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The present study design focuses on primary school students' abilities in early algebraic thinking, using a task format with balance scales, which intends to provide a material-supported introduction to dealing with linear equation systems with multiple unknowns and their relationships. This offers an approach not demanding formal symbolic language, i.e. without the use of letters. In this paper, first insights from case studies on students' approaches are presented.

Introduction

This article focuses on how primary school students aged 9-11 years old (grade 3 to 4) deal with linear equation systems as well as how they use and describe the contained relationships between multiple unknowns, as a core of algebraic thinking. To circumvent the well-known difficulties of learning algebra in later grades (e.g., [START_REF] Kieran | Algebraic thinking in the early grades: What is it?[END_REF], a task format was developed, which consists of iconic representations of balance scales and colored geometric shapes. This omits, for example, the equal sign and formal symbolic language in the form of letter variables. The aim of the study is to investigate how students use and describe relationships between multiple unknowns in linear equation systems. The ongoing study takes place before the introduction to algebra in the classroom context as well as without a previous teaching program. Therefore, the research questions are the following: To what extent do primary school students show different approaches and strategies for dealing with multiple unknowns, as a core of algebraic thinking, in linear equation systems represented as multiple balance scales? How do the children use and describe the relationships between the unknowns represented in the tasks?

Theoretical framework

Early algebraic thinking

So far, there is no unified definition of early algebraic thinking. Kieran, for instance, made the following definitional attempt: "Algebraic thinking in the early grades involves the development of ways of thinking within activities for which letter-symbolic algebra can be used as a tool but which are not exclusive to algebra and which could be engaged in without using any letter-symbolic algebra at all, such as, analyzing relationships between quantities, noticing structure, studying change, generalizing, problem solving, modeling, justifying, proving and predicting" (2004, p. 149).

Furthermore, to conceptualize early algebraic thinking from a multidimensional perspective, the following components of algebraic thinking in early grades can be cited: Handling operations (as objects) and their inverses; establishing relationships between numbers, sets, and relations (relational thinking); generalizing; dealing with changes; dealing with unknowns; using symbolic representations (Fritzlar, 2011, pp. 37-38).

Starting from this characterization of algebraic thinking this paper focuses primarily on the component "Dealing with unknowns", which is particularly important and means the handling and analysis of known and unknown quantities as well as establishing relationships and structures between them (e.g., equivalence transformations). In addition to this aspect by dealing with unknown and known quantities, students have to operate on the unknowns which comes along with an analytically thinking where logical deductions are to be made, without necessarily using letters. This characterization of algebra's analytic nature distinguishes algebraic from arithmetic thinking (e.g., [START_REF] Radford | Early Algebraic Thinking: Epistemological, Semiotic, and Developmental Issues[END_REF].

Balance scales model

The balance model is "one of the most popular didactic artefacts used to teach the solution of linear equations" (Lins, 1992, p. 208) which also underlies many studies in algebraic thinking. Previous studies have shown that even students in the early grades can solve linear equations where the unknowns can occur on both sides of the equation (e.g., [START_REF] Brizuela | Ten-year-old-students solving linear equations[END_REF]. To enable students to deal with linear equations and develop an understanding of equality, the balance model is often used in early grades because it "can assist students in providing a language base for solving problems'' (Otten et al., 2019, p. 2). [START_REF] Otten | Fifth-grade students solving linear equations supported by physical experiences[END_REF] found in an intervention study with fifthgraders using embodied learning environments that the balance model can promote students' ability to solve linear equations, to further illustrate equivalent transformations using conventional algebraic equation solving strategies (restructuring, simplification, isolation by elimination and substitution) in an informal way. Regarding the fifth-grade students' algebraic reasoning, Otten (2020) investigated different types of representation and states that algebraic reasoning was better developed by the balance model than by informal linear equations. [START_REF] Warren | Young children's ability to use the balance strategy to solve for unknowns[END_REF] conducted an interview study with third-grade students supported by a teaching program with the aim to investigate the extent to which students can solve tasks with an unknown using a concrete physical balance scale model. They found out that this expands the understanding of equality and equal sign to a more comprehensive relational perspective.

