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ABSTRACT

Non-Hermitian systems have gained a great deal of interest in various wave problems due their ability of exhibiting unprecedented
phenomena such as invisibility, cloaking, enhanced sensing, or the skin effect. The latter manifests itself by the localization of all bulk modes
in a specific frequency range at a given boundary, with an unconventional bulk-boundary correspondence. In this work, we propose to realize
the skin effect for flexural waves in a non-Hermitian piezoelectric phononic beam with feedback control between a sensor and an actuator in
each unit cell. By implementing a non-Hermitian parameter, effective gain and loss can be achieved in the phononic beam characterized by
complex eigen frequencies, and non-reciprocal pass bands are obtained. We highlight that the split point separating the gain and loss areas
can occur not only at the edges of the Brillouin zones but also inside the same Brillouin zone. We further analyze the influence of the geomet-
ric and non-Hermitian parameters on the complex dispersions and the split point. The topology of the complex bands is characterized by the
winding number, which supports the skin effect together with the non-reciprocity. The localization degree of the skin mode manifested by
the enhanced beam’s vibration energy at one boundary is related to the strength of the non-reciprocity, and the skin mode can be always
excited regardless of the source position. Our results provide a potential platform to introduce non-Hermiticity into phononic or metamate-
rial systems with novel functions for elastic waves such as topological insulators, vibration attenuation or amplification, and energy
harvesting.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0097530

The Hermiticity of a Hamiltonian that describes the conservation
of energy in a closed system plays a fundamental role in physics.
However, actual physical systems are not always conservative since
they can interact with their environment through multiphysics cou-
pling, which can be regarded as a loss or/and gain effect to the system
and result in complex eigen frequencies.1 Non-Hermitian
Hamiltonians that describe non-conservative systems were used in
quantum physics.2 Due to the similarity of mathematical equations
between quantum and classical physics, the non-Hermitian properties
have been extended to classical wave physics such as optics3–5and
acoustics,6–8 and unprecedented wave phenomena such as unidirec-
tional invisibility,9 cloaking,10 enhanced sensing,11 non-Hermitian
skin effect,12–14 and coherent perfect absorption15 have been

discovered. Recently, non-Hermitian systems have been also extended
to mechanical/elastic systems,16–21 which have rich degrees of freedom
to tune non-Hermitian properties via viscosity,22–24 piezoelectric-
ity,25–28 and so on.

Among the non-Hermitian properties, one of the most attractive
phenomena is the skin effect, whereby all bulk modes of the finite
chain within a specific frequency range are localized at a given bound-
ary with an unconventional bulk-boundary correspondence,29,30 hence
showing great potential applications such as vibration attenuation,
sensing technology, and energy harvesting. This intriguing feature of
the finite chain has been experimentally demonstrated with electric
circuits,31 quantum-walk dynamics of single photons,32 among others.
Recently, the non-Hermitian skin effect with such unconventional
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bulk-boundary correspondence is identified in non-reciprocal
mechanic metamaterial33,34 and in discrete elastic lattices with non-
local feedback in their design.35 Recently, the non-Hermitian skin
effect can be also achieved via the odd micropolar elasticity.36 To be
mentioned, piezoelectric materials are excellent candidates to
construct non-Hermitian elastic systems by means of the electro-
mechanical coupling effect. The effective gain or/and loss can be
realized by external non-local feedback control systems, and the
non-Hermitian skin mode is achieved for longitudinal waves in a flat
beam.37

In this Letter, we propose a piezoelectric phononic crystal beam
(Fig. 1) with a local feedback sensor and actuator in the unit cell to
study non-Hermitian properties of flexural waves. By switching the
feedback and tuning its strength in each unit cell, the phononic beam
transforms from a Hermitian to a non-Hermitian system with non-
reciprocal property in its dispersion and transmission characteristics.
One obvious advantage of the proposed phononic beam is that wave
attenuation and amplification in the one Brillouin zone can be
obtained simply by designing the thickness ratio in the unit cell with-
out the need for non-local feedback control. The band topology is fur-
ther analyzed, and the non-Hermitian skin mode is consequently
achieved. The proposed numerical design provides a potential plat-
form for further experimental investigations.

We consider a piezoelectric phononic crystal beam made of
PZT-5H with polarization along the z direction whose unit cell con-
sists of a thin and a thick part (Fig. 1). The feedback-based unit cell is
realized by employing the direct and reverse piezoelectric effect as sen-
sors and actuators.38 The rectangular cross section of the elastic beam
has two symmetry planes, respectively, xOy horizontally and xOz ver-
tically. The four types of waves in the beam (flexural, shear, torsional,
and longitudinal modes) can be individually described by their sym-
metric or anti-symmetric behaviors with respect to the two symmetry
planes.39–41 Following this principle, we limit ourselves to the flexural
waves, which are anti-symmetric and symmetric, respectively, with
respect to the xOy and xOz planes. In addition, these symmetry

considerations allow us to limit the numerical calculations to one-
fourth of the unit cell, as shown in Fig. 1. We plot a full phononic
beam unit and a quarter beam in blue with two middle symmetry
planes in Fig. 1. Based on this symmetry principle, we consider the
quarter beam for the following analysis.

