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Abstract

Shell models are simplified models of hydrodynamic turbulence, retaining only some essen-
tial features of the original equations, such as the non-linearity, symmetries and quadratic
invariants. Yet, they were shown to reproduce the most salient properties of developed
turbulence, in particular universal statistics and multi-scaling. We set up the functional
renormalisation group formalism to study generic shell models. Focusing on the Sabra shell
model, we obtain the renormalisation group fixed-point describing its universal properties
for a forcing exerted at large scales. We find that the structure functions exhibit universal
scaling, and show that they acquire anomalous scaling exponents, with {, ~ 0.74 £ 0.02,
which is in good agreement with results from numerical simulations. Moreover, we study
the influence of a long-range power-law forcing, and resolve its interplay with the Sabra
fixed-point corresponding to large scale forcing.
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1 Introduction

Hydrodynamic turbulence is a multi-scale non-linear phenomenon which still lacks a complete
theoretical understanding. One of the salient stumbling blocks is the calculation of intermittency
effects [1]. An homogeneous and isotropic three-dimensional (3D) turbulent flow exhibits at large
Reynolds number (Re) universal properties for scales in the inertial range, that is away from the
large scale I where the forcing is exerted and from the Kolmogorov scale ) where dissipation
occurs. In this range, empirical evidence suggests that the structure functions S,(r) of velocity
increments behave as power-laws

Sp(r)=<|v(t,x+r)—v(t,x){p>~rgp, r=lr|, (D

with universal exponents ¢, which are independent of the forcing mechanism. Kolmogorov estab-
lished in his celebrated 1941 theory (K41) [2,3] the exact result {5 = 1 in the limit of infinite Re.
Then assuming self-similarity in the statistical sense, he inferred {,, = p/3. However, the statistics
of real turbulent flows do not obey K41 theory. Accumulated evidence from experiments and nu-
merical simulations shows that the structure functions exhibit anomalous scaling with exponents
¢{p # p/3, which reveals the multi-scale or multi-fractal nature of developed turbulence [1]. The
deviations from K41 theory are referred to as intermittency effects, and their calculation from
Navier-Stokes equation remains an unsolved problem.

Rather than directly tackling the Navier-Stokes equation, a fruitful alternative approach to gain
insights in the statistical properties of turbulence is to conceive simplified models, which involve a
considerably reduced number of degrees of freedom. Among such models are the one-dimensional
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Burgers equation [4], the Constantin-Lax-Majda model [5], or shell models [6,7]. Shell models,
originally introduced by Gledzer [8], Desnyansky and Novikov [9] are inspired by the energy cas-
cade picture, and are formulated as an Euler-like dynamics of a few Fourier modes v(t, k,) of
the velocity field whose wave-numbers are logarithmically spaced: k,, = koA™ with A > 1. For
simplicity, v and k,, are simply taken as scalars rather than three-dimensional vectors, such that
the geometry is lost, and they do not correspond to an exact projection of the Navier-Stokes equa-
tion [10-12]. Yet, they preserve the features of the dynamical equations which are intuitively
thought as important, such as the structure of the quadratic non-linearity, symmetries, quadratic
invariants. Indeed, they were shown to generate multi-scaling, and for some values of the param-
eters they even quantitatively reproduce the anomalous exponents measured in hydrodynamic
turbulence [13-15]. This was numerically demonstrated in particular for the Gledzer-Yamada-
Ohkitani (GOY) shell model [8, 13], and its improved version proposed by L'vov et al called the
Sabra model [15]. The latter allows for efficient and more accurate numerical determination of
the anomalous exponents by suppressing some oscillatory behaviour of the original GOY model.
One can also derive analytical results on intermittency for some specific models, such as the spher-
ical shell model in the large N limit [16,17], or shell models with a Hamiltonian structure [18]
or specifically designed solvable models [19]. Note that one can also rigoroulsy construct shell
models which preserve the exact form of the original equation of motions [12].

However, for the GOY and Sabra models whose properties most closely resemble the ones of
hydrodynamic turbulence, there is no analytical result on their anomalous scaling exponents. The
calculation of anomalous exponents requires in general elaborated methods, such as the Renor-
malisation Group (RG), conceived by Wilson [20], which has been pivotal to understand the emer-
gence of universality and to compute anomalous critical exponents asocciated with equilibrium
second-order phase transitions. The idea of applying RG techniques to turbulence dates back to
the early eighties [21-23] but has been thwarted by the absence of a small parameter to con-
trol perturbative expansions [24-26]. Since then, the formulation of the RG has deeply evolved,
and matured into a very versatile and powerful framework, which allows for functional and non-
perturbative implementations of the RG procedure (we refer to [27-30] for general reviews on
FRG). In turbulence, the FRG has yielded two important results. The first one is the existence of
the RG fixed-point which describes developed turbulence for a forcing concentrated at large scale,
which is the relevant case for physical situations [31-33]. This fixed-point yields the exact four-
fifth law and allows for the accurate computation of the Kolmogorov constant [34]. The second
and prominent result derived from FRG is the expression of the general spatio-temporal depen-
dence of multi-point multi-time Eulerian correlations [35]. This expression is exact in the limit
of large wave-numbers, and provides not only the general form of the correlations, but also the
associated constants. These predictions were quantitatively confirmed in direct numerical simu-
lations for the two-point and three-point correlation functions [36,37], and also for passive scalar
turbulence [38,39].

For shell models, despite some early attempts [40], the existence of a fixed-point describing
their universal properties has been only postulated, but never demonstrated. In this paper, we
employ FRG methods to study the shell models and, focusing on the Sabra model, we obtain the
associated fixed-point for large-scale forcing. This allows us to explicitly access universal proper-
ties of the turbulent state. We consider in particular the structure functions of order p = 2, 3,4, 5,
that we calculate within an approximation called LO (leading order). Our central result is that
this fixed-point yields anomalous scaling, in particular {5 ~ 0.74 £ 0.02, which is in quantitative
agreement with the numerical value for the Sabra model [15]. Within the simple LO approxima-
tion, the exponents {,, are anomalous, i.e. they differ from K41 scaling, but they are uni-fractal,
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akin in a 3-model [41]. A non-linear (multi-fractal) scaling is expected to emerge at the next level
of approximation, not computed in this work.

The FRG framework also allows us to study the effect of a forcing which is not concentrated
on the large scale but rather has an algebraic dependence on the scale. We refer to such forcing as
long-range (implied in scale) throughout the paper, while a forcing concentrated on the large scale
is referred to as short-range. Explicitly, a long-range forcing for shell models has a spectrum of the
form N(k,) ~ k,”. In usual perturbative implementation of the RG for three-dimensional hydro-
dynamic turbulence, one considers a long-range forcing with a power-law spectrum N (k) ~ k4~4~¢
in order to artificially introduce the expansion parameter € [22-26]. However, the interesting
physical case corresponds to the uncontrolled limit € — 4. This raises the question of whether
the actual short-range fixed-point, corresponding to a large scale forcing, can be captured by such
an expansion. This issue has been investigated in 3D numerical simulations with inconclusive
results [42,43], and revisited in a shell model [44]. Our FRG analysis shows that the long-range
and short-range forcings yield two distinct fixed-points. In particular, the long-range fixed-point
has normal scaling, whereas the short-range one is anomalous, and they do not coincide even in
the limit where p — 0 (which is equivalent to € — 4 for 3D turbulence). It follows that anomalous
intermittency exponents cannot be computed from taking the limit p — 0 of the long-range fixed-
point. This provides a tangible indication that this is also the case for hydrodynamic turbulence.

The rest of the paper is organised as follows. The Sabra shell model and its key properties
are reviewed in Sec. 2. We then use the path integral formalism to derive the field theory for
shell models. In Sec. 3, we introduce the functional renormalisation group and how it can be
implementated for the Sabra model, and we present the LO approximation studied in this work.
The corresponding RG flow equations are derived and solved in Sec. 4. We show the existence
of a fixed-point, and compute the structure functions and their anomalous exponents. Sec. 5 is
devoted to the study of the long-range forcing and its interplay with the short-range fixed-point.

2 Sabra shell model and field theory

2.1 Sabra shell model

The Sabra shell model describes the dynamics of a set of complex amplitudes (v,,(t)),cz, Which
represent Fourier modes of the velocity in shells of wave-numbers k,, = koA" with A > 1. The
time evolution of these amplitudes is given by a set of non-linear coupled ordinary differential
equations [15]:

(2)

*
n+1

{ O,v, =B,[v,v*]— vkrzlvn + f
Bn[v: V*] =i [akn+1vn+2v + bknvn+1V:;_1 - Ckn—lvn—lvn—z] >

where v is the viscosity and f,, a forcing to maintain a turbulent stationary state. The three pa-
rameters a, b, c must satisfy the constraint a + b + ¢ = 0 to ensure that the inviscid (v = 0) and
unforced (f = 0) version of (2) formally conserves two quadratic invariants. These are the total
energy and total “helicity” (in analogy with 3D hydrodynamic turbulence), defined respectively

as
a n
E= Zn:vnv:, H :Zn:(;) VaVi. (3)

Since the equations can be rescaled to set one of the parameters to unity, and another one is
fixed by the conservation constraint, we conform to the conventional choice of setting a = 1

4
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and b = —(1 + ¢). Note that usually, shell models are defined for n € N, considering v,, = 0
for all n < 0, which prescribes the boundary condition. Here, we consider n € Z, the negative
indices corresponding to k,, — 0. One may also define this shell model on a wave-number space
containing the zero mode, which is discussed in Appendix A.