While previous studies are usually associated with a teaching program, the following study will forego this to be able to analyze the students' approaches and capabilities of algebraic reasoning. Previous studies investigated just one linear equation with often only one unknown, thus focusing on just determining the unknowns or moving to a formal symbolic language rather than, as in this case here, on the process itself as well as dealing with multiple unknowns and their relationships. In relation to the component "Dealing with unknowns", this means that relations between unknowns must be established and used and operating with the unknowns as known mathematical objects is necessary. Moreover, not only the unknown should be determined, but the relationships between the multiple unknowns are in the focus. Furthermore, it can be assumed that the presence of multiple unknowns leads to a more complex task structure, and structure of relations to be established, so that early algebraic thinking can be investigated particularly well in such situations, since arithmeticbased procedures seem less obvious. The aim of the present study is firstly to investigate how students work on tasks with two or more linear equations represented by drawn two-plate balance scales, secondly which relationships between unknowns were constructed and used, and thirdly how they deal with the unknowns (in the sense of equivalence transformation). Thereby students' reasoning regarding algebraic strategies solving systems of informal linear equations should be analyzed. In addition, first impressions and, above all, the potentials of the developed research approach, are to be highlighted to show to what extent the study design allows an investigation of early algebraic thinking at all and makes a reconstruction of this possible and worthwhile.

Methodological approach

To be able to reconstruct the approaches as well as students' description of their procedures regarding algebraic ways of thinking in as much detail as possible, an ongoing interview study of my PhD project is currently being conducted. This study focuses on the mathematics education before the introduction of linear equations and algebra in general, therefore students of different grades of primary school in Germany were selected for the thirty-to-forty-five-minute interviews.

The assignment is to work on the tasks and to explain and justify how the students proceed and think about, in which everything can be used that is on the table (paper, pens and laying material designed analogously to the tasks presented below). The "Thinking-aloud" Method is also used to try to gain insight into the students' ways of thinking, so that they are also encouraged to verbalize these ways of thinking and proceeding. This also results in the role of the interviewer, who is only to encourage, with as few inquiries as possible, that the procedure and the considerations are verbalized by the students.

To investigate the approaches for dealing with linear equation systems containing multiple unknowns in terms of algebraic thinking in primary school age, the following task design was developed. Based on the number of unknowns (in the form of geometric shapes of different colors) and the underlying task structure, different types of balance scale tasks emerged. In Figure 1, we can see an introductory task, firstly supporting students to become familiar with the task format and secondly, if necessary, to avoid misconceptions due to less existing experience with this type of scale from everyday life, and the task types. This will now be explained in more detail.

The number of unknowns per se remains constant within the four described task types A to D. The task structure can involve scales and relationships between unknowns, for both the given and the asked scale pans. They contain each either one unknown per scale pan (unmixed) or partially multiple unknowns per scale pan (mixed). Students are asked to construct and formulate a relation between two unknowns (unmixed) or a requested new relation between multiple unknowns to one unknown (mixed).

In task type A each given scale pan contains only one unknown. Students are asked -illustrated by a third scale -to construct another relation between two unknowns (unmixed-unmixed). The specifications of the given scale pans in task type B are like task type A, however the last scale asks for a relation between multiple unknowns (e.g., a triangle and a red square) on the one side to one unknown on the other side (unmixed-mixed). The task structure is changed in task type C because the given scale pans are partly each based on one or more unknowns and students are asked for a relation between two unknowns (mixed-unmixed). For task type D, the one or more given scale pans contain multiple unknowns and a relation between multiple unknowns is asked (mixed-mixed). Likewise, the task types can be extended with respect to more unknowns like four (e.g., additional green pentagons). Tasks on this have also been worked on by this age group but are not considered in this paper. Within the task types, further distinctions can be made with respect to difficultyincreasing factors (e.g., whether substitution is possible), but these are not examined in this paper.

The individual interviews, consisting of tasks of all task types (see above), were audiovisually recorded, transcribed, and afterwards analyzed using the qualitative content analysis according to [START_REF] Kuckartz | Qualitative Inhaltsanalyse. Methoden, Praxis, Computerunterstützung [Qualitative content analysis[END_REF]. The categories for analysis were obtained inductively from this data material, as well as deductively based on theoretical considerations, for example regarding the algebraic strategies for solving systems of linear equations.

