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THE RESONANCES OF THE CAPELLI OPERATORS FOR SMALL
SPLIT ORTHOSYMPLECTIC DUAL PAIRS

ROBERTO BRAMATI, ANGELA PASQUALE, AND TOMASZ PRZEBINDA

ABSTRACT. Let (G, G’) be a reductive dual pair in Sp(W) with rank G < rank G’ and G’
semisimple. The image of the Casimir element of the universal enveloping algebra of G’
under the Weil representation w is a Capelli operator. It is a hermitian operator acting
on the smooth vectors of the representation space of w. We compute the resonances
of a natural multiple of a translation of this operator for small split orthosymplectic
dual pairs. The corresponding resonance representations turn out to be GG’-modules in
Howe’s correspondence. We determine them explicitly.
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1. INTRODUCTION

The notion of resonances originated in the ’30s in Quantum Mechanics. As described
in [Har07], the story goes back to 1926, when Schrédinger studied the Stark effect, i.e.
the shifts caused to hydrogen’s emission spectrum by the application of a constant field.
The hydrogen Stark Hamiltonian is the unbounded operator on L?(R3) given by

1

H=A—-—+kx

]
where k£ > 0 is the electrical field strength and the field acts in the x;-direction. In
Schrodinger’s model, the energies were the eigenvalues of H and the model was based on
eigenfunction expansions. This work was received with great enthusiasm by many physi-
cists of the time. For example, Epstein’s 1926 article in Nature, see [Eps26|, considered
it to be “of extraordinary importance”. It had great influence on modern physics. Never-
theless, Schrédinger’s analysis contained a mistake: the hydrogen Stark Hamiltonian has
no eigenvalues if x > 0. This absence of eigenvalues was first noticed by Oppenheimer
in 1928. Oppenheimer did not prove it, but referred for the proof to a work of Weyl,
where there was no proof either. Finally, in 1951, Titchmarsh proved that the Stark
Hamiltonian has no eigenvalues. The “phantom eigenvalues” in the Stark effect are in fact
resonances and the “eigenfunction expansions” are resonant state expansions. Resonances
are discrete spectral data, which might replace eigenvalues for differential operators with
a continuous spectrum.

Rigorous mathematical approaches to resonances were formulated only in the '70s
and '80s. Consider for example a Schrodinger operator H = A + V on L?(R"). Here

A=— Z?Zl 59722 and V is a potential acting as a multiplication operator. Under suit-
J

able assumptions, H is an unbounded self-adjoint operator on L?*(R™) with continuous
spectrum [0, +00). For ¢ € C\ [0, +oo|, the resolvent of H, i.e. Ry(¢) = (H — () 'isa
bounded operator on L?(R™), depending holomorphically on ¢. As an operator on L?(R"),
Ry (¢) has no analytic extension across the spectrum of H. But we can replace L?(R")
by a smaller dense subspace, like C2°(R") and consider the map

C\[0,+00) 3¢ — Ry(¢) = (H — )" € Hom(CZ(R"), C(R")"),

which might have some continuation across [0, +00), possibly to a Riemann surface. If
the continuation is meromorphic, then the poles are called the resonances of H.

It turns out to be convenient to replace the variable ¢ € C\ [0, +00) with z € Ct =
{we C:Imw > 0} by substituting ¢ = 2%. Define

R(z) = Ry (%) = (H — 2*)7 .
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The problem of meromorphic extension of Ry as a function of ¢ € C\ [0, +00) is equivalent
to that of R as a function of z € C*.

The theory of resonances of H = A + V appears naturally in many branches of math-
ematics, physics and engineering. We refer to [DZ19] for more information.

The study of resonances of differential operators was extended beyond Euclidean set-
tings. The most investigated situations concern the Laplacian on a complete noncompact
Riemannian manifold with bounded geometry, such as hyperbolic and asymptotically
hyperbolic manifolds, symmetric or locally symmetric spaces (mostly of rank 1). This is
motivated by applications to geometric scattering, spectral theory, trace formulas, PDE’s,
and dynamical systems.

Riemannian symmetric spaces of the noncompact type are attractive because they
have a well understood geometry, a well developed Fourier analysis (the Helgason-Fourier
transform) and allow using tools from representation theory. Recall that such a space is
of the form G/K, where G is a connected noncompact real semisimple Lie group with
finite center and K is a maximal compact subgroup of G. The left-regular representation
L of G on L?*(G/K) decomposes into isotypic components according to

G = | LG/

u*
where a is Cartan subspace of the Lie algebra g of G, ;) is the unitary principal series
representation of G of parameter A € a* and ¢(i\) is Harish-Chandra’s c-function. This
decomposition is realized via the Helgason-Fourier transform:

d\ N
fa) = [ ¢ oo} iy U S OFE), (1)

where ¢;, is the spherical function of spectral parameter i\ and x denotes the convolution
of functions on G/K. Let U(g) be the enveloping algebra of g, (g)® the subalgebra of
G-invariant elements and let C € U(g)® be the Casimir element. Then A = L(—C) is
the (positive) Laplacian on G/K. It is an essentially self-adjoint unbounded operator on
L?(G/K), with continuous spectrum [p%, +o0o[, where p% is a positive constant. It acts
by the scalar (A, A) + p% on L?(G/K),,,. Hence A — p% has continuous spectrum [0, +00)
and acts by the scalar (\,\) on L?(G/K),,,. The resolvent R(z) = (A — p% — 27! is
a holomorphic function of z € C*, with values in the space of bounded operators on
L2(G/K). It extends meromorphically from C* to C (or to a Riemann surface over C) by
considering it as an operator on C2°(G/K). The explicit decomposition of L in (1] yields
for z € C* and f € C*(G/K):

RE:)f (@) = |

a*

: 2 fron () — o N
(M A) — 2 c(iX)e(—iA)
A meromorphic extension of R(z) may exist because the terms in the integrand admit a
meromorphic extension in A € ag. Namely:
(1) {mx; A € a*} C {spherical principal series representations my, A € ag};
(2) fr, = f X @) exists and is a Paley-Wiener type function of A € af;
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(3) the Plancherel density m extends as a meromorphic function in af;

(4) m is meromorphic in a}.
Suppose that the resolvent has a meromorphic extension to C, as it does in the real
rank-one case, see e.g. [MWOOQ, [HP09|, and let zy be a resonance. Since the Laplacian is
G-invariant, the group G acts on the residue space

{Resrappis € 2610}

by the left-regular action. This is the resonance representation at zj.
To summarize, for the Laplacian on G/K we have:

(1) a unitary representation L of a reductive Lie group G,
(2) a differential operator L(—C + constant), where C is the Casimir element;
(3) a representation of G at each resonance of L(—C + constant).

It seems natural to replace L by an arbitrary unitary representation w of G and study
the resonances and the associated representations for w(—C + constant) .

Consider a reductive dual pair (G, G’) in the sense of Howe (see section[d] for definitions)
in a symplectic group Sp(W). Let U(g) denote the universal enveloping algebra of g, and
similarly for g’. Let w denote the Weil representation of the metaplectic group §1§(W)
corresponding to a fixed unitary character of R. Then the G-invariants U(g)¢ and G'-
invariants U(g')¢" are mapped by w onto the same algebra of operators:

w (Ue)) =w (U@)") . 2)

Any operator in this algebra is called a Capelli operator. The equality is a consequence
of [How89, Theorem 7|. See also [Prz96| and [Ito05) (0.1)].

Suppose that G’ is semisimple. Then U(g')¢" contains a well-defined Casimir element
C’. From the above equality, we know that there is C” € U(g)® such that w(C”) =
w(C"). Moreover, C"” is unique because rankG < rankG’ (see [Prz96]). In the example
of (O1,1,Spy(R)), we have C” = h* — 1, where h = (_01 é) is a basis of 0y 1; see (15)).
For the dual pairs (Spy(R), O, ), we have C” = C — (p — 1)* + 1, where C is the Casimir
operator of Sp,(R); see (46).

The Capelli operator C* we study in this paper is a natural multiple of a translation of
w(C") = w(C"). It is chosen so that its continuous spectrum is [0, +00). Furthermore, we
consider orthosymplectic dual pairs (G, G’) with the rank of G or G’ equal to 1 and the
orthogonal group is of the form O, ,. Our goal is to determine the resonances of the Capelli
operator C* as an unbounded operator on the Hilbert space of w. We use the easier of the
two groups in the dual pair, which is G in our notation, to obtain the spectral analysis
of the operator C*, the meromorphic continuation of its resolvent and the resonance
representations as G-modules. We could have tried to do the analysis of resonances of
w(C") working with the more difficult group G’. Nevertheless, since w(C') = w(C") and
because of Howe’s correspondence, we do not have to do it: the result would be the same.
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This paper is organized as follows. In section [2| we outline the general idea of resonances
for an operator of the form w(C) where w is a unitary representation of a Lie group E and
C € U(e)¥, where ¢ is the Lie algebra of E. In section , we provide a complete analysis of
the resonances and residue representations for the Capelli operator C* for the dual pair
(O11,5p5(R)). The case (Oy1,Sp,,(R)) with n > 1 could be treated in a similar way,
but the description of the resonance representations would be less explicit. In section
[ we show how to decompose the restriction of the Weil representation to the smaller
member of an orthosymplectic dual pair in the stable range. Finally, in the last section
we apply the results of section 4] to the dual pair (Sp,(R), O,,) with p > 2 and study the
resonances and the associated resonance representations of C*. In Appendices [A|l and
we recall some facts about the Weil representation.

2. ABSTRACT RESONANCES

Let E be a real Lie group with Lie algebra e and let (w,V) be a unitary representation
of E. Let (-, -)y denote the inner product of V and || - ||y the associated norm. We denote
by V*° the space of C*°-vectors for (w, V). It consists of the elements v € V for which the
map £ > g — w(g)v € Vis C™.

Let U(e) denote the universal enveloping algebra of the complexification of e. For short,
the derived representation of U (e) acting on V* will be indicated by the same symbol w
(in place of dw):

w(X)v = %w(exp(tX))v (X €e¢, veE V). (3)
t=0

As shown by Segal in [Segh9|, V™ is the largest subspace of V on which all the w(u),
u € U(e), are defined (even if a specific w(u) may be extended to a larger domain in V).
The space V™ has a topology defined by the family of seminorms {pp; D € U(e¢)} where
pp(v) = ||lw(D)v||y for v € V. Then w is a smooth representation of E on the Fréchet

space V.
For every u € U(e), the operator w(u) with domain V> is closable, with closure denoted
by w(u). Let Ey denotes the identity connected component of E and let D be an E-
invariant dense subspace of V contained in V*°. Poulsen proved (see [Pou72, p. 91 and

Corollary 1.2]) that

wu) =w(u)lp .
This is useful because, despite the fact that V* is a natural domain for the operators
w(u), for practical purposes, it might be convenient to work on smaller dense domains.
The above property says that the choice of the (group invariant) dense domain inside V>
is immaterial.