The model (2) possesses four symmetries, which are the invariance under time translations,
space translations, time dilatations and discrete space dilatations. Since (v,(t)),ez represents
a sequence of Fourier modes, the translations in space correspond to phase shifts of the form
Vy— V= el% v, . The Sabra shell model is invariant under these shifts provided that the phases
(0,)nez satisfy the recurrence relation 6,5, = 6,1 + 6,,. The solutions of this equation are of the
form

1 n n n n
6, = ﬁ[Go(wtp_—w_%)Jr91(so+—so_)], (4)

where . = (1£+/5)/2 are the solutions of ¢? = 1+¢. As shown in Ref. [15], the independence of
the field configurations with respect to 6, 8, implies that they must satisfy a rule of conservation of
a quasi-momentum k,, = +¢", which is that “the sum of incoming quasi-momenta (associated with
a v) is equal to the sum of outgoing quasi-momenta (associated with a v*)”, as stated in [15]. This
was early identified as a key advantage of the Sabra shell model compared to the GOY one. Indeed,
it is natural to assume that the statistics of the model respect this symmetry. The conservation
of the quasi-momentum then entails strict constraints on the non-vanishing field configurations,
contrarily to the law of conservation of momentum for the Fourier transform in the continuum
space.

The analogy with Fourier modes should not be pushed too far nonetheless. Indeed, in shell
models, the shell variables v, are rather surrogates for the velocity increments in 3D hydrodynam-
ical turbulence and as such their moments are the analogues of the structure functions. For p = 2
and p = 3, the only structure functions compatible with the conservation of the quasi-momentum
are:

SZ(kn) = (VnV:> (5)
Ss(ky) =Im{(v*, Vv 1). (6)
For higher orders p, one defines the following structure functions:
(lval?) if p is even
Sp(kn) = { % p—3 . . (7)
Im(v VvV [ve[P7°)  if pis odd.

The great interest of the GOY and Sabra shell models is that these structure functions exhibit
a very similar behaviour as in hydrodynamic turbulence. At high Reynolds number (large scale
forcing and small viscosity v), they display an inertial range of shell indices with universal scaling
laws characterised by anomalous exponents [6,7,15]. For the Sabra model, all structure functions

behave as: ) 52
g \3 ko p

S (k)=C,| — — 8

=) () @

where C, are dimensionless constants. We define the anomalous exponents as {, = % +6¢,.
The equivalent of Kolmogorov K41 theory yields for the shell models ¢, = %, and thus 6, is the
deviation from Kolmogorov scaling. The equivalent of the exact 4/5th law [3] also holds in these
models, and one can show that the third order structure function is given exactly by

Sa(ky) = m(—w(%)"s), ©)

5
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where ¢ is the mean energy dissipation rate and 6 is the mean helicity dissipation rate [15]. One
can tune the large scale forcing in order to cancel this last contribution, or alternatively one can
decrease its impact by choosing |%| < 1 [15]. Apart from {5 = 1 which is fixed by (9), the other
exponents are anomalous, i.e. {, # %. While the K41 dimensional analysis and Eq. (9) hold for
any values of the parameters (provided a + b + ¢ = 0), the values of the anomalous exponents
depend on the choice of parameters ¢ and A [7]. They are quantitatively very close to the ones
observed in fluid turbulence for the specific choice ¢ = —0.5 and A = 2 [15]. All our computations
are carried out using this choice of parameters, unless stated otherwise.

For fixed parameters, the behaviour in the inertial range is universal. In this system, this means
that it does not depend on the viscosity v and on the precise form of the forcing f,, as long as it only
acts on large scales. While one usually introduces a deterministic forcing on the first two shells
tuned to eliminate the spurious helicity flux, we rather consider, as common in field theoretical
approaches of turbulence, a stochastic forcing, which can be chosen as Gaussian without loss of
generality [40]. Its covariance is defined as

(FalOf () = 2Ny 1, 5(t — )8 (10)

where N; 1 ,, is concentrated at the integral scale, i.e. it is non-zero for shells with k,, ~ L7l In
practice, we use the profile

Ny, =Dh(Lk,),  h(x)=x?e™, (1)

where D is the forcing amplitude.

2.2 Path integral formalism

The Sabra shell model (2) in the presence of the stochastic forcing (10) takes the form of a set of
coupled Langevin equations. These stochastic equations can be cast into a path integral formalism
using the Martin-Siggia-Rose-Janssen-de Dominicis procedure [45-47], which was implemented
in the context of shell models in Ref. [40,48]. This procedure relies on the introduction of response
fields v, and v which play the role of Lagrange multipliers to enforce the equations of motion.
Collecting the different fields in a multiplet V = (v, v*, ¥, ¥*) to alleviate notation, the generating
functional associated with the dynamics of the shell model is given by

Z[J] = J D[V] e_s[v]_ASL_l[V]+Zn,a f[ Va,n‘]a,n 5 (12)

where we introduced the source multiplet J = (j, j*, j, j*), and Greek indices a = {1, 2, 3,4} span
the fields in the multiplet, whereas n € Z refers to the shell index. The action for the Sabra shell
model, splitted in two parts for latter purpose, writes

S[v]= ZJ 75 (0,vy + vk2v, —B,[v,v*]) +cc.,  ASa[V]= —Z f N1 (k)P 75, (13)
n t n t

where c.c. denotes the complex conjugate. This action is general for shell models, which differ
only in the precise form of the non-linear interaction B[v,v*]. We also consider the generating
functional W = In Z. In the framework of equilibrium statistical mechanics, the functional Z is
the partition function of the system, and W its free energy. In probability theory, Z is analogous
to the characteristic function, i.e. the generating function of moments, while W is the generating

6
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function of cumulants. They are simply promoted to functionals in the context of field theory since
the random variables are here fluctuating spacetime-dependent fields. The central interest of these
functionals is that all the statistical properties of the system can be derived from them. In particular
the m-point correlation functions (generalisation of moments), or m-point connected correlation
functions (generalisation of cumulants), can be computed by taking m functional derivatives of
Z, respectively W, and evaluating them at zero values of the response fields.

The presence of forcing and dissipation ensures that the system reaches a non-equilibrium
statistically stationary state. In the following, we thus assume that the statistics are invariant
under time translations, and we introduce the Fourier transform of the fields in time. We use the
following conventions:

fle)=Ff()]= J el f (1)

t

fO)=F [ f(w)] =J

w

e 1 f(w) = J 621—:: e ¢ f(w). (14)
R

The Sabra field theory can be studied by means of RG techniques, which we introduce in the
following section.

3 Functional renormalisation group formalism

The functional renormalisation group is a modern formulation of the Wilsonian renormalisation
group, which allows for functional and non-perturbative approximations [27-30]. The general
idea underlying the renormalisation group is to perform a progressive averaging of the fluctua-
tions of a system, may they be thermal, quantum or stochastic, in order to build the effective theory
of the system at the macroscopic scale. It is endowed through FRG with a very versatile frame-
work, which is used in a wide range of applications, both in high-energy physics (quantum gravity
and QCD), condensed matter, quantum many-body systems and statistical mechanics, including
disordered and non-equilibrium problems (for reviews see [27-30]).

In the context of turbulence, the FRG was employed to study homogeneous and isotropic
turbulence in several works [31-33, 35, 36, 38,49, 50]. As mentioned in the introduction, the
main achievements so far are twofold: to show the existence of the fixed-point describing the
universal properties of turbulence forced at large scales; to provide the expression of the spatio-
temporal multi-point multi-time Eulerian correlations, which is exact in the limit of large-wave-
numbers [34]. In this work, we resort to the FRG method to study shell models of turbulence.

3.1 General framework for shell models

The goal of the FRG is to achieve the integration of the fluctuations in the path integral (12)
progressively. For this, one introduces a continuous wave-number scale parameter k, and a cut-
off term which suppresses all fluctuation modes on shells k, below the RG scale . This cut-off
term, also called regulator, usually takes the form of an additional quadratic term AS,. (analogous
to a mass) in the path integral action, which reads for the shell model

1
AS [V]= EZJ Ve n RV . (15)
n t
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The cut-off functions Rz/i are required to be very large for modes with k,, < k such that those
modes contribution in the path integral is suppressed, and to vanish for modes with k,, £ k such
that those modes contribution is unaltered. Thus, at a given RG scale «, only the fluctuations
on shells n 2 In(x)/In(A) are integrated in the path integral, and as k — 0, all fluctuations
are progressively included. Note that we restrict to memoryless cutoff functions, that is cutoff
functions which are white in time. This choice simplifies the calculations and was shown to yield
reliable results in many applications of FRG to non-equilibrium systems [30].