The considered blue quarter unit cell is composed of a block A
(as a sensor), a block B (as an actuator), and a block C with lengths la
¼ lb ¼ lc ¼ 3mm, widths da ¼ db ¼ dc ¼ 1mm, and thicknesses ha
¼ hc ¼ 0.4mm and hb ¼ 0.25mm. To realize the feedback-based
mechanism, we apply voltage to block B, and the input voltage is mod-
ulated from the detected voltage in block A.35

The constitutive relations of the piezoelectric effect (displacement
field and electric field) are as follows:42

r ¼ X : e � eT• E; e ¼ $uþ $uTð Þ=2;
D ¼ e : eþ q • E; E ¼ �$V ;

(1)

where r and e represent the stress tensor and the strain tensor, respec-
tively, D is the electric displacement vector, E is the electric field vector,
u is the displacement vector, and V is the electric potential. X, e, and q
are the fourth-order tensor of elastic stiffness, the third-order tensor of
piezoelectric modulus, and the second-order tensor of dielectric per-
mittivity, respectively.

When the piezoelectric phononic beam vibrates, it is able to gen-
erate electric voltage. We detect the average potential difference DV
between the upper and lower surfaces of block A then apply the aver-
age potential difference with a scale factor c as c DV to the upper and
lower surfaces of block B. The scale factor c represents the feedback
strength and also stands for the non-Hermitian parameter. Such pie-
zoelectric feedback control systems are commonly adopted in the non-
Hermitian study.26,27,36,37

Now, we focus on the influence of the feedback mechanism on
the dispersion relation of the piezoelectric phononic beam. First, elastic
wave governing equation43 and the charge conservation equation of
electrostatics44 are needed to make the piezoelectric system of equa-
tions closed. Then, we apply periodic boundary conditions to the two
edges of blocks A and C along the x direction (as shown in the lower-
right part of Fig. 1) by using the Bloch theorem hðrþaÞ ¼ hðrÞeik•a,
where a, r, and k are the lattice size, the position vector, and the wave
number, respectively. The function h represents either the electric
potential or the elastic displacement. Under the time-harmonic wave
hypothesis, the flexural wave equation can be written in the eigenvalue
equation form ðK � x2MÞ • h ¼ 0, where K and M are the general-
ized stiffness matrix and mass matrix, respectively. The finite element
method is adopted to solve the above eigenvalue equation, and the dis-
persion relations can be obtained consequently.

The dispersion curves of the structure, including both the real
Re( f ) and imaginary Im( f ) parts of the eigen frequencies, are pre-
sented in Fig. 2 by setting the parameter c equal to�6. We have opted
for an unfolded representation of the band diagram inside the first to
fourth Brillouin zones. Clearly, all the physical information about the
band diagram can also be found by using the usual folded representa-
tion only in the first Brillouin zone. However, our choice avoids to
have an overlap between the curves representing the imaginary parts.
The imaginary parts of the eigen frequencies in Fig. 2(b) are obtained
from the general wave propagation solution of the above eigenvalue
equation. To be noted that a positive or negative value of the imagi-
nary parts of the eigen frequency Im( f ) means wave attenuation or

FIG. 1. Schematic of the piezoelectric phononic beam unit cell with feedback con-
trol. The structure exhibits two symmetry planes xOy and xOz. Therefore, the
numerical analysis of the flexural waves, which are, respectively, anti-symmetric
and symmetric with respect to these planes, can be performed by using a quarter
of the unit cell. Block A is a sensor to obtain potential difference DV between the
upper and lower surfaces generated by vibrations, and block B is an actuator to
convert electric potential difference cDV to mechanical signals. Periodic boundary
conditions are applied to the two green edges (pointed by the arrows) on blocks A
and C along the x direction as shown in the lower-right part.
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amplification, respectively, the propagation direction is fixed by the
sign of the wavenumber. Therefore, the curves in Fig. 2 are colored in
green or yellow depending on whether Im( f ) is positive or negative.
From Fig. 2, it can be observed that the real parts of the eigen frequen-
cies are reciprocal, i.e., Re(f(k)) ¼ Re(f(–k)), while the imaginary parts
are non-reciprocal, Im(f(k)) ¼ �Im(f(�k)). From the first to the third
Brillouin zone, the imaginary parts of eigen frequencies are either posi-
tive or negative in each Brillouin zone. It means that the flexural wave
is attenuated or amplified along a given direction within each Brillouin
zone and changes its behavior when passing from one Brillouin zone
to the next. However, the split point can also occur inside the same
Brillouin zone as is the case in the fourth Brillouin zone. The latter is
split into a positive and a negative region where the split point corre-
sponds to Re( f )¼ 340Hz. This feature is also observed in a longitudi-
nal waveguide controlled by the non-local feedback mechanism
(where the feedback force obtained from one unit is applied to another
unit).37

