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Charles Elbar*f Marco Mason®$ Benoit Perthame*Y Jakub Skrzeczkowskil**

August 2, 2022

Abstract

We provide a rigorous mathematical framework to establish the hydrodynamic limit of the
Vlasov model introduced in [31] by Noguchi and Takata in order to describe phase transition of fluids
by kinetic equations. We prove that, when the scale parameter tends to 0, this model converges
to a nonlocal Cahn-Hilliard equation with degenerate mobility. For our analysis, we introduce
apropriate forms of the short and long range potentials which allow us to derive Helmhotlz free
energy estimates. Several compactness properties follow from the energy, the energy dissipation
and kinetic averaging lemmas. In particular we prove a new weak compactness bound on the flux.

2010 Mathematics Subject Classification. 35B40; 35B45; 35Q92; 82B40; 92C15.
Keywords and phrases. Vlasov equation; Degenerate Cahn-Hilliard equation; Nonlocal Cahn-Hilliard
equation; Hydrodynamic limit.

1 Introduction

We consider the following Vlasov-Cahn-Hilliard equation (VCH in short)
S0 fe+ e Vafe+eFeVefo = oc(t,x)M(§) = fo; £20, x €R%, LR,
0:(t,z) = fRd fe(t, x,€) dé,

with an initial data f.(0,z,&) = f%(z,£) > 0. The unknown is the function

fe=f-(t,2,8), te(0,T), zeR LR,

such that, for every infinitesimal volume dz d¢ around the point (z,€) in the phase space, the quantity
fe(t,z,&) dx d€ is the number of particles which have position = and velocity & at fixed time ¢. The
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small parameter € > 0 arises from physical dimensions of the system and we are interested in the limit
when it tends to 0. Following [31], the force field F(¢,z) is decomposed as long-range attractive and
short-range repulsive

F.=FL+ES,  ELS( )= -VoebS(t ). (2)

We define the convolution in the space variable as fx g = [za f(y)g9(z — y) dy and set

1
@g,g(t,m) = ?ws *w” * 0,

where w® > 0 is a function that may be thought of as a centered Gaussian. We use a double convolution
in order to enforce positivity of the corresponding operator as it appears in energy considerations. We
assume that w® satisfies

wS = U.)S = 2ws 0.
/Rd (y)dy =1, /Rdy (y)dy =0, /Rd\yl (y)dy < (3)

The long-range potential is of the form

1
B (1) = — kxS w5 v @

where wk(z) = ﬁ wk (g) may be thought of as a high temperature Gaussian and w” is a smooth,

nonnegative, symmetric, compactly supported function such that, for some § > 0,
[etma=1 [ wrea=0. [ yyetdy=ago [ ofofa<c ©
R4 R4 R4 R4

The equilibrium distribution M (§) > 0 is a Maxwellian that we normalize as

M(E) = (2;1))(1/2 o (-55). (©)

and we have, fori =1,...,d,
M(€)dé =1, / &M (€) dE = 0, / eM(€)de = D < oo, (7)
R4 R4 R4

so that D can be interpreted as the diffusion coefficient.

1.1 The macroscopic limit

The right-hand side of Equation (1) is a relaxation term that conserves mass but neither momentum
nor energy since we aim at using a diffusive scaling. Formally one can guess that

fe(t,x, &) — o(t,x)M(§), ase— 0. (8)

The mass conservation equation on p. is obtained by integrating Equation (1) with respect to &
against 1,

Opo:(t,z) + divJe(t,x) = 0, Jo(t,x) = /Rd gfa(t,x,ﬁ) d¢. (9)



Then, integrating against &, we obtain the flux equation
528t<]a(ta x) + V- /d £® gf&(t7$7£) d§ — Fro. = _Ja(tvx)' (10)
R

Combined with (8), this flux equation allows us to identify the limit of J. and to prove that as
g,a — 0, the macroscopic densities tend to a solution of a degenerate nonlocal Cahn-Hilliard equation
type. More precisely, we have the

Theorem 1 (Limit € — 0). With the assumptions and notations (2)—(6), let « = . Let f° be a non-
negative distribution that satisfies (13)-(14) and let f- be a solution of (1) with initial condition f°.
Then, we can extract a subsequence (not relabelled) such that o — o in LfL}E strongly for 1 <p < oo
where o solves in the distributional sense the equation

dro — DAp — div(oV®) = 0, d = —6A[w® xw® % 9], (11)
with initial data 0° = [pa fO(z, &) d€.

In fact, [31] obtains formally a more complete description which we cannot prove at the moment (see
Section 4).

Remark 2. o Writing formally Ap = div(oV log(0)), this term can be added to the potential so as to
obtain a kind of Cahn-Hilliard equation.

e Different scaling between o and £ can be considered, o constant is also possible

o Uniqueness can be proved in the class of uniformly bounded densities, see Appendiz C.

1.2 Contents of the paper

In Section 2, we collect various uniform estimates €. Section 3 is devoted to passing to the limit ¢ — 0.
Some open problems are drawn in Section 4. The Appendix contains different mathematical tools and
lemmas used throughout the proofs.

1.3 Literature review and relevancy of the system

Phase transitions in fluids In [31], Noguchi and Takata consider a kinetic model to capture the
dynamics of phase transition for the Van der Waals fluid. The model reads as follows

hf +& Vaf + F-Vef = Alo)(eM = f),  Ale) >0,
F=F'+F? F'Y=_vol?

Wby
Q)l — o—w 9 , CI)2 = —Cl log(l — Q) + L - CQQ; 01702 € R’
or —kAp 1-op

for some kernel w” and x > 0. ®! is a combination of short range repulsion and long range attraction.
®? is a short range interaction potential.

