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REGULAR DIRECTED PATH AND MOORE FLOW

PHILIPPE GAUCHER

ABSTRACT. Using the notion of tame regular d-path of the topological n-cube, we in-
troduce the tame regular realization of a precubical set as a multipointed d-space. Its
execution paths correspond to the nonconstant tame regular d-paths in the geometric
realization of the precubical set. The associated Moore flow gives rise to a functor from
precubical sets to Moore flows which is weakly equivalent in the h-model structure to a
colimit-preserving functor. The two functors coincide when the precubical set is spatial,
and in particular proper. As a consequence, it is given a model category interpretation
of the known fact that the space of tame regular d-paths of a precubical set is homo-
topy equivalent to a CW-complex. We conclude by introducing the regular realization
of a precubical set as a multipointed d-space and with some observations about the
homotopical properties of tameness.
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1. INTRODUCTION

Presentation. It is described in [21] a way of realizing a precubical set as a flow without
any non-canonical choice of any cofibrant replacement in the construction, by introducing
a natural realization functor. It is an improvement of what is done in [14, Section 4]. The
latter terminology comes from the fact that it uses the notion of natural d-path of the
topological n-cube. This work is devoted to the study of a way of realizing a precubical
set as a multipointed d-space without any non-canonical choice in the construction either,
unlike what is done in [14, Section 5]. Precubical sets are a model for concurrency theory
[9]. The n-cube represents the concurrent execution of n actions. This idea is even fur-
ther developed in [24] in which it is established that the non-positively curved precubical
sets contain most of the useful examples. However, we do not need this concept and we
keep working with general precubical sets like in [21]. The d-paths of a precubical set,
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i.e. in the geometric realization of the precubical set, are the continuous paths which are
compositions of continuous paths included in cubes of the geometric realization which
are locally nondecreasing with respect to each axis of coordinates. These particular con-
tinuous paths represent the possible execution paths of the concurrent process modelled
by the precubical set. The local nondecreasingness represents time irreversibility. The
notion of regular continuous path is introduced in [8, Definition 1.1]. The terminology
comes from elementary differential geometry where a differentiable maps « : [0, 1] — R”
is called regular if p'(t) # 0 for all ¢ €]0, 1[. Intuitively, it is a continuous path without
zero speed point.

By starting from the topological n-cube equipped with the set of nonconstant tame
regular d-paths of the topological n-cube, it is introduced the tame reqular realization
| K |f,eg of a precubical set K as a multipointed d-space in Definition 2.23. Since the
composition of two tame regular d-paths is still tame regular, all execution paths of this
multipointed d-space are tame regular d-paths (and nonconstant). Thus, the tame regular
realization of a precubical set does not contain as execution paths all nonconstant regular
d-paths between two vertices of the precubical set: see Figure 2 for an example of a
non-tame d-path. This point of view is not restrictive: see Theorem 7.2, Corollary 7.3
and Corollary 7.4.

It is well established that the relevant information for concurrency theory is contained
in the homotopy type of the space of execution paths [9]. In particular, it is not contained
in the topology of the underlying space. It therefore suffices to consider the Moore flow
M¥(|K].,,). The latter is obtained by forgetting the underlying topological space of the
multipointed d-space |K \ﬁeg and by keeping only the execution paths and the information
about their reparametrization (see Theorem 3.14).

The point is that the functor K + MY(|K|!_) is the composite of a left adjoint

re
K — |K |ieg from precubical sets to multipointed gd—spaces and of a right adjoint MY :
GdTop — GFlow from multipointed d-spaces to Moore flows. The latter does not
commute with colimits in general. The main result of this paper is that the composite
functor K + MY(|K |f,eg) from precubical sets to Moore flows can be replaced, up to a
natural weak equivalence of the h-model structure of Moore flows, by a colimit-preserving
functor. This replacement up to a weak equivalence of the h-model structure means that
the spaces of execution paths are replaced by homotopy equivalent ones. Moreover, the
image of this new functor is included in the class of m-cofibrant Moore flows. More

precisely, we obtain the two following theorems.

Theorem. (Theorem 6.5) There exists a colimit-preserving functor
[—]reg : OPSet — GFlow
from precubical sets to Moore flows and a natural map of Moore flows

[Klreg — MI(IK],)

reg

which is a weak equivalence of the h-model structure of Moore flows for all precubical sets
K. Moreover, the above natural map of Moore flows is an isomorphism if and only if K
is spatial.

Theorem. (Theorem 6.7) For all precubical sets K, the Moore flow [K],¢, is m-cofibrant.
2



As examples of spatial precubical sets, there are all proper precubical sets by [21,
Proposition 7.5], and in particular the geometric and non-positively curved ones. In
other terms, the precubical sets coming from a lot of real concurrent systems by [24,
Proposition 1.29].

As any right adjoint between locally presentable category, the functor MY : GdTop —
GFlow is accessible. However it is not finitely accessible. This is due to the fact that the
convenient category of topological spaces we are working with is locally (2% )*-presentable
and not locally finitely presentable. However, it does commute with some particular
transfinite compositions [17, Theorem 6.14] [18, Theorem 5.7]. The right adjoint MY :
GdTop — GFlow is also a part of a Quillen equivalence MY - MY between the ¢-
model structures of multipointed d-spaces and Moore flows by [18, Theorem 8.1] which
satisfies a very specific property: the unit and the counit of this Quillen equivalence induce
isomorphisms between the g-cofibrant objects [18, Theorem 7.6 and Corollary 7.9]. These
facts together with the isomorphism of Theorem 6.5 when K is a spatial precubical set
is an illustration of the following informal observation: the right adjoint MY : GdTop —
GFlow commutes with good enough colimits.