We conform to a common choice in turbulence applications [31, 33] and equate the inverse
integral scale and the RG scale k (x = L™!). The integral scale forcing term thus becomes a
component of the regulator szn* = —%Nm, and gives a nice physical interpretration of the RG
flow: turbulence gradually builds up as L grows, and developed turbulence is obtained as L — 00
which corresponds to a fixed point of the RG procedure. We also include in the regulator the term:

. k
R =Rans  Ren=kr(2)), 16)
, ’ ’ K

which can be interpreted as a scale-dependent damping friction term at scale x [33]. We choose
r as the usual Wetterich cut-off

r(x) = —— a7
eX —_

1 >
where a is a parameter introduced to perform a sensitivity (error) analysis in Appendix D. The
complete regulator matrix, with the fields ordered as (v, v*, v, v*), thus reads:

0 o 0  Ren
o o R, O
Ren=| o Ren O —Nenl’
Ren 0 —Ne, O

(18)

which is the most general form since the vv* sector vanishes for causality reasons [51], while
any contribution involving two conjugated field or two non-conjugated fields is incompatible with
translational invariance.

The addition of AS,. turns Z into a scale-dependent generating functional:

ZJ[J]= J D[V] e SVI-ASIVIHE, . [ Vandan _ (19)

In the functional renormalisation group formalism, the central object is the effective average action
T, defined as the Legendre transform of W, =1n Z,:

FK[U] = [ZJ Ua,nJa,n:|_WK[‘]]_ASK[U]: (20)
na Jt
where the value of J is fixed by the relation
SWilJ]
U=(V)=——7F7"— 21
(V)=—7%— 21)

such that U corresponds to the expectation value of V. The functional T, turns out to be well-suited
to implement functional and non-perturbative approximation schemes [27,30]. It is solution of
the exact Wetterich equation:

1 -1
aKFK = ETI'Z J; aKRK,nn’(t) ' GK,n’n(t): GK,TI = [F,E,Zg + RK‘,H] B (22)

n,n’



SciPost Physics Submission

where F}Ez) is the Hessian of the effective average action. This flow equation allows one to con-
tinuously interpolate between the microscopic theory at some UV scale A, which is here the shell
model, i.e. T,_,[U] = S[U] defined by (13), and the effective theory as k — 0, i.e. [,y =T .
The functional T is called in field theory the generating functional of one-particle irreducible cor-
relation functions. It corresponds in the context of equilibrium statistical mechanics to the Gibbs
free energy. In non-equilibrium systems, it still incorporates the effects of fluctuations at all scales,
and allows one to compute all the statistical properties of the system. Since the functionals T, and
W, are related by a Legendre transform (20), the knowledge of the set of Flgm) is equivalent to

the knowledge of the set of W,Em). In particular, the structure functions can be computed from the
propagator G, and the vertices Flgm), see Sec. 4.3. The flow equation for the F,gm) can be obtained
by taking m functional derivatives of (22) with respect to the fields. For instance, this yields for
the flow equation of the two-point function F}EZ) the following flow equation

2 Uy Uy 5 > 1.v,0..2 -
aKFK,nn’ (w)= Ter aKRK,mlmz(wl) : GK,m2m3(w1) : |:§FK,nn’m3m4(w’ —w,wq)" Gk,m4m1(w1)
m; Jw;

K,nMmzmy K,n'msm

- f‘Uw(Z) (0), wl) : GK,m4m5(w + wl) : f‘Ua/’(Z) 6(_6‘): w+ 601) ' Gk,m6m1(w1)] , (23)

where the tilded quantities are defined as

r(m mn(wl"" ,w,) =215(wy + -+ con)f'(”) mn(wl’ e Wpq). (24)

K,my K,y

They depend on one less frequency than their non-tilded counterpart owing to frequency conser-

vation. We are thus explicitly focusing on the stationary state. The vertices f“,£3) and f‘)g‘” are here

. . . = U, (2 . 2 Uy Uy (2 .
put in the form of 4 x 4 matrices with one, e.g. T} il ), respectively two, e.g. T,.“ «(2) , entries
fixed to the external fields U, and U, and external indices n and n’. The dot thus represents a ma-
trix product in this notation. This flow equation can also be represented using Feynman diagrams

as:

) (25)

n n

where the vertices are given by the F}Em), the lines correspond to the propagator G,, and the
cross stands for the regulator R,.. Since the propagator enters in all the flow equations, we first
determine its general form.

3.2 General form of the propagator

The propagator G, is defined as the inverse of the Hessian of I, + AS,.. From general consider-
ations of causality, and translational invariance in space, there are only two independent terms
in the Hessian of the effective average action, as for the regulator in (18). Using translational
invariance in time, they take the following form in Fourier space

Tk 5 Ty (w,w) = Ven(@)8 216 (w + 2
5ﬂn(t)ﬁz,(t/) ’ K,n an2To(w + w
Su, (), (t) W, ') =Yy q(@)0 210 (0w + ), 5
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where F denotes the Fourier transform defined in (14). Thus, the Hessian of T,. is given by

0 0 0 Tien(®)
~(2) 0 0 Y« n(o)) 0
r P =0, ? _ 27
K,ni (")) nn 0 YK,H(_O)) 0 YK,n(w) ( )

YK,H(_(’O) 0 ?K,n(_w) 0

Then, as FIEZ) + R, is diagonal in shell index, its inverse is simply a matrix inverse, given by

0 8xn(@) 0 gnlw)
A _ gk,n(_w) 0 gK,n(w) 0
GK,nn’(w) - 5nn’ 0 gK’n(_w) 0 0 (28)
gk,n(_w) 0 0 0
with N (o)
1 _ n— Vrnl—@
gk,n(w) = ) gk,n(w) ==~ =t 5 (29)
Vien(Z@) + Ricp |Vin(@) + Ry ]

3.3 Approximation schemes in FRG

The flow equation (22) is exact, but it is a functional non-linear partial differential equation which
obviously cannot be solved exactly. In particular, as usual with non-linear equations, it is not
closed, i.e. the flow equation for a given I“,gm) depends on higher-order vertex functions F}Sm“)
and F}Em”) (as manifest in (23)-(25) for m = 2), such that it leads to an infinite hierarchy of flow
equations. Thus one has to resort to some approximations. The key asset of the FRG formalism
is that (22) lends itself to functional and non-perturbative approximation schemes. The most
common one is called the derivative expansion as it consists in expanding I, in powers of spatial
and temporal derivatives, while retaining the functional dependence in the fields. However, in the
context of turbulence, we expect a rich behaviour at small scales, i.e. large wave-numbers, which
is not a priori accessible through such a scheme. The alternative common approximation scheme
rather consists in a vertex expansion, i.e. an expansion in powers of the fields, while retaining a
functional dependence in the derivatives, or equivalently in wave-numbers and frequencies [27,
30].

In fact, for Navier-Stokes turbulence, it was shown that, owing to the general properties of
the regulator and the existence of extended symmetries of the Navier-Stokes field theory, the
flow equation for any F,Em) can be closed (i.e. it does not depend any longer on higher-order
¢ > m vertices) for large wave-numbers without further approximation than taking the large
wave-number limit [34, 35]. Its solution at the fixed-point yields the exact general expression
at leading order in large wave-number for the spatio-temporal dependence of arbitrary m-point
Eulerian correlation functions. This expression gives the rigorous form of effects associated with
random sweeping. However, this leading order term vanishes for equal times. It means that
it does not encompass equal-time correlation functions, in particular structure functions. The
random sweeping effect thus hides the intermittency corrections, in the sense that the latter are
contained in sub-leading terms compared to sweeping.

In shell models, the effect of sweeping is concentrated in the zero mode (see Appendix A),
and because of the locality of the interactions in shell indices, it does not affect the other modes.
Hence, the intermittency effects are a priori more directly accessible, in the sense that they are
not contained in subleading terms compared to the sweeping because the latter is absent. The
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purpose of this work is to assess this hypothesis and access intermittency effects in these simplified
models. Thus, we focus in the following on equal-time quantities, namely the structure functions,
and compute them at the leading order of the vertex expansion. This indeed allows us to obtain
anomalous exponents.

4 Fixed point and anomalous exponents

4.1 Leading order approximation

The leading order (LO) of the vertex expansion scheme consists in keeping the full functional de-
pendence in wave-numbers of the two-point functions, while approximating higher-order vertices.
At lowest order, we simply keep the vertices present in the microscopic action (13) and neglect
the other ones. The corresponding Ansatz for the effective average action thus reads:

_ 1_..p-
rofw]=>" f {u;*;[ 2ty + By[u,u ]+ fk’jnun]—gu* £nun+c.c.}. (30)
n t

It essentially bares the same form as the microscopic action (13), but with renormalised, or effec-
tive, parameters, f.” , KDn, and fK’ln, which can acquire a wave-number (shell index) dependence
along the flow (hen’ce the name functional RG). On the other hand, the interactions contained in
B[u,u*] are not renormalised, i.e they keep their microscopic forms. This is of course a (rather
crude) approximation, since all vertices compatible with the symmetries are generated in principle
by the flow and should be included. Moreover, the frequency dependence of the three functions

K’jn, ,fn, and fK’l’n is also neglected for simplicity. As shown in the following, the LO approxi-
mation is sufficient to describe the fixed-point and accurately compute the anomalous scaling of
the second-order structure function. However, it does not allow for multi-scaling behaviour. Its
limitations are further discussed in Sec. 4.3.

