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We present a non-Hermitian metabeam exhibiting an exceptional point (EP) induced by enforcing
parity-time (PT) symmetry through applied external forces. The EP is formed by the hybridization of
two flexural wave modes and its output displacement is enhanced by attaching two pillars on top of the
beam. The introduction of a tiny mass perturbation that breaks the PT symmetry leads to a splitting of the
eigenfrequencies at the EP with a square-root dependence on the perturbation mass. This effect manifests
itself in a splitting of resonant peaks in the frequency response. The enhanced sensitivity of the EP paves
the way to the detection of small perturbations such as tiny masses and cracks. Another property of the
metabeam is the existence of skin modes whose energies are localized at one end of the beam and can be
generated by implementing nonreciprocal feedback interactions between the pillars. We demonstrate that
the skin modes are broadband and independent of the excitation positions. From a practical perspective,
we show the great potential of skin modes in broadband energy harvesting. Our study proposes approaches
to manipulate the non-Hermitian elastic wave phenomena, paving the way for the development of highly
sensitive sensors, vibration control, and energy harvesting.

DOI: 10.1103/PhysRevApplied.18.014067

I. INTRODUCTION

The Hermiticity of a Hamiltonian depicts the conserva-
tion of energy in a closed system and shapes our under-
standing of physical reality. In many situations, however,
the systems are not more conservative because of their
interactions with the environment that result in gain or
loss; these are known as non-Hermitian systems [1–4]. As
such, their eigenfrequencies are generally complex, allow-
ing for an increase or decrease in the system energy. In
this context, lots of studies focus on a special kind of non-
Hermitian system that preserves parity-time (PT) symme-
try formed by balanced gain and loss [5,6]. The PT system
was studied by Bender and Boettcher in 1998, demonstrat-
ing that PT-symmetric non-Hermitian Hamiltonians may
exhibit purely real spectra [7,8]. There exists one transi-
tion point in the PT system, known as an exceptional point
(EP), that defines a phase change from purely real to com-
plex conjugate spectra. The EP is a spectral singularity in
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the parameter space exhibiting the simultaneous coales-
cence of two or more eigenvalues and their corresponding
eigenvectors [2,9]. The EP exhibits different forms in dif-
ferent structures. In a finite structure, it is the degenerate
point of two or more eigenfrequencies and correspond-
ing eigenmodes of the structure [10,11]. In a waveguide
structure, it is the degenerate point of the eigenvalues
and corresponding eigenvectors of the scattering matrix
[12,13]. EPs have received considerable widespread atten-
tion due to associated intriguing properties and exotic
phenomena, such as unidirectional invisibility [14–17],
laser mode selectivity [18,19], and enhanced sensitivity
[11,20–23].

Outside of the scope of PT symmetry, an intriguing phe-
nomenon is reported, known as the non-Hermitian skin
effect, where a large number of the bulk modes of a
one-dimensional (1D) system become localized toward
the open boundaries [24–26]. Their existence crucially
relies on nonreciprocal pumping or coupling between
the adjacent sites [27,28]. By marrying non-Hermitian
ingredients with nonreciprocal media, an unconventional
non-Bloch bulk-boundary correspondence leads to unusual
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localization of bulk states at open boundaries [29,30].
The non-Hermitian skin effect manifests itself as extreme
sensitivity to boundary conditions, namely that the eigen-
spectrum of the open boundary conditions dramatically
differs from that calculated using periodic boundary con-
ditions, which profoundly modifies the band topology and
the bulk-boundary correspondence [31,32]. In the non-
Hermitian skin effect, any injected signal, independent of
its excitation position, always propagates in one direction,
while the propagation in the opposite direction is strongly
suppressed [25,33]. Recently, Zhang et al. experimentally
demonstrated the higher-order non-Hermitian skin effect in
a two-dimensional acoustic higher-order topological insu-
lator, revealing the intriguing interplay between higher-
order topology and non-Hermiticity [24]. For mechanical
systems, Braghini et al. investigated nonreciprocal bands
and skin modes in non-Hermitian elastic waveguides with
piezoelectric feedback actuation [33]. Rosa, Mazzotti and
Ruzzene investigated the skin modes of non-Hermitian
1D and 2D elastic lattices with nonlocal feedback con-
trol interactions [26]. These works that illustrate a variety
of properties associated with non-Hermitian physics may
pave the way to the design of non-Hermitian metamateri-
als with multiple functionalities. However, compared with
optic and acoustic systems, the study of non-Hermitian
EPs and skin modes for elastic wave systems is still at
an early stage, and much more work is needed to inves-
tigate their construction mechanisms, underlying physical
phenomena, and practical applicability.

The practical realization of gain and loss in PT systems
has always been a difficult problem. The most commonly
used method relies on the utilization of piezoelectric mate-
rials [13,34,35]. In most practical systems, given that
gain is more challenging to achieve than loss, passive
non-Hermitian systems without gain have been proposed,
which can exhibit similar physical phenomena such as
extreme asymmetric absorption [36,37]. On the other hand,
the use of feedback interactions has been a common strat-
egy in the study of skin modes [26,28,33]. Few methods of
constructing EPs and skin modes in elastic wave systems
have been proposed, however, as they are complicated to
implement and they do not allow the EP and skin mode to
be achieved in the same structure.