The authors state that full details of intermolecular collisions are not considered and that the collision
term on the right-hand side plays just a thermal bath role. However, they show that the system
exhibits the essential features of phase transition dynamics, both theoretically and numerically. By



placing themselves in the framework of the strong interaction, they find a rescaling of the first equation
of the system and obtain Equation (1) of VCH. Then, setting A = 1 and letting ¢ — 0 they obtain
formally that in the limit (that we refer to as the hydrodynamic limit), the macroscopic density o
satisfy

Oro — Ao — div(eV (D' + d?)) = 0.
Noting that Ap = div(pV log(g)) they obtain the Cahn-Hilliard equation with degenerate mobility

B0 — div(pV(®' + &%) =0, &2 = &%+ log(o).

This model presents several mathematical difficulties. First of all, we are not aware of any existence
result concerning the Vlasov equation when the potential ® is a function of the density p. In the
Vlasov-Poisson system, one has ® = A~!p and there is a gain of two derivatives. For the existence
of classical solutions for Vlasov-Poisson we refer to [19,21,28,29]. A second difficulty comes from
the rigorous passage to the limit. Indeed, the bound provided by the energy do not provide enough
compactness. For instance, one cannot apply the averaging lemma 12 on this system because the
functions are not bounded in L' uniformly in €. For these reasons, we add the convolutions w®
in (1)—(4) and provide a rigorous mathematical framework to establish the hydrodynamic limit of
this model when ®2 = 0. It would be possible to prove a similar result when ®2 = w® « f (0) where
|f(0)| < Clolog g| for C small enough.

Our work also provides a generic model to obtain different nonlocal and degenerate equations of
Cahn-Hilliard /thin-film type as the hydrodynamic limit of kinetic models. For other kinetic models
modeling phase transitions, we refer to [15,18,20].

Kinetic theory The main purpose of kinetic theory is to provide a description of the evolution of a
gas or plasma, and more generally a many-particle system made up of N similar individual elements,
in the limit when N tends to infinity which corresponds to the so-called thermodynamical limit.

In the kinetic theory, the density of particles is described with the probability measure
f=f(ta,8), t>0, zeR? £eR,

such that, for every infinitesimal volume dz d¢ around the point (z, &) in the phase space, the quantity
f(t, 2, &) da d€ is the number of particles which have position x and velocity £ at fixed time ¢. For this
reason, f is a nonnegative function and integrable in both space and velocity variables, but it is not
directly observable. Nevertheless, at each point of the domain it provides all measurable macroscopic
quantities which can be expressed in terms of microscopic averages:

o(t,x) :/ ft,x, &) d¢ (macroscopic density),
R4
Sta) = [ ertads ().
It is clear that such a statistical description makes sense only with a very large number of particles,
and as a consequence, all kinetic equations are expected to approximate the true dynamics of gases

just in the thermodynamical limit. Rescaling the time and space with a parameter ¢, i.e. t — £2t,
x — ex and sending € — 0 is called the hydrodynamic limit. It allows us to find a rigorous derivation



of macroscopic models from a microscopic description of matter. For hydrodynamics on the Vlasov-
Poisson-Fokker-Planck system, we refer to [9,17].

Our aim is to obtain an equation on the macroscopic density and to relate it to a known model that
has applications in fluid dynamics or biology, i.e. the Cahn-Hilliard equation.

The Cahn-Hilliard equation Equation (11) is an example of a Cahn-Hilliard type equation that
is widely used nowadays to represent phase transitions in fluids and living tissues [7,8,10-14,22,26,32].
Originally introduced in the context of materials sciences [2, 3], it is currently applied in numerous
fields, including complex fluids, polymer science, and mathematical biology. For the overview of math-
ematical theory, we refer to [25].

Cahn-Hilliard equation takes the form of

Do = div(b(o) V).

d = —-0A0+ ®(0), (12)

Oro = div (b(0)V (®(0) — A0)) — {

where o represents the relative density of one component o = o1/(01 + 02), b(0) is the mobility, ®7 is
the interaction potential while @ is the quantity of chemical potential.

We obtain a nonlocal version of the Cahn-Hilliard equation. The nonlocality comes from the convo-
lution of the Laplace operator with a smooth kernel w® concentrated around the origin. There is a
different possibility to approximate this operator nonlocally, we refer for instance to [5,24], where the
authors prove the convergence of a nonlocal Cahn-Hilliard equation with constant mobility to a local
Cahn-Hilliard equation. In our case, because of the degenerate mobility, it is not clear that we can
pass from the nonlocal Equation (11) to a local one by sending w® to a Dirac mass.

2 Entropy, energy, and uniform estimates

The analysis relies on various uniform bounds in € which use an initial data that satisfies

/ (1 + || + |€)? + |log fO) 2z, €) da d€ < +oo, (13)
R2d

sup 12/ wl()[e® x W (z) — & % (z — y)? dedy < +oo. (14)
a<l Q R2d

Then, we begin with proving the bounds

Theorem 3 (Uniform estimates). With the assumptions (13) and (14), the following uniform esti-
mates hold for e € (0,1):

(A) {fe} in LPLL . and {o.} in L®Ly,
(B) {felog(fe)l} and {f:[§]*} in LFL,
(C) {Qe“og(ga)’} in LgoLylc;

(D) { (0e M —fe) (IOg(é’sM)flog(fs)) } mn Ltl,x7§7

£




e M—fe ;
(E) {%} in Li, e,
(F) {J.} and {J.1log"*1log"/? max(J.,e)} in Li,,
(G) {f:|z|}, {oe ||} in LY?OL}E?£ and L{°LL respectively.

Moreover, {0} and {J.} are weakly compact in L.

The proof of these estimates uses a fundamental property of energy dissipation. To show that, we
define the energy (kinetict+potential) and the Helmholtz free energy respectively as

&)= [ 6P dude s o [ stle (b0 - goriS o -y dedy, (1)

1
Ft)= [ Dlos(f) + 6P dodg + 5y [ k@l (tn) gt — )P dody.
R2d (6] R2d
(16)
The Helmholtz free energy satisfies the
Theorem 4 (Free energy dissipation). The free energy F(t) is dissipated as

4 iy~ 2D

% = 0:M(©)] log f. ~ log (oM (€))] dwds = —2D [ D.dwag, (17
R2d

52 R2d

where the dissipation term is defined as

D.(t,2,€) i= = . — 0:M(€)] log f. —log (0:M(€))] 2 0. (13)

This theorem can be seen as a combination of relations for both the total energy and the entropy of
the system.

