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To trace and represent changes in mathematics teaching over time is a challenge for research. This methodological paper proposes a framework for visually representing teacher moves in mathematics lessons. Based on commognitive theory, a framework of de-ritualising moves towards explorative teaching is developed. Two lessons of mathematics student teachers 'teaching-as-usual' in their final practicum are used for the development of a coding-scheme. The analysis enables to represent several de-ritualising moves, and the visual and fine-grained analysis is a promising result for longitudinal research on de-ritualisations in teaching-as-usual.

Introduction

This methodological paper proposes a framework for visually representing teacher moves in mathematics lessons. The challenge is to capture important characteristics in mathematics teaching, and at the same time avoid normative or idealised views of teaching. Research in mathematics teacher education was found to often take a fidelity approach, where teaching is researched relative to particular reform idea or intervention [START_REF] Österling | Productive ways of organising practicumwhat do we know? A systematic review[END_REF]. In a classic article, reform mathematics is claimed to depend on cognitively demanding instructional tasks with multiple possible responses [START_REF] Stein | Orchestrating productive mathematical discussions: Five practices for helping teachers move beyond show and tell[END_REF]. However, the majority of mathematics lessons are not based on such tasks, and [START_REF] Nachlieli | Ritual-enabling opportunities-to-learn in mathematics classrooms[END_REF] remind us that the resilience among teachers to change in line with reforms may indicate that there are gains in engaging in ritual, so called 'traditional' teaching. In Sweden, contrasting norms are balanced in mathematics teaching. On the one hand, collective reasoning where both learners and teachers contribute with arguments is found [START_REF] Eriksson | Algebraic and fractional thinking in collective mathematical reasoning[END_REF]. On the other hand, textbooks do not privilege problem solving tasks [START_REF] Brehmer | Problem solving in Swedish mathematics textbooks for upper secondary school[END_REF], and learners value mainly facts and procedures as important in mathematics learning [START_REF] Andersson | Democratic actions in school mathematics and the dilemma of conflicting values[END_REF]. In this paper, I use teaching-as-usual to describe teaching which is not part of a research intervention or reform initiative.

Categorisations, as traditional versus reform-based teaching, imposes a dichotomising view on mathematics teaching. Under dichotomising views, learning to teach means to choose between extremes, rather than becoming aware of complexities. Despite training in so-called reform-based or student-centred teaching, mathematics student teachers find it challenging to pursue such teaching in their classrooms (see f. ex. [START_REF] Bahr | Structural and conceptual interweaving of mathematics methods coursework and field practica[END_REF]. When norms of the school context contradict norms from campus-based education, student teachers abandon the norms of campus-based education [START_REF] Nolan | Dispositions in the field: Viewing mathematics teacher education through the lens of Bourdieu's social field theory[END_REF]. In addition, idealised views of mathematics teaching make norms and practices in the field unintentionally devalued [START_REF] Horn | Developing pedagogical judgment in novice teachers: Mediated field experience as a pedagogy for teacher education[END_REF]. However, when norms and practices are implicit in teacher education, they are less available to learn [START_REF] Christiansen | Images of the desired teacher in practicum observation protocols[END_REF][START_REF] Helgevold | Key focus areas and use of tools in mentoring conversations during internship in initial teacher education[END_REF], and the dilemma between normative views on teaching and visible teaching practices raises a need for a descriptive way of talking about mathematics teaching, where dichotomies as good or bad teaching are avoided.

For that purpose, this paper aligns with recent developments in commognitive theory, and operationalises commognitive routines for the analysis of teaching. An assumption in commognitive theory is that mathematics learning, like all human activity, entails a modelling of actions based on what was done in the past in a similar situation, a routine [START_REF] Lavie | Routines we live by: From ritual to exploration[END_REF]. Routines range between rituals and explorations, where explorations are the desired end-condition for learning, but rituals the essential starting point. Ritual activities are performed to please someone else, hence, ritual learning is to recognise and stepwise imitate different processes. Explorations on the other hand, are oriented towards truths about mathematical objects, where the performer has control over both the enactment and the end-conditions for the activity. Keeping in mind to not re-introduce dichotomies, [START_REF] Lavie | Routines we live by: From ritual to exploration[END_REF] claim that no mathematics activity is fully-fledged rituals or explorations. Instead, teaching and learning mathematics means participating in de-ritualising moves, moving gradually from ritual routines, towards explorations. Six such moves are suggested by [START_REF] Lavie | Routines we live by: From ritual to exploration[END_REF]: flexibility, bondedness, applicability, performer's agentivity, objectification and substantiability, detailed below.

