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The importance of developing students' mathematical reasoning (MR) is emphasized, both in curriculum documents and research, as an essential skill for their learning. Nevertheless, as the teaching practice for promoting MR is often challenging for prospective mathematics teachers (PTs), it is essential to highlight MR as a goal for preservice teacher education. This study aims to analyse the growing knowledge of a group of 13 middle school and secondary mathematics PTs about the justification process, a critical component of MR, throughout a teacher education course. The results show that before working on this theme in the course, PTs revealed difficulties in the interpretation of MR processes and lower levels of knowledge about justification. However, their knowledge level has improved, which may confirm that the type of work carried out in the course was valuable to a deeper and adequate MR knowledge necessary for their future practices.

Introduction

The development of students' mathematical reasoning (MR) is currently emphasized in national and international curriculum documents for teaching mathematics (ME, 2018;NCTM, 2000), as it is recognized as an essential skill for students to succeed in understanding mathematics by making sense of concepts and actively constructing mathematical ideas [START_REF] Lannin | Developing essential understanding of mathematics reasoning for teaching mathematics in prekindergarten-grade 8[END_REF][START_REF] Stylianides | Prospective teachers' challenges in teaching reasoning-and-proving[END_REF]. From this perspective, it is important that teachers place greater emphasis on MR in their practices, by providing students the opportunity to engage in and develop MR processes, since their learning depends on the experiences that teachers offer to them in mathematics lessons (Boston & Smith, 2011;Breen & O'Shea 2019). This recommendation is significant in Portugal, since the curricular documents emphasize the development of students' MR ability, including justifying as an essential MR process to also help them reach a broad nature generalization (ME, 2018). However, school practices are still not consolidated and focused on the promotion of this MR process, since it is challenging for prospective teachers (PTs). Even though they struggle to produce and identify justifications, commonly judge empirical arguments by seeing examples as justifications for a generalization, as they may not have that experience as students and are unfamiliar with the MR meaning and processes (Melhuish et al., 2018;[START_REF] Stylianides | Prospective teachers' challenges in teaching reasoning-and-proving[END_REF]. Therefore, it is essential highlighting MR as a goal for pre-service teacher education, to develop the required prospective teachers' knowledge about MR [START_REF] Stylianides | Content knowledge for mathematics teaching: The case of reasoning and proving[END_REF] to be proficient in promoting this students' skill in their future practices [START_REF] Buchbinder | Preservice teachers learning to teach proof through classroom implementation: Successes and challenges[END_REF][START_REF] Loong | Tracking change in primary teachers' understanding of mathematical reasoning through demonstration lessons[END_REF][START_REF] Ponte | Prospective mathematics teachers' learning and knowledge for teaching[END_REF].

Mathematical tasks involving the analysis of students' reasoning processes may provide opportunities to develop the PTs' knowledge in the context of initial teacher education focused on MR, but how they interpret and understand it and notice students' justification process is still an under researched issue (Melhuish et al., 2018;[START_REF] Park | Prospective teachers' interpretations of mathematical reasoning[END_REF]. The current study aims to analyse the growing knowledge of middle school and secondary mathematics PTs about the process of justification, throughout a teacher education course focused on MR. In particular, we address the following question: What improvement do the PTs evidence in their knowledge about the justification process, when they analyse examples of students' work in solving MR tasks, before and after a teacher education course? Thus, this study may contribute to support the development of PTs' reasoning and the necessary enhancement of the design principles of the teacher education course to better assist prospective teachers in developing the needed knowledge of MR to carry out practices focused on it.

Theoretical framework

Mathematical reasoning

Mathematical reasoning, a process of making justified inferences based on previously known information [START_REF] Jeannotte | A conceptual model of mathematical reasoning for school mathematics[END_REF][START_REF] Mata-Pereira | Promover o raciocínio matemático dos alunos: Uma investigação baseada em design[END_REF], covers diverse kinds of reasoning: inductive and abductive to infer and draw new information, particularly plausible conjectures, and a general conclusion, based on examples and empirical experience; and deductive reasoning using formal rules to validate the inferences made from that information.