In this work, we propose a metabeam, constituted by a
beam supporting pillars, where PT symmetry, and hence
EPs, are achieved by the application of external forces
with feedback. We demonstrate the frequency splitting of
EPs both in eigenfrequencies and their responses under
the effect of a tiny perturbation mass, which could be
used as a detection method. Moreover, we realize the skin
modes with their energy localized at one end of the same
metabeam by changing the way of applying the external
forces. We further demonstrate the great potential of skin
modes for broadband energy harvesting. In this manner,
the proposed metabeam has the merit of versatile operation

and efficient tunability. Our results present a design of a
non-Hermitian 1D elastic wave system, which may further
enrich manipulation techniques for elastic waves based on
phononic crystals and metamaterials [38,39].

This paper is organized as follows: In Sec. II, we present
the design of the metabeam consisting of two pillars on
a beam with PT-symmetric pairs of external forces. We
demonstrate the existence of an EP formed by two flexural
modes under specific external forces. We further numeri-
cally investigate the enhanced sensitivity of the EP to a tiny
perturbation mass, which could be used as a nondestruc-
tive testing method. In Sec. III, we discuss the existence of
skin modes in the metabeam by constructing nonrecipro-
cal feedback interactions between the two pillars. We also
demonstrate that most of their energy is localized at one
end, independently of the excitation position, and show the
great advantage of skin modes in broadband energy har-
vesting. Finally, we give a conclusion and briefly outline
future research directions in Sec. IV.

II. EXCEPTIONAL POINT IN PT-SYMMETRIC
METABEAM

A. PT symmetry proof of concept

Inspired by the pillared metaplate [40,41], the consid-
ered metabeam in this work, shown in Fig. 1(a), consists
of two pillars connected to a thin aluminum beam by
thin necks. The length, width, and thickness of the alu-
minum beam [ρ= 2730 kg/m3, E = 77.6 GPa, ν= 0.352
(Density ρ, Young’s modulus E, and Poisson’s ratio ν)]
are 200, 10, and 1 mm. The two cylindrical necks are
made of plastic (ρ= 1190 kg/m3, E = 3.2 GPa, ν= 0.35)
with a height of 1.5 mm and a radius of 2 mm. The
two pillars are made of tungsten alloy (ρ= 19 260 kg/m3,
E = 334.6 GPa, ν= 0.28) with a height of 44 mm and a
radius of 4 mm. The positions of these components are
labeled in Fig. 1(a). Equivalent non-Hermitian gain and
loss mechanisms for the realization of PT symmetry and
EPs can be established via applying external forces with
feedback, as shown in Fig. 1(a). Here, the four external
vertical forces are defined as

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

N1 = γ (ẇ2b − ẇ1b)

N2 = −γ (ẇ2b − ẇ1b)

N3 = −γ (ẇ4b − ẇ3b)

N4 = γ (ẇ4b − ẇ3b)

(1)

where γ is the parameter defining the strength of gain
and loss, ẇ is the z component of the velocity and the
subscripts of ẇ represent the positions of the detected
velocities depicted in Fig. 1(b). This metabeam is endowed
with PT symmetry, in which the equivalent gain (loss)
is conceptually introduced through the pair of forces N 1
and N 2 (N 3 and N 4). In other words, our metabeam has
asymmetric gain and loss, with gain on the left half and
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(a)

(b)

FIG. 1. (a) A metabeam possesses PT symmetry by applying external vertical forces with feedback. The pair of N 1 and N 2 (N 3 and
N 4) forces can be regarded as equivalent to a gain (loss), which results in complex eigenfrequencies with negative (positive) imaginary
parts. A vertical line force (black) at the left represents the source to excite flexural waves; the vertical displacement at the right of the
beam is detected by a line detector (black). The beam, pillar’s neck, and head are represented in gray, yellow, and blue, respectively.
(b) The bottom surface of the metabeam, where four lines are used to detect the vertical velocities.

loss on the right half. In Appendix A, we describe in detail
the effect of different pairs of forces on the imaginary parts
of the eigenfrequencies of a bare beam and compare the
trends with those obtained with material gain and loss,
proving the feasibility of our scheme to achieve PT sym-
metry. From a practical point of view, the applied external
forces can be achieved with piezoelectric elements. More
specifically, the voltage applied to the transducers, and
hence the forces they exert on the beam, are defined from
the detection of the velocities at the positions 1b to 4b and
the corresponding feedback to the controllers [11]. In the
Supplemental Material [42], we use piezoelectric patches
instead of forces to construct a metabeam with an EP
(see Sec. IV of the Supplemental Material [42] for piezo-
electric model details), which provides support for future
experimental verification.

Now we focus on the existence of the EP of the proposed
metabeam. First, we calculate the eigenspectrum of the
metabeam in the Hermitian regime (γ = 0), as shown in

Fig. 2(a). The original modes that coalesce under the non-
Hermitian effect to form EPs are marked as blue points.
Then, we calculate the eigenfrequencies of the metabeam
as a function of γ and show the real and imaginary parts in
Figs. 2(b) and 2(c), respectively. Here we define a polariza-
tion factor p to describe the degree of flexural polarization

p =
∫ |w|2dV

∫
(|u|2 + |v|2 + |w|2)dV

. (2)

u and v are x and y components of the displacement,
respectively. The polarization factor p is employed to color
code the scatter plots in Figs. 2(b) and 2(c), where red dots
for p → 1 identify predominantly flexural modes. There
are two EPs in our metabeam in Fig. 2(b), which are high-
lighted by two green shaded zones. The four split branches
in Fig. 2(c) indicate the bifurcation characteristics after
the EPs. The original eigenfrequencies (γ = 0) of flexural

(a) (b)
(c)