It is then deduced from Theorem 6.7 that the space of tame regular d-paths of a precu-
bical set is homotopy equivalent to a CW-complex. We obtain a purely model category
proof of this known fact (see the long comment after Corollary 6.8 for bibliographical
references).

Theorem. (Corollary 6.8) For every precubical set K, the space of tame reqular d-paths
is homotopy equivalent to a C'W-complex.

At this point, the reader may wonder what happens to the theory developed in this
paper when the tameness condition is removed. As an answer, we introduce the regular
realization |K|,., of a precubical set K as a multipointed d-space in Definition 7.1. The
execution paths of |K|,., are exactly all nonconstant regular d-paths in the geometric
realization of K between two vertices of K, not only the tame ones. We then obtain the
following comparison theorem as a corollary of Theorem 6.5 and of results from Raussen
and Ziemianski.

Theorem. (Corollary 7./) For all precubical sets K, there exists a natural weak equiva-
lence of the h-model structure of Moore flows

[Kreg —> MO (IK req).

The notion of natural d-path of a precubical set enables us in [21] to find a way to
realize any precubical set as an m-cofibrant flow without using any non-canonical choice
of any cofibrant replacement functor on the category of flows. In this paper, the notion of
tame regular d-path of a precubical set enables us to obtain a realization of any precubical
set as a m-cofibrant Moore flow without using any non-canonical choice of any cofibrant
replacement functor on the category of multipointed d-spaces or on the category of Moore
flows either.

In both cases, we obtain much better results than in [14] because all constructions be-

come canonical thanks to the geometric properties of the cubes. However, the associated
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Moore flow is m-cofibrant, and not g-cofibrant. It is the counterpart of these improve-
ments: unlike in [14], we have to deal with accessible model categories which are unlikely
to be combinatorial.

By removing the adjective regular from Definition 2.23, it is possible to develop the
same theory as the one develop in this paper. However, it is necessary to replace the
reparametrization category G defined in Notation 3.5 by the reparametrization category
M D G of [17, Proposition 4.11]: the small category G is exactly the subcategory of M
with the same set of objects |0, +oo[ and containing only the invertible maps of M. In
particular, it is necessary to work with M-flows instead of with G-flows (the latter are
called Moore flows in this paper). Some results in this direction are already available in
[23].

Outline of the paper. Section 2, after a reminder about multipointed d-spaces and pre-
cubical sets, introduces the tame reqular realization of a precubical set as a multipointed
d-space. It is built using the notion of nonconstant tame regular d-path of the topological
n-cube. The execution paths of the tame regular realization are exactly the nonconstant
tame regular d-paths in the geometric realization of the precubical set.

Section 3 starts by a reminder about flows and Moore flows (flows are just a particular
case of Moore flows for which the reparametrization category is the terminal category), as
well as some results about them which are used in this paper. We add in this reminder the
construction of the {q, m, h}-model structures of Moore flows. It is an easy adaptation
of the case of flows treated in [20, Theorem 7.4].

Section 4 is devoted to the important notion of Li-arc length of a d-path in the geo-
metric realization of a precubical set. Some results coming from [36] are adapted to
A-generated spaces. Theorem 4.11 is a slightly improved statement of a similar state-
ment in [36]: a homotopy equivalence is replaced by a homeomorphism. It is then proved
that Theorem 4.11 implies that the flow associated to the tame regular realization as a
multipointed d-space is the tame concrete realization of a precubical set as recalled in
Definition 4.12 and originally defined in [21, Definition 7.1].

Section 5 makes the link between the ideas of this paper and Ziemianski notion of
cube chain. It is an adaptation of [21, Section 6] in the setting of Moore flows. The
idea is to adapt Ziemianski’s cube chains initially developed for the closed monoidal
category of topological spaces (Top, X) to the biclosed semimonoidal category of G-spaces
([G°, Top|y, ®). It culminates with Theorem 5.9.

Section 6, after recalling the important notion of spatial precubical set, establishes
the main results of this paper, namely Theorem 6.5, Theorem 6.7 and Corollary 6.8
expounded in the introduction.

Finally, Section 7 addresses the question of the regular realization of a precubical set
as a multipointed d-space and a comparison theorem with the tame regular realization
is obtained in Theorem 7.2 and Corollary 7.3. We then deduce Corollary 7.4 from the
results of this section and Theorem 6.5. Some observations are also made about the link
between tameness and model categories.

Prerequisites and notations. We refer to [2] for locally presentable categories, to [39]
for combinatorial model categories. We refer to [28] and to [27] for more general model

categories, and to [12, 26, 40] for accessible model categories. We refer to [29] and to
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[4, Chapter 6] for enriched categories. All enriched categories are topologically enriched
categories: the word topologically is therefore omitted.