The strength in using de-ritualising moves for describing teaching is that it connects disparate aspects in mathematics teaching to a move towards explorations. The aim of this paper is to develop a codingscheme for de-ritualising moves in teaching, and provide a visible representation of teaching-as-usual, to be able to compare lessons. The question posed is: What adaptations are necessary to operationalise de-ritualising moves for the analysis of teaching-as-usual?

Methodology

This section describes the data and context for the adaptations, and thereafter the steps taken for developing the analytic framework and visible representations.

Data

Two lessons were used for the development of the coding-scheme. The lessons were led by Eva and Kristin (pseudonyms), two secondary mathematics student teachers. Both Eva and Kristin followed a programme for upper secondary teachers in mathematics. The included lessons were part of their final practicum. Both had substantial mathematical and mathematics educational knowledge, however, commognitive theory, which is the basis of analysis in this paper, had not been part of their education. The students both agreed to participate in the TRACE-project (see acknowledgements), a longitudinal study where new teachers are followed from their final practicum through the first three years of teaching. For 17 student teachers, now teachers, over 90 lessons were video-recorded, with researchers present in the classroom, and with informed consent from participants.

The lessons were selected as examples of teaching-as-usual. They were similar in their mathematical level, and both were the last lesson before a test. The lessons reinforce what is important content, and learners can be expected to be familiar with it. Kristin taught a mathematics intensive class in the first year of upper secondary. The learners had worked on a set of three examples as homework, so-called "real-world situations" described by mathematical models: a linear, a quadratic and an exponential. Eva's lesson was from the third and final year in upper secondary mathematics. Eva had prepared three examples on antiderivatives to present in front of the whole class, thereafter, five different sets of examples were provided for learners to work on in five groups.

Method for developing the analytic framework

The developing framework of de-ritualising moves is based on recent developments in commognitive theory. An important contribution is the work by [START_REF] Nachlieli | Ritual-enabling opportunities-to-learn in mathematics classrooms[END_REF], who researched opportunities to learn in ritual-enabling and exploration-requiring teaching. Their approach informs both the connection between commognition and teaching, but also how the start and end of a task are important aspects in a lesson for determining who has the agency to determine initiations or endconditions. Rather than using rituals and explorations, the present framework is based on six deritualising aspects, as [START_REF] Lavie | Routines we live by: From ritual to exploration[END_REF] suggest are important for moving learning towards explorations. These de-ritualising moves were adapted by Österling (2021) for privileged teaching in mentor conversations, and the present paper presents a further adaptation for the analysis of teaching. The coding-scheme targets descriptions of teacher moves which encourage or legitimise deritualisations. A unit of analysis was obtained through two steps: First, when a new example is introduced, and second, when there is a transition into a new way of organising the lesson, i.e. teacher presentation to learners group work, or from learners group work to presenting solutions.

The operationalisation of objectification, flexibility, bondedness, substantiability, applicability and performers' agentivity are based on first, a theoretical translation from learning processes to teaching moves, and thereafter iteratively coding and empirical fine-tuning of the coding scheme, exemplified below by transcripts from the two lessons. These units were the base for the visible representation.

Results

This result section first presents the development of the analytic operationalisation of de-ritualising moves, and the resulting coding-scheme. Next, the visual representations of the lessons are provided.

Developing a coding-scheme for de-ritualising moves

Objectification in Lavie et al.'s (2019) description is when the story about routines becomes more abstract, a narrative about mathematical objects rather than concrete objects or procedures. In upper secondary calculus, the task situation rarely involves concrete objects, as manipulatives, rather, calculus often involves examples with different mathematical realisations of the object, as graphs, tables, symbols or real-world-situations. Thus, learning objectification is the abstraction from questions and examples rather than from concrete objects. It is often recognised in language by the use of nouns. Objectification in teaching is hence when the teacher encourages discussions through the use of objects (as nouns), or about what characterises objects. Kristin posed several questions to encourage objectification, for instance:

Kristin

How can we tell that this is a power function?

Kristin encouraged learners to focus the characteristics of objects, in this case, power functions. For Eva, objectification is traced in her explanations, as in the antiderivative of 𝑓(𝑥) = 𝑠𝑖𝑛2𝑥:

Ari: But Eva, the sin2 𝑥, why does it get a negative sign? Eva:

It is always like this, now when it is like this [points to 𝑓(𝑥) = 𝑠𝑖𝑛2𝑥] this must be sine, which means that it has been cosine. But the derivative of cosine is negative sine. There we have no negative sine [points at 𝑠𝑖𝑛2 𝑥], therefore, this need to be negative [points at (-𝑐𝑜𝑠2𝑥)/2].