R
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H
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) 
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FIG. 2. (a) Calculated eigenspectrum for the system in the Hermitian regime (γ = 0) where γ defines the strength of the gain and
loss [Eq. (1)]. Blue points indicate the original eigenfrequencies that could coalesce to form EPs. (b), (c) The variation of the real
and imaginary parts of the eigenfrequencies of the system as a function of γ , respectively. The two green shaded areas highlight the
positions of two EPs in our metabeam. The color scale represents the polarization factor p.
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wave modes that could coalesce to form EPs are 336.0
and 350.4 Hz, and 5858.3 and 5874.2 Hz, respectively.
It is important to know that the EPs are formed by the
degeneration of two flexural wave modes with very close
original eigenfrequencies under the non-Hermitian effect
in our metabeam. EPs can also exist in other types of struc-
tures as long as the condition is met that the two original
mode eigenfrequencies are close. We also show another
kind of metabeam with a larger spring constant (the radius
of the necks is changed from 2 mm to 2.5 mm, see the
Supplemental Material [42] Sec. II for the other metabeam
with EPs) that has three EPs in the studied frequency range.

Since the physical mechanisms and effects of EPs are
the same, here we focus on a relatively high-frequency
EP whose corresponding flexural wavelength is adapted
to illustrate the study of its characteristics in our designed
structure. We also show another EP whose frequency is
relatively lower in the in the Supplemental Material [42]
Sec. I. In Fig. 3(a), the original frequencies that could coa-
lesce to form EPs in the non-Hermitian case are marked
as blue points A and B at the frequencies of 5858.3 and
5874.2 Hz. These two modes, which are respectively sym-
metrical and antisymmetrical with respect to the middle
position of the beam, display a high localization towards
the two ends of the beam as shown in Figs. 3(c) and 3(d).
However, their frequencies are relatively far from the com-
pressional resonance of the individual pillars situated at
14 178 Hz. Figures 3(a) and 3(b) show the variation of the
real and imaginary parts of the eigenfrequencies originat-
ing from points A and B when we gradually increase γ . The
results obtained from the finite-element method (FEM) are
expressed as hollow blue circles. For comparison and as a
qualitative physical explanation, the system can be seen as
a two-level system described by the coupled-mode theory
(CMT) [43,44],

da1

dt
= iω1a1 − δ1a1 + iκ12a2, (3)

da2

dt
= iω2a2 − δ2a2 + iκ21a1. (4)

Here, a1 and a2 denote the complex displacement fields
at the two free ends of the beam localized outside the two
pillars, as shown in colorful regions in Figs. 3(c) and 3(d),
where ω1 and ω2 represent each end’s natural resonance
frequency, κ12 and κ21 are the coupling strengths between
them, and δ1 and δ2 are the gain and loss coefficients,
respectively. Note that the left sides of Eqs. (3) and (4)
actually represent velocities, which also explains the rea-
son for using velocities in the expressions of the applied
external forces in Eq. (1). To achieve the PT symmetry
with balanced gain and loss, we can set ω1 = ω2 ≡ ω0,
κ12 = κ21 ≡ κ , and δ1 = −δ2 = δ. It is worth noting that
δ has a different dimension from the γ we use in the

metabeam, and the relation between γ and δ can be deter-
mined by fitting the position of the EP in the parameter
space [44]. We can translate the coupled mode Eqs. (3)
and (4) to a Schrödinger-type differential equation [45],

−i∂t|ψ〉 = H|ψ〉, (5)

where |ψ〉 represents the states of the system, that is |ψ〉 =
[a1, a2]T. H is the Hamiltonian and can be expressed as

H =
[
ω0 + iδ κ

κ ω0 − iδ

]

. (6)

Then, by solving the eigenvalues of the Hamiltonian (6),
the eigenfrequencies of the system are given by

ω± = ω0 ±
√
κ2 − δ2. (7)

To determine the parameters, we first start with the Hermi-
tian case, namely δ = 0. In this case, Eq. (7) can be degen-
erated to ω± = ω0 ± κ . With the initial values retrieved
from the simulation in the Hermitian case, we can deter-
mine ω0 = 5866.1 and κ = 8.0 Hz. When gain and loss
are introduced, the value of δ for each value of γ can be
obtained from the splitting of the two modes. The CMT
analytical results are plotted in Figs. 3(a) and 3(b) with red
dots, and they are in good agreement with FEM results,
the remarkable point being that the initial values of ω0 and
κ remain fixed and do not need to be adjusted from their
original values when we change γ .

From Fig. 3, we can clearly see the evolution of the
eigenfrequencies of the PT system and the emergence of
the EP when we gradually increase γ . The real parts of
eigenfrequencies gradually approach each other and then
merge to form the EP at γ = 12, while the imaginary parts
bifurcate into two branches beyond the EP. It is worth men-
tioning that our metabeam is a finite resonant structure,
so the EP is generated by the coalescence of the eigen-
frequencies and eigenmodes of the finite structure. In our
system, the EP is formed by two original eigenfrequencies
and is called a second-order exceptional point [20]. The
total displacement fields corresponding to the five eigen-
modes marked A–E in Figs. 3(a) and 3(b) are shown in
Figs. 3(c)–3(g). It is evident that, before the EP, the eigen-
modes still preserve the displacements at the two ends.
In this regime, also known as the PT-exact phase regime,
the energies of the eigenmodes are distributed at the two
ends of the beam. It is worth noting that the displace-
ment fields localized in the left and right ends in modes
A and B are antisymmetric and symmetric, respectively.
Thus, at the EP mode C, obtained from the coalescence of
modes A and B, the displacement field at the right end of
the beam is preserved while the field at the left end van-
ishes, as depicted in Fig. 3(e). We also show the modes D
and E (with eigenfrequencies 5866.1 − 5.98i and 5866.1 +
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FIG. 3. (a), (b) The variation of the real and imaginary parts of the eigenfrequencies originating from points A and B as a function
of γ , respectively. The hollow blue circles and red dots represent the FEM and CMT results, respectively. (c)–(g) The mode shapes of
the points marked in (a) and (b). The color scale represents the magnitude of total displacements.