Proposition 5 (Total energy dissipation). The total energy E(t) is dissipated as

GE0 =% [ |1 0210 - ) dwde. (19)

Proof. By multiplying (1) by |¢]? and taking the integrals with respect to = and ¢ we obtain

-2 / PO dode + / (€26 - Vo f. dude + / EPEVCf. dede
RQd RQd R2d (20>

= [ €Plec(©) - £ dnde

For integrable solutions, the second term on the left-hand side vanishes. Furthermore, with integration
by parts, the above equation reduces to

d
2 ]ﬁﬁ@%—%/gﬂﬁm%:/]w@M@—mm%. (21)
d R2d R2d

9
dt Jre

6



By recalling (9), the second term can be rewritten as

— % / EF.f.dxdé = —2¢2 / ®, . divJ. do = 22 / D, - Or0. d. (22)
RQd ]Rd Rd

We now want to prove that
1 d
2/ D Dp0- do = 2/ wh(y)oe *w® (t,2) — 0e xw® (t,x — y)]* da dy. (23)
Rd 20 dt R2d

First, by recalling (2),

2/ O . (t,2)010:(t, x) do = 2/ @575(15,36)@95(15,33) dor + 2/ <I>§75(t,$)8tgg(t,az) dz. (24)
Rd R Rd

d
As regards the first term on the right-hand side

2 L

[wa *w xw® QE](ta $)8t95(t7 l') dx

2/ (I)éa(tvx)atgs(t,l‘) do = -
R o Jpa

__2 wE x 00 % W) (t, 2)04[0- * wWO](t, z) da:
) «
« R4
1
=—— wé(y)[gg*ws](t,a: —y)@t[gg*ws](t,az) dx dy
o R2d
1
- oz [ #E Wl xSl 00 xSt — ) dady
__ld L S1(t.z) - 81tz —
=i [ lle 5 0) - o n (e — )] de

The second term on the right-hand side can be handled similarly and gives

2/ O _(t,2)00.(t,x) dz = 22/ WS % 0.](t, 2)0 0. % ] (¢, 7) da
Rd ’ [0 Rd
1 d
= g [ ler Pt s

= %% /R?d "‘)g(y) [[Qs *WS]Q(t7ﬂC) + [0 *wS]Q(t,x — y)] dx dy.

By summing up the two previous identities we get (23), which, inserted in (21), concludes that

2 d

g2 d
2 [P randg s o [ wb e ewStn) — gorwSn - ) dedy
R2d R2d

202 dt
= [, JePle0r9) - flazae.

O
Proposition 6 (Entropy relation). The following estimate holds:
d 1
G | gogfednde = 5 [ (ob(©) ~ f)log £ do e (25)
R2d 9 R2d

7



Proof. By multiplying (1) by (1 + log fz) we obtain

52%@2 log f2) + € - Vafo(1 + log £2) + eFeVe fo(1 + log £2) = [0-M(€) — f-)(1 + log f2)

By taking the integrals with respect to x and &, the second and third terms in the above equation
vanish and we obtain

d
626&/]1&24 falogf5d$d§ = /RQd[QaM(é.) _fg] logfgdlﬁdg

as announced. O
With these two estimates, we can finally prove Theorem 4.
Proof of Theorem J. From Propositions 5 and 6, we get the following result:

d 1

[ [ 1ePle(©) - Rlasdg+2D [ [oM(©) ~ flog . o ds}
R2d R2d (26)

1
=5 [ /R |, 0 M(O)e]* dwdg — /R _[¢*f-dndg+2D /]R Jo=M(&) = fo]log fo da df] :

Using (6), we know that log(o-M(£)) = log o- +C — % for some constant C. Inserting this expression
of [£]? in the first two terms on the righthand side of (26), we obtain

2D
=2 2 [0e M (§) — fe] [log 0c + C' —log(0: M (€))] dz d§
2D
= 3 [0: M (§) — f] [~ log(o:M (£))] dz d€.
9 R2d
Added to the third term on the righthand side of (26), we obtain the announced result. O

In order to prove Theorem 3, a major difficulty is to estimate the flux J. defined by (9). We start by
establishing a useful inequality, recalling the notation (18).

Lemma 7 (Pointwise estimates on J.). For every 0 < r <1 and (s,x) € (0,T) x R, we have
1 2C
[ Jo(s,2)| < rel|De(s, )|y + Oy exp (M) 0c(s 2)' 2 De(s, 2, )1

Proof. For r > 0, we decompose J.(s,z) = Je(l)(s,x) + J5(2)(s,x), with

/{‘1 pop i) “Ve T EMENE a /{‘1 oty SV~ M)
Og T o8 QEM
For Jg(l), we write

DGl < /{)bg( 214} log <st]6\4> eeM 95\4 - 1‘d£ < 7ef[ (s, @)y




l¢]
r(exp(El)-1)

1/2
Qe
d M
£> (52 Aﬂog Q

QsM

For JS(Q), we use the Cauchy-Schwarz inequality and, with B(§) :=

e s:c|<</ 22

Because M (£) is a Gaussian and g. depends only on (¢, x), we obtain

fe
0: M

-1

9 1/2
B(¢) dé) :

1/2
0| < oo, ([ 1P ac) T my

Here we have split the second integral according to the sign of log(gjw
write, since B(§) < 1,

). When it is negative, we may

2

1 fe 1 / f. 7
L= —1| B(¢)d¢ < = M — 1l dé = ID ) .
1 52 /{‘Qﬁw<1} Q¢ QaM (5) f = 82 R O¢ QEM og QSM H 6(3,x7 )”L%