Eva treated the derivatives of sine and cosine as familiar and abstract objects, as in "the derivative of cosine is negative sine", Even though her questions to learners never encouraged them to engage in objectification, her own explanation legitimised objectification when she referred to familiar content, such as derivatives, as abstract objects.

Flexibility, according to [START_REF] Lavie | Routines we live by: From ritual to exploration[END_REF], is that learners realise there is more than one way of solving a task, or that previously unrelated procedures results in the same outcome. For teachers to encourage flexibility is to ask for different solutions, or the comparison of solutions. In the two lessons, the one instance akin to encouraging flexibility is when Kristin started the lesson by asking learners to discuss their solutions with a peer.

Bondedness is when the routine is changed from a mixture of steps into a compound, where the output of a given step is used as input in latter steps, and hence only necessary steps are performed [START_REF] Lavie | Routines we live by: From ritual to exploration[END_REF] Here, Eva connected a familiar procedure, the derivatives of quadratic functions, to the antiderivative. The antiderivative is not yet treated as an abstract object in teaching, but the encouragement of bondedness between procedures for derivatives and antiderivatives is prevalent throughout the lesson. A similar pattern is found in Kristin's lesson. In both lessons, it was the teacher who made moves towards bondedness, whereas learners provided brief factual or procedural answers.

Substantiability is when learners provide criteria for the performed routine, rather than paying attention to the processes or rely on the judgment of those they regard as authority [START_REF] Lavie | Routines we live by: From ritual to exploration[END_REF]. In teaching, this means an encouragement of substantiations beyond the steps of a procedure. Kristin used "why"-questions to encourage substantiations:

Kristin:

The maximum is 93, why is the maximum 93? Frida:

Because it is 50, so take 18 -1,5 • 50 Kristin:

[Writes the solution on the board] Exactly, because this is the amount of time where we leave the Sauna on, and hence the time for the temperature to rise. To 93 degrees.

Learners responded to the why-question by giving the steps of a procedure; however, Kristin reinforced the move of substantiability, and drew on the information given in the example and about the situation of a heating sauna in her substantiation. In the included two lessons, substantiations based on mathematical properties were rare.

Applicability is when the range of task situations for a given routine is expanded beyond the precedent situation [START_REF] Lavie | Routines we live by: From ritual to exploration[END_REF], and for teaching, this means encouraging the extension of task situations where previously known procedures can be used. One move of applicability was when Kristin applied the range of a function to the real-life situation of a heating sauna (above). Another is when Eva reminded her learners of familiar procedures:

Eva: Ok, so we must find the antiderivative for this, h(x)=… [Points to . ℎ(𝑥) = 6√𝑥]. Do you remember how to write square roots differently? David: 0,5, the power of 0,5. Eva:

So we have 6𝑥 1/2 , I prefer to write it like this, as one over two. [Writes ℎ(𝑥) = 6√𝑥 = 6𝑥 1/2 ]. In this example, the procedure of manipulating expressions of powers was applied in the new situation of finding antiderivatives. Thus, applicability moves include both the extension of task situations into real-world situations, but also into new mathematics content.

Performers agentivity contribute to de-ritualisation when performers are free to make a growing number of decisions without the help of others, as in the initiation, on how to proceed, and in the evaluation of a task [START_REF] Lavie | Routines we live by: From ritual to exploration[END_REF]. Teachers' de-ritualising moves are when they encourage or legitimise learners' decisions, as in the transcript below:

Kristin:

What do we need to do to find the temperature after 20 minutes? What are your thoughts?

Here, Kristin asked for learners' thoughts, rather than the right answer or the way to proceed. Thus, she encouraged learners' freedom to make decisions on the way to proceed. Here, the distinction between de-ritualisation as learning, and de-ritualising moves in teaching come to a head. Even though Kristin encouraged learner agentivity, learners provided a correct answer or the steps of a solution, thus, learners interpreted the situation as if they were expected to engage in ritual participation. Nevertheless, for the purpose of this analytic framework, teachers' encouragement of learner participation is enough for the coding of a move for learner participation. Table 1 presents codings: 

A visual representation of de-ritualisation

After sectioning each lesson into time-slots based on the start of a new example, and/or a transition in the organisation of the lesson, the time-slots were marked as black where de-ritualising moves were engaged by the teacher. The shaded columns are sections where learners work in groups or individually, where only the initiation by the teacher was coded. Kristin's lesson was divided into 12 sections, represented in columns in table 2 below. It is visible how Kristin engaged several de-ritualising moves, where bondedness and substantiability was used throughout the lesson, agentivity was prevalent at the start, and objectification and applicability relate to particular tasks. Eva's lesson was divided into nine sections, as in table 3 below: Eva encouraged bondedness in the beginning of the lesson, where she repeated procedures for finding antiderivatives. In the follow-up discussion after group-work, Eva also engaged elements of applicability, objectification and learner agentivity.