From the dispersion curves in Fig. 2, we demonstrate that the
passband of the unit cell is completely non-reciprocal due to the oppo-
site sign of Im(f(k)) for positive and negative k. In order to confirm the
non-reciprocal behavior and the meaning of attenuation or amplifica-
tion, we show the unfolded dispersions over the first four Brillouin
zones with the corresponding transmission along positive and negative
wavevector directions in the upper and lower panels of Fig. 3, respec-
tively. The transmission diagram is divided into horizontal areas that
are colored according to the color on the dispersion curves. We plot
both log(T) and log(RþT) in Figs. 3(b) and 3(d) with T and R being
the square modulus of the transmission and reflection coefficients of a
finite piezoelectric beam, respectively. It is obviously confirmed that
the transmission is completely non-reciprocal due to the big value

difference in log(T) from Figs. 3(b) and 3(d). In addition, the attenua-
tion (green) or amplified (orange) effects are also confirmed by the
sign of log(RþT).

The non-Hermitian skin effect associated with flexural waves can
be determined from the topology of the complex band structure via
the winding number �.45–47 The winding number � can be evaluated
by simply counting the number of loops, which is necessary to achieve
a closed curve when increasing the wavenumber in each Brillouin
zone. If c is zero, the system is Hermitian, and the eigen frequencies
are purely real; then, the number of loop is zero, so is the winding
number,45 showing a trivial character of the bands. In Fig. 4(a), we
plot the complex band diagram when the feedback strength c is fixed
to �6. The four pass bands are marked by yellow, blue, purple, and
red dots. Their projections on the complex frequency plane form loops
as shown in Fig. 4(b). The arrow on each loop indicates the direction
of increasing wavenumber k corresponding to the sign of the winding
number �, i.e., clockwise for � ¼ �1 and anticlockwise for � ¼ 1.45

From Fig. 4(b), the four pass bands in Fig. 2 have five loops on
the complex frequency plane, and each loop closes after one 2p rota-
tion. The highlighted green and orange loops have clockwise and anti-
clockwise arrows, which correspond to winding number � ¼ �1 and
� ¼ 1, respectively. For the orange zones I, II, and V, the propagation
of flexural waves to the right (þx direction) is amplified, meaning that
all bulk modes of the finite periodic beam whose eigen frequencies lie
inside the orange zone are localized at the right boundary of the beam;
on the contrary, the green zones III and IV correspond to eigenmode
localization at the left boundary of the beam. It should be noted that if
the scale factor c is chosen as 6 instead of �6, the boundary where the

FIG. 2. Unfolded dispersion diagram of the piezoelectric unit cell: (a) real and (b)
imaginary parts of eigen frequency. The green and orange colors mean that the
imaginary parts of eigen frequencies are positive and negative, respectively.

FIG. 3. (a) Real parts of the eigen frequencies in the dispersion curves of Fig. 2 for
positive wavenumbers. (b) The corresponding log(T) and log(Rþ T) curves. (c)
and (d) The same plots as the upper panels for negative wavenumbers. The green
and orange regions indicate wave attenuation and amplification, respectively.
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modes are localized will be inverted between zones (I, II, and V) and
zones (III and IV).

We further consider a beam of finite length consisting of 44 units
and calculate the corresponding eigen frequencies that will fall inside
the five loops. The number of unit cells should be chosen in order to
clearly identify the skin effect (as shown below), and in our case, a sat-
isfactory number would be in the range of 40–50. We choose one eigen
frequency, marked as a black dot at the center of each closed loop in
Fig. 4(b) and plot in Fig. 4(c) its eigenmode, namely, the normalized
vertical displacement along the x axis of the beam. When � ¼ 1
(orange zones I, II, V), the displacement is localized at the right
boundary, while for � ¼ �1 (green zones III and IV), the localization
occurs at the left boundary. For the eigen frequency chosen in loop III,
the imaginary part is large, which explains the big difference in trans-
mission in Figs. 3(c) and 3(f), indicating a strong non-reciprocity.
Therefore, the corresponding non-Hermitian skin mode III in Fig.
4(c) is highly localized at the left boundary. For the non-Hermitian
skin mode V, the imaginary parts of the eigen frequency are small,
resulting in a small difference in transmission in Figs. 3(c) and 3(f), a
weak non-reciprocity, and a weak displacement localization at the
right boundary. It should be mentioned that the non-Hermitian skin
effect can be observed for all eigenmodes belonging to each of the five
loops.

