify the praxis component of the initial researchers' praxeology, related to the design of resources for the students, with the proposal of inquiry-based tasks to the whole class, without reducing for anyone the learning opportunity to the resolution of too guided tasks. In this respect, there was an initial praxeological 'distance' between teachers and researchers. For example, in the written questionnaire, many teachers expressed doubts and reservations regarding the possibility to engage all the students in inquiry-based tasks and open problems:

Teacher 1:

At lower secondary school, we have to build problem solving ability, the horizon is limited. We have to work slowly, with guided problems. Only sometimes, someone in the class is able to treat a situation with something a little different from the acquired method. Teacher 2: Some [students] manage to identify the solution to a problem only among previously proposed strategies […] During the first meetings, this kind of reservation emerged from different teachers in different moments, leading the researchers to understand that the teachers were used to propose inquiry-based tasks only to the high-achieving students. This can be considered part of the praxis component of the initial teachers' praxeologies, regarding the design of resources for their students. During the discussion related to the resources designed by the teachers during the second meeting, one of the teachers clearly stated her perplexities about the proposal of IBL tasks to the whole class:

Teacher 3:

We are always a lower secondary school, we have very heterogeneous classes, there is nothing to do, there is the one who, with all due respect, will learn a job, will live peacefully, knowing how to calculate the rest […], get up to there, is needless to hide it.

[…] There are one or two in each class that you need to stimulate, but there are one or two in the whole class.

We assume that these considerations, related to the idea that only few students should be exposed to inquiry-based tasks and the others should do the "basic things", have to be included in the logos component of the initial teachers' praxeologies, because they are justification for practices deriving from the teachers' experience in the classroom and from their didactical praxeologies.

Coordination and reflection

In order to foster a productive collaboration with the teachers, the researchers decided to prompt, during the third meeting, a collective reflection on some answers to the preliminary questionnaire and on some resources designed by the teachers, in order to highlight possible inconsistences and to promote awareness about them. For example, in the questionnaire the teachers were asked to express with a score, from 1 to 6, how much they felt that certain goals are central to the role of the mathematics teacher. The options that received the highest scores were: "To create situations in which students have to make decisions and choices", "To promote freedom of thought and creativity", and "To promote students' awareness and critical sense". The researchers showed these answers during the third meeting and asked the teachers to think if the resources they had designed were coherent with the goals chosen in the questionnaire. This discussion led to a coordination and reflection on the practices related to the design of resources, as exemplified by the words of this teacher:

Teacher 5:

We actually gave some suggestions, so maybe we didn't think about a real exploration activity, it seems to me. At this point, if I reflect, the exploratory activity on the part of the students is missing.

Coordination and reflection laid the foundations for the subsequent learning mechanisms of transformation.

Transformation

The mechanisms outlined above led to the confrontation with a lack of coherence and to the recognition of a shared problem space [START_REF] Akkerman | Boundary crossing and boundary objects[END_REF]. The researchers understood that there was the need to build a hybrid, shared praxeology, fruit of the evolution of the meta-didactical praxeologies of both communities and of internalization processes on both sides. To do that, they began to look for an expansion of the theoretical framework of reference for the PD program and they found what they needed in the work of [START_REF] Cusi | Promoting formative assessment in a connected classroom environment: design and implementation of digital resources[END_REF], performed in the context of the European Project FAsMEd. The researchers decided to propose to the teachers "theory pills" extrapolated from this work, regarding methods for formative assessment, which can be adapted, in this case, to inquirybased resources for the whole class. In particular, the researchers proposed to integrate to the already established practices, the subdivision of students in level groups and the creation of "helping worksheets" (Cusi et al., 2012, p. 758) with specific suggestions or guiding questions, besides "problem worksheets", to be given to the different groups, if they request or need it. This decision triggered the hybridization step of the transformation learning mechanism and the teachers began to elaborate on these new ideas, evolving their praxeologies. During the following meetings, the teachers introduced new elements, namely the "help cards", that would constitute components of the hybrid, shared praxeology between the researchers and the teachers:

Teacher 6:

[…] we thought of preparing helping sheets, but without already addressing them to strong groups or weak groups, we have prepared them by points […] So, we give help cards to those who ask for them. We didn't think of a single worksheet but, we give different cards with specific suggestions, depending on how the work in the groups goes. Because we create homogeneous groups but we cannot a priori know where they get stuck, what their difficulty is […].