Let u — u™ denote the conjugate-linear involution of U(e) such that X* = —X for
all X € ¢. An element u € U(e) is said to be hermitian if u™ = u. For u € U(e) and
v,v" € V™ we have (w(u)v,v")y = (v,w(u™)v )y. So w(u)* extends w(u™).

For ¢ € C outside the spectrum o(w(u)) of w(u) the operator

Rouw () = (w(u) —¢)™': V=V
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exists and is continuous. This is how we understand the resolvent of w(u) at ¢. It is a
holomorphic function on C\ o(w(u)) with values in the space of bounded linear operators
on V.

A decomposition of w into unitary representations leads to an explicit expression for
R, ). Indeed, suppose that the unitary representation (w, V) of E decomposes as a direct
integral

V= /E "V, dy(r) (4)

of unitary isotypic representations V, of type m € E, where the parameter set E is the
unitary dual of E. (Recall that any unitary representation of a type I group on a separable
Hilbert space has an essentially unique direct integral decomposition of the form , see

e.g. [Mac76, §2.4].) Notice that the support of the measure p need not be the entire E.
Thus every element v € V is represented by vectors v, € V, and we will write this as

U:/;v,rdu(w).

The inner product on V is given in terms of the inner products (-,-), on the V.’s by

D
(u,0) = / (. 0)wdlp(m)

and the elements of V are precisely the measurable vector fields v : E— 1.V~ which
are square integrable, i.e. (v,v) < oo. We identify two fields that are equal almost
everywhere. For additional information on direct integrals and linear operators on them,
see [Dix69, Chapitre II, §1-3] and |[Nus64]. The action of E on V diagonalizes according
to:

(w(g)v)s =7(g)v= (g€ E, m€E).

The following lemma was proved in [Arn76, Lemma 2].

Lemma 1. Keep the above notation and let {X;} be a basis of e. Then v = féB U dp(r)
belongs to V*° if and only if the following two conditions are satisfied:

(1) vy € V™ for almost all 7 € E;
(2) the fields (7(X;)"vx) are square integrable for every integer n > 0.

In this case, for every u € U(e), we have
®
w(u)v = /A m(u)vg dp(r) .
B
A short argument based on Lemma [l| and the definitions involved proves the following

corollary.

Corollary 2. Let (w,V) be a unitary representation as above, with isotypic unitary de-
composition V = [V du(r). Let u € U(e) and let v = [ v dp(n) be in the domain of
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w(u). Then the v, are in the domain of w(u) for almost all ™ and

w(u)v = /E@ m(uw)vg dp(r) .

For ( € C\ o(w(u)), the operator w(u)— ¢ is closed and invertible with bounded inverse
R, (€). By [Nus64, Theorem 3(2)] and Corollary 2, 7(u) — ¢ is invertible for almost all

7€ Eand for all v = [ v, du(n) €V,

2

o) / (@) — ) oy dpa().

E

=
£
£
—~
I
N~—
e
I
—~
(S
~—
<
~—
|
I
S~—
L
e
I

Since ||(7(w) — ¢) " vx|lx < |(w(w) — ¢)~1|[||vxl» for almost all 7 € E by [Dix69, Ch. II§2,
3 (1)], the operator (w(u) — ¢)~* is bounded on V, for almost all 7.
Let Z(e) denote the center of U(e). In [Segh9, Theorem and Corollary 3|, Segal proved

that if u € Z(e) then the closure w(u) of w(u) is equal to the adjoint of w(u™). In
particular, for every hermitian u € Z(e¢), the operator w(u) is essentially self-adjoint. The

spectrum of w(w) is therefore real. Likewise, the spectrum of 7(u) is real for all 7 € E.

The most important elements in Z(¢) are the (quadratic) Casimir elements. Let B be
a nondegenerate symmetric bilinear form on e that is invariant under the adjoint action
of e on itself, i.e. Blad X(Y),Z)+ B(Y,ad X(Z)) =0 for all X,Y,Z € ¢. (Usually, B is
the Killing form if e is semisimple.) Let {X;} be a basis of ¢ and let (b%) be the inverse of
the matrix (by;) where b;; = B(X;, X;). Then Cp = 3, 0¥ X; X}, is the Casimir element
associated with B. It is hermitian and belongs to Z(e) by the ad invariance of B. In fact,
it belongs to U(e)".

Remarks 1. (1) The property of essential self-adjointness of w(u) extends to other
hermitian non-central elements of /(¢). Suppose for instance that E is a noncom-
pact semisimple Lie group with compact center and maximal compact subgroup
K. Let U(e)¥ denote the subspace of K-invariant elements of 2(e). Let D be an E-
invariant dense subspace of V contained in V*°. Then the restriction w(u)|p of w(u)
to D is essentially self-adjoint for every hermitian u € U(e)¥. See [Segh9, Corollary
3]. Nevertheless, there are hermitian u € U(e) for which w(u) is not essentially
self-adjoint. We refer to to [Sch90), Section 10.2] for additional information and
references, and to [Arn76] for some counterexamples.

(2) Recall that the Garding subspace of V is defined as the subspace of V> consisting
of the finite linear combinations of the vectors w(f)v for f € C*(E) and v € V.
Here w(f) = [, f(9)w(g)dg and dg is a fixed left-invariant Haar measure on E.
A remarkable theorem, proven by Dixmier and Malliavin [DMT7§|, is that V*°
coincides with the Garding subspace of V.

By Segal’s infinitesimal version of Schur’s lemma, if (7, V;) is unitary and irreducible
and u € Z(e¢), then 7(u) acts on V.>° as a real scalar multiple of the identity. This yields
the following corollary.
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Corollary 3. Let (w,V) withV = f§ V. du(m) be as above and let u € Z(¢) be hermitian.
Then, for every m € E there is a constant Ao € R such that for all ¢ € C\ R and
v = féB vy dp(m) € V, we have

E

@
Ryw)(Q)v = (w(u) — () lo = / Awyr — ) ox du() .

Considered as a bounded linear operator on V, the resolvent R, cannot be extended

across the spectrum of w(u). However, restricting R.,)(¢) to a dense linear subspace U
might allow it. More precisely, consider a linear topological space U, dense in V, endowed
with a locally convex topology that is finer than the one induced from V, and let U’ the
topological antidual space of U, i.e. the set of continuous conjugate-linear functionals on
U. Endow U’ with the weak topology. We obtain the continuous inclusions

ucvcu, (5)

where the inclusion V C U’ is the natural one, namely v € V is identified with the
functional U 5 w — (v,w) € C in U’. A double inclusion as in () is often called a rigged
Hilbert space (RHS), also known as an equipped Hilbert space, or a Gelfand triplet.

We shall also consider the the linear dual of U, denoted by U*, endowed with the weak
topology.

If X is a manifold endowed with a regular Borel measure, and V = L?(X), then we have
the antilinear isomorphism

LX) > f — f € L*(X). (6)

Suppose that U = C2°(X) is the space of compactly supported smooth functions on X.
Then () composed with the inclusion V = L*(X) C U’ gives a continuous linear embedding
of L#(X) into C'>°(X)*. We obtain then the usual construction from distribution theory

Ce*(X) S L*(X) € C2(X)".

Let us suppose that we are in this case, i.e. w is a unitary representation of E on L?(X).
We also suppose that w(u) has spectrum equal to [0,4+00). We are then in a situation
ressembling the one of the introduction: considering the resolvent R, as an operator

C" € z — Hom(C>(X), C=(X)*),

it might admit a holomorphic or meromorphic extension across R (possibly to a Riemann
surface). If the extension if meromorphic, then the poles of the meromorphically extended
resolvent are the resonances of the operator w(u).

Notice that this might not be the most general setting one can consider: it is the one
suggested by the examples presented in the introduction, in particular the case of the
Laplacian on Riemannian symmetric cases of the noncompact type. Moreover, even the
choice of C2°(X) is not canonical, but convenient to apply Paley-Wiener type theorems.

Suppose now that u € U(e)®. Then, for every z € C*, the resolvent R,,)(z) intertwines
the action of E via w on C°(X) and the extended action (also called w) on C2°(X)*.
Assume that the resolvent of w(u) extends meromorphically across R and that z, is a
resonance. The same happens for every meromorphic continuation of the resolvent.
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The operator
C*(X) € v — Res Ryyv € C(X)*

z=z0
is called the resonance operator at zp. Since w is a representation (and hence strongly
continuous)

w(g) o Res R = Res (w(g) o Ruw)) (9 €E).

The group E therefore acts on the range of the residue operator. So this range is an
E-module, called the residue representation. These are the objects we are studying in this
article.

3. THE PAIR (Oq 1, Spy(R))
3.1. Action of the groups. The group O;; is the subgroup of GLy(R) generated by

SO, 1 and the element
0 1
=1 0) g

where SO ; is realized as the group of all matrices of the form
a 0
ha — <0 al) (CL € RX) .

s =1, shas ' = hg (a € RY).
The group structure of SO, ; together with this last relation determines the group struc-

ture of Oy ;.
Identify

Then

SO11 2 h,=a€R™.

The unitary dual S/O\U of SOy ; = R* =R X Z/27Z consists of the characters x., with
e €{0,1} and X € R, where

Xe(ha) = |a] <%) (a € R¥).

For A > 0, set 7., = Imdé)é’ll1 Xex- This is the two-dimensional irreducible unitary repre-

sentation of O;; = SO;; U sSO; ; determined by

Ten(ha) = <|%|)6 ('a(? |a‘0—M) (a € R¥)

Tea(s) =s.
Choosing ¢,6 € {0, 1}, one obtains four one-dimensional unitary representations of Oy ;
by setting
moes(nha) = det(n)’xeo(ha) (e € RX, € {1,5}).
Notice that 7y, 1(nh,) = det(n) is the determinant representation. These representations

exhaust the unitary dual 61\1 of Oq,.
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Let X = M 5(R) be the space of matrices consisting of one row of length two with real
entries. We define an action wy of the group SO;; on L2(X) as follows:

wo(ha)v(z) = |a| tv(a™ z) (a e R*, v e L*(X), v € X).

It is easy to check that this action preserves the L? norm. Also, let

wo(s)v(x') = /Xe%ix/ﬂt v(z)dx (v e L*(X), 2’ € X), (8)

where
i=(% o) o)

Then
wo(s) = R(j)F = FR(j), (10)

where
Fo(z) = /Xe%”/xt v(z)de  (veL*X), 2’ € X) (11)

is the usual Fourier transform and
R(g)v(x) = v(xg) (g € GLy(R), v e LX), = € X).
In particular, wy(s) is a unitary operator. Since F? = R(—1) we see that
wo(s)? = R(j)FFR(j) = RG)R(-1R(j) = 1.
Furthermore, a straightforward computation shows that
wo(8)wo(ha)wo(s) ™ = wo(he—) (a € R™). (12)
Therefore the above formulas define a unitary representation (wg, L?(X)) of the group Oy ;.
The group Spy(R) = SLy(R) acts on L*(X) via the right translations R:
wo(g)o(x) = vizg) (9 € Spy(R), v €L3(X), 3 €X). (13)

This action is unitary and the two actions commute. Thus (wp, L*(X)) may be viewed as
a unitary representation of the group Oy X Spy(R), where we identify O;; = O1; x {1}
and {1} X Spy(R) = Spy(R).