The second term is defined as
/ 0:M fe 4 23(5) de.
{0<1og( fe i 0:M

Since log is a concave function, for A > 1 and y € [1, A], we have y — 1 < log(y) Tog(A ) We choose

A=A = exp(m) and y = QEL so that y € [1, A] means exactly 0 < log( 7)< @ Then, Iy can
be estimated as follows

1 Je
I <~ M
2—52/]1{(195 0-M

&

—1

oxcn( &
1og<gaf;4> r( p<|§’> D e NPT

Therefore, for some constant C)y, defined through M (&), we have

1/2
182,001 = ot P10t M ( [ rieese (50 ) (o (1) 1) )
Rd M

It remains to treat the integral factor that we denote by I3 and for r smaller than 1,

P
= [t (i) (o () 1) ac < o (253)

where C' does not depend on r. This can be seen by splitting the integral in the zones {|{| < QCTM}
and {[¢| > 2071”} Finally, we obtain

1 2C
o] < rel[De(s, . )|y + C—g exp (zM) 0c(s,2) D5, )| )

From this lemma, we deduce the following L' bounds on J.



Proposition 8 (Estimate on J. in Ll). With the decomposition of Lemma 7, J-(s,z) = g(l)(s,x) +
(2)

= (s,x), we have

L4 |JE(1)(S,ZE)| S EHDE(S’xv )HL%’

o (s, 2)] < Conlo, ) 2D, 2, [

o 72 (s, ) 10g{* |J2) (s, )y < C [lloc(s, ) log 0:(s, Iy + D=5, s

o |lJ:Toglog 2 max (e, )y, < D5, ), lox(s, ) o 0-(5, Mgy ) -

The first two estimates are similar to [9, Proposition 7.1] for the Vlasov-Poisson-Fokker-Planck system.
Here, we have additionally included the last two controls and we give a different proof.

Proof. The first two estimates are a direct consequence of Lemma 7. The third estimate follows from
the inequality, for v > 1, v > 0 and uv > 1,

(wv)/? log"/? (uv) < ulogu + V2v.

The last result is given for the sake of completeness and its technical proof is postponed to Appendix D.
This concludes the proof of Proposition 8. O

With these estimates, we can now prove the main result of this section.

Proof of Theorem 3. Estimate (A) follows by mass conservation. The next bounds are deduced from
the energy equality (16)-(17) which we write as

/ [2Dlog(f=(t)) + [€]*] f=(t) dw A€ + 2D / ID=(s, )lze  ds < F(0), (27)
R2d 0 :

where we ignore the nonnegative interaction term as it does not help in this computation. It is
standard, see Appendix A, to conclude from this inequality that

L, [2D0g(£)] + 51€P).(0) dedg + DDl < F0)+C (leelznss las s ) (28

The estimates (B) and (D) follow immediately. Then, estimate (E) follows from estimate (D) and the
Csiszar-Kullback Inequality, see Lemma 13.

Estimate (C) is also very standard and we reproduce the proof from [17, Lemma 2.1]. We consider
the convex function ¥ (g) = plog(p) and apply the Jensen inequality. We obtain

A AV
orton(e) = vie) = ([ f5arac) < [ v (4] arac=

2
—/ fa[logfe logM(f)}Mdi /fs[logfe 'ﬂ
R

N d§+C/ fed€.

The conclusion follows by taking the absolute values of both sides and integrating with respect to x.

10



Finally, estimate (F) is a direct consequence of Proposition 8, whereas (G) follows from (40). Con-
cerning the weak compactness of {g.}, it follows from estimates (C) and (G). Then, the weak local
compactness of {J:} is a direct consequence of Proposition 8 and the Dunford-Pettis theorem. Indeed,
with the notations of Lemma 7, J! converges strongly to 0 in Lt{m. For J2 we first have the weak local
compactness in Ltlw thanks to the third estimate of Proposition 8, bound (C) and the Dunford Pettis

theorem. To prove the global weak compactness we only need to prove it for JE(Q). We recall that,
from Lemma 7, we have

1/2
12 (s,2)| < Coels, ) [ De(s, . )1
Therefore we can estimate with the Cauchy-Schwarz inequality

1/2 1/2
|7 !$|1/2\|L%,x < Clle ‘$|HL/%I HDEHL/M

which yields global weak compactness in L,{x with the Dunford-Pettis theorem. This ends the proof.
O

3 The limit ¢ — 0

We now perform the analysis allowing us to prove Theorem 1. We take o = ¢ where the parameter
« defines the long range potential (4). Note, however, that different scaling between o and e could
possibly be considered.

Recalling the mass balance equation (9) and the &-moment equation (10), our aim is to take the limit
€ — 0 in these equations, and establish the relations

Oro(t,x) + div J(t,x) = 0, (29)
J(t,x) = —DVo(t,z) — oVO(t, z), ® = —0A[wY xw® % 9], (30)

which are equivalent to (11).

A significant contribution comes from Theorem 3. The entropy bound for o., see (C), and the L!
bound on Jg, see Proposition 8, we immediately conclude that

e after extractions, g. and J.(t,x) admit weak limits in L;x, o and J, see also Theorem 3,

e the equation (29) holds in the distributional sense.

The latter estimate on J. also tells us that 528,5J5(t,x) converges to 0 in the distributional sense.
Therefore, establishing the equation (30) from equation (10), is reduced to proving the two local weak
limits in Lj,

/ ERE fe(t,x,&)dE — Do(t,z) 1, 0:VP. — oVO(t, ).
Rd

These follow directly from the following three lemmas

/(O,T) xRd

Lemma 10. The sequence {p:} is precompact in LfL; for every 1 < p < 0.