An internalization process of praxeological elements occurred for both communities (as summarized in Table1), because of the introduction of "help cards" as part of the shared praxeology related to the design of resources for the students. The subdivision of students in level groups was a practice already internal to the teachers' community, but, at the beginning, only the groups of high achieving students received inquiry-based tasks to work on. At the end of the fourth year, instead, the praxeology element related to the proposal of inquiry-based tasks to all the students became internal also to the teachers' community, thanks to the introduction of "help cards" for the groups who needed them. The researchers asked the teachers to experiment with the new resources in their classes and to report the results during the last two meetings of the PD program. During the collective discussion about the experimentations, an ex-post reflection on what had been designed took place attested the creation of a new praxeology for the design of resources for students:

Teacher 7:

The idea was to have a series of cards and, as we faced their difficulties, […] we gave them that help card just to help them take a step, without giving them many elements, too much information.

In Table 2, we summarized the researchers' choices at the basis of the described learning mechanisms. 

Discussion

In this study, we discussed how specific design choices, made by a group of educational researchers for a PD program devoted to in-service mathematics teachers, influenced the evolution of the praxeologies of both the involved communities. We studied, in particular, the learning mechanisms activated thanks to these design choices and the subsequent development of a shared meta-didactical praxeology between the researchers' community and the teachers' community. We described the evolution of the praxis and the logos components of the praxeologies of both communities and the occurred internalization processes, relating them to the researchers' choices.

We highlighted how the choice to involve the teachers in the design of resources based on the IBL approach, including the tasks for their students and the learning environment, was at the basis of all the learning mechanisms activated during the PD program. Besides that, the choice to administer a preliminary questionnaire to the teachers, with questions about their practices and justifications for these practices, as well as the choice to make collective discussions about teachers' answers to the questionnaire and about their task design, triggered the learning mechanisms of identification, coordination and reflection. The subsequent choice to integrate new theoretical elements and new praxeologies, inspired by the work of [START_REF] Cusi | Promoting formative assessment in a connected classroom environment: design and implementation of digital resources[END_REF], related to the FAsMEd project, and the request to incorporate these integrations in the design of resources and in the classroom experimentations, triggered the mechanism of transformation. In particular, the hybridization step led to the construction of a new, shared praxeology between the two communities, and to internalization processes of new elements for both communities.

In this way, we showed the process which led from an initial praxeological 'distance' between the researchers and the teachers, towards a shared 'in-between' praxeology, as a result of the contribution of both communities. The shared praxeology, at the end of the PD program, included the proposal of inquiry-based resources for all the students, the subdivision of students in level groups and the creation of "help cards" to be given to the groups that needed some guidance. Further research is needed to study if the shared praxeology between the two communities can be considered stable or other evolutions could be triggered during the future years. The analysis we conducted can be also extended to other PD programs, held in different contexts, in which other types of BO are involved.

•

  Preliminary questionnaire • Teachers' involvement in the design of the resources to be used with their students • Collective discussions, during the first meetings, about teachers' practices and the justifications of their practices. Identification • Teachers' involvement in the design of the resources to be used with their students • Collective reflections on the questionnaire and on the task design proposed by the teachers Coordination and reflection • Teachers' involvement in the design of the resources to be used with their students • Integration of new elements in the theoretical framework of the PD program • Proposal of the integration of new practices • Request to experiment with the new practices Transformation

Table 1 : Internalization processes for the two communities involved in the PD program Internalization processes Task design

 1 

	Researchers' community	• Level groups

Table 2 : Researchers' choices triggering learning mechanisms Researchers' choices Learning mechanisms

 2