The initial object of a category is denoted by @. The terminal object of a category
is denoted by 1. The set of maps from X to Y in a category C is denoted by C(X,Y).
Idx denotes the identity map of X. Let Z be a set of maps of a bicomplete category C.
An Z-cellular object is an object X such that the canonical map @ — X is a transfinite
composition of pushouts of maps of Z. This sequence of pushouts is called the Z-cellular
decomposition of X. An Z-cofibrant object is a retract of an Z-cellular object. A cellular
(cofibrant resp.) object of a combinatorial model category is an Z-cellular (Z-cofibrant
resp.) object where Z is the set of generating cofibrations. The prefix Z can be omitted
when there is no ambiguity.

The category Top denotes the category of A-generated spaces or of A-Hausdorff A-
generated spaces together with the continuous maps (cf. [19, Section 2 and Appendix B]).
The inclusion functor from the full subcategory of A-generated spaces to the category of
general topological spaces together with the continuous maps has a right adjoint called
the A-kelleyfication functor and denoted by ka. The latter functor does not change the
underlying set. It only adds open subsets. The category Top is locally presentable by [10,
Theorem 3.9] and Cartesian closed by [42, Theorem 3.6] (see also [15, Proposition 2.5]).
The internal hom TOP(X,Y) is given by taking the A-kelleyfication of the compact-open
topology on the set Top(X,Y). The category Top can be equipped with its g-model
structure Top,. The m-model structure Top,, [6] and the h-model structure Top,, [3] of
Top are also used in various places of the paper. Compact means quasicompact Hausdorff
(French convention).

The following elementary fact is implicitly assumed several times in this work to use
results written with the compact-open topology and not with its A-kelleyfication:

1.1. Proposition. Let X and Y be two homotopy equivalent general topological spaces.
Then their A-kelleyfications ka(X) and ka(Y) are homotopy equivalent.

Proof. Tt suffices to prove that two homotopic maps f,¢g : X == Y give rise to two
homotopic maps ka(f), ka(g) : ka(X) = ka(Y). Let H : X x [0,1] — Y be a homotopy
from f to g. Since kn is a right adjoint, it preserves binary products. Therefore there are
the natural homeomorphisms ka (X x [0,1]) = ka(X) x ka([0,1]) = ka(X) x [0, 1], the
right-hand one because [0, 1] is A-generated. Thus ka(H) yields a homotopy from ka(f)
to ka(g). O

We conclude the prerequisites by giving the general definition of a reparametrization
category for the convenience of the reader because the terminology is used sometimes in
this paper. It is not required to understand the proofs of this paper.

1.2. Definition. A semimonoidal category (K, ®) is a category K equipped with a functor
® : K x K — K together with a natural isomorphism a,,.: (z®y)®z = 2® (y ® 2)
called the associator satisfying the pentagon axiom [31, diagram (5) page 158].

According to the usual terminology used for similar situations, a semimonoidal category
could be called a non-unital monoidal category. Note that it is the monoidal structure

which is non unital, not the category.
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1.3. Definition. A semimonoidal category (K, ®) is enriched if the category K is enriched
and if the set map

K(a,b) x K(c,d) — K(a® ¢, b® d)
is continuous for all objects a, b, ¢, d € Obj(K).

1.4. Definition. [17, Definition 4.3] A reparametrization category (P,®) is a small en-
riched semimonoidal category satisfying the following additional properties:

(1) The semimonoidal structure is strict, i.e. the associator is the identity.

(2) All spaces of maps P(¢, (') for all objects ¢ and ¢’ of P are contractible.

(3) Forallmaps ¢ : £ — ¢ of P, for all £, ¢, € Obj(’P) such that ¢, @0, = ¢', there exist
two maps ¢ : {1 — ¢ and ¢g : {5 — 05 of P such that ¢ = ¢1R¢s : (1Rl — (1R,
(which implies that ¢; ® {5 = ).

1.5. Notation. To stick to the intuition, we set £ + ¢/ := ¢ ® ¢’ for all £, € Obj(P).
Indeed, morally speaking, ¢ is the length of a path.

A reparametrization category P is an enriched category with contractible spaces of
morphisms such that the set Obj(P) of objects of P has a structure of a semigroup with
a composition law denoted by 4, such that the set map

X . P(fl,f/l) X P(EQ,E/Q) — P(fl +£2,£11 + f;)

is continuous for all ¢1, ¢}, 5, ¢, € Obj(P), and such that every map of P is of the form
1 ® @2 (not necessarily in a unique way).

1.6. Example. The terminal category with one object 1 and one map Id; is a reparametri-
zation category.

Acknowledgment. [ would like to thank the anonymous referee for all comments, which
enabled me to substantially improve the paper.

2. THE TAME REGULAR REALIZATION OF A PRECUBICAL SET

This section starts by a reminder about multipointed d-spaces, then another one about
precubical sets. Then we introduce the notion of d-path and, finally, the tame regular
realization of a precubical set is defined.

2.1. Notation. The notations ¢, ¢, ¢;, L, ... mean a strictly positive real number unless
specified something else.

2.2. Notation. Let ¢ > 0. Let u, : [0,¢] — [0,1] be the homeomorphism defined by
pe(t) = t/¢.

2.3. Notation. The notation [0, ¢;] =% [0, /5] means a nondecreasing homeomorphism
from [0,61] to [0,62] with 61762 > 0. Let

g(£17£2) - {[0761] g—’— [0762]}
for 41,05 > 0.