The visual representation facilitates the comparison of the two lessons. In Kristin's lesson, the grey and black sections show how she uses several transitions between tasks, and between whole-class or group-work, and that these transitions initiate new de-ritualising moves. Although she encourages learner agentivity in the beginning, she abandons this ambition towards the end. Eva's lesson has visibly fewer black sections, and learner agentivity is only engaged after group-work section. Hence, although bondedness is a repeated move, more de-ritualising moves are only engaged after the groupwork section.

Discussion

The visual representation provides an overview of the de-ritualising moves in mathematics teachingas-usual. Thereby it facilitates comparisons of what moves are present and when they are used, and the model has the potential to capture developments in teaching over time.

The analysis of the two lessons adds aspects to be further investigated. First, objectification was found to be legitimised mainly in relation to familiar content, a pattern which is important to engage further. Second, bondedness is dominant, and it is interesting to enquire whether this is a characteristic for secondary mathematics. A third pattern in Kristin's teaching when she attributes learners agentivity, learners return to ritual responses, as asking for correct answers. Thus, the relation between deritualising moves in teaching and learning is a central investigation to continue. Analytically, the boundaries between the de-ritualising moves are not always sharp. There may be a need to add more distinctions or sub-moves in future analysis.

In the two included lessons, teachers engaged in teaching-as-usual, where a dichotomising analysis can be insufficient to capture the complexity of what is going on. Instead, the analysis of deritualisations has the potential of making the complexity visible, and thus possible to describe. To continue the logic of [START_REF] Nachlieli | Ritual-enabling opportunities-to-learn in mathematics classrooms[END_REF], teachers engage where they see potential for substantial gains. Therefore, I propose the analysis of de-ritualising moves in teaching has the potential to reveal not only what is going on, but also what teachers find important in teaching.

  . In teaching, moves towards bondedness is to encourage turning previously disparate steps into a new compound procedure through focusing the connections between steps. Several examples were found in both Eva's and Kristin's teaching, and the transcript below is from the beginning of Eva's lesson on antiderivatives:

	Eva:	This is a derivative, yes. [Writes 𝑦 ′ = 2𝑥]. Now, imagine going backwards, one
		step up with the derivative and get the function.
	Ari:	It is x and remove two…
	Eva:	

So we are looking for this [writes y=], and we want… what must this have been before to obtain… 𝑥 2 . [Writes 𝑦 = 𝑥 2 ].

Table 1 : Coding-scheme for de-ritualising moves in teaching

 1 

	De-ritualising moves	Descriptions
	Bondedness	Encourage turning a sequence or previously disparate steps into a new compound
		procedure through focusing the connections between steps.
	Flexibility	Encourage learners to find more than one way of performing a task.
	Substantiability	Encourage substantiation of results beyond the steps performed as procedure.
	Applicability	Encourage the extension of task situations for previously known procedures.
	Learner agentivity	Encourage learner agentive participation, e. g. to decide for themselves what the task is,
		what to do, and if a procedure worked or not.
	Objectification	Encourage discussions of what characterises objects (rather than how to use it), or
		legitimise objectification in explanations.

Table 2 : De-ritualising moves in Kristin's teaching

 2 

	Total: 55 min.	0:00 1:55 4:05 6:20 7:27 10:21 13:30 17:21 22:00 26:40 30:45	33:10
	Example	1	1a	1b	1c	1c	2ab	2ab	3a	3bc	3c	3c	individual
	Bondedness		x			x		x		x		x	
	Flexibility	x											
	Substantiability		x			x		x		x		x	
	Applicability					x	x		x			x	
	Agentivity	x	x		x	x			x				
	Objectification				x	x	x						

Table 3 : The de-ritualising moves in Eva's teaching

 3 

	Total: 50 min.	1:27 2:25 4:01	9:20	30:00 32:00	32:20	35:40	37:00
	Example	1	2	3	1:1-5:3	2:2	3:3	3:3; 4:3	5	individual
	Bondedness		1	1		0				
	Flexibility									
	Substantiability									
	Applicability									
	Agentivity						1			
	Objectification									
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