5.98i Hz, respectively) at γ = 15 in the PT-broken phase
regime in Figs. 3(f) and 3(g), whose displacement fields
are close to that at the EP. Note that the lowest resonant
frequency of the pillars is at about 14 178 Hz so the fea-
tures shown in Figs. 3(c)–3(g) around the EP frequency do
not have a direct relationship with the pillar’s resonance.
The calculated eigenfrequencies are those of the whole sys-
tem including the beam and the pillars. In addition, the
γ value corresponding to the EP varies for different dis-
tances between the two forces in a pair. An illustration of
the influence of the distance between the applied forces
on the EP is given in Appendix B. It is worth noting that
the EP can also be achieved by applying appropriate feed-
back forces on a beam without any pillars, like in reference
[11]. However, in this reference, the EPs were formed from
the hybridization of a longitudinal (S0) and a flexural (A0)
mode, while in our design the EP results from the coa-
lescence of two flexural waves, so it also corresponds to
flexural motion. Additionally, the original modes A and B
whose displacements are localized at both ends of the beam
are the prerequisites for achieving the skin modes in the

metabeam in Sec. III, which are impossible to achieve in a
bare beam. Another important point to note is that our geo-
metrical parameters are chosen in such a way as to bring
the frequencies of the two initial flexural modes close to
each other, which is a requirement to achieve their coa-
lescence after exerting the external forces. In addition, we
discuss the influence of the pillars’ height (thus their res-
onant frequency) on the metabeam. The results show that
the pillar parameters slightly affect the EP frequencies and
CMT parameters but do not change the physical discus-
sions and trends (see the Supplemental Material [42] Sec.
III for the detailed results).

To further investigate the physical meaning of the PT
system, we calculate the frequency responses of the flex-
ural waves propagating in the metabeam under different γ
values. We apply a vertical line force (which is taken to
be equal to 10 N/m, unless stated otherwise) to the left of
N 1 and receive the vertical displacements at the line on
the right of N 4, as shown in Fig. 1(a). We show in Fig. 4,
the vertical response displacements |w|. In the Hermitian
case [Fig. 4(a)], the frequency response has two peaks
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(a) (b)

FIG. 4. The frequency responses of the flexural waves propagating in the metabeam when (a) γ = 0 and (b) γ =
12, 13, 14, and 15.

corresponding to resonant frequencies A and B in Fig. 3(a).
However, at the EP (γ = 12), only one peak exists due
to the coalescence of the two eigenfrequencies, as shown
by the red curve in Fig. 4(b). We also notice that the
response displacement is greatly enhanced at the frequency
5866.1 Hz of the EP. Note that at this peak corresponding
to the EP (γ = 12), the applied vertical forces N 1 and N 2
should be equal to 2.76 × 103 N/m, whereas the forces N 3
and N 4 become 1.41 × 103 N/m. On the other hand, we
observe that in Fig. 4(b) the response peaks gradually van-
ish and the curves become smooth with increasing values
of γ . This is because beyond the EP, the imaginary parts
of the eigenfrequency increase with γ , resulting in greater
attenuation in frequency responses.

B. Enhanced sensitivity at the exceptional point

Now we focus on the EP shown above. The EP has
many peculiar properties, of which the most commonly
used is the enhanced sensitivity to small perturbations
[2,11,20,22]. Here we show the high sensitivity of the EP
in our proposed metabeam to the addition of a small mass
at the center of the top surface of the beam.

The perturbation mass is placed at the center of the top
surface of the aluminum beam, as depicted in Fig. 5(a).
First, we start with a 20-mg mass and study the response
of the EP. It should be emphasized that a 20-mg mass is
about 0.02% of the total mass of the system, which is equal
to 96.2 g. Under this circumstance, the real parts of eigen-
frequencies of the metabeam drastically change, and the
EP moves to a higher γ value, as shown in Fig. 5(b). If
we choose γ = 12 as the baseline (green dashed line), the
frequency splitting occurs under the added mass perturba-
tion. To prove this, we calculate the frequency responses
in these two cases at γ = 12, and the results are plotted
in Fig. 5(c). This clearly illustrates that the initial single
response peak (blue line) splits into two separate peaks (red
line) in the presence of the additional mass. The frequency

splitting is about 8 Hz for a mass of 20 mg, which is enough
to be measured in practice.