First results

Within this paper, the task types A, C and D (see tasks worked on in Figure 1) are considered, because the most different approaches can be expected here. Subsequently, to show a beginning spectrum of different approaches in terms of strategies and use of materials etc., which is supported due to the good verbalization ability of the students, I refer to the three case studies of Caspar, John (both at the end of fourth grade) and Lenny (at the end of third grade) and their answers.

Insight into the approaches for task type A and use of material

In the processing of this task example Caspar uses the material (Figure 2). He represents the second scale of the task sheet (step 1), counts the circles and then removes three circles on the right side and one triangle on the left side of the scale (step 2). He apparently recognized that three circles correspond to a triangle, which is challenging, because this relation is not explicitly given. Caspar replaces the two remaining triangles with three squares in the next step (step 3). He has thus recognized that the left side of the second scale corresponds to the right side of the first scale. Then Caspar replaces one square and two circles. Based on the now two laid squares on the one hand and the four laid circles on the other hand, he can determine that one square corresponds to two circles (step 4). At this point, for example, Caspar logically deduced, a characteristic of algebraic thinking. After Caspar was able to determine the solution with the help of the material, he explained his approach as follows:

Caspar: Because (…) I took away three here [points to the circles, as indicated by the second scale in Figure 2] so that this is as heavy as two [points to the triangles (second scale)]. Interviewer: Yes. Caspar:

And then I had six here [points to the circles on the right side (second scale)] and three here [points to the triangles on the left (first scale)] and then I had taken away one here [points to the square (third scale)] and then I had taken away four here [points to the four circles on the right side (third scale)] and then one here [points to the square on the left side (third scale)]. Then I had four here and two here [points to both sides (third scale)] and then I had taken away one more [points to left side] and here again two [points to right side] and then I had one to two.

The assumption described above about Caspar's approach is confirmed by his explanations. He thus used an explicitly represented relation to replace one unknown with another unknown, making use of substitution, and constructed two non-explicitly represented relations (e.g., the two triangles he is pointing are equivalent to six circles) and used them to simplify. While Caspar proceeds step by step using the material to remove elements of the same value on both sides, John verbalizes some steps, so that the recognized and apparently used relations only become implicitly clear. The description of John's procedure shows that he clearly refers to the calculation he performs when verbalizing it. John interchanges the dividend and divisor:

John: Ah, one square is two circles, because three squares are two triangles and three triangles are nine circles and if you still, so three divided by nine is three and, if you subtract one of those three (..) so from the triangles, (…) that would actually be two circles one. Yes, two circles are one square.

Lenny solves the task and verbalizes his procedure in a highly abbreviated computational description: Lenny: Two. Interviewer: Explain why.

Lenny:

That's nine and that's three. Because nine divided by three is three [points to the second scale of the task sheet (Figure 1)]. Two times three is six [points to the first scale]. Six divided by three is two. One equals two circles [points to the third scale].

In contrast to Caspar, Lenny presumably does not simplify, but uses the non-explicit relation that one triangle corresponds to three circles in his procedure by determining how many circles correspond to the two triangles on the right scale pan of the first scale, as well as the three squares on the left and then the relation between the one square and the circles he is looking for.

Insight into the approaches for task type C

Caspar, using the relationship between the triangle and squares on the second scale, replaced the squares with triangles on the upper scale, which points to the substitution strategy. Based on the understanding of the balance of the upper scale, i.e., matching the elements on the two scales, Caspar can correctly determine that one triangle corresponds to three circles (left side of Figure 3). John and Lenny each describe the same procedure, but in reversed order of the following steps: In one step, three squares on each side of the upper scale equalize with each other, and in another step, a triangle on the right side equalizes with three squares on the left side of the upper scale. In doing so, both John and Lenny explicitly recognize and use the relationships and choose ''balancing'' (as so named by John) as an isolation strategy, in contrast to Caspar, for completing the task, by removing elements with same value on both sides (right side of Figure 3): John:

(38 sec pause) With the one triangle we already balance the one half, that is three squares [points to three squares of the left side of the first scale]. With the other triangle with the three squares [points to the squares on the right side of the first scale] we balance the second row of squares on the left side and then there are two triangles left for a total of six circles. Therefore, the two triangles weigh exactly as much as six circles, so one triangle weighs exactly as much as three circles.