In addition, the MR conceptualization and the engagement in this activity involves diverse reasoning processes [START_REF] Jeannotte | A conceptual model of mathematical reasoning for school mathematics[END_REF]: generalizing and justifying processes, which are recognized as central for mathematical reasoning and may be achieved by inductive, abductive, and deductive reasoning; and also exemplifying, which is conceived as a relevant support for generalization and justification [START_REF] Mata-Pereira | Promover o raciocínio matemático dos alunos: Uma investigação baseada em design[END_REF]. Generalization starts from a conclusion or conjecture about a property or procedure, often based on patterns identification after an exploration of specific examples using inductive reasoning, to assert that it is common or valid to a set of objects. Afterwards, the conclusion or conjecture needs to be validated by testing examples or find counterexamples, checking if it works for diverse objects, or also justifying it through deductive reasoning [START_REF] Jeannotte | A conceptual model of mathematical reasoning for school mathematics[END_REF][START_REF] Lannin | Developing essential understanding of mathematics reasoning for teaching mathematics in prekindergarten-grade 8[END_REF]. Justification involves generating arguments, and explaining why they are true, to provide compelling reasons for established conjectures, but students often evidence difficulties in writing their justifications [START_REF] Bersch | Teachers' perspectives on mathematical argumentation, reasoning and justifying in calculus classrooms[END_REF]. The understanding of the definitions and counterexamples' roles in this process allows students to make their reasoning clear and to increase their conceptual understanding, recognizing that a justification validity is a critical component of MR that is expected to be supported by mathematical procedures, properties, and definitions.

Finally, exemplifying appears associated with other reasoning processes, and involvies finding examples to support the identification of similarities and differences, and performing a validation to support the justification [START_REF] Jeannotte | A conceptual model of mathematical reasoning for school mathematics[END_REF].

Prospective teachers' knowledge of mathematical reasoning

As mentioned in literature, it is essential that PTs learn how to create learning environments for promoting their students' reasoning, attending to the mathematical education demands [START_REF] Davidson | Supporting elementary teachers' planning and assessing of mathematics reasoning[END_REF]. PTs' knowledge of MR involves different dimensions, particularly the concept of reasoning and the kinds and processes it encompasses. Moreover, that knowledge involves recognizing the importance of developing students' MR as it is essential for their learning, and to be able to identify the reasoning processes they are able to use, namely justification, to support them through mathematical reasoning tasks [START_REF] Bersch | Teachers' perspectives on mathematical argumentation, reasoning and justifying in calculus classrooms[END_REF][START_REF] Cihan | Developing pre-service mathematics teachers' pedagogical content knowledge of proof schemes: an intervention Study[END_REF][START_REF] Park | Prospective teachers' interpretations of mathematical reasoning[END_REF]). However, several studies (e.g., [START_REF] Lannin | Developing essential understanding of mathematics reasoning for teaching mathematics in prekindergarten-grade 8[END_REF][START_REF] Stylianides | Facilitating the transition from empirical arguments to proof[END_REF] show that PTs usually express incorrect ideas on MR processes, especially about justification, even after having attending courses targeting this process.

Regarding these difficulties, there is a need to study how PTs may develop that knowledge during their teacher education programs. For PTs access to MR, it is essential that in teacher education they read and discuss documents focus on framework concerning MR (meaning, kinds and processes) and are asked to solve mathematical learning tasks from a school student's perspective (Jeannote & Kieran, 2017; Mata-Pereira & Ponte, 2017). Complementarily, the PTs' engagement on tasks, focused on noticing evidenced distinct ways of student's reasoning, require them to justify and sharing interpretations of MR. This PTs' analysis of students' work, in a first stage of teacher education course, may provide information that helps them to increase the required justification knowledge throughout the training course [START_REF] Park | Prospective teachers' interpretations of mathematical reasoning[END_REF]. To analyse this improvement of PTs' knowledge on MR, their interpretation of justification process should be assessed at initial and final phases of the course, using distinct levels which may characterize the diverse understanding of specific aspects associated to MR processes. For this purpose, we adopt a framework to describe the PTs' knowledge about MR processes, focusing on generalizing and justifying [START_REF] Rodrigues | A framework for prospective primary teachers' knowledge of mathematical reasoning processes[END_REF]. This framework identifies six important levels (subcategories) to classify the knowledge of the reasoning processes and to characterize distinctions among main activities (Table 1), which provide "a tool to assess the learning of the prospective teachers in this domain" (p.10). According to these authors, the lower levels (0, 1 and 2) are recognized as insufficient knowledge of the reasoning processes, as do not reveal understanding of their distinct characteristics by attributing meanings to associated terms. The other upper levels (3, 4 and 5) already correspond to better MR knowledge of processes, illustrated mainly by the identification of examples and specific properties that characterize the process as defined in literature, and being able to presuppose relationships of inclusion.