The sets G(¢1, {2) are equipped with the A-kelleyfication of the compact-open topology,
which coincides with the compact-open topology, and with the pointwise convergence

topology by [18, Proposition 2.5].
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2.4. Definition. Let 77 and -, be two continuous maps from [0, 1] to some topological
space such that v1(1) = 7,(0). The composite defined by

7 (2t) if 0 <
5 S

< 3
Vo2t —1) if 2 <1

t
t

(71 #5 72)(t) = {

is called the normalized composition.

A multipointed d-space X [15] is a triple (| X, X°, PP X') where
- The pair (|X], X°) is a multipointed space. The space |X]| is called the underlying space
of X and the set X the set of states of X.
- The set PP X is a set of continuous maps from [0, 1] to |X| called the execution paths,
satisfying the following axioms:
— For any execution path v, one has v(0),y(1) € X°.
— Let v be an execution path of X. Then any composite v¢ with ¢ : [0,1] =T [0, 1]
is an execution path of X.
— Let 74 and 75 be two composable execution paths of X; then the normalized
composition vy *y Y2 is an execution path of X.

2.5. Remark. The subset X is not necessarily discrete: for any topological space Z, the
triple (Z, Z, @) defines a multipointed d-space. Figure 1 depicts another example already
given in [18, Figure 1].

A map f : X — Y of multipointed d-spaces is a map of multipointed spaces from
(| X1, X% to (|Y],Y?) such that for any execution path v of X, the composite map f.7y is
an execution path of Y.

2.6. Notation. The category of multipointed d-spaces is denoted by GdTop.

The category of multipointed d-spaces is locally presentable by [15, Theorem 3.5]. Let
us recall the three model structures of multipointed d-spaces.

2.7. Theorem. [20, Theorem 6.14}] Let r € {q,m,h}. There exists a unique model
structure on GdTop such that:

- A map of multipointed d-spaces f : X — Y is a weak equivalence if and only if f©: X° —
Y0 is a bijection and for all (o, B) € X°x X°, the continuous map P BX — IP’tO(p) 1Y
is a weak equivalence of the r-model structure of Top.

- A map of flows f: X — Y is a fibration if and only if for all (o, ) € X° x X°, the
continuous map IP’tOpX — ]P’f( v reY s a fibration of the r-model structure of Top.

This model structure is accessible and all objects are fibrant. The g-model structure is
even combinatorial.

2.8. Notation. These three model categories are denoted by GdTop,, GdTop,, and
gdTop,,.

2.9. Notation. The subset of execution paths from a to 3 is the set of v € PP X such
that v(0) = @ and (1) = 3; it is denoted by ]P’me a is called the initial state and 3
the final state of such a .

The set IP’tOp X is equipped with the A-kelleyfication of the relative topology induced

by the mcluswn IP’tOpX C TOP([0, 1],]X]).
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(0,1) (1,1)

(0,0) (1,0)

FIGURE 1. |X| = [0,1] x [0,1], X° = {0} x [0,1] U {(z, ) | € [0,1]},
P'ggpt) wnX =G(1,1) for all t €]0, 1], Pfgpo) 00X = {(0,0)} an PEX =@
otherwise, there is no composable execution paths.

2.10. Notation. Let [0] = {()} and [n] = {0,1}" for n > 1. By convention, one has
{0,1}° = [0] = {()}. The set [n] is equipped with the product ordering {0 < 1}". Let
0p = (0,...,0) € {0,1}" and 1, = (1,....1) € {0, 1}

Let 0% : [n — 1] — [n] be the coface map defined for 1 < i < n and o € {0,1} by

5?(61, .. .,En_l) = (61,. 61,00 €4, .,Gn_l).

The small category [, called sometimes the box category, is by definition the subcategory
of the category of sets with the set of objects {[n],n > 0} and generated by the coface
maps 0. They satisfy the cocubical relations (55 off = 5;)‘55 , for ¢ < j and for all
(o, 8) € {0,1}2. If p > q > 0, then the set of morphlsms D([ 1, [q]) is empty. If p = g,
then the set O([p], [p]) is the singleton {Idp,}. For 0 < p < ¢, all maps of O from [p] to

[q] are one-to-one. A good reference for presheaves is [32].

2.11. Definition. [5] The category of presheaves over [, denoted by [JSet, is called
the category of precubical sets.

Let us expand the above definition. A precubical set K consists of a family of sets
(Kpn)n>o0 and of set maps 0 : K,, - K,,_1 with 1 <i < n and a € {0, 1} satisfying the
cubical relations Qp‘aﬁ 85 10 for any «, 5 € {0,1} and for i < j. An element of K, is
called a n-cube. An element of Ky is also called a vertex of K. A precubical set K is of
dimension n > 0 if K,, # @ and K, = @ for p > n.

2.12. Definition. For all n > 0, the n-cube is the precubical set O[n] = O(—, [n]). It is
of dimension n.

There exists a functor O(K) : (OJK) — OSet (in the notation (O} K), every object
[n] of O is identified with the precubical set (J[n]) which takes the map of precubical sets
O[n] — K to O[n]. It is a general property of presheaves that K = lim [J(K), and the
latter colimit is denoted by

lim O[n).
On]l—K
8



Let dim(z) = n if x € K,,. Let

K¢, = lim Ofp].
Op]—K
psn

The boundary of O[n] is the precubical set
8:'[71] = D[n]gn,l.