The task is now to compute the flow equations of the three functions fKV’n, K’?n, and fk’l’n, and to
solve them. The statistical properties of the model can be computed at the end of the flow, in the
limit x — 0, once all the fluctuations have been averaged out. In particular, if the RG flow reaches
a fixed point (which is expected from the observation of universality and scale invariance), the
structure functions can be calculated from the fixed-point functions.

Taking two functional derivatives of (30) with respect to @}, u,/, and i}, i/, and obtains

Yin(@) =iofl + £l Ten(@)=—=F2, (31)

with v, and 7, defined in (26). The flow equations for the three functions can thus be obtained
from the flow of the two-point functions F;’”* and I‘,i‘”* as

K" k,nn K,nn K,nn*

ofr =nealn] ok = %gm[akf“ﬁ* ] a2 =-a 0 (32)

The exact flow equations for F;“_‘* and F}f‘f‘* are given by (23). Within the LO approximation, all
4-point vertices vanish, and there remain only two types of 3-point vertices (and their complex

11
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conjugate), which originate from the B[u,u*] term in (30):

uui* 5(3)FK ]
W1, Wy, wq) = F —
Y'ﬁnlnz”a( 1, @2, @3) | 5un1(t1)5un2(t2)5uﬁ3(t3) ]
= _iCkn3—1 (5n3n1+15n3n2+2 + 5n3n1+25n3n2+1) 277:5((‘)1 twy+ (1)3)
[ sOr, |
(w1, wy,w3) = F -
YK,HI“Z”B( ™2 3) | 5un1(t1)5u22(t2)5ﬂﬁ3(t3) ]

=1 (akn26n1n2+15n1n3+2 + bkn3 5n1n2+25n1n3+1) 27‘55(‘”1 t+wy+ w3) . (33)

Inserting into the flow equation (23) the explicit expressions at LO for the propagator G, given
by (28), (29) and (31) and the vertices Flgg) given by (33), one obtains the flow equation for the
two-point functions T'“?" and T““, from which the flows of fow £O, and f,in can be deduced
following (32). The expression of these flow equations is given in Appendix B.

4.2 Fixed-point solution

The flow equations for the three sets (f,”),ez, ( fKD )nez and ( f,?)nez (given in Appendix B by (62),
(63) and (64) respectively) form a set of coupled ordinary differential equations. The simplifi-
cation of shell models compared to the full hydrodynamic equations thus also occurs for the RG
equations, which are originally partial differential equations. Moreover, the usual integral over
the loop wave-vector is transformed into a discrete sum over shell indices. Owing to the locality of
the interaction term B[u,u*], only neighbouring shells are coupled, such that this sum is strongly
localised around the external shell n (the shell for which the flow is considered). This ensures
that the flow at a given shell n strictly stops when k,, 2 x, and the functions for m > n do not
evolve any more for the rest of the flow. Thus, a fixed-point gradually builds up as the RG scale
is lowered. Contrarily to the usual case, one needs not non-dimensionalise all quantities with the
RG scale to evidence the fixed-point. The integration of the flow can be carried out directly for the
dimensionful quantities. The initial condition of the flow corresponds to the microscopic action
(13), thatis

Lan=vk2, fla.=1, D, .,=0. (34)

Kk=A,n k=A,n —

Note that the initial condition for fKD is zero because the forcing has been incorporated in the
regulator part.

The numerical procedure to integrate the flow equations is detailed in Appendix C. The chosen
parameters are A = 2 (shell ratio), ¢ = —1/2 (shell model parameter), N = 80 (total number of
shells), e = 3. N, = 7.2 x 107° (mean energy injection rate), n~! = (g/%*)/* = 291 (inverse
Kolmogorov scale), A = 2* x ky (microscopic scale), a = 1 (cut-off parameter). The result is
displayed in Fig. 1. One observes that the functions indeed gradually deform from the large shell
indices towards the small ones as the RG scale is decreased. Thus a stable attractive fixed point of
the renormalisation flow is attained, as anticipated. The fixed-point functions, denoted fo‘:n, fol?n,

fo)tn’ exhibit power-law behaviours in the inertial range,

A
fou~ Kl gk, fo K, (35)

with scaling exponents 717, = 0.633£.004, 1, = 0.102£0.005 and p = —0.007%0.018. These ex-
ponents are anomalous, since one expects from dimensional analysis 1, = 2/3 and np, =71, =0.
This leads to anomalous scaling for the structure functions, which we study in Sec. 4.3. The error
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Figure 1: Evolution of the three functions fK’:n, K[”n, and fin along the RG flow, i.e. asthe
RG scale k is decreased, as indicated by the arrows. At the microscopic scale k = A, the
three functions are given by the initial condition (34) represented by the thick dashed
lines. The fixed point, represented by thick solid lines, gradually builds up along the
flow until all fluctuation modes have been averaged out when k — 0, i.e. k tends to the

n = 0 shell.

bars indicated here and in the remainder of the paper are errors from the fit. They are computed as
one standard deviation of the fit, and the fit range is chosen to minimise this error. This numerical
error is larger than the error related to the choice of the cutoff, which is reported in Appendix D.
We note that this error does not account for the choice of the LO approximation itself.

4.3 Structure functions

The fixed-point provides the limit k — 0 of the RG flow which describes the universal statistical
properties of the model, resulting from the integration of all the fluctuations. Within the LO
approximation, all the structure functions are expressed in terms of the three fixed-point functions
oo fors fO),Ln’ and the bare vertices (33).

4.3.1 Second order structure function

The second order structure function S,(k,,) is given by

[ 2w
xk—0 w

where the integration over w can be carried out analytically within the LO approximation owing
to the simple form of g, , given by (29), (31). The result is shown in Fig. 2. As expected from

(36), S, follows a power-law in the inertial range S, ~ k;gz with {5 =1, + 13 —np. It yields
{5 =0.741£0.017, which is anomalous, since it deviates from the K41 prediction {, = 2/3. Hence
the FRG allows one to capture the intermittency exponent for S,. The value for {, obtained is in
good agreement with the value from numerical simulations {5 ~ 0.720+0.008 [15]. The constant
C, can be estimated from (k,/€)2S,, as shown in the inset of Fig. 2. One obtains C, ~ 1.15. We
did not find an estimate of this constant in numerical simulations to compare with.

We have checked that {, is universal, in the sense that its value does not change when varying
the microscopic parameters v and D associated with the dissipation and forcing. We observed that
varying v simply results in a change of the Kolmogorov scale 1, and thus amounts to shifting the

D
fO,n

—_ > 5
k—0 2fO,nfO,n

52W,
8jnbJ;

(36)

Sy(ky) = (vu(E)VE(D)) =f
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lower boundary of the inertial range. Varying the forcing amplitude D induces a change in the
mean injection rate €. Thus, it simply changes the normalisation of S,, i.e. it results in a global
shift of S, in logscale.

1014 0.85
50.801
0.751
% 10-10 4 076 —0.8 —0.6 c —-0.4 —-0.2
50751
—30 |
10774, 0.74 1 : :
1.5 2 25
n A

Figure 2: Left panel: Second order structure function S, from FRG at LO approximation
as a function of the shell index n, with the C, constant shown in inset, for ¢ = —1/2 and
A = 2. Right panel: Anomalous exponent {, of the second-order structure function S,
as a function of the ¢ parameter of the Sabra model (top panel) and of the shell ratio A
(bottom panel).

On the other hand, the value of {, depends on the choice of the parameters of the Sabra
model, namely the ¢ parameter of the non-linear interaction (2), and the shell ratio A. The result
for S, presented in the left panel of Fig. 2 is obtained for the standard choice ¢ = —1/2 and
A = 2. Wa have also computed the variations of {, when varying the parameters ¢ and A, which
are displayed in the right panel of Fig. 2. The exponent is anomalous in all the range of ¢ and
A probed, and smoothly depends on these parameters. To the best of our knowledge, there is
no other quantitative estimate of {, from numerical simulations of the GOY or Sabra models for
values of ¢ and A other than ¢ =—1/2 and A = 2.

4.3.2 Third order structure function

Since the two generating functionals W, and T}, are related by a Legendre transform (20), one
has the following chain-rule relation

5W oU.,, /(t/) 5F / /
. _J Z a’,n K _ Z G;Zi[r? (¢, t/)l",g?y(t’), 37)
t/ fl/, ! t/ Tl/

5Ja,n(t) N 5Ja,n(t) 5Ua’,n’(t/) B

neglecting the linear term in (20) which plays no role for higher-order derivatives. Using this
relation, one obtains for the third-order structure function

s*w
S3(ky) = 3m(v,_yv, v =3m[ , — ]
S < i +1> 5]n—1(t)]n(t).]n+1(t)

~ulU ~uUpg ~UaUgU. ~u*U.