Context and methods

This study has a qualitative nature (Erickson, 1986), and assumes a descriptive and interpretative analysis of PTs' growing knowledge about justification. It developed during a preservice teacher education course in the context of the REASON project (http://reason.ie.ulisboa.pt/en/english/) that aims to develop PTs' knowledge to promote students' MR. The participants are 13 (3 male and 10 female) Portuguese PTs who attended the 1st year of a master's program in the teaching of mathematics for middle and secondary school levels. The majority of them had a degree in mathematics, with about 3 years of advanced mathematics study, or a degree in an area with a strong mathematical component, complement with subjects in the master's program. All PTs volunteered to participate in the study and are identified by a random capital letter for guaranteeing their anonymity.

The eight sessions (two hours each) of this course on MR were conducted by the first author and observed by second, as researcher, and were part of one semester mathematics education methods course. The sessions were conceived to deepen PTs' knowledge about MR, where they autonomously (individually and in pairs) solved mathematical tasks involving Algebra and Geometry topics that required them to make generalizations and justifications. And after that they analysed episodes revealing some students' reasoning processes in solving the same tasks. In addition, their work on the tasks was collectively discussed with the intention of giving them opportunities to better understand the MR processes. The sessions also considered the reading and whole class discussion of documents focused on a framework concerning MR [START_REF] Jeannotte | A conceptual model of mathematical reasoning for school mathematics[END_REF] and theoretical principles for task design to promote RM.

Data collection for this study concerns two phases of the PTs' work which includes their written answers to an initial task proposed on the course before working on MR and one task at the end of the course, in order to analyse their knowledge development. Both proposed tasks include some students' resolutions of them, and a question that asks PTs' analysis of the reasoning processes illustrated in students' answers, as following, intending to gather a wide diversity of data regarding their knowledge of justification process:

Initial task question: For each of the students' written work on the task, identify how they attempted to justify the stated property. Which students' answers evidence "convincing justifications"? Justify your answer.

Final task question:

Analyse each of the students' written work on the task and characterize the justifications they present. Specify the ones you consider most "convincing" and explain why.

In data analysis, to answer the question of this study, we used the framework reported above [START_REF] Rodrigues | A framework for prospective primary teachers' knowledge of mathematical reasoning processes[END_REF] to analyse PT's knowledge about the reasoning process of justification in both tasks. Based on that, we present in table 2 a quantitative description levels of knowledge exhibited by the PTs in the process of justifying based on their answers of the tasks, and comparing them to illustrate their knowledge development. The PTs' answers were independently coded by the authors, focus on the identification of the categories proposed. Divergent interpretations or doubts concerning a codification were then discussed by both authors to reach a full agreement. After that, we also present some examples of the PTs' answers to the tasks that show the discrepancies of the process meaning attributed by them and their interpretation of students' answers, associated to each subcategory. This examples may provide evidence of PTs' MR knowledge and difficulties they reveal in their work.

Results: PTs' knowledge about justification

Table 2 shows the PTs' different levels of knowledge about justification, based on their answers in each task. Generally, the results show that PTs have improved their knowledge in the reported answers and the interpretation of the students' answers. 
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* Three PTs did not answer this question in the initial task

In the initial task, most PTs (6 + 1) evidenced lower levels (0 and 1) of knowledge about reasoning process of justifying, which is indicative of the common PTs' difficulties in interpretation of MR processes. They mainly confuse the justifying process with others, namely with the generalizing. For example, to contend for the convincing justifications in students' task answers, in their answers they argue that:

The most convincing justification is the one that reaches generalization … He concluded that all even numbers added to odd numbers give odd … without exemplifying or generalizing. (D)

The student used the generalization and verified its divisibility by 2. (F)

They perceive the property and generalize. (M)

One PT also associated this process with the use of a mathematical procedure, a term used in everyday language as illustration of the process, although the procedure in the student's answer is clearly not justified: "The resolution is accessible and assertive. They seek to justify from the use of algebraic addition" (A).

Only few PTs (2 + 1) showed higher levels (3 and 4), that comply with the definition process, although two of them just identified the justification through transcribed examples of the students' answers associated to this process, mentioning for instance that: "Use of equations and acquired knowledge of the sum of even and odd numbers" (P) and "Uses algebraic language and concept of parity" (O).