3.2. The Casimir elements and the Capelli operators. Let

= (3%

Then the Lie algebra of SO ; is s0; ; = Rh. By taking the derivative along one parameter
subgroups at the origin, see , we see that
wo(h) = —20, —yd, — 1,
where we denote a typical element of X by (z,y). Let
(1 0 . (01 (00
h—(O _1), e—(oo), 6_(10)' (14)
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Then spy(R) = Rh + Re™ + Re™ and C' = h? — 2h + 4eTe™ € U(sp2(R)) is the Casimir
element. Also, one may think of C = h? as a Casimir element in U(0; ;). A straightforward
computation shows that

wo(C) = (x0; + ydy + 1) = wo(C') + 1. (15)
This is one of Capelli’s identities. (For a general story, see [HU91].) Set
Ct = —(20, + yd, + 1) (16)

Notice that & = 20, +y0, is the Euler operator, with formal self-adjoint £* = —€ —2. So
Ct = (E+1)"(€+1) is self-adjoint and positive. We would like to think of C* as of “the
positive Capelli operator”. The Schwartz space S(X) is an Op 1 X Spy(R)-invariant dense
subspace of the space of smooth vectors of the representation wy of Oq1 X Sp,(R).

3.3. Direct integral decomposition of the restriction of (wg, L?(X)) to Oy ;.

Lemma 4. For A € C and v € C°(X\ {0}) define

up(w) = /R a (e w) d*a (we X\{0}), (17)

where d*a = %" 1s the Haar measure on the multiplicative group R<o. Then vy s a

homogeneous function of degree —1 — i), that is vy(tw) = t~1"vy(w) for all t > 0 and
w € X\ {0}. For fized w, vy(w) is an entire function of Paley-Wiener type in A € C.
Moreover

v(w) = % /R o () dA (18)

and

/Xu(x)md:c = %/R/51 u(o)va(o) do dA (u,v € C*(X\ {0})), (19)

where S* C X is the unit circle centered at the origin and do is the rotation invariant
measure on S normalized so that the total length of St is 2.

Proof. The first two claims are immediate by change of variables and because, for a fixed
w € X\ {0}, the function R-y 3 a — a 'v(a"'w) € C is smooth and compactly supported.
The right-hand side of is equal to

1 .
_/ a‘I/a‘zA dAv(a~ w) anz/ a'61(a) va™ w)d*a = v(w).
2m Rso R Rx>o
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The right-hand side of is equal to

1 -
ﬁ/R/Slu,\(a)v,\(J)dad)\
1 . .
:—/ // / a TRy (0 o) (b o) dXb d* a d) do
T Jst JR JR=0 JR>0
:// / 5u(ab Na v u(a " o)o(b o) &*bd*ado
St JR>0 /Rxo
/ / yola~1a) d*a do
St JRxo
:// a*u(ao)v(ac) d*ado,
St JR>o

which coincides with the left-hand side. O

Lemma 5. For A € C let C°(X\ {0}) C C>®(X\ {0}) denote the subspace of functions
homogeneous of degree —1 —i\. Then defines a continuous surjective map,

C(X\{0}) 3 v — vy € CF(X\ {0}). (20)
Furthermore,
/Xv(w) //S o)dodh  (uv e CO(X\{0}).  (21)

Proof. The continuity and the surjectivity of (20) follow from [H&r83, (3.2.21)-(3.2.23)].
The last equation is a straightforward consequence of @:

/xv(w)u(wmw_/“(w) //51 or(0)Tr(0) do dX
//51 o)dodr  (u,v e CF(X\{0})).

O

Corollary 6. For A € C let L3(X) denote the closure of C5°(X\ {0}) with respect to the
L*-norm on S*:

1/2
ot = ([l dr) " on e RO 1), 2)
Then
L2(X) = % L3(X) dA (23)

is the decomposition of the Hilbert space L2(X) into the direct integral of the Hilbert spaces
L3(X) with the Plancherel measure 5= dA.
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Notice that every element of 12(X) can be written in the form wvy(w) = r~ 17" f(0)
where w = ro with (r,0) € Rog x S' and f € L?(Sh).

The transformation (17) maps odd functions to odd functions and even functions to
even functions.

For each A € R, let L ,(X) € L3(X) be the subspace of even functions and let L} , (X) C

L3(X) be the subspace of odd functions. Then

: / (Lo (X) @ LT A(X)) dA.

T om
Each vy € C%°(X\ {0}) is a homogeneous function of degree —1 — i\. Hence it extends
uniquely to a homogeneous, and hence tempered distribution on X, see [H6r83, Theorem
3.2.3 and 7.1.18]. We write vy = wvg + vy for the decomposition of vy € L3(X) =
L§,(X) @ L3 \(X). From now on (in this section) we view L3(X) as a subspace of the
tempered distributions S*(X),

L*(X)

L3(X)
and extend the action wy of Oy to L3(X)
L%(X), that is

(wo(g)va)(u) = valwo(g™)u) (9 € Or1,un € L3(X),u € S(X)).

The reason is that we want to apply the Fourier transform wy(s), see , to elements of
L3(X).

In particular, the Fourier transform of vy € L3(X) is homogeneous of degree —1 + i),
see [Hor83, Theorem 7.1.24]. Hence, for € € {0, 1},

wo(s) : LZ(X) = L2 _5(X).

S*(X)
S

C
C S§*(X) by dualizing the action on S(X) C

The spaces L2, (X) are isotypic for the action of SOy, via wp, as can be seen from the
formulas

. L a
wo(ha)vo ) = ’&|2)\’UU’)\, wo(he)v1 ) = \a]“mWA (aeR*, vy € Li/\(X)). (24)

Hence L2, (X) @ L2 _,(X) is preserved under the action of Oy ;. If X > 0, then this repre-
sentation is isotypic, direct integral of a single 2-dimensional irreducible representation,
which we denote by (7., Ve ). Indeed, fix v,y € L*(X)., and set V., = Cv. ) @ Co. _»,
where v,y = wo(s)ven. Let By = {von,ve -2} Then the matrix of wo(s)ly., with

respect to B, ) is s. For a € R*, by and ,

iA
wWo(ha)lve = (|a(|) |a|()_i’\> with respect to By »

’CL|M 0

a .
wolha)lv, , = Tal ( 0 \a|_i’\> with respect to By ) .

Thus wolv, , = mo,x and wo|v, , = 71,5. We have therefore proved the following corollary.
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Corollary 7. Fore € {0,1} and A > 0,
L2(X)r., = L2(X)epr © L2(X)< -

s an isotypic representation of O11 of type 7. x.
The restriction of the representation (wo, L*(X)) to Oy decomposes into direct integral
of irreducible unitary representations as follows,

L2(X) = /O L2(X) dp(r),

where du(m. ) = 2 for (e,A) € {0,1} x Rso, p(me05) = 0 for (¢,6) € {0,1}? and L*(X),
denotes the zsotypzc component of type .

Te, X

3.4. The resonance.

Lemma 8. Recall the densely defined differential operator C* on L2(X), see (16]). For
z € C with Im z > 0 the operator CT — 2% is invertible with inverse

(€t — 22"t LX) — L*(X) (25)
given, in terms of , by

Cct -2t <21 / o\ d)\> 21 /()\2 — 2%) oy d.
s s

Proof. This follows from the straightforward fact that Ctvy, = A\%v,. O
Proposition 9. If we shrink the domain and expand the range of the map

(CF =27 C(X\ {0}) — (X \ {0})” (26)
by the formula

(C* =2 )(u) = /X((C+ =) ) (wu(w)dw (w0 € CE(X\{0}),  (27)

then extends from Im z > 0 to a meromorphic function of z € C with a single simple
pole at z = 0, with residue operator given by
1
Res.—o((Ct — 2*) o) = 00

Here vy is viewed as a distribution on X\ {0} via integration against dw. This distribution
extends uniquely to a homogeneous distribution on X.

Proof. The equality (21} . shows that . means that

(ct -2t 277//51 (A2 — 2oy (0)u (o) do dX. (28)

Notice that

1 1 1
2 2y-1_ _
(W =2 22(2—)\+z+)\)'
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Hence, the right hand side of @ is equal to

~dmz (//slz_ ua(o)u-x(o dad)\+//512 uA(o)u_(o )dad/\) (29)

The function in the parenthesis extends to an entire function of z. Indeed, since the
function

CoX— | w(o)u_r(o)doeC
S1
is of Paley-Wiener type, we may pick any N > 0 and, using Cauchy’s theorem, show that

| [ =@ [ [ =@ dea

/ZN/SIZ_ Dua@drdr+ [ [ @) daar. (30)

The right hand side of (30]) is a holomorphic function for Im z > —N. Therefore is a
meromorphic function With a unique simple pole at zero. The residue at zero is equal to

(/ N Sl_—)\v,\ Yu_x(o )dadk—{—/RHN/Sl—m u_x(o )dad)\)
_ L (/ , XUA( oY x(0) dA — /MV %w( Yu_x (o) d)\) do

/51 /AI NX“/\ u_x(0)d\do = 5/51 vo(o)ug(o) do,

where we used again Cauchy’s theorem and the Paley-Wiener property of vy and u_, (see
Lemma [4)), and finally Cauchy’s integral formula. Thus

{ ?

ljzeos((CJr — 22 )(u) = 3 /51 vo(o)ug(o) do = 5 /Xvo(w)u(w) dw .
0

3.5. The resonance representation. By Proposition [ the resonance space at A = 0
is
{vo € CF(X\{0}) - v € CZ(X\ {0})}.

Its completion with respect to the inner product is the Hilbert space L3(X). In this
subsection we take a look at this space as representation of Oy ;.

The elements of L2(X) are of the form r~1 f(e?) where w = re? with (r, ) € Ryg x S*
and f € L*(S"). By the L:-Fourier expansion f(e?) ~ 7, , f(k)e*, it suffices to
consider the action of wy on r~'e*? k € Z.

Lemma 10. The following formulas hold:
wo(s) i rte®l — pleih? ifkeZ, k>0, (31)
wo(s) s r e — (—1)kp~1eih? ifkeZ,k<0. (32)
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Proof. For t > 0 define g;;(w) = f;(r)e™*?, where w = re® and f,(r) = r~'e>"". Then
grr € LX) and limy o+ g = gr, where gi(re?) = r~1e*® and the limit is in S*(X).