= _sz Z f GK,na—lml(wl)GK,n mz(wz)rk,?nlm;;ng(wl’ wZ)GK’n_:l ms (—0)1 - wZ) .
M a,f,y J @1,02

(38)
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Within the LO approximation, the vertices IN“IE?’) are just the bare ones (33), since no renormalisation
of the vertices is included in the LO Ansatz (30). Hence, the scaling exponent of S5 is completely
fixed by the scaling behaviour of the three functions fK“fn, f,fn and fK):n. Indeed, inserting the LO
expressions for the propagator and vertices into (38), one obtains

£D £D £D
k (afl\ n+1 Kn 1 + bfx,n+1f1<,n +Cf1<n K,n— 1)
fkvn+1f;<vn 1 fK‘:n-ﬁ—lfl\}:H fK,an‘:n—l

£y A A £v A A
4(f1<,n—1f1< an n+1 + fK,H K,n—lfK,n+1 + fk,n+1f1<,n—1fr<,n)

In this expression, the frequency integrals have been performed analytically since the three run-
ning functions do not depend on frequencies. It is clear that S5 simply inherits from the anomalous
exponents of f, fOD and foA in the limit k — 0, yielding {3 = 37, + 21, —2np — 1. The result is
shown in Fig. 3. One finds {5 = 1.113+0.039, which is a 10% deviation from the exact exponent
{3 = 1. This can be interpreted as a measure of the error due to the LO Ansatz.

Alternatively, one can use the knowledge of S, from the FRG calculation to determine S5 using
the equation of motion. Indeed, let us follow [15] and multiply the equation of motion (2) by u?,
take the average, and assume stationarity. We then obtain

SS(kn) =

(39)

1)kisz(kn) = akn+153(kn+1) + banB(kn) + Ckn—lsB(kn—l) + Nn . (40)

The last term was calculated within the path integral formalism as
(wr(t)f, () = hm ZGnn/(t +6t,t)N,, = hm J e w5t Gg;a(w)Nn —N,, 41)

where the last equality results from Ito’s discretisation. Knowing S,, this constitutes a recursion
relation for S;. Hence, using the FRG result for S, obtained at LO, one can construct S3 shell by
shell starting from n = N where N denotes the maximum shell index. The values of S, for the shell
N +1 is approximated using the power-law extrapolation described in Appendix C. The resulting
S5 is shown in Fig. 3. Interestingly, this method allows us to access the behaviour of S; both in the
inertial and dissipative range. In the inertial range, we recover the exact result {5 = 1 (up to a
numerical error below ~ 10~®). Moreover, the constant C; in (8) can be evaluated by dividing S,
by ¢/k,, where ¢ is given by ¢ = ZnNn. The result is shown is the inset of Fig. 3, and it coincides
with the exact result C3 = 1/(2(c —a)) = 1/3 given by (9). This calculation hence also offers an
independent check of the determination of &.

4.3.3 Higher order structure functions

A general fourth order structure function is defined as

[ 54w ] _
6J ayny (W g ny ()W g, (8D g, (E)

%Ua, Up Up Ve p1Upy Ups U Us
_ZZJ Kor?lmll( 1)GK(:122m22( Z)Gxgr?gmz( 3) Km1m§m33rn44(wl,w2:w3)GKDrLf4m:( 0)1—0)2—&)3)

Up Us Up, Up, Up
+ZZJ Ko;lllmll( 1)GK(:122m22( Z)FK n}tlmim:(wlz wZ)GK msmﬁ(a)l + w2)
1

=Upe Ups Upy Ua Ups Uaq Us, i
X T mgmam, (@1 + o, w3)Gy yma (@ 3)G, nym, (—W3— W] —wy) + permutations.

(42)
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Figure 3: Left panel: Third order structure function from FRG computed using two meth-
ods. LO: direct reconstruction of S according to (39) within the LO Ansatz; KH: com-
putation of S3 from the recursion relation (40) using the LO result for S,. The corre-
sponding C; constants are shown in the inset. The exact exponent {5 = 1 and constant
C3; = 1/(2(c —a)) = 1/3 are recovered using the KH method. Right panel: Structure
functions S, (k,) as a function of the shell index n for the orders p = 2 to p = 5, from
FRG within the LO approximation. The corresponding exponents ¢, as a function of
the order p are shown in inset (symbols), and compared with K41 theory (black dashed
line), and results from the numerical simulations of [15] (red dots).

Within the LO approximation, there is no 4-point vertex so the term in the first line vanishes, and
the only three-point vertices contributing in the second line are the bare ones (33). Thus, one
cannot construct a purely local structure function S,(k,) corresponding to n; = ny, = n3 = ny.
However, other “nearly local” configurations preserving translational invariance exist, they are
listed in Appendix F. They are expected to display similar scaling properties. In fact, this has been
verified in recent numerical simulations of the Sabra model [52].

Within the LO approximation, the following fourth-order structure function can be constructed
and is non-zero

4
) oW (43)

J— * —
Slka) = (b0 = B (O
Its expression is given in Appendix E. The result is displayed in Fig. 3. It is clear from this expression
that the anomalous scaling of S, is inherited from the one of the three functions f/, fOD and f07‘.
Indeed, one has {4, =57, + 31, —3np —2.

In fact, this analysis applies to all higher order structure functions within the LO approxima-
tion. At a given order p, the only structure function which is non-zero is constructed from p —2
bare vertices, p propagator G “ and p propagator G*¥. Thus, the scaling exponent of the p-th
order structure function is completely fixed in terms of the three functions f, fOD and fok, and is
given by ¢, =, + 13 —np+(2—p)(1+np—2n,—n,), which is anomalous but affine in p. This
scaling is thus uni-fractal, it is equivalent to that of a $-model [41].

This is clearly an artefact of the LO approximation, since the only non-trivial renormalisation
taken into account in the 1O Ansatz is that of the two-point functions. Hence, it allows one to
capture the anomalous scaling of S,, but it is not sufficient to access multi-fractal behaviour. For
this, one should account for the renormalisation of higher-order vertices, at least 3-point and 4-
point ones. This would allow for a contribution to the anomalous scaling independent of the one
due to 2-point functions. An alternative promising route would be to account for a functional fre-
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quency dependence in addition to the shell index dependence in the renormalisation of the 2-point
functions va’n, K]?n and fk’l’n. Indeed, we show in [52] that one can extract information about the
intermittency exponent of a given order structure function from the time (or frequency) depen-
dence of lower order correlation functions. These two routes to improve the LO approximation
deserve further investigations.

5 Effect of long-range forcing

As mentioned in the introduction, the analogy between turbulence and critical phenomena (scale
invariance, universality and anomalous scaling) sparkled many RG studies of homogeneous isotropic
turbulence [24-26]. The early implementations of the RG relied on a perturbative expansion in
the renormalised coupling, which is controlled by the distance to an upper critical dimension
€ = d. —d. However, for the Navier-Stokes equation, there is no upper critical dimension, and
the interaction is the advection term, whose coupling is not adjustable (it is 1). The strategy to
artificially introduce a small parameter has been to consider a forcing with a power law spectrum
N(k) o< k™€ in d = 3. This forcing is hence long-range, i.e. it acts on all scales, whereas in
physical situation turbulence is usually generated by a short-range forcing in scales, i.e. a forcing
concentrated around the integral scale. The power-law forcing yields a kinetic energy spectrum
E(k) o< k'=2¢/3. Hence, hydrodynamic turbulence corresponds to € — 4, for which the conver-
gence of the perturbative expansion is questionable. Since in the framework of perturbative RG,
the physical situation can only be accessed as this precarious limit from the long-range forcing, the
question arises as to which extent it correctly describes hydrodynamic turbulence. In other words,
are the multi-fractal behaviour of turbulence and the intermittency exponents universal with re-
spect to any forcing, including a long-range one? This question was investigated using direct
numerical simulations in [42-44], but it is difficult in numerics to disentangle the contributions
of the long-range forcing from the large-scale (short-range) one and to resolve large crossovers
in the power-laws. We show in the following that the long-range forcing and the short-range one
correspond to two different universality classes.

5.1 Long-range forcing in the FRG framework

Our aim is to study the effect of a power law forcing on the statistical properties of the Sabra
shell model. The forcing term in the model (2) is considered as a Gaussian random field with
correlations encompassing both the usual short-range (SR) contribution (10) and a long-range
(LR) one, such that the correlations of the forcing now take the form:

<fn(t)fn’(t/)> = 2(NL—1,n + DLRk;p)é(t - t/)5nn’ ’ (44)

with DR the amplitude of the LR component and D the amplitude of the SR one defined in Eq. (11).
Following the same procedure as in Sec. 2, this leads to an additional term in the action S defined
in (13) which reads

Swlvl=—| > DWk Pa,i, (45)
t n

Note that as this term does not have the properties expected for a regulator, we just leave it in the
action. In essence, this simply means that the initial condition of the RG flow at the scale k = A
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Figure 4: Left panel: Second order structure function S, for a pure long-range (LR)
forcing, i.e. without a large-scale component (D = 0), termed short-range (SR) . The
inset shows the value of {, in the inertial range as a function of the LR exponent p. It
takes the value { IQR = w (normal scaling) in the whole inertial range. Right panel:
Compensated second order structure function in the presence of a SR component of the
forcing with decreasing strength D — 0, which evidences the crossover between the
normal and the anomalous fixed points. The inset shows the corresponding value of {,
as a function of D'}/D.

is now changed to include the long-range forcing as

cnn = DIRLE (46)
The SR component is still incorporated in the AS; -1 term.