Lemma 9. We have

/ €@ E(f: — 0:M) d| dedt — 0.
R4 e—

11



Lemma 11. The potential ®.(t,x) satisfies, uniformly in e € (0,1),
[Pelloe < C, [Veloo < C. (31)
Moreover, we have for every 1 < p < oo the strong convergence in LYL,
. (t,x) — B(t,x), VO (t,z) — VO(t,z), Bt 2):=—0Aw" *w® % o(t, x)]. (32)
The end of the proof of Theorem 1 is thus to establish these results.

Proof of Lemma 11. Recalling the expressions of both long-range and short-range potentials and that
a = €, we see that

1
O (t,x) = =/, wk(z) [ws*ws*gg(t,x —2)—wIxw® « 0=(t, )] dz.

Let now set y = Z, so that from (5) we deduce that

O (t,x) = w(y) [wS * W oot —ey) — w xw % 0=(t, )] dy.

_? Rd
Because the convolution terms are smooth (say W), we may use the Taylor expansion and obtain

1
e (t,) = - . Valw® % w¥ % 0:(t, 2)] - y wh(y) dy — » D2[w® xw® % o(t,2)]y - yw" (y) dy + O(e)

where the term O(e) converges to 0 in L™ since it is controlled by

Ce [ it ) ID% w6 02(t, ) o i,

and we recall the uniform bound (A). Moreover, recalling (5), we see that the first term in the right-
hand side vanishes and the Hessian matrix reduces to the Laplacian, so that

D (t,x) = —0A, [ws *w % 0=(t,z)] + O(e) (33)
from which we directly conclude from (A)
|®c|lcoc < C  uniformly in e € (0,1).

As far as V@, is concerned, the properties of convolution with respect to derivatives gives

1
Vo (t,z) = =y wk(z) [sz * WY x 0o (b, — 2) — V' xw® % 0:(t,z)] dz,

so that the L5, bounded on V&, follows from the previous argument assuming now that wd € Whee,

It remains to show that ®. — & strongly in LYLS°, the convergence of V&, uses the same arguments.
The convergence follows from (33) since we have

(I)E(ta IL‘) - (I)(ta l’) =0 [Aws *wS * (Q{-: - Q)(t7 l’)] + 0(5)7
so that, thanks to the above control of the term O(e) and properties of the convolution,
[@e = @l prp0e < Clloe — ollppp1 + Ce. (34)

Using Lemma 10, we obtain the result. ]
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Proof of Lemma 10. This result is a consequence of the compactness averaging lemma in kinetic theory
[16,27]. Here, we use the following variant from [23, Lemma 4.2].

Lemma 12. Assume that {h®} is bounded in L?,z,ﬁ’ {h§} and {h5} are bounded in L;mf. Moreover,
suppose that
eOh® + & -V h® = hi+ Ve - hi.

Then, for all 1 € Cg°(RY),

— 0,
Liy

| 0.6) = 2,9 00 d¢

when y — 0 uniformly in €.
To prove Lemma 10, we cannot apply this averaging lemma directly on {f.} because {f.} is not
bounded in Lf@,g and we follow the argument in [9] which follows idea of renormalized solutions [6].
We fix v > 0 and we consider the functions 8,(f) = ﬁ with derivative g,,(f) = m Now we
multiply (1) by £, (f) and obtain
oM — [)B,(f
)+ € Vapu(f) = LI g (mp, (1),

3

We verify assumptions of Lemma 12. From (A) we see that h® = (,(f:) is bounded in Ltl’ ve N LG ¢

and hence in L? ¢ by interpolation. The L}, ¢ bound on hf = M is deduced from (E) and

the L{S, - bound on 8} (f:). Finally, since F: is bounded in L5 and £, (f:) is bounded in L%zﬁ we see

that hj = —F.0,(f:) is bounded in L%@’g.

The assumptions of Lemma 12 are satisfied and we obtain

— 0,
Li,

| [ e+ ) = 200 9) wie) dg

when y — 0, uniformly in €. As this is true for all ¥ > 0, Lemma 15 implies

/Rd(fa(tu T4y, &) — fo(t,x,€))(€)dE

— 0, (35)
Li.

when y — 0, uniformly in €.
The final step is to remove the weight ¢ in the convergence (35) using uniform bound on {f. |£|?}.

To this end, consider a sequence of functions {t,(£)}, in D(R?) such that v, (&) = 1 for |¢| < n and
Yn(§) =0 for |£] > n+ 1. Then,

€17
/§|Zn fE(tax7£) ng

and similarly for the term with f.(¢,x +y, ). Hence, we may choose first n large enough and then for
such n apply (35) to deduce

AR

n

| [ .10 = vateae

Ll 1
t,z Lt,z

lecte ) @)y, = | [ G+ 0.8) - £ menag] o (36)

1
Lt,z

13



when |y| — 0, uniformly in € > 0. This yields compactness in space.

From Lemma 16 we know that {0} is also compact in time, and as a result

T—h
/ / lo-(t + h,x + k) — oo (t, )| da dt

T—h
5/ loc(t + h,z+ k) — o-(t + h, x)|dtdx—l—/ / lo-(t + h, ) — o-(t, z)| dt dz < O(h, k),
0 R4

where (h, k) — 0 whenever |h|,|k| — 0 uniformly in . This provides the equicontinuity of {o.} in
Lt{x which provides us with local compactness in x.
From (G) in Theorem 3 we know that

sup / |z0:(t, )| dt dz < oo,
0<e<1 J(0,T)xR4

and we obtain the strong convergence of the density in L%’x by Fréchet-Kolmogorov theorem, see
also [30]. Using Estimate (A) we obtain by interpolation and [30, Theorem 1] the strong convergence
in LI'LL for every 1 < p < oo and this concludes the proof of Lemma 10. O

Proof of Lemma 9. We adapt the proof of Lemma 7. We write

= / f®£(fa_gaM)d€‘§/ ‘€|2‘f5_Q£M|d€

/{)log( iy €M L —acs /{‘bg

where 7 is chosen later. For the first term, we just write

fe fe
I < 1 M
1_T/Rd Og<QsM %M oo

£

fe
—1lde=1 I
i §=1+1I,

2
< I&\2 } €% 0 M

)