As is well known, the two-dimensional Euclidean Fourier transform F, see (11f), may
be expressed in terms of Bessel functions by passing to polar coordinates. In particular,

by [SWT7I, Ch. 4, Theorem 1.6], if g(w) = f(r)e?*® € LY(X), then (Fg)(w) = F(r)e™’

where w = re® and

F() =2t [ (o) aemrp)pdp =2n(-1) [ (o) ICrpode. (33
0 0
In , Ji denotes the k-th Bessel function of the first kind, defined for & € Z by
1 . )
Jk(ZL’) — %/0 ez:z:smGe—ZkGde
and satisfying J_j(z) = (—1)* Jp(2).
Recall from (10) that wy(s) = FR(J). If w = (rcosf,rsinf) = re?, then wJ =
(—rsin@, rcosf) = re'®2), Hence
(wo(s)gne)(w) = Fgpy (re'"*2)) = Fiy(r)el®2)

where
Fru(r) = 2mit / 20 ] (27 p) dp = 2m(—1)EiE / 20 (Qmrp)dp. (34)
0 0

Ast >0, for k> —1

o o0 /t2 2 _t k
27?/ e 2P I (2mrp) dp = / e " Jp(rp)dp = (V&£ )
0 0 Tk\/ 2 + 72

by [Wat95, formula (8) on page 386; this formula is due to Lipschitz (1859) for £ = 0 and
to Hankel (1875) for k = v with Rev > —1|. Hence for k € Z, k > 0,

(wo(8)gr)(re’?) = limy_,o+ (wo(8)grs) (re'?)
= limy_o+ F(r)e*0+2)
(VEZ+ 72 — 1)k

= (=1)Fi%* lim,_, o+
— 1o
which is . If £ < 0, then one applies the above to the first formula in and gets
(wols)gr)(re”) = (=1)fr~te™,
which is . U
Lemma 11. The following formulas hold:

wo(hg) : 77 e — =1kl ifk € Z, k even,

wo(hg) 1 77 1e™ — ir_leikg, ifk €Z, k odd.

lal
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Proof. If g is defined by gi(re) = r=1e*? then

—1 ik :
1 1 s r e ifa>0
a a ‘re’) = ,
o™ gi( ) {(—1)’“7‘161’“9 ifa<0.

Corollary 12. The restriction of wy to LE(X) decomposes as the direct sum
Lg(X) - Lg;0,0<x) D Lg;l,o(x) S Lg;m(x)
of isotypic Oy 1-representations. Explicitly,
LQ(X)O;O,O _ @ CT_leike,

kezZ
k even

L2(x)0;170 _ @ C?‘_lelke,
k>0
k odd

Lz(X)Q;Ll = @ C’I“_1€ik0 .

k<0
k odd

For (g,6) € {(0,0),(1,0), (1,1)}, the representation on L§,_ 5(X) is isotypic, with 1-dimen-
stonal type moes. In particular, the determinant representation o1 of O11 does not
occur in the decomposition.

Because of Corollary , L2(X)0;€75 is the Oy ;-isotypic component of type my. 5. Hence
we write

L2 (X)WO;E,é = LQ(X)O7€’§ :
We summarize our result in the following theorem.

Theorem 13. The resonance representation L2(X)o of Oy splits as follows:

LQ(X)O = L2(X)7T0;0,0 D L2<X>7r0;1,1 D L2<X)7T0;1,0 ) (35>
where LQ(X)WOM is 1sotypic, with one dimensional type mo.c 5. In particular:
(1) O acts trivially on L*(X)ry..,,
(2) the group SOy, acts by the sign representation on L*(X)xy., o & L*(X)ro.1
(3) the element s € O acts trivially on L*(X)x,., .,
(4) the element s € Oy acts via multiplication by —1 on L*(X)x,,, -

The determinant representation of O, does not occur in the decomposition.

Each of the spaces is contained in §*(X) and is preserved by the action of Spy(R)
via wy, see .

The three representations on the right-hand side of are unitary representations
of Sp,(R) and we know that the Casimir wy(C’) acts by —1 because of (15). We also
know their K-types by Corollary [12] If we knew they are irreducible Sp,(R)-modules,
then we would identify them by classification. Fortunately, this is a simple consequence
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of Howe’s duality theory. In order to use this theory, we have to move to the metaplectic
group Sp,(R) and relate its Weil representation w to wy. This is explained in Appendix
in general, and specifically in Appendix |[B| for this pair, see . In fact, wy agrees

with w| TS twisted by a character, which is a representation of O;;Sp,(R). The
s 2

equality of these two representations is true by for SO; 1Spy(R). On the other hand,
if 5 denotes a preimage of s under the metapletic cover, then w(5s) is computed in
and the twisting removes the + ambiguity. Twisting by a character does not change the
irreducibility. So the three representations are irreducible. By the classification of the
irreducible unitary Sp,(R) = SLy(R)-modules, (see e.g. [Lan85, VI, §6]), one obtains the
following corollary.

Corollary 14. The spaces (35]) are irreducible unitary wo(Spy(R))-modules. Specifically,

(1) L*(X)rp00 = L2(X)ry, is the spherical unitary principal series moy on which the
Casimir element C' acts by —1

(2) L*(X)rg10 = L?(X)po_is the holomorphic limit of discrete series DY,

(3) L*(X)rp,1s = L*(X)po is the anti-holomorphic limit of discrete series DY .

Hence the entire resonance space is not trreducible under the joint action of O11 X
Spy(R). 1t is the direct sum of three irreducible subspaces:

(m0,00 ® To,1) @ (01,0 ® DY) @ (w01 ® DY)

Remark 2. As observed in the introduction, one of the motivating examples for the

study of resonances is the Casimir element acting by the left-regular representation on a

Riemannian symmetric space of the noncompact type. One could consider other classes of
. . 1

homogenous spaces. For instance, if G’ = SLy(R) and N’ = 0 f) [T E ]R}, then the

homogeneous space G’ /N’ can be realized as X\ {0}, where X = M; 5(R). Our computation

in this section can also be interpreted in this sense.

Remark 3. The case (G,G’) = (01,1, Sp,,,(R)) with n > 1 could be treated in a similar
way, but the result on the resonance representations would be less explicit.

4. DECOMPOSING THE RESTRICTION TO G OF THE (TWISTED) WEIL
REPRESENTATION USING HARISH-CHANDRA’S PLANCHEREL FORMULA

In this section we outline the method of decomposing the restriction to G of the Weil rep-
resentation (twisted by a suitable character) using Harish-Chandra’s Plancherel formula.
This method applies to orthosymplectic dual pairs of the form (G, G’) = (Sp,,(R),O,,)
or (Opp, Spy,(R)) in the stable range, with G the smaller member. We first recall some
facts concerning these pairs.

Any such pair (G, G’) is an irreducible real reductive dual pair of type I (see [How89|)
and can be constructed as follows. There exist real vector spaces V and V' with non-
degenerate bilinear forms (-,-) and (-,-)’, one symmetric and the other skew-symmetric
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(or vice versa), such that G C GL(V) and G’ C GL(V’) are the isometry groups of (-,-)
and (-,-), respectively. Let W = Homp(V’,V). Define a map
Homp (V',V) 2 w — w* € Homp(V, V')
by
(wv',v) = (v, w*v)’ (veV,v eV).
Then the formula
(w,w') = trp/r(ww"™) (w,w" € W)

defines a non-degenerate symplectic form on W. We denote by Sp(W) the symplectic
group of (W, (-,-)). The groups G and G’ act on W by

g(w) = gw and g (w) = wg’_1 (geG,¢d eG weW). (36)

These actions embed G and G’ as a subgroups of Sp(W).

Let V' = X'@Y’ be a complete polarization of V'. Assuming that (G, G’) is in the stable
range, with G the smaller set, means that dimp X’ > dimp V. Hence, (Sp,,(R),0,,) is
in the stable range, with Sp,,(R) the smaller member, if and only if p > 2n. Similarly,
(Opps SPs, (R)) is in the stable range, with O, , the smaller member, if and only if n > 2p.
(In particular, neither (O; 1, Spy(R)) nor (Spy(R), Oy 1) are in the stable range.) Set

X = Homp (X', V), Y = Homp(Y', V). (37)
Then X, Y are isotropic and W =X @Y.

Let §f)(W) be the metaplectic group and let §13(W) € g — g € Sp(W) be the metaplectic
cover, which is a double cover of Sp(W). For a subgroup H of Sp(W) we denote by H its
preimage in é\ﬁ(W)

Let (w, L*(X)) be the Schrodinger model of the Weil representation of §13(W) attached to

the character x(r) = ™" of R. See Appendix[A] The space of smooth vectors of w is S(X).
By and , G preserves both X and Y. Hence, by there is a continuous group

~ 2
homomorphism det;(l/2 : G — C*, with the property that (det;1/2(§)> = det(g|x)™! for
all g € é, such that
w@v(z) = dety *@v(g'z) GG, veSX), zeX).
Let Zy denote the kernel of the metaplectic cover. A representation Il of G is called
genuine if its restriction to Zy is a multiple of the unique non-trivial character & of Z,.
Only genuine representations of G can occur in Howe’s duality.

For an irreducible unitary representation II of G, we denote by ©Op its distribution
character. By Harish-Chandra regularity theorem [Wal88al 8.4.1], the distribution Oy

coincides with the Haar measure on G multiplied by a locally integrable functions (which

is real analytic on the set of regular semisimple elements of G and zero elsewhere). We
identify Oy with this function. Furthermore, we denote by II¢ the contragredient repre-
sentation of II. Notice that, if II is a genuine representation of G, then the map

7€ G = On(gw(g) € BIL*(X)),
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where B(L?(X)) is the space of bounded linear operators on L*(X), is constant on the

fibers of the metaplectic cover G — G and hence defines a function on G.
The following theorem was proved in [Prz93, Theorem 3.1] in a more general context.

Theorem 15. Let I1 be a genuine irreducible tempered unitary representation of G. Then
the formula

((Oe ), v) = / O () (w (@, v)dg (w0 € S(X)) (38)

defines a non-trivial, hermitian, positive semidefinite G - G'-invariant form on S(X).

Let R denote the radical of thz’s form. Then the G - G'-module S(X)/R, equipped with
the form induced by the form (3 , completes to an irreducible unitary representation of
G- G’ on a Hilbert space Hy, e, infinitesimally equivalent to I1 @ 11" for some 11" in the
unitary dual of G’. Moreover T1 corresponds to II' via Howe’s correspondence.

Proof. We only need to check that conditions (a) and (b) of [Prz93, Theorem 3.1] are sat-
isfied. Condition (b) holds by |[Prz93, Lemmas 3.2 and 8.6]. According to [Prz93) Propo-
sition 4.11|, condition (a) — which guarantees the absolute convergence of the integral on
the right-hand side of f is satisfied when Oy has rate of growth v < Yiax = Amax — 1
where, for a dual pair of type I,

I dimp V’ and 2dimg g

r—1 "= dimg V
We are supposing that IT is tempered, which is equivalent to v = 0 [Wal88al 5.1.1]. The
following table shows that the condition A\,., > 1 is always satisfied under the stable
range assumption.