Next, we characterize the bifurcation behavior of the
second-order EP associated with this PT system. We cal-
culate the frequency responses of our metabeam at γ = 12
when changing the value of the perturbation mass and nor-
malize the displacements according to the maximum value
of each case. The results are shown in Fig. 6(a), in which
the bright positions represent the response peaks. One can
note an increase in the splitting of the two modes when
increasing the perturbation mass. This splitting depicted in
Fig. 6(b) displays a square-root-like behavior. This is con-
firmed by the linear slope of 0.535 in the corresponding
logarithmic plot shown in the inset of Fig. 6(b). The slight
deviation from a slope of 0.5 may be caused by the fit-
ting methods and simulation accuracy. Figure 6(c) depicts
the sensitivity defined as 
ω/ε as a function of the per-
turbation mass. The decrease in the sensitivity is close to a

ω/ε ∝ (

1/
√
ε
)

behavior as can be seen in the logarith-
mic presentation in the inset with a slope of −0.465. The
sensitivity increases as the perturbation mass ε decreases
due to the presence of the second-order EP. The unique
nature of the EP provides us with a way to detect a tiny
mass. When there is a perturbation mass, we can obtain
the frequency splitting value by measuring the response
peak frequencies of the system at the undisturbed EP, then
predict the mass according to the frequency splitting in
Fig. 6(b). Additionally, the displacements at resonant fre-
quencies are greatly enhanced by the metabeam resonances
and are easier to measure in the experiment. Note that the
frequency splitting in the vicinity of the EP can be applied
to other small perturbations; for example, the presence of
small cracks or structural defects will also have similar
effects on the EP.

Furthermore, we investigate the responses of the EP if
the position of the perturbation mass is moved from the
center. First, we place a 20-mg mass at the center and
move it along the positive x direction. In this case, the
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(a)

(b) (c)
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FIG. 5. (a) The illustration of a perturbation mass placed at the center of the top surface of the metabeam. The magenta dashed box
gives an enlarged view of the perturbation mass. (b) The variation of the real parts of the eigenfrequencies of the metabeam without
perturbation mass (blue dots) and with 20-mg mass (red dots) with varying γ . The EP changes its position under the influence of the
tiny perturbation mass. (c) The frequency responses in the two cases at γ = 12 [green dashed line in (b)].

amplitudes of the response peaks decrease and the whole
curve becomes smooth even for a deviation of 1 mm
[light green line in Fig. 7(a)]. If the mass is moved fur-
ther, this trend becomes more apparent, and the peaks
almost disappear at a deviation of 3 mm [blue line in
Fig. 7(a)]. This behavior is due to the deviation from the PT
symmetry that produces an increase in the imaginary

parts of the resonance frequencies, resulting in higher
attenuation and a smoother response curve. When the
mass is not offset, the two eigenfrequencies of the
metabeam are 5861.2 and 5868.7 Hz. By moving
the mass by 1, 2, or 3 mm along the x direc-
tion, the eigenfrequencies become 5861.2 − 0.97i and
5868.6 + 0.92i Hz, 5861.3 − 1.89i and 5868.5 + 1.80i Hz,

(a) (b) (c)

FIG. 6. (a) The normalized response displacement spectra of the metabeam under different perturbation masses. The color scale
represents the normalized vertical displacements at the detection line. The white dashed line connects response peaks at different
perturbation masses to clearly show the bifurcation behavior. (b) Resonant frequency splitting as a function of the perturbation mass
ε, in which the red dots are data points connected by the blue line as a guide to the eyes. The inset demonstrates a slope of 0.535 on a
logarithmic scale, confirming the relationshipΔω ∝ √

ε for a second-order EP. (c) Sensitivity as a function of the perturbation mass ε,
in which the red dots are data points connected by the green line. The inset shows a slope of −0.465 on a logarithmic scale, confirming
the relationship 
ω/ε ∝ (

1/
√
ε
)

for a second-order EP. All these results are calculated at γ = 12.
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(a) (b)

FIG. 7. The frequency responses of the metabeam when the location of a 20-mg mass deviates from the center and breaks the PT
symmetry. (a), (b) The results when the mass moves along the positive x direction and y direction, respectively. All these results are
calculated at γ = 12.

and 5861.3 − 2.73i and 5868.2 + 2.61i Hz, respectively.
The physical mechanism of this phenomenon is the same
as in Fig. 4(b), namely an increase in the imaginary parts
of the eigenvalues. Similar results are obtained if we move
the mass along the negative x direction. The trend is dif-
ferent if the mass is moved along positive or negative
y direction [Fig. 7(b)]. In this case, the frequency split-
ting slightly increases but the response peaks and curves
are not significantly affected. By moving the mass by 1,
3, or 5 mm along the y direction, the eigenfrequencies
of the metabeam become 5861.2 and 5868.7 Hz, 5861.0
and 5868.7 Hz, 5860.7 and 5868.8 Hz, respectively. These
results indicate that moving the mass along the y direction
has a slight influence on the real parts of eigenfrequencies,
while moving mass along the x direction mainly impacts
the imaginary parts.

Let us note that due to the PT symmetry, the frequency
response is reciprocal. Namely, the positions of the source
and detector can be inverted and the same displacement
field is obtained.

III. SKIN MODES IN THE METABEAM

In this section, we make another arrangement of the
applied external forces on the metabeam and their feed-
back conditions to obtain the so-called skin modes that
are localized at one end of the beam. To break down the
response reciprocity and realize skin modes, we construct
a feedback interaction between two pillars by applying
external forces at both sides of one pillar, which are related
to velocities of two lines at both sides of the other pillar, as
illustrated in Fig. 8(a). The applied external forces N 5 and
N 6 are defined as

{
N5 = α(ẇ1u − ẇ2u)