QJ\I

- 1\ a€ < re? [ Dul .
The term Iy is decomposed in two parts: where f; > o.M and f. < oM. The resulting integrals are

called I3 and I£. We only discuss I3! as I can be treated similarly as it was discussed in Lemma 7.
We use the Cauchy-Schwarz inequality to obtain

1/2
A 4Q€Md .
= </{oglog(g§if>éiz}|§| B(&) g)

/ 9 1/2

. M € 1l B —. IA,I . IA72

( gy M 7 1| 2O d&) M
where, as before, B(§) = kfi‘?) = £P , with A = A(¢) = exp(‘£| ). As in the proof of

r(exp(155)-1)
Lemma 7, we have the inequality log(y) > (y — 1)1(;%( 1) which yields with y = fs

1/2
A2 M fa _1’1 (fe) D. 1/2.
( /{Mg( e e e ) I

14




| 2

Now we choose r such that M () exp(‘—) = Cexp(—al¢|?) for some a > 0. Then, we have

4 M(€) 2 €] 2 NP PR
L as < [ 1epare e (- )ac<cr [ i exp(-alePyag = c2
It follows that I < Cot/?.
Finally we get

1/2
Re < re? || D 1y + Ceol/?| Dl

and, using the Cauchy-Schwarz inequality, the proof of Lemma 9 is concluded.

This also concludes the proof of Theorem 1.

4 Conclusion

We proved that macroscopic densities { - } formed from solutions of the Vlasov-Cahn-Hilliard equation
(1) converge to the solutions of non-local degenerate Cahn-Hilliard (11). It is an open question whether
one can obtain a local version of this equation by sending short-range interaction kernel w® to the
Dirac mass §y. One expects in the limit the local degenerate Cahn-Hilliard equation:

0o — DAp — div(pV®P) =0 (37)

where ® = —JAp. One can try to perform this limit either on equation (11) or directly on (1), by
sending wl = §y, w¥ 5 5y together, see Figure 1. Passing from (1) to (37), the main difficulty is
the lack of entropy which gives integrability of second-order derivatives in the nondegenerate Cahn-
Hilliard. On the other hand, when one tries to pass to the limit from (11) to (37), the entropy is

available but it yields estimates only on
A(o*w®) in L}L2,  Vi/oin LIL2.

The minimal required information allowing to pass to the limit seems to be strong compactness of

{Vo} in LZL2.
Non-local degenerate w55 Local degenerate
Cahn-Hilliard (11) open problem Cahn-Hilliard (37)

Vlasov-Cahn-Hilliard e —0; Wé = do
equation (1) Theorem 1

£ — 0; w¥ Wk X 8o together

open problem, formally obtained in [31]

Figure 1: Relation between three types of the degenerate Cahn-Hilliard equations.

Moreover, it is also open to prove whether we can add the "usual” double-well Cahn-Hilliard interaction
potential in the system. In fact, as far as this modification is concerned, it is not even clear if there
exists a solution to the Vlasov-Cahn-Hilliard equation when the potential ® is a function of the
density o.

15
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A Useful inequality and lower bound on the energy

We recall two lemmas which have been used in the proof of Theorem 3. The first one is a variant of
the Csiszar-Kullback inequality.

Lemma 13. Let f,g > 0 with ||f||1 = |lg|l1. Then,

I£ =gl < 51s [ (=) Qo f ~10go)

The second lemma is used to control flog_(f) from flog f, which immediately establishes the In-
equality (38).

Lemma 14. Let log_(f) := max{—log(f),0}. Then

2 t
[ 20108 (1)) drde < € (loclay Doty )+ [ SFragansD [D.s.0ly  as.
R2d tx z,€ R2d 4 0 z,§
(38)
Proof of Lemma 13. Let ||f|li = |lg|li = 1. Usual the Csiszar-Kullback inequality gives us
f
Ir-alt <2 [ rio(1).
R 9
By symmetry of the (LHS) we have
f g
2|l - gl < 2/ flog ( +2 [ glog{Z)=2/[ (f—g)(logf—log(g)).
R g R f R
The general case follows by rescaling. O

Proof of Lemma 1. We proceed as in [9, Proposition 5.1].
We divide the domain in two parts:

2 2
S P I | S A 4

On Qy, log_(f:) is bounded so that we have

2
felog_(f:) < <Z| + |8€|D> fe

while on Qg, f. <1 so that v/f:log_(f.) is bounded by some constant C. Hence,

=l P
folog_(f-) <OV f- < C exp T 16D )

16



It follows that
2 2
[ ox ()0 dedg < [ cexp (—’? - FG’D) n ('j’ i ) L@ydeds.  (39)

Now, we only need to bound the term fRQd % fe(t) d¢ dz. For this, we first observe that

/ “r|f€ df = / fa fdg = | |Ja < 2HD£(57 ' )HL; + Co.,

where we have used Proposition 8 and Young’s inequality (with € < 1). Therefore, for all ¢ > 0

t
/ ]x\fg(t)dfdxg/ 29 de da + Cllo]| +2/ ID-(5, )1 ds. (40)
R2d R2d t,x 0 x,€

Finally, equation (39) simplifies to give the desired result (38).