G dimgg |dimgV | r—1 |stable range condition | Ayax
Spy,(R) | n(2n + 1) 2n 2n p>2n 21;;1
Op.p p(2p —1) 2p 2p—1 n>2p 2;:

O

For the dual pairs (G, G’) we consider, we do not need to work with double covers. In
fact, there is a unitary character x; of GG’ —see (71)) in Appendix |A|— such that

_ 1
_X+w

is constant on the fibers of the metaplectic covering GG’ — GG’ and hence defines a
representation of GG’, which we denote by the same symbol wy. Given representations
Il and I’ of G and G’ in Howe’s correspondence, then 7 = = x3'I and 7 = x;'II are
representations of G and G, respectively. This gives a bijection between representations
that are quotients of w|gg, and representations that are quotients of wy. We refer to
Appendix [A] for explanations. An adapted modification yields the following corollary.
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Corollary 16. Let m be an irreducible tempered unitary representation of G. Then the
formula

(wWo(Ore)u, v) —/G@wc(g)(wo(g)UW) dg — (u,v € §(X)) (39)

defines a non-trivial, hermitian, positive semidefinite GG'-invariant form on S(X).

Let R denote the radical of this form. Then the GG'-module S(X)/R, equipped with the
form induced by the form , completes to an irreducible unitary representation of GG’
on a Hilbert space L*(X) g, infinitesimally equivalent to m @7’ for some 7 in the unitary
dual of G'. Moreover Il = x,m corresponds to II' = x 7" via Howe’s correspondence.

Let X™2* denote the dense and open subset of X = Homp (X', V) of endomorphisms of
maximal rank. Since dimp X' > dimp V, the set X™** consists of the D-linear surjective
maps x : X' — V. Each x € X™#* defines an embedding of G into X™* by g — g~ 'z.

The following lemma will allow us to decompose the restriction of wy to G using Harish-
Chandra’s Plancherel formula on G.

Lemma 17. Let x € X" and let v € C2°(X™¥).

(1) The G-orbit Gz is a closed subset of X contained in X™**.
(2) Let v, : G — C be defined by v.(g) = v(g~'x). Then v, € C(G).

Proof. Identify X with the space My, (D) of d x m matrices with coefficients in D, where
d = dimp V and m = dimp X'. Then there are a € GLy4(D) and b € GL,,(ID) such that
x = aeb where e = (I;|0) and I; is the d x d identity matrix. Hence Gz = aG®eb
where G¢ = a7 'Ga. Since left multiplication by a and right multiplication by b are
homeomorphisms of M,, 4(D), then Gz is closed in M,, 4(D) if and only if so is G*e. The
right multiplication by e embeds Endp(V) = My(D) into My, (D) = X. Then G% is
closed because homeomorphic image of G, which is closed as G is the isotropy subgroup
of (+,-) in V. This proves (1). For (2), we only need to comment on the support. Notice
that the map g — g~ 'z is a homeomorphism of G onto the orbit Gz. It maps the support
supp v, of v, onto supp v N Gz, which is compact. 0

The formula below was stated and proved in [How79, (1)]. Our argument includes
the explicit formula for the projections on the isotypic components and the inverse

)
Our main tool to decompose w will be Harish-Chandra’s Plancherel formula (see e.g.
[Wal88b, Chapter 13]): for every f € C°(G),

(1) = / 0,(f) dyu(r) = /@@Wcm dy(r)

where in the last equality we have used the invariance of the Plancherel measure with
respect to taking contragredients (see e.g. [Fih05, Lemma 4.10(a)]).

Corollary 18. Let pu denote the Harish-Chandra Plancherel measure on G. Form & (/i, let
L2(X)zem denote the Hilbert space associated with m according to Corollary . Then the
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restriction to G of the representation (wg, L2(X)) decomposes as direct integral of Hilbert
spaces

200 = [ L2000 dur) (40)
i.e. forve S(X),
v = /AU7r dp(m) (41)
G

where v, is defined by

- /G One(g)u(g i) dg (v € CX(X™™), 7 € X™™) . (42)
Also, for any C € U(g)“,
wolC) = / e (Cvmdu(m) (v € C(X™)), (43)

where . : U(g)® — C is the infinitesimal character of .

Proof. The expression for v, is a consequence of Lemma[42] Harish-Chandra’s Plancherel
formula applied to the function v, of Lemma [17](2), implies that for v € C°(X™**) and
T 6 Xma:p

/avw( / [/ Oxe(g)v(g™'x dg} dp(m /@wc ve) dp(r) = v, (1) = ().

By Theorem [16] for every u,v € S(X), the inner product in L2(X),g. between u, =
W(Ore)u and v, = w(Orc)v is
= (W(Ore)u,v) = (U, w(Ore)v) .

(UW ) 'U7r)L2 X)

Hence, for u,v € C°(Xmax),

/ (1, 01200 = /G (@(One ), v) dpa(r)

/ / o Url@)e(@) o diu() = / { @uw<x>du<w>] ofx) de

_/max ( ) ( )dZB— (U,U)LQ(X)

This verifies and . The statement is obvious. O

Remark 4. The algebra U(g)® is a subalgebra of Z(g) = U(g)®. It agrees with Z(g)
when G is a real form of GL, Sp or Og,41, but it is properly contained in Z(g) when G is
a real form of O, (C), such as O,,.

7r®7r/
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5. THE PAIR (G,G’) = (Spy(R),0,,), p > 2
Here we continue the previous section for the example mentioned in the title.

5.1. Action of G. Let X = M, ,(R) be the space of matrices consisting of two rows of
length p > 2 with real entries. We define an action wy of the group G on L*(X) as follows

wol(g)v(r) = v(g~'z) (g€ G, vel*)X), z€X). (44)

It is easy to check that this action preserves the L? norm. This is the restriction to G of
the Weil representation for that dual pair twisted by the character y., as in section

5.2. The Casimir elements and the Capelli operators. The Lie algebra g is spanned
by the elements k, e* and e~ given in (14]). We shall denote a matrix z € X as

= 11 T12 o Tip
X1 T22 -+ T2p

Then, by taking derivatives, we see that

Then

C=h>—2h+4ete” cU(g)® (45)
is the Casimir element. Let g’ be the Lie algebra of O,,. If C' € U(g')¥ is the Casimir
element, then [HT92, Ch. III, (2.3.4)] implies that

wo(C') = wo(C) — (p—1)* +1. (46)

Formula is one of Capelli’s identities. We see from [HT92, Ch. III, (2.3.4)] that no
translation of +wy(C) is non-negative. Nevertheless, the study of resonances involve only
the continuous part of the spectrum of an operator and, for wy(C), this is a half-line. See

Proposition

5.3. Direct integral decomposition of the representation (wgy, L*(X)) of Spy(R).
We consider the following representations of G = Sp,(R) = SLy(R) (see e.g. [Lan85l p.
123] or [Kna86, §2.7]):

(1) Discrete series representations D™ and D™, n € Z,
(2) Spherical principal series representations m x, A € C,
(3) Non-spherical principal series representations m 5, A € C.
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The discrete series D*™ and the principal series . ;) are unitary and irreducible for all pairs
(e,A) withe € {0,1} and X € R except for (¢, ) = (1,0). In the latter case, m o = DS ®D%
decomposes as the direct sum of two irreducible representations, D9r and DY, respectively
called the holomorphic and anti-holomorphic limit of discrete series representations. The
representation g ;) is equivalent to T6.ix = T0,—iAs and 7y, is equivalent to T in = T1—iA-
For the discrete series, we have (D")¢ = D™". Moreover, (D%)¢ = D%. The D*" with
n € Zso, the m;» with ¢ € {0,1} and A > 0, mp, DY, and D? are the irreducible
tempered unitary representations of G.
In these terms, Harish-Chandra’s Plancherel formula reads as follows.

Theorem 19. For any f € C>(QG),

(1) =300 (f) g+ Oo-n(f)5-

A TA A TA
+ /R@TFO,M<f) g tanh(T) d)\ + /R@ﬂlyu(f) g COth(T) d)\ .
Here
@71'0,1')\ = @Wo,fm and ®7F1,i)\ - 671'1,71')\ : (47)
The Plancherel measure p is given by:
“n n
du(D") =dp(D™) = o (n € Z>0),
A A
di(mosn) = — tanh(2)d\ (A € R),
' 8 2
A TA
) = — coth(— R).
dp(my40) S coth( 5 ) dA (A e R)
In this section, the set X™** C X of matrices of maximal rank consist of matrices of rank

equal 2.

Besides irreducible unitary representations, our computations will lead us to consider
non-unitary principal series representations 7., with ¢ € {0,1} and A\ € C. They still
have distribution character ©, which can be represented by a locally integrable function.
For such representations m, we define

w0(Oe) : C2(X™™) 3 1 — uy € C¥(XP™) C C29(X™)° (48)
where

() = / O.(ghulg ' 2)dg (v € X™o%). (49)

Since the function u is compactly supported, u, € C°°(X™*). Therefore it defines a
distribution. Moreover, the integral is absolutely convergent. Notice that, because
of the growth of O, this integral might not converge if u,v € S(X) and 7 is not unitary.

Both spaces C2°(X™*) and C2°(X™#)* are G-modules, via the action by wy, (44), and

wo(Onre) is a G-intertwining map.
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5.4. The resonances of the Capelli operator. Let v denote the restriction of the
Plancherel measure to the unitary principal series,

dv(D") =dv(D™) =0 (n € Z~o),

dv(moin) = A tanh(ﬂ) d\ (A eR),
’ 8T 2
A TA

dl/(ﬂ'l’i)\) = g COth(T) dA ()\ € R) .

In terms of Corollary [I8] set
LQ(X)COm:/LQ(X)7r dv(m)
G
A A A TA
= [ L*(X),, ., — tanh(—=-) d\ L2(X),, ., — coth(=) d\.
0 tanh ) [ 12X, 2 coth()

Proposition 20. The Casimir element C, , acts on the principal series representation
Te,ix Via multiplication by A2 —1.