In order to investigate the effect of the LR forcing, it is sufficient to work at the level of the LO
approximation. The flow of the two-point functions F}Sz) can be computed in the exact same way
as in Sec. 4 and the result is the same. However, since the initial condition of the flow is different,
it leads to different solutions.

5.2 Purely long-range fixed-point

We first investigate the case where the forcing is purely long-range, that is the SR component is set
to O by fixing D = 0. This means that the R?* = —N, , part of the regulator is removed. We solve
the corresponding flow equations for the initial condition (46) with different values of p ranging
from p = —2 to p = 1. We observe that for each value of p, the flow reaches a fixed point as in

the presence of the SR forcing. The corresponding second order structure functions are shown in
LR

Fig. 4. They all behave as a power law in the whole inertial range S, ~ k;cz with an exponent

2(1+
po22p) 47)
as shown in the inset of Fig. 4. We attribute the saturation of ]gR observed for p < —1.6 to numer-
ical effects, although we do not have a clear explanation for it. The exponent (47) corresponds to
a normal (dimensional) scaling, with no anomalous corrections. Hence the purely LR fixed-point
is non-intermittent (at the same LO level of approximation). Let us emphasise that it is also the
case for p = 0, which corresponds to a constant (finite) forcing on all shells. For p — 0 (which is
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Figure 5: Second order structure function S, in the presence of both a SR and a LR
forcing for 0 < p <1 (left panel), and for —2 < p < 0 (right panel). The insets show the
exponent {, for k, < k' (orange symbols) and k,, > k'® (green symbols), where k'R

is a crossover wave-number defined as k'} = (DLR/ D)l/p when p # 0. The small shell
indices k,, < k'R, i.e. the inertial range if k"® > L™}, are controlled by the LR fixed-point
for p > 0 leading to { ER = w, whereas they are controlled by the SR fixed-point
for p < 0 yielding {5} ~ 0.74. The case p = 0, D' finite (black solid line) is denoted
K41 since it corresponds to normal scaling, whereas the purely SR case D'} = 0 (black

dashed line) is denoted SR and corresponds to anomalous scaling.

analogue of the limit € — 4 in perturbative RG studies of three-dimensional Navier-Stokes turbu-
lence), one thus exactly recovers K41 scaling, i.e. ER =2/3.

Let us notice that at the beginning of the RG flow for k < A, the renormalisation is very weak.
In fact, for a pure LR forcing, the flow equations (62), (63), and (64) behave at large «, i.e. when
the three functions are close to their initial condition, and k,, ~ k where the flows are maximal,
as:

VK> 5D DRyP 1

T R e (s

The right hand sides of these flow equations is suppressed at large k,, by large powers of k7. The
flow becomes non negligible when the RG scale reaches the order of the Kolmogorov scale n™!.
Since the flow is frozen by the regulator for all shells with k,, > «, the shells in the dissipation
range beyond this scale are almost not affected by the flow, and the three functions f,”, fKD and fK’1
for k,, 2 ™! merely reflect their initial condition. As a consequence, S, behaves in the dissipation
range as

8Sf1<1jn ~ anKA’n ~ (48)

D In(kgn) -
fO,n HZ_NlngL DLRkn P

2 f v fl - 2vk2

0,n/ 0,n n

This behaviour is clearly observed in Fig 4 for large shell indices. In particular, let us notice in
anticipation of the discussion of Sec. 5.4 that for p = —2 one obtains a constant.

Sy(ky) = ~ kP (49)
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5.3 Interplay between the LR and SR fixed-points

We now restore the SR forcing D # 0 (thus the Rzﬁ* regulator part), in order to study the interplay
between the two fixed-points. We integrate the flow equations with initial conditions where both
D and DR are finite and for different values of p. The flow reaches a fixed-point for all values
of p. However, the fixed-point which controls the shells in the inertial range depends on the
value of p, as shown in Fig. 5. In this section, we consider L™} < k'}? <« k,, where k'R is

defined as k'R = (DLR/ D)l/p for p # 0 and corresponds to the typical scale where the SR and LR
amplitudes are comparable. When k' >> L™!, the inertial range comprises shell indices between
these two wave-number scales. For p > 0, the LR fixed point dominates at shells in the inertial
range k, < k™, and thus the exponent {3* is observed in this range, whereas for p < 0, the SR
fixed-point dominates in the inertial range, and thus the exponent gR ~ 0.74 is observed instead.

The small scales k,, > k, > k'R are controlled by the opposite fixed point, since the LR
component o< k,” dominates over the SR one for p < 0 and is negligible for p > 0. For p =0,
the LR forcing also dominates the inertial range, and the corresponding fixed-point, denoted K41,
clearly differs from the purely SR fixed-point, denoted SR. This case is further elucidated in Fig. 4
(right panel). Here we consider the sum of the SR component with amplitude D and the LR
component with p = 0 and amplitude D'} and we let the ratio D/D*"® — 0. We observe a clear
crossover between the SR and LR fixed-points. When D'®/D is large, the LR fixed point dominates,
whereas when D'®/D becomes negligible (smaller than a certain threshold), the SR fixed-point
takes over. This crossover results in a two plateaus structure for {,, which takes the K41 value
¢LR = 2/3 at large D'®/D and reaches the anomalous value ¢3* ~ 0.74 when D — 0. The two
types of forcing, LR and SR, thus correspond to two distinct fixed-points, or in other words, they
lead to two distinct universality classes. Hence the scaling in the inertial range is universal in the
sense that it does not depend on the precise profile of the forcing as long as it is concentrated at
large scale. But it is altered by the presence of a long-range forcing with p > 0, which leads to a
different universality class, characterised by non-anomalous exponents.

This has an important consequence for RG calculations of the anomalous exponents. This
means that the limit p — 0 does not suffice to capture the anomalous scaling, the presence of the
SR component is mandatory. When it is absent, one finds only the LR fixed-point with K41 scaling
at p = 0 as demonstrated in Fig. 4. Hence, the strategy followed in perturbative RG approaches
which consists in trying to reach the intermittent fixed-point as the limiting case of the LR fixed-
point is doomed to fail for the shell model. This provides indications that it is also the case for the
Navier-Stokes equation, and strongly suggests that the presence of a large scale forcing is necessary
to describe intermittency. This can be achieved using non-perturbative implementations of the RG,
such as the FRG used in this work.

5.4 Dissipative range and thermal noise

The study of the LR forcing includes as a specific case the presence of a thermal noise, i.e. a
stochastic component similar to (44) with p = —2, which corresponds to a spectrum o< Dthki,
but with a typical scale much smaller than the Kolmogorov scale, i.e. k'R > k, . In this case,
it does not represent a forcing but rather a microscopic noise, due to thermal fluctuations. The
presence of such fluctuations was argued to affect the properties of the turbulent flow at scales
well above the mean-free path, i.e. at scales within the dissipation range. Their effect is to alter
the form of the spectrum in the dissipation range, replacing the exponential decay expected for
Navier-Stokes equation, by an equipartition spectrum o< k? [53-55]. This effect was observed in
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Figure 6: Second order structure function S, in the presence of both a SR forcing and a
thermal noise with spectrum Dthkﬁ.

numerical simulations of the Sabra model, which evidenced a crossover in the dissipation range
to an equipartition spectrum, i.e. a constant in this case.

The Sabra model with thermal noise can be simply studied in the FRG framework by setting
p = —2 and reducing the Kolmogorov scale such that n~! < k'® in order to resolve the dissipation
spectrum. The result is shown in Fig. 6, and is in very close agreement with the direct numerical
simulations of the Sabra shell model [53]. The fast decay of the spectrum beyond the Kolmogorov
scale is cut out and replaced by the equipartition spectrum.

6 Conclusion and perspectives

We presented a FRG analysis of the Sabra shell model of turbulence. Within a simple approxima-
tion, called LO, which consists in including a functional renormalisation of the two-point functions
while neglecting the renormalisation of higher-order vertices, we obtain the fixed-point corre-
sponding to a forcing concentrated at large scales (small shell indices). We show that this fixed-
point is intermittent, it yields anomalous exponents ¢, for the structure functions. Although the
value of { is in good agreement with results from simulations, higher-order ¢, are similar, within
the LO approximation, to the ones of a 3-model, i.e. they have an affine dependence on the or-
der p. Obtaining multi-fractal behaviour requires a richer approximation, which also accounts
for the renormalisation of higher-order vertices and/or a functional frequency dependence of the
two-point functions.