N6 = −α(ẇ1u − ẇ2u)
, (8)

where α is an amplification coefficient, ẇ is the z com-
ponent of the velocity, and the subscripts of ẇ represent
the positions of detected velocities depicted in Fig. 8(a).
The skin effect results from the interplay between non-
Hermiticity and nonreciprocity. Nonreciprocity can be
achieved by using passive structures combining broken
spatial symmetries and nonlinearities [46], or using active
time-modulated components that break time-reversal sym-
metry [47]. Here we use feedback control to break reci-
procity at the level of the interactions between the pil-
lars [28]. Specifically, the metabeam responds differently
(i.e., different feedback forces) to waves propagating in
positive and negative directions. It should be mentioned
that the role of the feedback method used for skin modes is
to construct nonreciprocal interactions between two pillars,
in contrast to individual feedback mechanisms for each pil-
lar in PT symmetry [28,33] studied in the previous section.
We first arbitrarily choose α = 1000, and show the eigen-
frequencies of the metabeam in Fig. 8(b). The results with
different α values are illustrated in Appendix C. The irreg-
ular trend of the imaginary parts of the eigenfrequencies
in Fig. 8(b) can be understood by the fact that the applied
forces are vertical, so they only affect the flexural modes
of the metabeam while leaving other modes such as tor-
sional modes unaffected and purely real. Another condition
for achieving skin modes in our system is that the dis-
placements of the original modes in the Hermitian regime
need to be localized at both ends of the beam, such as
in Figs. 3(c) and 3(d). Moreover, the imaginary parts of
the skin modes should be small enough to avoid attenua-
tion during metabeam response. Thus, we choose mode 1
and mode 2 [blue points in Fig. 8(b)] corresponding to
mode A and mode B in Fig. 3 to demonstrate the skin
mode. Now the eigenfrequencies of the metabeam have
changed from the original values 5858.3 and 5874.2 Hz to
5890.8 − 2.51i and 5918.7 + 210.37i Hz. The correspond-
ing mode shapes are shown in Figs. 8(c) and 8(d). We can
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FIG. 8. (a) Illustration of a metabeam possessing non-Hermitian skin modes by applying nonreciprocal feedback interactions
between the two pillars. (b) The eigenspectrum of the system when α = 1000 [see Eq. (8)]. The two skin modes are marked as
blue points. (c), (d) The displacement fields of the skin modes at the eigenfrequencies 5890.8 − 2.51i Hz and 5918.7 + 210.37i Hz,
respectively. The color scale represents the magnitude of total displacements.

see that the total displacements of the two skin modes are
concentrated on the right end, compared with the original
modal displacements on both sides [Figs. 3(c) and 3(d)].
The two skin modes seem similar but their slight difference
can be seen in the left end of the beam. It is worth noting
that although the two skin modes and EP mode [Fig. 3(e)]
have very similar localization, they have totally different
physical meanings. We verify this in the frequency domain
calculations discussed in the following. First, let us point
out that the skin mode is often studied by band structure
in periodic non-Hermitian structures [28,33]. However,
the skin mode is ultimately achieved within finite struc-
tures with open boundaries. There is no essential difference
between the skin mode constructed by our metabeam with
open boundaries and the skin mode constructed by mul-
tiple periodic elements. On the other hand, we also use
piezoelectric patches to construct a metabeam with a skin
mode (see Sec. V of the Supplemental Material [42] for
piezoelectric model details), which could support future
experimental verification. Furthermore, we discuss the
influences of global loss on metabeams with EPs and skin
modes. The results show that the loss reduces the peak

response displacements and makes the curves smooth (see
Sec. VI of the Supplemental Material [42] for the loss
effects).

The essential feature of a non-Hermitian skin mode
is that most of the energy propagates in one direction
and becomes localized at one end, while the propaga-
tion in the opposite direction is strongly suppressed [25].
Thus, we calculate the frequency responses of the flexural
waves in the frequency domain when varying the excita-
tion positions, and the results are illustrated in Fig. 9(a).
The excitation line force used here is 100 N/m. The capital
letters M, L, R used in the legend represent the excitation
source located at the middle, left, and right, respectively.
The subscripts r and l refer to the detected displacements
at the right or the left, respectively. The six response curves
show the same trends as a function of frequency. It can be
seen that no matter where the excitation source is located,
the response displacement on the right side (dashed lines)
is always about 10 times larger than that on the left side
(solid lines). Let us note that the two curves Ll and Rr
overlap because both curves represent the displacement at
the excitation source position. Figure 9(a) tells us that the
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(a) (b)

(c) (d)

FIG. 9. (a) The frequency responses of the flexural waves propagating in the metabeam with the excitation source located at the left
(L), middle (M ), or right (R). The subscripts r and l associated with each curve refer to detection at the right or the left, respectively.
Points F, G, and H representing the response peaks all appear at a frequency of 5891 Hz. (b)–(d) The vertical displacements along the
beam corresponding to F, G, and H, respectively. The insets show the maps of the vertical displacement fields. The magenta arrows
indicate the excitation positions, and the color scales represent the magnitude of |w|.

vertical displacements at the right end are always greater
than the displacements at the left end, no matter the posi-
tion of the force source. This is particularly striking in the
case of middle excitation, where most energy tends to flow
to the right rather than to the left. Moreover, the vertical
displacements are maximum in the case of left excita-
tion because the detected difference in velocities between
positions 1u and 2u under the left excitation is the great-
est, resulting in the largest feedback to the external forces
N 5 and N 6. It is worth noting that the external forces are
equal to 323 N/m at the response peak under the left exci-
tation. In addition, only one response peak at 5891 Hz
appears in all three cases (points F, G, and H ), consistent
with the resonance frequency 5890.8 − 2.51i Hz. How-
ever, there is no peak around the other resonant frequency
5918.7 + 210.37i Hz. Indeed, the imaginary part of the
latter mode is much greater, resulting in higher attenuation.

