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Professional development and collaboration

Nowadays, collaboration among teachers in activities closely linked to mathematics lessons is considered to be the most appropriate form of professional development of in-service (mathematics) teachers (Prediger, 2020). Current Slovak legislation makes it possible to situate in-service teacher training directly in schools. A well-designed in-service professional development programme influences the knowledge and beliefs of mathematics teachers.

Lesson study, when experienced teachers of mathematics and didactitians work together to design an optimal lesson on a pre-agreed topic, seems to be a suitable method of professional development. It has a cyclic nature consisting of four stages: study, plan, teach and reflect [START_REF] Lewis | How does lesson study work? Toward a theory of lesson study process and impact[END_REF] intervening changes in teachers' knowledge, beliefs, routines of professional learning and pedagogies which influence the instruction and therefore students' learning. Beliefs play an important role in assessing curricula, teaching, learning and assessing students' knowledge and are grounded in teachers' knowledge and experience [START_REF] Carrillo-Yañez | The mathematics teacher's specialised knowledge (MTSK) model[END_REF]. Teacher knowledge and beliefs influence various areas of mathematics lesson planning, implementation, and reflection [START_REF] Ball | Content knowledge for teaching: What makes it special[END_REF][START_REF] Carrillo-Yañez | The mathematics teacher's specialised knowledge (MTSK) model[END_REF] including the use of student-oriented teaching methods such as a math trail.

Mathematical trails in teachers' professional development

A math trail is a path during which students can discover and solve mathematical problems related to real objects. MathCityMap trails (MCM trails) are part of outdoor education supported by mobile technologies [START_REF] Barlovits | Mobile-supported outdoor learning in math class: Draft of an efficacy study about the MathCityMap app[END_REF]. They use a 'bring your own device' approach in school as well as in out-of-school contexts. The purpose of the MCM trails is not only to popularize mathematics for the general public, but also to offer students the opportunity for collaborative problem solving related to their lives. In addition to the mathematical version of geocaching, students engaged in MCM trails solve mathematical problems related to real objects [START_REF] Čeretková | Mathematics trails in initial teachers' education in Slovakia[END_REF], create the original solutions of the problems and communicate their ideas, reasoning and strategies during collaboration in teams what makes math trails a suitable tool to develop the competences for 21 st century.

Methodology

Implementation of the lesson study varies across the countries and needs to be tailored to the national context. Based on the interviews with experienced mathematics teachers, the students in Slovakia lack the opportunities to develop the competences for 21 st century. We suggest that it may be caused by teachers' insufficient repertoire and experience with instructional tools and routines. The following research question is addressed: What mathematics teachers' specialised knowledge is addressed during reflection on enacted MCM trails in form of lesson study? The lesson studies will be conducted with mathematics teachers in Slovakia. Didactitians will be participant-observers. First, the teachers solve the MCM trail prepared by didactitians to allow them to experience the MCM trail from the students' view. During the design of the MCM trail for grade 8 students, the teachers gain a different perspective on problem-based learning. Communication with students during the trails and subsequent wholeclass discussion after its implementation is different than in transmissive teaching prevalent in Slovakia. All the four steps of lesson study will be audio-or videotaped to enable thorough analysis of obtained data. The mathematics teachers' specialised knowledge will be categorised according to [START_REF] Carrillo-Yañez | The mathematics teacher's specialised knowledge (MTSK) model[END_REF]. The preliminary results from the lesson study conducted in autumn 2021 will be presented.

Acknowledgement

The project is (partially) funded by the Ministry of education, science, research and sport of the Slovak Republic under grant no. KEGA 015UKF-4/2021 and VEGA 1/0815/18.