In particular, one has d0J[0] = @. The precubical set d0[n] is of dimension n — 1 for all
n=>=1.

2.13. Definition. A cocubical object of a category C is a functor [J — C.

2.14. Notation. Let C be a cocomplete category. Let X : [J — C be a cocubical object
of C. It gives rise to a small diagram ([0} K) — C for all precubical sets K. Its colimit is
denoted by N
X(K) =l X([n)).
On]—K
2.15. Proposition. [1/, Proposition 2.3.2] Let C be a cocomplete category. The mapping
X — X induces an equivalence of categories between the category of cocubical objects of

C and the colimit-preserving preserving functors from [1?Set to C.

2.16. Definition. Let K be a precubical set. The cocubical topological space defined
on objects by [n] — [0,1]" and on maps by (6% : [n — 1] — [n]) — ((€1,...,€01) —
(€1,...,€_1,0,€,...,€6,_1)) gives rise to a colimit-preserving functor from precubical sets
to topological spaces denoted by
K om = 1y [0, 1"
On]—K

The space |K|geom is called the geometric realization of K.

The topological space |K|geom is @ CW-complex. It is equipped with the final topology
which is A-generated and Hausdorff.

2.17. Definition. Let U be a topological space. A (Moore) path in U consists of a
continuous map 7 : [0,¢] — U with £ > 0. The real number ¢ > 0 is called the length of
the path. It can be extended to a continuous map = : [0, +oo[— U such that v(t) = ~(¢)
for all ¢ > ¢. The path ~ is a path from (0) to v(¢).

The notions of stop interval and regular path appear in [8, Definition 1.1].

2.18. Definition. Let U be a Hausdorff topological space. Let « : [0,¢] — U be a Moore
path in U with £ > 0. A stop interval of v is an interval [a,b] C [0, /] with a < b such
that the restriction «y | o4 is constant and such that [a,b] is maximal for this property.
The path v is regular if it has no stop intervals.

Since U is in this paper the geometric realization of a precubical set (cf. Definition 2.16),
the Hausdorff condition in Definition 2.18 is not restrictive. The Hausdorff condition is
used in [8] for two reasons: U must have closed points and unique sequential limits. Tt is
worth mentioning that the proof of [8, Proposition 3.7] is incorrect and that a correction
is published in [35]. Note also that the proof of [8, Corollary 3.5] is false, which has no

consequence nowhere. Only two theorems from [8] are used in this paper:
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FIGURE 2. The left d-path is tame, the right d-path is not tame.

- [8, Proposition 2.22], which is a topological lemma involving only the segment [0, 1], in
the proof of Proposition 3.6.

- [8, Proposition 3.8] in the remark before Proposition 3.6. The proof of [8, Proposi-
tion 3.8] requires that the limit of a convergent sequence is unique.

2.19. Definition. Let v; : [0,¢;] — U and 75 : [0, ¢5] — U be two paths in the topological
space U such that v;(¢1) = 72(0). The Moore composition vy x 7y : [0, €1 + ls] — U is the
Moore path defined by

(71 % 72)(t) =

71(t) for t € [0, 4]
’72(15—61) fort € [61761_'_62]-

The Moore composition of Moore paths is strictly associative. The Moore composition
of two regular paths of a Hausdorff space is regular.

2.20. Definition. Let n > 0. A (Moore) d-path of length ¢ > 0 of O[n] (or in the
geometric realization of ([n]) is a continuous map = : [0, ] — [0, 1]™ with ¢ > 0 which is
nondecreasing with respect to each axis of coordinates. It is tame if v(0),v(¢) € {0, 1}".
Let K be a precubical set. Let ¢ € K,, with n > 0 be an n-cube of K. A d-path of ¢ of
length ¢ > 0 is a composite continuous map denoted by [¢;7] : [0, €] — |K|geom such that
v : [0,€] = [0,1]" is a d-path of length ¢ > 0 with [¢;7] = |c|geom?- A d-path of K (or
in the geometric realization of K') of length ¢ > 0 is a continuous path [0, 4] = |K/|geom
which is a Moore composition of the form [c1; 7] * - - - * [¢p; 7] with p > 1. The d-path
v is tame if each ~; for 1 < i < p is tame. The point v(0) is called the initial state of
v and the point y(¢) is called the final state of v. We refer e.g. to [44, Section 2.1 and
Section 2.5] for further details.

Figure 2 depicts an example of a tame d-path and of a non-tame d-path: the exit points
of the right d-path from the bottom left square and from the bottom right square are not
vertices indeed. Figure 3 gives another example of a non-tame d-path in the boundary of
the 3-cube. Note that all d-paths in the boundary of the 2-cube are tame.

2.21. Notation. The set of all d-paths of length 1 of a precubical set K from a € Ky to
B € Ky is denoted by ?aﬁ(K).

Now we can introduce the tame regular realization of a precubical set K as follows.
The regular realization of a precubical set is defined in Section 7.