Proof. This follows from |[Lan85l pages 119 and 195]. O

Set CT = —wp(C) — 1. Proposition implies that the spectrum of C* viewed as a
densely defined operator on the Hilbert space L*(X)con is equal to [0,00). Hence the
resolvent

(€t — 2™ € BILA(X) cont) (z€C, Imz > 0) (50)
is well defined. Therefore, for u,v € C2°(X™*) and z as in (50)),

(€ — 22 Y(w)(v) = /R (A2 — 22)1 ( /X g o (2)0(2) dx) S%tanh(w—;\)d)\

A\ A\
+/()\2 — ) (/ Uny o (2)0(2) dx) 2 coth(Z2ydx. (51
R X ’ 8 2
Lemma 21. Fore € {0,1} and u,v € C°(X™),

0 = [ e s@)ela) da (52)
X
is an even Paley-Wiener type function of A € C.
Proof. By Lemma [17], the functions g — u(gz) for z € X™* and

(g) = / u(gryo(z)dr (g€ Q)

are smooth and compactly supported. Hence,
0 = [ [ Ot ute a)eta) dg o
= [ 6nlo) [ wtampi@ydrdg = [ o (a)vio)ds.
X



26

ROBERTO BRAMATI, ANGELA PASQUALE, AND TOMASZ PRZEBINDA
Let

a O
AR
and set

p(he) =a, D(hy)=a—a".
By |[Lan85l VII, Theorem 4 and Corollary]|

[ 0elorsras = S5 (o) + 1000 [ wiatag
G A

G/A

(~1)° /A p(ha)[D(hy)] /G ot di, (53)

where dg is the invariant measure on G/A such that dg = dg dh, and where in the last
equality we used the invariance of expression under the transformation h, +— h,-1 =
h;'. Since the Harish-Chandra orbital integral

Y dg dh,

[ D(ha) U(ghag™") dg

G/A

is a smooth compactly supported function on A, the claim follows
The evenness is an immediate consequence of .

O
Now we look for resonances.

Lemma 22. Keep the notation of Lemma[21] and let L > 0 be a non-integer
(1) For every z € C such that Imz > 0:

1 A

A . 1 ,
= [ T (T 4 N s A DR

0<2kt1<L
(2) For every z € C such that 0 < Imz < 1:

1 A
- h(=2
AAQ—z2f1<A)ACOt (2 ) dA

_/R—f—z)\ f1(A) coth( )\)d)\+/R+ZL)\ f1(A) coth( )\)d)\_|_FL( )
+;f1(0)+4i v o

0<2k<L

where Fy, is holomorphic for —L <Imz < 1
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Proof. Observe that

2\ 1 1
= . 56
A2 — 22 )\—z+)\+z (56)
Then
A 1 1 1 TA
2 21 hﬂ- :_/ h(— .
/R()\ z%) fo()\))\tan(Q)d)\ 2 /. A—z+)\+z fo()\)tan(Q)d)\

Also, since the hyperbolic tangent is an odd function and fy(A) = fo(—A) by Lemma

1 A 1 A
/R)\_Zfo()\)tanh(%)d)\:/R)\Jrzfo()\)tanh(%)d)\.

Therefore

_ TA 1 TA
[ 02 =2 Aty dh = [ =) anh() dx.
Since fy is of Paley-Wiener type, shifting the domain of integration to R + ¢L and the
residue theorem yield because

A 2
R tanh(—) = —.
A:(zl?JSrl)i anh( 2 ) s

The shifting argument above must be modified for the integral involving the hyperbolic
cotangent because it has a pole at A = 0. So, we first shift the contour of integration from
R to R+14. We do not cross any singularity of A coth (%)‘) but the integrand has a simple
pole at A = z, which satisfies 0 < Im 2z < 1. The residue theorem gives

/R ﬁﬁ()\))\ COth(%)\) A\ = /}RH ﬁfl()\))\ Coth(g—)\) d\ + mifi(z) coth(z).
(57)

We now apply to the first term in and obtain

/ L rcoth(™yax
R 2

+i)‘2 — 22

1 1 TA 1 1 TA
== A) coth(—) dA + = A) coth(—) dA.
5 s hMeon(R ieg [ pen(Ran (@)

Notice that, on the right-hand side of , the first integral defines a holomorphic function
for A ¢ R+i, whereas the second defines a holomorphic function for A ¢ R—i. We therefore
shift the domain of integration of the second integral and apply the residue theorem again.
Since

TA

2
h(=) ==
JRes coth(—-) = —,
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this yields (forgetting for a moment the constant %)

A
/R—H)\ + zfl( )COth( Yd\ =

A . 1 ,
/R-HL)\ fl( )Coth(T)d)\—i-élz Z 2ki+zf1(2k2)'

kEZ
0<2k<L

On the other hand, since f; is even,

imfi(z) cothz = im Z ZB_estl( )COch]Qki—i—z

0<2]<:<L

. 1 .
=N Z 2]@7,—|—Zf1(2k71) +FL,

keZ
0<2k<L

+ Fp,

where F7}, is holomorphic for —L < Im z < 1. By substituting all these expressions in
we then obtain . U

Theorem 23. Considered as a C°(X™™)*-valued linear operator on C°(X™*), the re-
solvent (Ct — 2%)~1 extends from the upper half-plane CT to a meromorphic function on
C, with simples poles (the resonances of C*) at z = —in with n € Z>o.

The residue operator at the resonance z = —2ki is

(O, ) £ CE(X) 3 1 — iy, € C(X) C O (X",

1,2k

where
Une, o (T / @Wl L (@ulg™ '2)dg (z € X™2X)
The residue operator at the resonance z = —(2k + 1)i is

w(@wc ) : Ogo()(max) Su— Uy gyt c COO(XmaX) C Ogo(xmax)*,

0,2k+1

where

Umy opt1 (JJ) = /G@WS’%H (g) (g ll’) dg (l’ - Xmax).

Proof. This is an immediate consequence of , since
(CT=2*) " (u)(v)
TA 1

1 TA
= — [ (N =22 Atanh A+ — [ (A* =227 fi (M)A coth(=-) dA
87T R< Z) f()() a‘n(2) +87T ( Z) f1<)co (2) ?
where f.(\) are defined frorn the fixed u,v € CgO(XmaX) according to (52). Observe that
integrals over R+4L in and (55)) are holomorphic on Im z > —L, whereas the integral
over R+1 in . is holomorphlc on Imz < 1. Since L > 0 is an arbltrary non-integer, the
required meromorphic extension follows. Up to the constant ” = (or ;= when n = 0) which

ir
does not play any special role and we will ignore, the re81due operator R, at z = —in
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maps v into the distribution R,u such that (R,u)(v) is the residue of (C* — z2)~!(u)(v)
at —in, i.e. fo(2ki) if n =2k and fi((2k + 1)i) if n = 2k + 1. O

5.5. The residue representations. In this section we study the images of the residue
operators, namely wo(Ox, ,, ) (C(X™*)) and wo(Or, 4y, ) (C(X™¥)), where k € Zs, as
G-spaces.

We have observed in subsection [5.4|that the images of the residue operators are spaces of
distributions on X™** and their elements are in fact in C'*°(X™**). We first show that they

are not only subspaces of C°(X™**)* but of S(X)*, the space of tempered distributions
on X.

Lemma 24. Let us view R? as a real Hilbert space with norm defined by the dot product.
We identify the space of m x n matrices M, ,,(R) with Hom(R™, R™), where the matriz x
sends a column vector v € R™ to the column vector xv € R™. Denote by |z| the operator
norm of x. Assume m < n and let M7%*(R) € M, ,(R) be the subset of matrices of
mazimal rank (= m). Then for any compact subset E C M, ,(R) there is a constant
0 < C < o0 such that

gl < Clgz| (9 € Mmm(R), z € E).
Proof. For each x € M29¥(R) there is k, € O, such that
rky = (Y2, 0)
where y, € GL,,(R). Moreover the map x — vy, is continuous. Hence
0< O:glgé(|y;1| < 00.
Thus, for every x € E,
191 = lgyayy | < lgyallyz'| < 19y.|C = Clgak,| = Clgz].

O
The following proposition holds for every principal series representation.
Proposition 25. For every ¢ € {0,1} and A € C,
w(Ore NCZ (X)) € S(X). (59)

Proof. Lemma implies that for every fixed u € C®(X™**) and N > 0 there is a
seminorm gy, on the space S(X) such that

/X u(x)o(ge) dr < avu@)(1+ g™ (g€ C, veSX).

Recall the notation and let

N={n=(g 1 )rer}.
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Let | - |ps denote the Hilbert—Schmidt norm. Then

2
a ar
(5.)

=a*+a %+ (ar)? (he € A, n, €N).
Hence there is a constant Cy such that

HS
P(ha)/(l + [han, )N dn, < CNP(ha)/(l + |hanr|%ls)_N/2 dn,
N N

’ha”r‘%s =

< CNp(ha) /(1 + a2 + a—?)—N/4(1 + (aT)Q)—N/4 dr
R

= (CN /(1 + )N/ dr) (1+a%+a"2)~N4,
R
For any fixed A € C,

/G 0ne ()I(1+ |g]) ™ dg
- / O, (ha)ID(a) / (14 19 hagl) ™ di dhy
A G/A
< / (o)™ + 1p(ha) DI D (k) / (1o ) dy
- / (o)™ + 1p(ha)~ o) / (1+ |han, )~ dn, dh,

< (CN/(1+7’2)N/4 dr)/ 21 + e + e )" Nginh 2t dt
R 0

where e = a and we used integration formula [Lan85, VII, INT2|. The expression above
is finite for N > 0 large enough. Hence there is a seminorm g,, which depends on O,

on the space S(X) such that

/ / 0, (o)ulg D@l dedy <o) (u€ CEX™),0 € S(X)).
This verifies (| O

For m € Z, and for fixed A € C, let ¢,, be the function on G defined in terms of the
Iwasawa decomposition G = KAN by

Pm (kahanr> = p(ha)_()\—i_l)eime )

cosf sind )
where ky = (_ sinf  cos 9> € K =S05(R). Then the (g, K)-module of m.  is
Vs,)\,K = @ C@m >
miZ

where m = € means m — ¢ € 27Z.
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We now focus on the case ., where ¢ € {0,1}, n € Z>o and n # ¢, as in Theorem .
These representations are all reducible:

(1) 71,0 = DY ® D% decomposes into the holomorphic and anti-holomorphic limits of

discrete series representations. The (g, K)-modules of D? and DY are respectively

EB Com and @ Com .

m<0 m>0
m=1 m=1

(2) For all (¢,n) where ¢ € {0,1}, n € Z-¢ and n # &, the (g,K)-module V., x
contains two irreducible submodules:

= @ Com and Vi = @ Com -

m<—n m>n
m=e

V" and V} are isomorphic to the (g, K)-modules of the discrete series represen-
tations D™ and D", respectively. The quotient module

Vo =Veu/(V"+ Vi) = @ Com

—n<m<n
m=e

is finite dimensional, of dimension 7, and isomorphic to its contragredient.
The above composition series show that

O,y = Opo + Oy

Or., = Op-n + Oy, + Opn (e€{0,1}, n€Zsgand n #¢).
Hence, in the notation of Theorem [23]
wo(@ﬂal) = wo(@(Dg)c) + wo(@(Dgr)c) (60)
wo(Ore,,) = wo(O-n)e) + wo(Ove ) + wo(O(pnye)
(e€{0,1},n€Z-gand n #e¢). (61)

Proposition 25| extends to each of the above subquotients of 7. ,.