We also observe that one PT already evidenced deeper knowledge about justification, outlining its properties, recognizing an algebraic expression and mathematical properties as relevant characteristics of this process: "Generalizes algebraically … and uses the property that says the sum of two even numbers is an even number" (S).

At the final task, compared to the initial one, the PTs' levels of knowledge of justification have increased (2 to 5). The only PT at level 2 assumes that, for considering the justification as a reasoning process, it needs to be properly complete and correct, namely using mathematical logic: "he is not able to come to a logical justification" (N).

We also find, in this task, that the most common levels are 3 and 4, as evidenced by 11 PTs (4 + 7).

The four PTs showing level 3 were able to identify the justification process through transcribed examples of the students' answers, for example: The answers of the PTs' most evidenced level (4) express knowledge of justification and outline their properties, recognizing an algebraic expression and mathematical properties as relevant characteristics of this process. For example:

The justifications presented use inductions, for generic examples and formal demonstrations; reveal the understanding of the concepts involved and necessary for the demonstration, even though ... general algebraic expressions are used. (T)

He relies on geometric construction…, on knowledge that he already possesses… and gives a deductive generic example. (M) Resolution D is an example of a justification through deductive reasoning characterizing justifications; justifies through examples, …where its representation allowed reaching the property and justifying. (P)

Finally, we remark that one PT has reached the highest level of knowledge (5), as in her answer she identifies the justification and highlights the relationship between this process and generalization, by assuming that the last is inherent to the first: "The student … ended up finding two regularities that justify his reasoning quite well … discovers the regularity, making a generalization" (A).

Conclusions

This study investigated the improvement of middle school and secondary mathematics PTs' knowledge about the MR process of justification, in the context of a pre-service teacher education course, particularly focused on how they recognize this process in students' solution approaches in MR tasks which are analysed by them at an initial and final moment of the course. The PTs' work on those two moments of the course and its comparative analysis provided an opportunity to evidence their growing levels of knowledge regarding justification process, based on the framework by [START_REF] Rodrigues | A framework for prospective primary teachers' knowledge of mathematical reasoning processes[END_REF] and recognised by the authors as essential to establish the progression of MR knowledge. Although almost all PTs had a solid mathematical background, with about 3 years of advanced mathematics study, at the beginning of the course, most of them still revealed difficulties with this MR process that is central to the mathematical activity. They seem not to be familiar with MR knowledge, as they reveal lower levels of knowledge about justification. This is indicative of common and serious PTs' difficulties in the interpretation of MR processes before working on this theme in teacher education, as pointed out also by other studies [START_REF] Buchbinder | Preservice teachers learning to teach proof through classroom implementation: Successes and challenges[END_REF][START_REF] Lannin | Developing essential understanding of mathematics reasoning for teaching mathematics in prekindergarten-grade 8[END_REF][START_REF] Stylianides | Facilitating the transition from empirical arguments to proof[END_REF].

As expected, after being involved in the teacher education course, it seems that in the final task, the PTs were using knowledge they have learn during the course, as all of them show a progress in their level of justification knowledge, although revealing a wide diversity among them.

Finally, we remark, concerning the research question, that the results of the study evidence that the PTs have improved their knowledge, which confirm the importance of providing PTs opportunity to develop their MR knowledge in initial teacher education. The results of this research could also indicate that the privileged type of work carried out in the course, particularly the discussion of theoretical texts about MR meaning (definition, types, and processes) and the exploration and analysis of tasks proposed to students focused on their types and processes of MR, was valuable to bringing them closer to a deeper MR knowledge necessary for their future practices.

The limitations of this study are related to the fact it only focuses on the PTs' justification process and does not analyse other relevant MR processes worked on the course, but the research will be extended to adress more dimensions of PTs' MR knowledge.

  it was based on previous knowledge and reached a new conjecture and validated; justified through examples and search for patterns. (F) part of a general case to justify this property. (R)

  

Table 1 : Subcategories for classifying the knowledge of the reasoning process (Rodrigues et al., 2021, p. 6)

 1 

Table 2 : Levels of PTs' knowledge about justification justifying PTs Levels of reasoning process

 2 

		Initial task (*)	Final task
	A	1	5
	D	0	4
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