10



2.22. Proposition. Let n > 1. The following data assemble into a multipointed d-space

(0[n]t., called the regular n-cube:

- The underlying space is the topological n-cube [0, 1]™.
- The set of states is {0,1}" C [0, 1]".
- The set of execution paths from a to b with a < b € {0 < 1}" is the set of reqular
d-paths [0,1] — [0, 1]™ from a to b.
- The set of execution paths from a to b with a > b is empty.
Let |O[0][t,, = {O}. Let 6 :[0,1]""! — [0, 1]™ be the continuous map defined for 1 < i <

reg
n and « € {0,1} by 0%(e1,...,€n1) = (€1,..., 61,0, €y...,€,-1). By convention, let
0,1 = {()}. The mapping [n] — |Q[n]|.,, yields a well-defined cocubical multipointed

d-space.

Proof. The multipointed d-space |0[n]l;., is well defined for all n > 0 because the nor-
malized composition of two regular paths is regular and because the reparametrization

of a regular path by a homeomorphism is regular. 0
Using Proposition 2.15, this leads to the definition:

2.23. Definition. Let K be a precubical set. The tame regular realization of K is the
multipointed d-space
Kl = lim O]l
On]—K

This yields a colimit-preserving functor from precubical sets to multipointed d-spaces.

Since the underlying space functor from multipointed d-spaces to spaces is colimit-
preserving, the topological space |K|om is the underlying space of the multipointed
d-space |K[..,. By [20, Proposition 6.5, the forgetful functor X — (]X], X°) from

multipointed d-spaces to multipointed spaces which forgets the set of execution paths is

topological in the sense of [1, Definition 21.1]. This means that colimits are calculated by

t

reg aT€ exactly the nonconstant

a final structure. Consequently, the execution paths of | K|
tame regular d-paths of K.

3. HOMOTOPY THEORY OF MOORE FLOWS

This section starts by the necessary reminders about flows and Moore flows for the
readers not familiar with this topic. The end of the section introduces the g-model struc-
ture, the h-model structure and the m-model structure of Moore flows, as generalizations
of results expounded in [20] for flows: the proofs are very similar indeed.

3.1. Definition. [13, Definition 4.11] A flow is a small semicategory enriched over the
closed monoidal category (Top, x). The corresponding category is denoted by Flow.

Let us expand the above definition. A flow X consists of a topological space PX of
execution paths, a discrete space X° of states, two continuous maps s and ¢t from PX to
XY called the source and target map respectively, and a continuous and associative map
x: {(z,y) € PX xPX;t(x) = s(y)} — PX such that s(zxy) = s(z) and t(x*xy) = t(y).
Let PosX = {z € PX | s(x) = awand t(z) = f}: it is the space of execution paths

from « to 3, « is called the initial state and 3 is called the final state. Note that the
11



composition is denoted by x * y, not by y o x. The category Flow is locally presentable
by [17, Theorem 6.11].

3.2. Notation. A set can be viewed as a flow with an empty path space between each pair
of states. The flow ? consists of the semicategory 0 — 1 without identity morphisms.

Let X be a multipointed d-space. Consider for every (a, 3) € X° x X the coequalizer
of spaces
PosX =lim (P X x G(1,1) = PAX)
where the two maps are (¢, ¢) — ¢ and (¢, ¢) — c.¢. Let [—|op: PZZ%X — P, X be the
canonical map.

3.3. Theorem. [15, Theorem 7.2] Let X be a multipointed d-space. Then there exists
a flow cat(X) with cat(X)? = X°, Py cat(X) = PosX and the composition law * :
PosX X Ps X — Py, X is for every triple (o, 8,7) € X° x X° x X° the unique map
making the following diagram commutative:

to. g *N G
X x P X PS_X

e x[Js.1 oy
P sX x Py X P.. X

where xy is the normalized composition (cf. Definition 2.4). The mapping X — cat(X)
induces a functor from GdTop to Flow.

3.4. Definition. The functor cat : GdTop — Flow is called the categorization functor.

3.5. Notation. The enriched small category G is defined as follows:

- The set of objects is the open interval |0, 4o00].
- The space of maps from ¢; to {5 is the space G(¢1, ¢5) defined in Notation 2.3.
- For every (1,05, {3 > 0, the composition map

G(l1,05) x G(ly, ls) = G(ly,03)

is induced by the composition of continuous maps.

The enriched category G is an example of a reparametrization category in the sense
of Definition 1.4 which is different from the terminal category. It is introduced in [17,
Proposition 4.9].

By [8, Proposition 3.8], the topological space P, X of Theorem 3.3 is exactly the
space of traces in the sense of [36] when |X| is Hausdorff and all execution paths of the
multipointed d-space X from « to (§ are regular. This happens e.g. when X is a cellular
object of the g-model category of multipointed d-spaces of Theorem 2.7. It is not true
for general multipointed d-spaces as shown by Proposition 3.6.

To have such a fact for all multipointed d-spaces, the enriched category G must be
replaced by the enriched category M of [17, Proposition 4.11] in the definition of a
multipointed d-space. The enriched category M is another example of reparametrization

category in the sense of Definition 1.4. It is out of the scope of this paper which treats
12



only the case of regular d-paths. The reader might be interested in [23] to read the first
results in this direction.

3.6. Proposition. Consider the multipointed d-space ?M such that

- The underlying topological space of ?M is the segment [0, 1].

- The set of states of I ™ is{0,1}.