B Criteria for compactness

Lemma 15 (Compactness of (3, (f) implies compactness of f,). Let {fn(t,z,€)} be a sequence such
that {f,} and {fnlog fn} are bounded in L} .. Let 1(£) € CX(R?). Suppose that for all v > 0 and
all e > 0, there exists 6(v,e) such that, whenever ly| < (v, e),

| [0ttt +0.9) - Blnttm v ag] <
¢ L,
Then, for all e > 0 there exists 6(¢) > 0 such that
| [ttt 09 - nio o) wierae| <
¢ Li,
Proof. First, we observe that
2
Bule) = ol = '1 +8.91/ - S‘ T fus < min(v s, 5).
Therefore, for M and v to be chosen later
| [ htea 0.8 = o+ n ) wie)ae]| <
¢ Lo
< ol | Plto+y. € dedodet |l [ Fult,w +,6) d dedt
fa(tz+y,&)<M fn(tz4y,E)>M
TL] n
N
Similarly,
[ 0626 = 8,00, ) Q) | < [l MLl + [0 L L2l
Rdnav v\Jn\l, L, Ltl’z_ o) n|l1l 00 logM .

17



Let € > 0. First, we choose v and M such that

| fnlog fnll1 €
M B P U e XA LE iy

Then, we take d(v,e/3) such that

when |y| < §(v,e/3). The conclusion follows by the triangle inequality. O

<e/3
Li,

L Blu(t.+9,.6) = Bl €0) w6 de

Lemma 16. The sequence {0z} from Lemma 10 is compact in time, i.e.

T—h
lim / loc(t + h,x) — 0:(t,z)|dedt =0 uniformly in e.
h1=0 Jo R4

The proof of this lemma uses a sequence (©s)s>o € C°(R?) of standard mollifiers with mass 1 such
that ps(z) = 6%“0(%) with ¢ of mass 1 and compactly supported. Moreover

C
Hvk%HLl(Rd) < 55

and for any function g € LP(R%),

19 * sl Lo ey < [l0sll L1 (ray |91l L (ra)-

Proof. We know that
0i0: +V-J.=0

where J. is bounded uniformly in L} ., see Proposition 8.

t,x)

Using the mollifiers with ¢ depending on A to be specified later on, we first notice that
T-h T—h
/ lo=(t + h,x) — p-(t, z)| dzdt < / / |0=(t, ) — 0:(t, ) * ps(x)| dz dt
0 Rd 0 Rd
T—h
b [ ettt ho) = ot 4 by psla)| do e
0 R
T—h
+/ /d\gg(t+h,-)*g05(x)—Qg(t,-)*gog(:vﬂdxdt.
0 R

For the first and second terms, the computations are the same, hence, we only present it for the first
term. Using the properties of the mollifiers and the compactness of g. in space, we want to prove that

T—h
/ lo=(t, x) — 0c(t, ) *x ps(x)| dz dt < 6(9).
0 R4

where 6(0) — 0 when ¢ — 0 uniformly in e. We write

T—h T—h
L [etta) = et sesaarac= [ |
]Rd

18
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Then we use Fubini’s theorem and the fact that ¢ is compactly supported in some compact set K we

obtain
T—h
LL

where 7, is the translation operator in x variable. Now we use the compactness in space obtained
in (36), so that

| elex(t.0) = exlt.o = ) ay

dedt < /K 175y0: — 0cll L1 ((0,7)xre) Y-

/ 76y 0c — 0cll 11 ((0,7)xrey Ay < | K| sup [|7sy0c — 0cll 11 ((0,1) xRy < 0(6).
K yeK

Therefore the first and the second term are bounded by 6(5) where 6(6) — 0 when 6 — 0 uniformly
in €. It remains to study the third term. The third term reads

T—h T—h
[ ettty wpa) - ety sstoldrar= [ ]
0 R4 0 Rd
o e d_ T—h t+h
:/ / —Z/ Ji x 0yp5(s,x)ds| da dt < Z/ / / |J; x Oips (s, z)| ds dx dt,
0 Rd t ~ Jo v s
s—t

i=1
where we used J. = (J;)i=1,..4. We perform the change of variables v = 2=, use Fubini’s theorem
and obtain

T—h t+h 1 T—h
/ / / |Ji x Oips(s, x)|dsda dt = h/ / / |J; % O;ps(vh + t, z)| dt dx dw.
0 Rd Jt 0o JRr2 Jo

Then we use the change of variables 7 = vh + ¢ and obtain

1 T—h 1 T+h(v—1) h
h/ / / |Ji*8ig05(vh+t,x)|dtda:dv:h/ / / |Ji % Oips (T, )| dr dedv < —||Jc||p1 -
0o JrdJo 0 JRd Jy 0 e

t+h
/ D02 (s, ) % s (x)ds| dz dt
t

h

Using the L,},x bound on J. and taking § = h'/? we conclude.

C Uniqueness in L™
Let d > 3. We are interested in the uniqueness of these solutions in the class of functions such that
0€ L NLFELyNCYL, (41)

where CL. denotes the space of weakly continuous in time functions with values in L. . In this
class, the definition of distributional solutions of Theorem 1 can be formulated as follows: for every
test function o € C°([0,T) x R?) we have, with

T T T
—/ 0°p(0, z) dz —/ / 00ypdx dt = D/ / oApdx dt—/ / oV®(p) - Ve dzdt,
R4 0 JR4 0 JRd 0 JR4

where ®(0) = —6A(w’ xw¥ * ) and o € L°LL.
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By interpolation o belongs to every LY
implies

1 < p < oo and so is V®(p). Therefore this formulation

t,x

/ (Oro, D/ / oAy dx dt— / / oV®(p) - Ve dxdt, (42)
0 Rd Rd

for every ¢ € LYW, N LLH2 where (-,-) denotes the dual pairing between H~2 and H?2.
Let o1, 02 be two solutions as above with same initial data which satisfy o1, 02 € L{3. The goal is to
prove that o1 = 2. We substract Equation (42) for g2 and p;. Writing o = g2 — 91, we obtain

/ (Oro, ) =D / / oApdxdt — / / oV®(02) - Vodzdtdt — / / 01V®(p) - Vodzdt.
0 R4 R4 R4

(43)