In addition, one can again highlight the split point in the imagi-
nary parts of the eigen frequency in the fourth Brillouin zone, at the
crossing of loops IV and V.

Finally, we have further checked that the non-Hermitian skin
effect can also appear when the boundary condition at both ends of
the beam is changed from free to fixed.

In order to have a deeper insight about the designed non-
Hermitian phononic beam, we study in Fig. 5 the evolution of the
complex band structure as a function of two parameters in the system,
namely, the thickness h of block B and the non-Hermitian scale factor
c. First, we keep the non-Hermitian parameter c¼ �6 fixed and select
three values of the block B’s thickness h as h¼ 0.1, 0.25, and 0.4mm
[see Figs. 5(a)–5(c), respectively]. Obviously, all five loops change

shapes as well as the bandgaps. When increasing h, the maximum
absolute value of Im(f ) will decrease for the first three loops; the
fourth loop becomes smaller and the fifth loop widens. In addition, the
split point connecting the fourth and fourth loops downshifts in fre-
quency. Then, we keep h¼ 0.25mm fixed and vary c from �4 to
�8 [Figs. 5(d)–5(f)]. When increasing the absolute value of c, the max-
imum absolute value of Im( f ) will increase for all the five loops since
the non-Hermitian strength becomes stronger. The split point con-
necting the fourth and fifth loops remains stable.

As analyzed above, the non-Hermitian skin mode is highly
related to the strength of non-reciprocity. One essential property of
the non-Hermitian skin mode is that the flexural wave can always
propagate with an amplification factor along one direction, while the
propagation in opposite direction can be suppressed with an attenua-
tion factor. Therefore, the non-Hermitian skin mode is independent of
the position of the excitation source on the beam.48 In order to validate
this statement, we calculate the transmission along a finite phononic
beam consisting of 44 units (with free boundary condition) with three
excitation sources at 10 kHz located, respectively, at the left (green),
middle (blue), and right (red) of the beam, as shown in the inset of
Fig. 6. The normalized vertical displacement distributions along the
finite phononic beam are plotted in Fig. 6, which clearly support that
the displacements are always localized at the right boundary regardless
of the excitation position.

To summarize, we proposed a non-Hermitian phononic beam
with feedback control via the direct and inverse piezoelectric effects.
Switching the non-Hermitian parameter of the feedback control in the
unit cell, effective gain and loss are obtained, which are characterized
by the imaginary part of the eigen frequencies, and non-reciprocity is
achieved for flexural waves in both dispersion curves and transmission
diagrams. In the first three Brillouin zones, the non-Hermitian pho-
nonic beam exhibits either gain or loss effect, while in the fourth
Brillouin zone, there is a split point from gain to loss. We have ana-
lyzed the influence of the Block B’s thickness and the non-Hermitian
parameter on the complex band structure and the split point. We
characterized the topology of complex bands by their winding

FIG. 4. Topology of dispersion bands and the non-Hermitian skin effect in phononic beam. (a) The complex dispersion band with c ¼ �6. The four pass bands are repre-
sented by yellow, blue, purple, and red dots. (b) Projection of the complex dispersion band on the complex eigen frequency plane. The projected orange and green loops with
anticlockwise and clockwise arrows correspond to the winding number � ¼ 1 and � ¼ �1, respectively. (c) The normalized vertical displacement component of the skin
eigenmodes in a beam consisting of 44 unit cells, at the eigen frequencies corresponding to the black dots in each loop.
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numbers, showing non-trivial properties of the pass bands. Thanks to
the non-reciprocal and non-trivial nature of the spectrum, the pro-
posed non-Hermitian elastic system exhibits the skin effect to localize
vibrating energy at one boundary in a finite phononic beam. The
energy localization direction and strength of the non-Hermitian skin
effect can be determined by the sign of the non-Hermitian parameter

and the non-reciprocal strength, respectively. To further validate the
skin mode design, we change the polarization of the PZT material from
the z direction to the y direction and show a feasible skin effect in the
supplementary material. The proposed strategy where non-Hermitian
property is introduced into the phononic structures paves the way
toward a feasible non-Hermitian elastic platform for promising applica-
tions such as sensing, vibration control, or energy harvesting.

See the supplementary material for details of another scheme to
obtain the feasible skin effect.
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