- The set of execution paths of ?M from 0 to 1 is the set M(1,1) of nondecreasing
surjective maps from [0,1] to itself. There are no other execution paths in I M.

- There is no composition law.

Then IP’OJ?M is not a singleton.

Proof. The space IP’O,I?M is the quotient of the space M(1, 1) by the action of the space
G(1,1). By [18, Proposition 2.5], the compact-open topology of G(1,1) is A-generated,
and by [23, Proposition 2.6], the compact-open topology of M(1,1) is A-generated as
well (it is the same argument); therefore we can use the results of [8] which is written
with the compact-open topology. By [8, Proposition 2.22], the quotient of M(1,1) by
the action of G(1,1) is in bijection with the set of countable subsets of [0, 1]. We deduce
that Po; I'™ is not a singleton. O

This implies that the flow cat(?M) is not equal to 7 (see Notation 3.2). Since the
inclusion map G(1,1) C M(1,1) is a homotopy equivalence, a g-cofibrant replacement of

M is the multipointed d-space I 9 such that

- The underlying topological space of ?g is the segment [0, 1].
_ The set of states of 19 is {0,1}.

- The set of execution;aths of 75 from 0 to 1 is the set G(1, 1). There are no other
g

execution paths in
- There is no composition law.

This phenomenon is general: the g-cofibrant replacement functor of GdTop turns out
to be a way of removing all non-regular execution paths of a multipointed d-space by
preserving its causal structure.

3.7. Definition. The enriched category of enriched presheaves from G to Top is de-
noted by [G?, Top|. The underlying set-enriched category of enriched maps of enriched
presheaves is denoted by [G, Top|y. The objects of [G, Top), are called the G-spaces.
Let

F{U = G(—, () x U € [G, Toplo

where U is a topological space and where ¢ > 0.
The category [G, Top]y is locally presentable by [16, Proposition 5.1].

3.8. Proposition. [16, Proposition 5.3 and Proposition 5.5] The category of enriched
presheaves |G, Toply is a full reflective and coreflective subcategory of Topggp. For
every G-space F' : G — Top, every { > 0 and every topological space X, we have the
natural bijection of sets

(G, Top|o(F{™ X, F) = Top(X, F({)).
13



3.9. Theorem. ([17, Theorem 5.14]) Let D and E be two G-spaces. Let

(£1,02

D®E = / "Gt + 6) x D) x E(ly).

The pair ([G, Toplo, ®) has the structure of a biclosed semimonoidal category.

3.10. Proposition. ([17, Proposition 5.16]) Let U, U’ be two topological spaces. Let £, ' >
0. There is the natural isomorphism of G-spaces

F{"U@F; U 2 FY (U x U').

3.11. Proposition. [17, Proposition 5.18] Let D and E be two G-spaces. Then there is
a natural homeomorphism
liﬂ(D@E) = hﬂD X hﬂE

By [33, Theorem 6.5(ii)], since all topological spaces are fibrant and since (Top, x,{0})
is a locally presentable base by [16, Corollary 3.3], the category of G-spaces [G, Top|o
can be endowed with the projective model structure associated with one of the three
model structures Top,, Top,,,, Top,,. They are called the projective g-model structure (m-
model structure, h-model structure resp.) and denoted by [G?, Topq]f)’mj ([G, Top, |5,
(G, Top, |5 resp.). The three model structures are accessible. The fibrations are the
objectwise fibrations of the corresponding model structure of Top. They are called the
projective g-fibrations (projective m-fibrations, projective h-fibrations resp.). The weak
equivalences are the objectwise weak equivalence of the corresponding model structure of
Top. Since the projective m-fibrations of spaces are the projective h-fibrations of spaces,
and since the weak equivalences of the projective m-model structure of G-spaces are the
weak equivalences of the projective g-model structure of G-spaces, it implies that the
projective m-model structure of G-spaces is the mixing in the sense of [6, Theorem 2.1]
of the projective g-model structure of G-spaces and of the projective h-model structure
of G-spaces. All G-spaces are fibrant for these three model structures.

When the reparametrization category G is replaced by the terminal category, these
model structures coincide with the ¢-model structure Top,, the m-model structure Top,,
and the h-model structure Top,, respectively.

3.12. Definition. [17, Definition 6.2] A Moore flow is a small semicategory enriched over
the biclosed semimonoidal category ([G, Top|y, ®) of Theorem 3.9. The corresponding
category is denoted by GFlow.

A Moore flow X consists of a set of states X°, for each pair (o, 3) of states a G-space
P, sX of [G?, Top], and for each triple (v, §,) of states an associative composition law

* Py X @Pg X — Py, X.
A map of Moore flows f from X to Y consists of a set map
x5y

(often denoted by f as well if there is no possible confusion) together for each pair of
states (a, ) of X with a natural transformation

Pf:PoapX — PrayrpY
14



compatible with the composition. The topological space P, gX (¢) is denoted by Pﬁé,ﬁX
and is called the space of execution paths of length ¢. A set can be viewed as a Moore
flow with an empty G-space of execution paths between each pair of states.

Note that by replacing G by the terminal category, we recover Definition 3.1.

3.13. Notation. Let D : G — Top be a G-space. We denote by Glob(D) the Moore
flow defined as follows:

Glob(D)° = {0, 1}
Py 0Glob(D) = Py 1Glob(D) = P, (Glob(D) = @
Py 1Glob(D) = D.