We want to test (43) with ¢(t) = —N ' where N is the Newtonian potential so that —Ap = p. This is
an admissible test function. Indeed, Oy, ;¥ € L L2 by the Calderon-Zygmund theory cf. [4, Theorem

d
3.5, Chapter 3|. Moreover, as VA € La-1"° (i.e. weak LP spaces) we can use Young’s convolutional
inequality to deduce

oo, d+2

IVellrerz < CIIVN] 700\@” 2d -

Finally, ¢ € L, cf. [1, Lemma 1]. Therefore, testing (43) with ¢ we obtain

1 T T T
2/ |ch(T)]2d:z+D/ / 92:—/ / QVCD(Qz)-Vgo—/ / 01V®(p) - Vo
R4 0 R4 0 R4 0 Rd

We denote by I; and Iy the two terms of the right-hand side. Using —A¢ = o and the formula
ApVp =V - (Vo ® V) — £V|Vep|? we obtain

T T T
h:i/ vaw-v¢@ﬁéci/(/ID%NmMWwféC?/./lvwﬁ
0 R4 0 R4 0 R4

as |D?®(g2)| can be bounded as in Lemma 11 only in terms of lo2|g= - For I we recall that o is
bounded in Lg;,. Using the Cauchy-Schwarz inequality it remains to see that [|[V®(o)||z2 < C[|[V| 12
which can be achieved by definition of ®(p) and ¢ and the fact that convolutions commute with
derivatives. Therefore

L <C|Velis .
Combining the previous results we obtain
2 g 2
IVe(T Ol < C [ 190l
so that ||[Ve||2, = 0 and the proof is concluded.
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D Estimate on J.log"?log? max(.J., €)

From Lemma 7 we recall that for 0 <r <1

1 2C

We can make further simplifications: applying a simple rescaling of r, ignoring e, estimating %d <

exp(%d) and changing r = é we can assume

c 1/2
[Je(s, 2)| < —|De(s, 2, )|y + Cexp (0®) e, 2) /|| De(s, , ')HL/é : (44)
To choose the best « in the inequality above, we let u = g, v = ||D.(s, x, ) HL% so that we can estimate
|Jz(s,z)] < Cv min 1 + exp (a?) ¢ (45)
ST =T T ca<o | v’

Lemma 17. Let v > e, u > 0, v > e?u. The minimum in (45) is attained for o > 1 which is the

unique solution of
v
203 exp(a?) = \/>
U

1+ (2) U 1+ 1 <2v
v | — ex « —_ =V |— - X
« P v a 20| T «

For such o > 1 we have

Then,
Y, DI PUNR V.
% < logi/2 logimv va - UIOg+ v (46)
o 1/2

2ulogfr/2v if v <ulog .

Proof. The first statement is a consequence of simple calculus and we only have to prove that the
minimum is attained for a > 1. This follows from

1
\/> = 203 exp(a?) < exp(20?) = ilog (v) <o’ (47)

u

SRS

As v > e?u, we deduce o > 1.

We proceed to the estimates on 5. Suppose that v > ulogfr/2 v. Then, we have

logv > logu + log logi/2 v = logfr/2 (E> > logjr/2 log;fr/2 v
u
(we use here £ > ¢* and v > e to write log, instead of log). In view of (47), this gives lower bound
on « which implies
2v 2v/2v

R QS St —
@ log1+/2 logi/2 v
/

We are left with the case v < ulog_l|r % . In this case we estimate directly using o > 1:

2
i <2v < 2ulogi/2v.
o
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We proceed to estimating J. log!/? log!/? max(Jg,e) in Lt{x. Let us observe that we can always restrict
the set of integration to the points (t,x) where || Dg|| L} is arbitrarily large. Indeed, given M > e, we

estimate

T
/ / J:log!/?1og!/? max(J., e) <
0 JRd
T T
S/ / Je logl/2 log!/? max(JE,e)]IJE<M—I—/ / J. logl/2 logl/2 max(Je, e) Lp,|| | <e2o.
0 JRe - 0 JRrd Le™
T
—i—/ / Jalogl/Qlogl/Zmax(Ja,e)]l”DSH 1 >e2p. Lio>M-
0 JRrd Lg

The first integral is bounded by ||Je[| .1 log!/?1og!/? M. For the second integral, we note that (44)
implies that J. < C g, so this integral is finite because we can use Young’s inequality and logz < =
to get

1/2

1
o log logl/2 max(ge, e) < 0 + 595 log max(oe, €).

In the third integral, by estimate (44) with o = 2, we have ||D|| Lk > % for some constant C. It
follows that || D|| L} can be assumed to be arbitrarily large by taking sufficiently large M. This allows
us to apply Lemma 17.

Splitting the domain of integration for two subsets as in Lemma 17, it is sufficient to prove that the
following functions

1Pl

log’/“ log
1/2||DE||L1 T \logl?

IDell s

1/2 ’
Dl

logl /2

1/2
P2 i= g. 1og!* | D] 1 log/*log/* (o- 10 || 1y )

log log/

1/2, 1/2

10g+ 1/2

are bounded in Lj , (here, we use that log}/ v = log"?1og!? max(v, e)).

For P! (this is the limiting case!), we restrict to the values of || D, ||L1 so large that logl/2

1. Then,

1/2
log'/ | D-|| ;>

+ log1/2 1/2

log/

< log}/10g!/” (ID-111; )

log; HDaHL;

so that P! < ||D5HL%.
For P2, we apply logz <z, /z +y <z + /y and 22y < 22 + y? to get

P2 < 0. 10g} 2D || 10g!/ (o- 10g/* IDA]I1y ) <

/2, 1/2

log/

< 0. log}/” | D-|| y log/* o- + 0. 10gY/* | . | 1 log 1Dl

< 0 10g+ O + 0 10g+ ”D‘EHL% + 0e 10g+ ”D‘EHL%
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so it is sufficient to prove that o. log, ||D|| Lk is bounded in Lj ,. This follows from Fenchel-Young’s

inequality

0c logy [ Dellzy < oclog e + 0 + [|De |l 1y
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