The FRG framework allowed us to investigate the interplay between a long-range forcing
o< k,” and the short-range forcing concentrated at large scales. We show that they correspond
to two distinct fixed points: the LR fixed-point has normal scaling ¢ ER = 2(1+ p)/3 whereas the
SR one is anomalous { gR =~ 0.74. When the two types of forcing coexist and compete, the inertial
range scaling is dominated by the fixed-point with largest exponent, i.e. the LR fixed-point for
p > 0 and the SR one for p < 0. The important result is that the two fixed-points do not coincide
in the limit p — 0. It implies that one cannot describe the anomalous SR fixed-point from the limit
p — 0 of the LR one in the absence of a large scale forcing. This conclusion is likely to hold also for
Navier-Stokes turbulence, and strongly suggests that one has to include a true large-scale forcing
in the RG analysis. Such a large-scale forcing cannot be easily handled within a perturbative RG
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framework, but it can be very simply included within the FRG framework.

The numerical integration of the flow equations presented in this work is extremely fast. It is
in particular much faster than direct numerical simulation since one does not have to do any aver-
ages: the solution of the FRG directly provides the averaged statistical properties of the system. To
obtain more accurate results for higher-order exponents ¢, would require a richer approximation,
which would then lead to longer computational time to solve the associated FRG equations. It
would be extremely interesting to test which level of accuracy on the anomalous exponents can
be reached within a still competitive approximation scheme compared to direct numerical sim-
ulation. This work opens promising perspectives for the calculation of anomalous exponents in
hydrodynamic turbulence from Navier-Stokes equation, since the same type of approximations
could be adapted for this case. This work is in progress.
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A Sabra model in the presence of the zero mode

It was proposed in Ref. [12] to modify the shell model equations by introducing a shell zero-mode
in order to mimic the sweeping effect present in three-dimensional turbulence. The equations
then read

{ o,v, =B,[v,v*]—ik,vqVv, — vkivn + f, 50)

9va =fa,
where vg, and f; denote the real shell zero-mode and forcing of the zero-mode respectively. The
non-linear term B is unaltered. This system of equations possesses a Galilean symmetry, con-

trarily to the original shell model. Indeed, if {(v,,V}) ez, Va} is a solution of (50) with forcing
{(fu> £, Inez> fa}, then the Galilean-transformed variables

V() = e'Vrny, (6)
Vi) — e_ith"v:(t) (51)
vo(t) = vo(t)—V,

are solutions of the same equations with forcing {(e!t"*n f, e~itVkn f nez» fa}, for any constant V.
Furthermore, in the absence of forcing the shell variable zero-mode is conserved, in analogy with
the total momentum in three-dimensional turbulence. Of course, such a modification is rather
artificial and can be completely integrated out due to its linear nature. In the absence of the
zero-mode, the shell models are thus free of sweeping.

Let us now show for completeness what are the implications of this symmetry within the
Martin-Siggia-Rose field-theoretical framework. To do so, we assume as previously a random
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forcing with a Gaussian distribution whose covariance is white in time. The action corresponding
to the modified shell model reads

Speromodel Vi va, To] = S[VI+AS A [V]—i Y J knvgv:vn+c.c.+J (700va — N1 (0)73) , (52)
n t

t

where 7, is the response field associated to the dynamics of the zero-mode. The first two terms
correspond to the original Sabra model and are identical to the ones given in (13).

Within the field-theoretical framework, the Galilean invariance can be promoted to an ex-
tended symmetry, which allows one to derive local exact relations between correlation functions,
through Ward identities. We refer to eg Ref. [34,35] for a detailed presentation of extended sym-
metries of the Navier-Stokes equations. These identities are at the core of the results obtained
from FRG on the form of the time dependence of arbitrary n-point correlation functions at large
wave-numbers, mentioned in Sec. 3. Let us express the (extended) Galilean symmetry for the
Sabra shell model in the presence of the zero-mode. For this, we consider an arbitrary function of
time R(t), and apply the following time-dependent Galilean transformation

va(t) = ey (t)
V,(t) = e®Eag (¢) (53)
va(t) = vo(t) — GR.

One finds that the action is invariant under this transformation up to the following term:

582er0-mode[V’ Vo, Vol =— J ) 8t2R . (54)

t

As this term is linear in the dynamical fields (in this case, V), it defines the time-dependent
Galilean transformation as an extended symmetry. Extended symmetries can be used to derive
useful exact identities called Ward identities for the one-particle irreducible functional, or rather
in the FRG framework for the effective average action. The Ward identities entail that if an in-
finitesimal linear transformation is an extended symmetry of the action, then the effective average
action transforms as the action. For the time-dependent Galilean transformation, this means

5FK[U7 uﬂ:ﬁQ] = 5Szero-mode[U: u(baﬂ:l' (55)

The Ward identity reads explicitly

oT,
J { (IRK u, + iRk, i, + c.c.)} = —f aQaER. (56)
¢ 5119 n 5un t

This identity can be integrated to write the effective average action in the form

L.[U,ug,iig] =T [e™VU,aq] + f iind,uq, (57)

t

where T, is an arbitrary functional.
Now, let us express the conservation of the zero-mode. We consider an arbitrary function of
time V(t) and the shift
Vg > g+ V. (58)

23



SciPost Physics Submission

This shift leaves the action invariant up to the term

5Szero—mode[v, Va» ‘79] = f V{atuﬂ - 2NL*1(O)ﬂQ} ) (59)

t

which is again linear in the fields. As we have identified N;-1 with the regulator, the second term
in curly braces is absorbed in the definition of the effective average action and we are left with
the following Ward identity for the shift of the zero-mode response field:

_ ol _
J V5_K = f Vo,ug, (60)
t Ug t

or, in terms of the parametrisation (57),

[.[U,uq,iq] =T [e™VU]+ f TRRIPS (61)

t

where T, is an arbitrary functional. This is the more general form of the effective average action
compatible with the constraints stemming from the extended symmetries.

B FRG flow equations in the LO approximation

The computation of the flow equations for the three running functions f”, fKA and fKD is straight-
forward. They can be deduced using the definition (32) from the flow equations for the two-point
functions l"lgz) which are given by (23). The trace in this equation can be computed using the
explicit expressions (33) for the three-point vertices I‘,ES) and (28) for the propagator G,. Since
within the LO approximation, the three functions f,”, fK’l and fKD do not depend on the frequency,
and neither do the vertices, the only frequency dependence is the bare one in the propagator, so
that the frequency integral can be analytically carried out. One finally obtains

kZ 2n
af) == [ab()t2<1>”(n+2 n+1)+e’(n+1,n—1))
S/ Kk,n 2 K 4 K 2

1 1
+ac ()L2<1>;’(n +1,n+2)+ ﬁ@’;(n— 1,n—2)) + bc (@Z(n— 1,n+1)+ ﬁé;’(n—z,n— 1))}

(62)
2142n
ofl, = OT[ab (228X (n+2,n+1)+@*(n+1,n—1))

1 1
+ac (A%ﬁ(n+1,n+2)+ ﬁcpﬁ(n—l,n—z)) + be (@ﬁ(n—l,m 1)+ ﬁé,’}(n—Z,n—l))]

(63)
2A2n 62
astI,’n = OT[a2A2<I>f(n+ 1,n+2)+ b2<I>£(n— 1,n+1)+ ﬁ<1>f(n—2,n—1)] (64)
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where we have defined

A fv
o (5 A b5 e FLFY
D (Rk,jfk,i +Rif (2 o f?{)) N,
V(s 3\ — K,j7 K,1
O T e v T TR L+ T
K,1 ™ K,i7 K, j K,j7 K,i K,i ™ K,i7 K, K,J Kl
£l fv
D A D A, K,l[” K
N f;?if,?j ZRK ]fK lfK ; +R1< lfK lfK] (3 =+ K J
q>r<(l’1)= Fv(fv £A Fv rA2 v £A v £A
fK,i(fK,ifK,j +fK,ij,i) fK,ifK,j +fK,ij,i
. ~ . ~ FD £D > A 2+f'<lf7<l] +R A +
D NK,j KDi+NK,i ;<Dj fK,ifK,] ;]le f ]f/l KlfK) f flj
(i) == — == - — (65)
) fkqjifkqjj (fK%ijqji + f;éif;gjj) qujiqujj (fKA,]'quji fK,ifK,j)2
and introduced the following notations for the functions:
r _ FD __ D
qun - qun +RK,H ’ K,n~ JK,n + NK,TI (66)

and for the derivative of the regulator:

. k 2 k 2 k 2 . k 2 k 2
NK’HZ—ZD(—H) (1+(_n) axz)n((_n) > Rx,n :_ZVki(—n) 3xzr (_n) .
K K K K K
67)
The RG time s is defined as s = log . Note that all these flow equations are real for real functions

and regulators. Thus, if one starts at k = A with real functions, they remain real along the flow.

C Numerical integration of the flow equations

In this appendix, we provide the details of the numerical integration of the flow equations for the
three functions fK’jn fK[,’n and fK%n, which are a set of coupled ordinary differential equations. The
chosen ODE integrator is the standard function solve_ivp of the scientific computing library scipy,
using a Runge-Kutta of order 4 (method) and 5 (error estimator). The source code of our solver
is available in this repository.