Next, vertical displacements along the beam at the fre-
quencies of points F, G, and H [Fig. 9(a)] are displayed in

the main plots of Figs. 9(b)–9(d), respectively. The three
curves have similar shapes, in that most of the displace-
ments are located between 0.15 and 0.2 m, despite the
different amplitudes. The insets in the three figures show
the corresponding maps of the vertical displacement fields,
in which the magenta arrows indicate the location of the
excitation force, and the color scales represent the magni-
tude of |w|. One can clearly see that in all cases, most of the
highest displacements are localized at the right end, which
behaves as a trap for energy. Although we only list the
fields at the peaks, the skin modes are broadband, although
their amplitudes decrease when we depart from the peaks.
Furthermore, if we want to make the displacements local-
ized to the left, we just need to switch the positions of
detected velocities and applied external forces. Now we
can summarize that although the mode shapes of the EP
mode and skin mode are similar in our work, there are
essential differences between them: the EP is reciprocal
and easily affected by external conditions, while the skin
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(a)
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FIG. 10. (a) The illustration of energy harvesting by a PZT patch attached at the location of the skin mode under left excitation.
(b) Right line vertical displacement average |w| in different cases. (c) PZT output power P for the bare beam, metabeam without
feedback forces, and with feedback forces giving rise to the skin mode. (d) The vertical displacements |w| and output power P with
an excitation force of 100 N/m (red and blue dashed lines, respectively) and 1000 N/m (red and blue solid lines, respectively). (e) The
variation of output power P with different PZT locations where the legends denote the distances between the PZT center and the right
boundary of the beam.

mode is nonreciprocal and immune with respect to the
excitation location.

The skin modes have a great potential for highly effi-
cient energy harvesting from a practical point of view.
To highlight this capacity, we adopt a rectangular piezo-
electric Lead Zirconate Titanate (PZT)-5H patch and
attach it to the top surface of the beam at the line
average as shown in Fig. 10(a). The length, width, and
thickness of the PZT patch used here are 5, 1, and
0.2 mm, respectively. With the electromechanical cou-
pling effect, the vibrating energy of the beam can be
transformed into electric power. The vertical excitation
line force applied at the left of the beam is 100 N/m
and the amplification coefficient is chosen as α = 1000.
A simple circuit powered by the PZT patch with a

resistance R = 100 � is devised, with an output power P
defined as [48,49]

P = VI
2

= RI 2

2
, (9)

where V and I are the voltage and current across the
resistance R, respectively.

We first compare in Fig. 10(b) the average detected line
displacement |w| for four situations: a bare beam with-
out any feedback forces (green line), a metabeam without
feedback forces (blue line), a metabeam with feedback
forces (that give rise to the skin mode) with the attached
PZT patch (red solid line), or without the PZT patch (red
dashed line) cases. The displacements of the skin mode

014067-11



RUNCHENG CAI et al. PHYS. REV. APPLIED 18, 014067 (2022)

within the calculated frequency range are much higher
than those associated with the metabeam without feedback
forces or with the bare beam. The red solid and dashed
lines are basically identical, indicating that the PZT patch
has almost no influence on the skin mode, except that the
peak frequency is slightly increased. The output power P
calculated by Eq. (9) is depicted in Fig. 10(c). This shows
that the output power associated with the skin mode within
the calculated frequency range is 1–4 orders of magni-
tude higher than that of the metabeam without feedback
forces and 4–6 orders of magnitude higher than that of
the bare beam. The output power has broadband stabil-
ity due to the skin mode. In addition, we calculate the
output power for the bare beam with the same external
sources as skin modes (including the same sources of exci-
tation, and external feedback forces N 5 and N 6) to compare
the output power between two systems with or without
metastructures. The results (see Sec. VII of the Supple-
mental Material [42] for the output power comparison)
show the obvious advantage in the output power ratio of
our metabeam. Additionally, the variation trends of |w|
and P under two excitation forces of 100 N/m (red and
blue dashed lines, respectively) and 1000 N/m (red and
blue solid lines, respectively) are calculated and plotted
in Fig. 10(d). One can notice that the four curves have
the same shape owing to the electromechanical coupling
effect. When the excitation force is increased 10 times,
the response displacement also increases 10 times, but the
output power increases 100 times. We also study the influ-
ences of the PZT locations on output power, as shown
in Fig. 10(e). On the one hand, the PZT output power
becomes very small when the PZT is close to the free end
as depicted by the yellow line. In the other four cases,
the output power is in the same order of magnitude, but
slightly larger at 10 and 20 mm (purple and green lines).
On the other hand, the frequency corresponding to the out-
put power peak decreases when the PZT moves toward
the pillar. Thus, the PZT location may have a significant
impact on the energy harvesting in the metabeam. Fur-
thermore, although the localized displacements and output
power for middle and right excitation are smaller than
that for left excitation, they are still relatively considerable
and they retain broadband stability. Thus, the skin mode
with energy localization on one end is very suitable and
practical for broadband energy harvesting.