Lenny's description also makes it clear that he is aware that the balance must meanwhile continue to exist: Interviewer: Ah. Lenny: Because... namely those remain [circles the triangles on the right] and those remain [circles the circles on the left], because they must weigh the same, otherwise the scale would not be in the balance. So (..) three.

Insight into the approaches for task type D

If we look at the individual processing steps of the three children, there are no differences. The three children refer to the second scale first (Figure 1). While John and Lenny continue working in the next step from the relationship that one triangle corresponds to half a square, John names this relationship incorrectly at the beginning (see the following transcript), Caspar uses the reverse relationship, namely that one square corresponds to two triangles. Based on this consideration, the next step concerning the left side of the first scale turns out to be obviously more difficult for John and Lenny. While Lenny starts from the triangles as one half and the three circles as the other half of the square on the right side, John relates circle and triangle inversely, so that one circle corresponds to one third of the triangle. Verbalizing this relationship is especially difficult for John and the editing process is much longer than Caspar's:

John: So two triangles are half a square (..) because here are two squares [points to the left side of the second scale] and there [points to the right side] are two triangles and one square and that is balanced. (20 sec pause) And three circles are also as heavy as half a square. (8 sec pause) So a circle is as heavy as a third of a square.

(17 sec pause) That's why there must be at least six circles here [points to the right side of the last scale] (5 sec pause) and in addition there are three and one, so there are a total of seven, no, ten circles here.

Caspar: I cross off this and that [points to one square each on both sides of the second scale], two yellow triangles are as heavy as one red square. (13 sec pause) They are [points to the circles of upper scale] like a yellow triangle. [8 sec pause, takes a pen and starts a tally sheet next to the last scale]. I think you need ten circles, because a square is as heavy as six circles, because three circles are as heavy as a yellow and two triangles are as heavy as a red square. [5 sec pause] So a triangle is as heavy as three circles and a blue circle is as heavy as one blue circle and that's now ten circles [points to thought bubble on task sheet].

Conclusions

It should be taken for granted that, based on the case studies presented, only initial conclusions can be drawn, which do not aim to make generalizable statements. First, it has been shown that it seems possible that the children are able to cope with the developed task format of the balance scales, as well as with the material provided with it. The solving processes can be made accessible by means of study design (also through possible independent use of material) and subsequently described in a differentiated manner. Already the few case studies could reveal that a diversity of approaches between and within the tasks can be identified, but needs to be investigated in further research, so only a first insight can be given here. This wide variety of approaches could be shown within the processing of one task, for example, Caspar making use of substitution and John and Lenny of isolation strategy in task example of task type C. The approaches and reasoning of the presented students show that they often logically deduce and use algebraic strategies in an informal way even without an intervention program -a characteristic of thinking algebraically.

Possible changes of students' approaches working on the different tasks can also be analyzed. This becomes clear in the case of Caspar, for example, who worked with and without materials, but also used different strategies for working on the linear equation systems (see above). In addition, it was shown that the children of the presented study without having passed a special teaching program, in principle, can deal with multiple unknowns, recognize, and describe the associated relationships between the unknowns. Such a handling would hardly be realizable at this age level with a formal representation in the form of linear equation systems with letter variables.

The qualitative interview study will continue, and further research will also investigate difficultyincreasing factors, which, in addition to the number of unknowns etc., may influence task difficulty, approaches and the success by solving the tasks as well as the possible transfer of these results to other task types and the implementation in the classroom context.
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  off [cross out the three squares on the right side of the first scale on the task sheet] and cross those off [cross out three of the six squares on the left side]. Interviewer: Ok. Lenny: But they are one here [points to triangles]. If you cross out one of them [cross out a triangle on the right side], you cross out these again [cross out the three remaining squares on the left side] and now you know pretty much how many these are [points to the six circles], namely exactly as many as these [points to the two remaining triangles].

These given examples of task types, related to examples with three unknowns (blue circles, red squares, and yellow triangles), will be referred to when presenting the results of the case studies.

The strokes visualize the laying away of the figures using the material.