Proposition 26. Let 7 € {D°,D%,D",V,,,D"} be a subquotient of ., where (¢,n) €
{0,1} X Z>¢ and n # . Then

wo(Ore ) (CZ (X)) C S(X)".
Proof. Since DY, DS)F, D~ and D" are tempered unitary representations, the property holds
for them (even with S(X) instead of C2°(X™¥)) by Corollary [16] We only have to consider
the case where 7 is the finite dimensional subquotient acting on V,,. Because of the formula

for the restriction to A of ©ye, see e.g. [Lan85, VII, Lemma 2|, exactly the same proof
as Proposition [25| applies in this case as well. 0

Let P,, denote the projection of (wo|a, C°(X™*)) onto its isotypic component of type
imo

Xm, Where y,,(kg) = €™ i.e.
P f(2) = /K Xm(R) (R dk (f € C°(X™a%), 1 e X™ax) |
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In other words, P,, = wy(X.m dk). Denote by PS the projection of principal series repre-
sentation 7., onto its its isotypic component of type x,,, i.e.

PSo(g) = / Xm(k)o(k™ g)dk (¢ € Venk, g € G),
K

i.e. PS =, (xmdk).
Moreover, for every n € Zsg, let € € {0, 1} such that € # n. Set

Pn,< = @ Pmy Pn,ﬁn = @ Pmy Pn,> = @ P (62)

m<—n —n<m<n m>n
m=e m=e m=e

By replacing P,, with PG| we similarly define the projections Pfi < Pgﬁn, and PS}>.

Let u € C°(X™). Recall from Lemma (17| that u, : G — C, defined for g € G by
uz(g9) = u(g™'z), is in C>®(G). For f: G — C, we set fV(g) = f(g7') for all g € G. To

simplify notation, we will write u) instead of (u,)". The following lemma links P, and

PS¢ for such functions. Similar relations extend to their sums in (62).
Lemma 27. Let u € C2(X™). Then
P (1) = (Pu)y  (z € X™™).

Proof. Since uY(k™'g) = u,(g7'k) = u(k~'gx), we have for every g € G

PS () (9) = [ (Wl g)dk = [ n(R)ulk o) b = (Prsu) ) = (Po) (o).
K K
O
The following fact is well-known.

Lemma 28. For any subquotient m of the principal series representation w., of G, we
have

/G (7(9)Pm» m)12) f(9) dg = /G (7(9)Pms Pm )12y (P f)(g) dg - (63)

Proof. Replacing g by gk and integrating over K, the left-hand side of the equality becomes
[ | @lakons omao t(ah) dgdi = [ [ (xl@)m(k)oms oz (o) do di
KJG KJaG

=/Yﬂmwmwmhmq(/xmw*ﬁ@mmodm
G K
which is the right-hand side of (63). O

Lemma 29. Let 7 € {D°,D%,D",V,,D"} be a subquotient of m.,, where (¢,n) €
{0,1} x Zso, and let P denote the projection of the (g,K)-module V., x of 7., onto
the (g, K)-module of w. Then

(%m—ﬂ%@wwm:/%@wmmz/m%mmﬂm,

X
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where u, is as in ([A9), is a hermitian bilinear form on C2°(X™). Moreover,
(WO(QWC)Ua U) = ((J.Jo(gﬂ-c)Pu, PU) (u7 v E CCOO(Xmax)) ‘

Proof. The fact that (wy(Oc)u, v) is a bilinear hermitian form on C2°(X™**) — and even on
S(X) — when 7 is D2, DY, D", or D", is part of Corollary For V,,, this is a consequence
of [Lan85, VII, §4, Lemmas 2 and 3|, which shows that Oy. is real valued.

To prove the last statement, let us suppose for definitedness that 7 = D", so that
P = P,~. Notice that, for u € C*(X™*), we have u(gr) = u,(g~") = u)(g). Hence for
every v € C°(X™*) by and and Lemmas 28 and 27] we obtain:

@nl@on)uv) = [ [ Bonr(auly ol dgds
= /X - / Opn (97 ulg ™ z)v(x) dg da
:/max/@Dn Yo(z) dg da

- Z/m/ (D™(9)¢m, Pz (9)v(x) dg de

m>n

-> / (9) s iz PSuY (9)0(e) dg d

m>n

- / /JD"@W om0 PG ol (9)0(w) dg da
e /G(D"<~">% P10 (Pasu)Y (9)0(@) dg de

which gives (wo(Onye)u, v) = (wo(O(pr)e)Pr,>u, v) via the same computations in reverse
order. The result now follows since the form is hermitian. 0J

Let us define hermitians forms on C2°(X™*) by
(U7 0)1,0 = (WO(@ﬂio)ua U) )
(u7 U)1,0,< = (w0<@(Dg)C)u7 U) )
(U, U)1’07> == (WO(@(DQ)C)% U) s
and, for (e,n) € {0,1} X Z+o with n # ¢,

(4, V)en = (wWo(One, Ju,v)
(1, V)em< = (@Wo(Op-rmye)u, ),
(U, V)em,fin = (Wo(Ovg )u, v),
(U V)en,> = (Wo(O(pnye)u, v) .
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Hence, by and (61), for all u,v € C2°(X™max),
(u, )10 = (4, v)10< + (U, V)10, (64)
<u7 U)a,n = (U,7 'U)E,n,< + (U, U)s,n,ﬁn + (U, U)a,n,> . (65>

By Lemma [29] these forms agree with their restrictions to the corresponding projections
PO (X™#x). For every (e,n) € {0,1} x Z>o with n # ¢, set
Cz,o< = Pn,< (Cso(xmax)) ) Or(fﬁn = Pn,ﬁn (Cé)o(XmaX)) ) Crozf; - Pn,> (C§O<Xmax)) .
Let
Rio, Rio<, Rio>, Rens, Ren<s Rensin, Rens.
respectively denote the radicals of the forms in and as forms on C2°(X™x).

We will treat in the following the cases corresponding to n € Z-q, the case for n = 0
being similar (and easier).

Lemma 30. Let (e,n) € {0,1} X Z+ with n # . Then, corresponding to the direct sum
decomposition with respect to the action of K

CrX™™) = O @ O, © O (66)

n,fin

we have
(X [Re = oo/ (Remclo. ) 0 Cotal (Remsnloz,, ) 86/ (Remsleze, ) (67)

where on the right-hand side we take the restriction of the considered forms to the ranges
of the corresponding projections and

C;f</ (R57n’<|cg<’><> = Ogo(xmax)/Re’n’<
Cotin/ (Remanless,, ) = C20C™) R
CS’O>/ <R57n7>‘cg<,>>> = Ccoo(xmax)/RE’n,>

Proof. The K-type decomposition of C°(X™*) in implies that
Ra,n = Ra,n,< N Ram,,ﬁn N Ra,n,> .

Since
Rs,n,< = (Re,n,<’03f’<> D Croz?ﬁn S C?L?>
and similarly for the other two, we obtain that
Ra,n = <Re,n,<|0;’f<> S (Rs,n,ﬁn|07°:ﬁn> b (Re,n,> ng) ’
from which follows. O

To the first and the last quotient, which correspond to D™ and D", we can apply
Theorem . Hence the range of wy(©p=nyc) is a G - G’-module of the form

D:tn ® (D:I:n)/

where (D*")’ is a irreducible unitary (usually not tempered) G’-module.
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Theorem (15 does not apply to wy(©ve ) because the growth of the character of V,, does
not allow to extend it to S(X). Nevertheless, Proposition [26| ensures that w(Ov: ) is a
G’-module under wy. Hence

WO(@Vf) - Vn & (Vn)/

where (V,,)’" is an admissible, quasi-simple representation of G’. For n > 1, understanding
its structure would require work parallel to [HT93| and we defer it to a future article. If
n = 1, then V; is the trivial representation and (V) is irreducible and unitary.

We summarize these results as follows. The Capelli operator C* is an unbounded self-
adjoint operator on L?(X). Its spectrum is the union of a continuous and a discrete part.
We consider subspace L?(X)cont € L%(X) on which the Capelli operator has a continuous
spectrum. The operator C* commutes with the action of Spy(R) on L*(X) via wy. We
consider the direct integral decomposition of L?(X)eont as Spy(R)-module under wy. Each
isotypic component is a multiple of a unitary principal spherical representation 7. ;5 of
Spy(R), where A € R. The Capelli operator acts on each of them as scalar multiplication.
As a bounded operator on L2(X)eont, the resolvent (CT—22)~! is defined for z in the upper
half-plane C*. Its restriction (C* — 2%)7!|coo(xmax) extends as a meromorphic operator

valued function of z € C with simple poles at z = —in, where n € Z>(. The residue space
at each pole z = —in is
{Resier =i ecoe | (63)

This space is contained in S(X)* and therefore a GG’-module via wy. As a G-module,
the residue space equals wo(Ore  )(C°(X™*)), where € € {0,1} and € # n. The
structure of the residue representations as GG’-module via wq is then collected in the
following theorem.

Theorem 31. As GG'-module, wo(Ore ) (C°(XM)) decomposes as follows:
o [fn=0, then

@z, ) (O (X)) = (DY & (D)) & (DY & (DY)

where (DY) is the irreducible unitary representation of G’ corresponding to DY, in
Howe’s correspondence.
o Ifn € Z-q, then

wo(Ore, ) (CZ(X™™)) = (D" @ (D)) & (Vo ® (Va)) @ (D" @ (D)) .

where (D)’ is the irreducible unitary representation of G' corresponding to D"
in Howe’s correspondence, and (V,,)" is an admissible quasi-simple representation
of G'. If n =1, then Vy is the trivial representation and (V1)" is an irreducible
unitary representation of G'.
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APPENDIX A. THE WEIL REPRESENTATION

In this appendix we recall the definition of the Weil representation. We follow the
approach initiated in [AP14].

Let W be a finite dimensional real vector space equipped with a non-degenerate symplec-
tic form (-,-) and let Sp(W) denote the corresponding symplectic group, with symplectic
Lie algebra sp(W). The metaplectic group is the double cover of Sp(W) given by

Sp(W) = {7 = (4,€) € Sp(W) x C; &% = ©%(g)}

with group multiplication

(91,61)(92,€2) = (9192, §162C (91, 92)) (69)

The 2-cocyle C(g1, g2) appearing in (69) is explicit and can be found in [AP14] Proposition
4.13], whereas ©? is defined by

0%(g) = (1)@= (det(g — 1: W/Ker(g = 1) = (9 = DW))™" (g € Sp(W)),
where for every A € GL,(R) (with n > 1)

e T ¢ sign(det A)

v(det A) = —| oA ;

see [AP14, Definition 4.16 and Remark 4.5]. In particular, v(1) = 7.