IV. CONCLUSIONS

In conclusion, we propose metabeams with PT sym-
metry or non-Hermitian skin modes through the appli-
cation of external forces with feedback. The EP is
generated by two resonant flexural modes of the
metabeam and has enhanced output displacements. We
illustrate that the response of the second-order EP
for small perturbations exhibits a square-root behavior,

which could be used as a potential detection strat-
egy for small perturbations such as a tiny mass.
Furthermore, the EP responds differently and irregularly
when the location of the perturbations deviates from the
center of symmetry. This will be the object of forth-
coming work. In addition, we achieve the skin mode
of flexural waves by constructing nonreciprocal feedback
interaction between two pillars, which could be used to
extract mechanical energy, allowing energy to flow in
one direction and preventing it from flowing in the other
direction. We show the great potential of skin modes
for broadband energy harvesting. The proposed strategy
may open promising avenues for designing elastic wave
devices for communication and sensing [50,51], energy
harvesting [52–55], and vibration control [56,57]. More-
over, unlike other ways to achieve EPs or skin modes, the
proposed strategy has some advantages, such as practical
realization, easy measurement, and in situ tunability. Our
results may pave the way towards a class of non-Hermitian
elastic wave systems. Finally, several opportunities are
identified for future studies, such as the design of higher-
order EPs with higher sensitivity, time-space modulated
metamaterials, or higher-order skin modes.
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available from the corresponding authors upon reasonable
request.
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APPENDIX A: IMPACT OF FEEDBACK FORCES
ON THE EIGENFREQUENCIES OF A BARE BEAM

In order to illustrate the effect of applied forces on the
structure, we take a bare aluminum beam as an example
and investigate the change of its eigenfrequencies under
two situations. In the first case, we change the material
properties by assuming a loss or gain. In the second case,
we apply external forces to the beam.

First, we impose opposite imaginary parts to the shear
modulus of the beam [58], i.e., G = G0(1 ± 0.01i), where
G0 = 28.7 GPa is the shear modulus of aluminum. The
negative (positive) imaginary part of G represents material
gain (material loss). The material loss has the consequence
that the imaginary parts of the eigenfrequencies become
positive and they increase as the frequency increases [see
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FIG. 11. (a) The illustration of external forces on a bare beam in which N = γ (ẇ1 − ẇ2). (b) The variation of eigenfrequencies of
the bare beam under material loss (red dots) or external forces with γ = −10 (blue dots). (c) The variation of eigenfrequencies of the
bare beam under material gain (red dots) or external forces with γ = 10 (blue dots).

red dots in Fig. 11(b)]. This is consistent with the phys-
ical intuition that high-frequency waves are more easily
affected by the material property. In contrast, the material
gain gives rise to negative imaginary parts in the eigenfre-
quencies [red dots in Fig. 11(c)]. Their absolute values are
equal to those of the positive imaginary parts in the case of
material loss.

Now, we apply a pair of opposite forces related to the
velocities as illustrated in Fig. 11(a). The left force is
defined as N = γ (ẇ1 − ẇ2), where ẇ1 is the vertical veloc-
ity of line 1 and ẇ2 is the vertical velocity of line 2 in
Fig. 11(a), respectively. The right force is equal to the
force on the left, but is applied in the opposite direction.
Because the forces are applied perpendicular to the beam,
only eigenfrequencies of flexural modes are affected and
display positive imaginary parts when γ = −10, as shown
by blue dots in Fig. 11(b). Note that there is no obvious
trend between the imaginary and real parts of the eigen-
frequencies since we apply forces instead of material loss.
On the other hand, eigenfrequencies of flexural modes
display negative imaginary parts when γ = 10 and their
absolute values are equal to the positive imaginary parts
in the case γ = −10, as shown by blue dots in Fig. 11(c).
These results indicate that we can achieve the same effect
on eigenfrequencies of the structure either by modifying
material parameters (loss or gain) or by applying exter-
nal forces. When γ is positive, the eigenfrequencies of the
flexural modes have negative imaginary parts, which can

be regarded as equivalent to a gain (the pair of N 1 and N 2
in Fig. 1); when γ is negative, the eigenfrequencies of the
flexural modes have positive imaginary parts, which can
be regarded as equivalent to a loss (the pair of N 3 and N 4
in Fig. 1).

APPENDIX B: INFLUENCE OF DISTANCE
BETWEEN THE APPLIED FORCES ON THE EP

We calculate the γ value of the EP at different dis-
tances between the applied forces in a pair and summarize

FIG. 12. The variation of γ corresponding to EPs with the
distance between the applied forces in the pair.
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FIG. 13. The variation of the real parts (a) and the imaginary parts (b) of the eigenfrequencies of skin mode 1 with varying α. The
magenta points represent the data points and are connected by the black lines. (c) The frequency responses corresponding to the data
points. The color scale indicates the values of α.

the results in Fig. 12. One can see that as the distance
increases, the γ value of the EP becomes smaller and grad-
ually tends to a stable value. In the main text, we choose
the distance 60 mm and the γ value of the EP is 12.

APPENDIX C: INFLUENCE OF DIFFERENT
VALUES OF α ON THE SKIN MODE

The skin mode results presented in the main text are
all obtained under the condition of α = 1000. However,
the influence of different values of α on the skin modes
needs to be clarified. The eigenfrequencies of skin mode
1 with α varying between 500 and 1500 are calculated
and shown in Figs. 13(a) and 13(b). The real parts gen-
erally slightly increase with the increase of α, even though
there is no obvious law to follow, and the curve connecting
the data points fluctuates. As for the imaginary parts, the
curve is smooth, and the value monotonically increases as
α increases. These variations are reflected in the frequency
responses [Fig. 13(c)] showing that with the increase of
α, the response peak is gradually enhanced, and the peak
frequency slightly shifts to the right. These results indi-
cate that the change of α has a more significant effect on
the imaginary parts of the eigenfrequencies compared with
the real parts. One can conclude that by changing α, the
metabeam constructed in this way still displays the non-
Hermitian skin mode, but the resonant frequency and its
strength slightly change.
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