A maximum time step of §x = 10~ was sufficient to ensure convergence of the integration
scheme. We checked the convergence of the scheme using different time stepping. We considered
N = 80 shells between n;, = 0 and n,,,, = 79 corresponding to the wave-numbers k, = kqA"
with A = 2 and k, = 107>, The choice of A corresponds to the most studied one, as it yields
anomalous exponents very similar to the ones for Navier-Stokes turbulence. The value of kg is
chosen in order to capture a reasonable range in each regimes (inertial and dissipative). The
other parameters were chosen in all runs as v = 10>, D = 10>, which corresponds, in the

1
absence of long-range forcing, to a Kolmogorov scale ™! = (%)‘_‘ = 291 and to an injected
energy of ¢ = 0.72D = 7.2 x 107, where ¢ = Do N, is independent of x. Let us now specify the
boundary conditions. Since the flow equations couple neighbouring shells and since we truncate
at a finite number of shells, we need to prescribe the values of the functions on the shells at the
external boundary of the integration grid. In order to do so, we assume a power law behaviour
for the running functions at large wave-numbers. This is motivated by the expected behaviour
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at the fixed-point. Hence, we extrapolate each running function f,;X for each RG step k, using
logarithmic finite differences at the boundary point

Q/X:f,fN_f,fN_l (68)
and we fix the value of the sequence at n > N following

X n—
X = A, (69)

K,n
This principle is also used to extrapolate the value of the functions at shell indices smaller than

n = 1. In the case of the long range forcing, we chose k' = (DTLR)" = 1073. Since the flow is
computed with fully dimensional quantities, we must also specify a starting and a finishing RG
scale. For every run, we chose A = 2% x ky, and x, the final RG scale, as ko, = 27 x k,. We
checked that this choice has no influence on the results presented in this paper.

D Dependence on the regulator

0.76 ;
|
G2 |
+++++++++++++++1:+++++++++++++++
0.741— : ’ : :
|
e i
= 107%1 |
0 T--=-¥sr-===r3=- b T T
!
0 5 10 15
«

Figure 7: Variations of {, with the cut-off parameter a. The vertical dashed line indicates
the optimal parameter a,,, which corresponds to a minimum. The optimal value for ¢,
is obtained as {5 ope = {2(@qp)- The overall variation of {, with a is smaller than the
numerical error associated with the fitting procedure.

In order to estimate an error within the LO approximation, a standard procedure within the
FRG framework is to study the dependence of the results with respect to the choice of the cut-off
function. Indeed, if no approximation is performed, then the exact result does not depend on the
choice of the cut-off function since the regulator vanishes in the limit k — 0. However, any ap-
proximation introduces a spurious dependence on this choice, which can be used to optimise the
accuracy of the results and estimate an error [30,56,57]. The best result within a given approx-
imation can be determined from the principle of minimal sensitivity, which consists in searching
for a stationary point with respect to the parameters of the cut-off. In this work, we varied the
parameter a defined in (17) and computed the variations of {5 with respect to a. The results
are presented in Fig. 2. One observes that the overall variation of {, is very small. A stationary
point is attained for a,, > 7.4, which leads to the optimal value {3 o 2 0.743 & 0.002, where
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the error bars correspond to the variation of {, in the range [aqp/2, 2a0p]. This error is hence
much smaller than the one from the error due to the numerical integration of the flow equations.
The error bars given in the main text thus reflect the latter.

E Structure functions of higher order
In this section, we provide the expression of the structure functions of order higher than three. We

consider the fourth order structure function defined in Eq. (43), which is non-zero within the LO
approximation. After performing all the frequency integrals, we obtain the following expression
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in terms of the running function
S4(k,) =

ke
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The fifth order structure function defined by the general expression Eq. (7) is non-zero at LO,
and given by the following expression:

5°W _
0 Jn—1()jn ()1 (€) 7 ()2 (2)

& “Up, ulp, Upy Uy Ups =Ups Upy “Ups Ups Upg
ZZJ Kn+1 1)G (w 2) K,n+1nm; GK ,my (O) +w2)G (w 3) Kmlnmz

SS(kn) =

UpsUp Up, Upg Upg =uU
X Gt V7 (@1 + wq + w3)T. PR G (0 4)Gm ° (- Zw)

K,mynn—1

Up, Upy Upy = Up3Up uUg UﬁUﬁUﬁ

+GK n+1 1)G (wz)FK nl-i-lrfm13GK "311 4(w1+a)2)G n (w3) Knjlmiz °

UpsUp Up; U Upg ~U"Up
x G,V (w1 + w5 + w7 G P (w0g)G ) (- Zw)

~U/3 U’3 U[5 ~Uﬁ ﬁ uUﬁ ~U[j U[j Uﬁ

+GK nH(wl)Gm 2(wy) L ntinm, . Grom, ‘(w1 + ©3)Gy " (w3) Lominm,

UpsUp Up,Upg Upy ~uUp ~UUp,

X Gehe, (01 + wp+ )T M PG ()G P (=D ) (71)
i

The explicit expression in terms of the three functions f,”, fKD and fKA is too lengthy to be reported
here, but its derivation is straightforward using the LO expressions for the propagator and three-
point vertices.

F Constraints from translational invariance on 4-point configurations

In this appendix, we provide a complete classification of the four-points configuration permitted
by the conservation of the quasi-momentum. The rule of conservation of the quasi-momentum
is as follows: to each shell variable (respectively their complex conjugate) of shell index n we
associate the quasi-momentum x, = ¢" (resp. k, = —¢"), where

1445
=,

(72)

is the golden mean. The sum of all quasi-momenta in a configuration must be zero for it to preserve
the quasi-momentum conservation law. A generic p-point configuration is given by the data of p
shell indices ny,...n, € Z and p conjugation indices €, ...€, € {—1,1} such that

P
D et =o0. (73)
i=1
When two shell variables have the same shell index and opposite conjugation indices, their quasi-
momentum cancel each other. Let us discard from the onset such trivial configurations. Without
loss of generality, we can assume furthermore that min; n; = 0. Then, a configuration containing

no trivial cancellations is equivalent to the data of a polynomial P = ay,,X 2 4+a,, 1 X1+ - -4a, € Z[X]

where each q; has its sign (resp. its absolute value) given by the conjugation index (resp. the mul-
tiplicity) of the shell variables at the given shell index. Consequently, the £;-norm of P, given by

IIP|l, = Z?:Oz |a;| is equal to the number of points in the configuration. Let us remark also that
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by assumption, a, # 0. Furthermore, the polynomial degree, d + 2, gives the total extend of
the configuration, i.e. the difference between the largest and smallest shell indices. Finally, the
configuration conserves the quasi-momentum iff ¢ is a zero of P. Thus, we deduce that a config-
uration conserves the quasi-momentum iff the polynomial X? —X — 1 divides P, i.e. there exists
Q=byX%+bg_1 X1 +---+ by € Z[X] such that

P=(X?>-X-1)Q. 74
In terms of polynomial coefficients, this is equivalent to the following equalities
a;=b; —b;1—b;, (75)

for all 0 < i < d + 2, with the understanding that in the above expression b;~4 = b;.o = 0. This
recurrence relation can be solved to give the following constraints on the a;’s:

d+1 -

S (1) Fyyp a; =0,
d+2 ;

Zi:o (—1)'Fg43-4a; =0,

where the F;’s are the Fibonacci numbers (F; = F, =1 and F; = F;_; + F;_,).

Let us now use these constraints to classify all 4-point configurations. First, we remark that a
4-point configuration must realise one of the following partition of 4: either (1,1,1,1) or (2,1, 1).
Indeed, the partition of 4 into the sum of either one or two integers are prohibited by the fact that
both a4, and a, are non-zero and the first line of (76). Let us consider the case (2,1,1): there
exists a a; Z0 with 0 <i <d+2 and a; =0 for j #0,1,d + 2. The constraints (76) then read

(76)

77)

Fgy900+ (—1)'Fg45_;a; =0,
Fi43a0+ (—1) Fai3-a; + (=1)%aq» = 0.

The first line is satisfied if either |ay| = |a;] =1, then d =0 and i = 1, or if |ay| = 1 and |q;| = 2,
then d =1 and i € {1,2}. The choice d = 0 cannot satisfy the second line, so we are left with the
choice d = 1. We find that two configurations conserve the quasi-momentum:

i=1: P=X>—2X-1
(78)

i=2: P=X>—2X*+1.

We now turn to the case (1,1,1,1): there exist |a;| = 1 and [a;| = 1 with 0 <i < j <d +2 and
a; =0 for k#0,i,j,d + 2. The constraints (76) then read

{Fd+2a0 +(—1)'Fyrp-ia; + (—1YF4yp_ja; =0, 79)

Fyi3a0+ (1) Fyy3a; + (—1) Fgi5_;a; + (=1)ag4, =0.

From the first line, we deduce that either i = 1 and j = 2, for any d, or thati = 1, j = 3, and
then d = 2. Using the second line, the first possibility leads to the contradiction a4, = 0, so
we are left with the second possibility. We find that the following configuration conserves the
quasi-momentum:

P=x*-Xx3>-Xx-1. (80)

To sum up, we illustrate the possible 4-point configurations which preserve the quasi-momentum
by listing all fourth moments of the shell variable, up to a global conjugation, compatible with
translational invariance:

* * * 2. % * 2 * * *
<umumunun>’ <un+3(un+1) un>’ <un+3(un+2) un)’ <un+4un+3un+1un>' (8D
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