A positive definite compatible complex structure on (W, (-, -)) is an element J € Sp(W)
such that J?> = —1 and the symmetric bilinear form defined on W by B(w,w’) = (Jw, w’)
is positive definite. Fix such a J. For any subspace U of W we normalize the Haar measure
uy on U so that the volume of the unit cube with respect to B is equal to 1.

2mir

Let us fix the unitary character y of R defined by x(r) = e and a polarization

W = X@Y. The Weil representation of §13(W) attached to x is defined as the composition
of three operators, Op, K and 7', which we now recall. Op is the isomorphism of linear
topological vector spaces Op : S*(X x X) — Hom(S(X), S*(X)) defined by

/K:cx Nux(z') (K € S (X x X),v € S(X)).

The operator K : S*(W) — S*(X x X) is the Weyl transform: it is the topological
isomorphism of linear Vector spaces defined for f € S(W) by

KUX%f%iAf@—f+yﬂ<l

5T+ w’>) dpy (y).

The operator 17" embeds Svp(W) into §*(W) as suitably normalized Gaussian measures.
An imaginary Gaussian on (g — 1)W is defined by

o) =x (o + DG -D70) == w, wew)
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(Notice that if g — 1 is invertible, then ¢(g) = (g +1)(g — 1)~! is the Cayley transform of
g.) For g = (g,£) € Sp(W) we set ©(g) = £ and define

T(9) = ©(9)Xetg) g-1W -
Then the Weil representation (w,L*(X)) attached to the character x is
w=0poKoT. (70)

See [AP14, Theorem 4.27|. It is a unitary representation of éB(W) with space of smooth

vectors equal to S(X).
Despite defines w(g) for all g € Sp(W), it is not easy to make its right-hand side

explicit for arbitrary g € Sp(W). As we are going to see, such explicit formulas can be

given on certain subgroups of §1§(W)
The function

~ _ ©@)
X+(9) = 00)] (71)
is well defined on the whole metaplectic group %(W) and has values in U;. But it is not

a character, because gﬁ(W) does not have any non-trivial unitary character. However,
when restricted to specific subgroups, it becomes a character. Let W = X ® Y be any
polarization, and let M be the subgroup of Sp(W) preserving X and Y. Then y, is a

character of the preimage M of M in Sp(W).
For g € M, let det(g|x) denote the determinant of g acting on X. Then the formula

dety *(@) = x1(3)] detx (g)] /2

~ 2
defines a continuous group homomorphism det)_(l/ > .M — C* such that (det)_(l/ 2(5)) =
det(g|x)~* for all § € M. Moreover,

w(@v(z) = dety *(Gvlg™'2)  (GEM, veSX), zeX). (72)

See [AP14l, Proposition 4.28|. In particular, if g € M and det(g|x) = 1, then
w(@v(z) =v(g ') (veSX), z eX). (73)
Suppose now that (G, G') = (Sp,, (R), O,,) or (O, ,(R), Spy, (R)). Then both G and G’

preserve two (different) polarizations of W. Then the restriction of y, to each of G and
G’ of is a character. Moreover these restrictions agree on the intersection GNG’ (because
given by same function). Therefore x is a character of GG’. Therefore

'w(g) (74)

is a representation of GG/ , which is constant on the fibers of the covering. Hence it
defines a representation of GG’ which we denote by the same symbol. Thus, for these
pairs (G, G’), we work not with w but with wy.

wo(9) = x+(9)
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Remark 5. If (G,G') = (Sp,,(R),0,,) or (G,G’) = (0,4, Sps,(R)) with p + ¢ odd then
there is no character twisting of w allowing to reduce it to a representation on GG’. This
case includes for instance that of (O1, Sp,,, (R)), where GG’ = Sp,,,(R).

Suppose that (G, G’) = (0,4, Sps,(R)) with p < ¢. Let w,, denote the Weil representa-

tion of Sp,,,(R). Then

Wg, @ =Wn® QW QLR Qw,

v v~
p times q times

= (W ®wy) @+ (B ®wy) OW, ® - Qw, .

[\

VvV vV
p times q — p times

Each tensor product w, ® w¢ is a representation of Sp,,, (R) constant on the fibers of the
metaplectic cover. Hence it gives a representation of Sp,,(R). For the tensor product of
w, it splits if and only if ¢ — p (i.e. p+ q) is even.

As a result, if p + ¢ is even then w|§52n(R) splits and the same character can be used to
twist w|(~;(~;,.

Notice that if G and G’ do not preserve the same polarization, then we get from (72)
two different formulas for wy|g and wp|g. So, if G € M but G’ is not contained in M,
then applies to G but not to G'.

For instance, in the case of (G, G’) = (SLy(R), O,,), the formula for wy given in section
corresponds to (and more precisely since det(g|x) = 1 for g € SLy(R)) for a
polarization of W = X @'Y which is preserved by SLy(R) but not by O, ,,. Here W = M, 5,
is equipped of the symplectic form

(wy, we) = tr(wiwsy) (w1, we € W)

where w* = sw?j for w € W,

. (0 1 (0 1,
j—(_l O) and S_(lp O)’

and X and Y consist respectively of the first two rows and the last two rows of the elements

of W. The case (G, G’) = (O1,1,Sp,(R)) is detailed in Appendix [B]

APPENDIX B. THE DUAL PAIR (Oq 1, Sp,y(R)) IN Spy(R)
Let W = My (R). For w € W set w* = jw”s, where

. (0 1 q (0 1
7= -1 0 e T = o
are as in @ and , respectively, and w? denotes the transpose of w. We endow W with

the non-degenerate symplectic form

(wy, wy) = tr(wiwsy) (wy,wy € W) (75)
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and denote by Sp,(R) the symplectic group of (W, (-, -)). The actions of O ; and Sp,(R)
on W respectively defined by
h(w) = hw (h€ O, w e W) (76)
g(w) =wg™" (g €Spy(R),w € W) (77)

embed O;; and Spy(R) in Sp,(R) as mutually centralizing subgroups.
Set

0 0
X:{(%l %2);I1,SL’2€R} and Y:{<y1 y2>;y1,y2€R}.

Then W = X @ Y is a complete polarization. Each element h, = (8 a91> € SO

preserves X and Y, and det(h,|x) = a?. Likewise, each element g € Sp,(R) preserves X
and Y, and det(g|x) = 1.

Let Spy(R) 2 g — g € Sp,(R) be the metaplectic covering map and let SO;; and
Sp,(R) respectively denote the inverse image of SO;; and Sp,(R) in Sp,(R). Further, let
M be the subgroup of Sp,(R) consisting of all elements preserving X and Y, and let M
be its inverse image in Sp,(R). Hence SO;; - Spy(R) € M. Let (w,L?(X)) be the Weil
representation of Spy(R) (attached to the character x(r) = e*™ of R).

By (72),

w(@v(z) = dety *(Gvlg™'2)  (GEM, veSX), zeX).

Since det(g[x) # 0 for g € SO11 - Sp,y(R), then wlgg, | &5 ) splits and we may choose a
section g — ¢ such that, by setting w(g) = w(g), we have

w(he)v(x) = |a| to(h,'2) = |a| tv(a ' 2) (a e R*, v e SX), z €X),

w(gv(z) =v(g™'z) =v(zg) (9 € Spy(R), v € S(X), z € X).
(Observe that the right-hand sides agree on {£1} = SO;1NSpy(R).) The argument above
applies to SO;; but not to O;; as O = SO;; UsSO;; and s does not preserve X and
Y. (Notice that Oy, preserve the polarization of W given by first and second columns.)
Nevertheless, it enough to understand w(s). For this, we use the explicit definition of the
Weil representation as given in [AP14l Theorem 4.27].

Since by (s —1)(w) = (s — 1)w we see that detyw(s —1) = 0. Hence W 2 (s — 1)W.
This is going to force us to make some work.

Lemma 32. Let s € 61,1 C éB(W) be an inverse image of s. Then, in the notation of
Appendiz [A],
1

OF) =45, TE=Fguenw, KTE) @)= +x(@ja")

Thus
w(s)v(z) = i/xx(l"ij)v(%") dz’ (veS(X)), (78)
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where dx = dx, dzy is the Lebseque measure on X = R2.
Proof. Define J(w) = —swj. Then J? = —1 and
(Jwi, ws) = tr(—swyjjwl s) = tr(wywl) (wy,we € W). (79)

is a positive definite symmetric bilinear form on W. Hence J € Sp,(R) is a positive
definite compatible complex structure on W.
Let L = J7!(s — 1). Using the convention (76)), explicitly we have

Lw)=—J(s —1)(w) = —s(s — Dwj = (s — Nwj.
Hence
LW = (s— )W = {(_:;) Lz € MLQ(R)} .
Furthermore, for u € LW, we have L(u) = 2uj. Hence,
4 =det (L|pw) =det(s—1:W/Ker(s —1) - Im(s —1)).
Since (1) = €7, we obtain
0%(s) = (6T>2dimLW 47t =471,
Hence O(5) = +1.
For T'(s), we need to compute x.). Since (s — 1) O) = (_xx), it follows that

o ()= (7). x
(s+1)(s—1)" (_xx) — (s+1) (g) _ (i) |

Thus, for <_xx> € (s—1W,

= (5) (2 )=o) () = ((_)J (_))
“ol((er ) (10) = (i ) =0
Therefore, Yo = 1 and

1
T(5) = O(8)Xe(s) s—1yw = ig/vb(s—nvv-

We now determine the Haar measures on X, Y and (s —1)W with the normalizations fixed
in Appendix . Notice that, by , the restriction of B to X is

2((6) ()= (@) e o) =
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The unit cube in X = R? is [0, 1]2. Thus, in the fixed normalizations, dux = dr = dz; dz,.
Likewise, duy = dy; dys.
A Haar measure fi_1w on (s — 1)W is a constant multiple of the pullback of the

Lebesgue measure A on X = R? via the isomorphism « : (s — 1)W 3 _xx — r € R%

Hence, as a measure on W = X®Y, we have ji,_nyw(z,y) = Co(x+y) dx dy. The constant
C > 0 is fixed by the condition that the measure of the unit cube with respect to the
restriction to (s — 1)W of the inner product B(ws,ws) = (Jwy, wy) is one. By (79),

() () ((5) v )

The unit cube in (s — 1)W with respect to B is mapped by « into [0, \%]2, with Lebsegue

measure % Hence C' = 2 and
/J“(s—l)W(xv y) - 25(‘7: + y) dx dy (ZE € X7 y € Y)
It follows that

k@) =5 e (37 (G(0) (TN @
i fie-ron 50 (1))

() 5
By (73),

<(x£)1:/) ,<5C46~’U')> - ((in)x) J (=" +a" 0) S) - ((xi):c) 7(0 xTH/T))
- ((xjf) w‘) 0 x””) - <<8 (2) x’ﬁ?xT +~””'T>)>

= (zj — 2'§)(aT + ") = 22 ja”
since zjzT = 2’j2'" = 0. The formulas for (7'(3)) and w(3) therefore follow. O
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