There is no composition law. This construction yields a functor

Glob : [G?, Top]y — GFlow.

The category GFlow is locally presentable by [17, Theorem 6.11]. Let X be a multi-
pointed d-space. Let Pﬁé,ﬁX be the subspace of continuous maps from [0, ¢] to | X| defined
by PLsX = {t = yue | 7 € IP’ZZ%X}. By [18, Theorem 4.12], there exists a Moore flow
MY (X) such that:

- The set of states X of X.
- For all o, f € X? and all real numbers ¢ > 0, Pf, ;M9 (X) = P!, ;X.
- For all maps [0,¢] =* [0,¢], amap f: [0,0] — |X| of P4 ;M9(X) is mapped to
the map [0, ¢] = [0, '] EN | X| of P, ;MY(X).
- For all o, 8,7 € X and all real numbers ¢, ¢ > 0, the composition maps
w0 P MY (X) x PS_MY(X) — PLEYMY(X)

is the Moore composition.

3.14. Theorem. ([18, Theorem /.12 and Appendiz B]) The mapping above induces a
functor MY : GdTop — GFlow which is a right adjoint.

3.15. Notation. Denote by M{ : GFlow — GdTop the left adjoint of MY : GdTop —
GFlow.

Consider a Moore flow X. For all a,3 € X let X, 5 = liﬂPaﬁX. Let (o, B,7)
be a triple of states of X. The composition law of the Moore flow X induces, using
Proposition 3.11, a continuous map

Xap X Xgy = hﬂ(Pa,ﬁX ®PsX) — hﬂpc‘wX = Xay

which is associative in an obvious sense. We obtain a flow M(X) such that:

- The set of states is X°.

- For all a, 8 € X°, one has P, )M, X = X, 5.

- For all a, 3,7 € X°, the composition law is the map X, 5 x X5, — X, above
defined.

This construction yields a well-defined functor
M, : GFlow — Flow

by [17, Proposition 10.5] which is a left adjoint by [17, Theorem 10.7].
15



3.16. Notation. Denote by M : Flow — GFlow a right adjoint of the functor M, :
GFlow — Flow.

We now recall the theorem:

3.17. Theorem. ([18, Theorem 8.11]) There is the isomorphism of functors
cat = M,MY

where cat : GdTop — Flow from multipointed d-spaces to flows is the functor of Defini-
tion 3.4.

We want to conclude this section by constructing the {q,h,m}-model structures of
Moore flows.

3.18. Definition. A [G?, Toplo-graph X consists of a pair
(Xoa (]P)oz,ﬂX)(a,ﬂ)EXOXXO)

such that XY is a set and such that each P, s X is a G-space. A map of [G°?, Top]o-graphs
f: X — Y consists of a set map f°: X° — YV (called the underlying set map) together
with a map P, g X — Pjo(a),s0(8)Y of G-spaces for all (o, 8) € X% x X The composition
is defined in an obvious way. The corresponding category is denoted by Gph([G°, Top)o).

3.19. Theorem. Let (C, F, W) be either the projective g-model structure, or the projective

m-model structure, or the projective h-model structure of G-spaces. Then the category of

Moore flows can be endowed with an accessible model structure characterized as follows:

- A map of Moore flows f : X —Y is a weak equivalence if and only if f©: X° — YV is
a bijection and Pf : Py 3 X — Pya), 9 belongs to W for all (o, B) € X° x X°.

- A map of Moore flows f: X =Y is a fibration if and only if Pf : Py g X — Pyay r(3)Y
belongs to F for all (o, B) € X° x X©.

All objects are fibrant. These three model structures are called the g-model structure, the
m-model structure and the h-model structure of GFlow. The m-model structure of Moore
flows is the mixing in the sense of [6, Theorem 2.1] of the g-model structure and the
h-model structure of Moore flows. The g-model structure coincides with the one of [17,
Theorem 8.8]. Every q-cofibration of Moore flows is an m-cofibration of Moore flows and
every m-cofibration of Moore flows is an h-cofibration of Moore flows.

3.20. Remark. Theorem 3.19 is already proved in [20, Theorem 7.4] if the reparametriza-
tion category G is replaced by the terminal category, which enables us to obtain the
g-model structure, the m-model structure and the h-model structure of Flow. All these
model structures are accessible. The g-model structure is even combinatorial.

Sketch of proof. Choose (C,F,W). By [20, Corollary 5.6], there exists a unique model
structure on the category Gph([G°, Top)|y) such that the weak equivalences are the maps
of enriched graphs which induce a bijection between the sets of vertices and which are
objectwise weak equivalences and such that the fibrations are the objectwise fibrations.
This model structure is accessible and all enriched graphs are fibrant. There is a forgetful

functor

Gph : GFlow — Gph([G*, Top),)
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which forgets the composition law. This functor is a right-adjoint. The left adjoint is
the free Moore flow generated by the enriched graph. The semicategorical description of
Moore flows is crucial: see [20, Proposition 7.3] for a description of the left adjoint. Like
in [20, Theorem 7.4], the model structure on enriched graphs of G-spaces can be right-
lifted along this right adjoint by using [20, Theorem 2.1], namely the Quillen path object
argument in model categories where all objects are fibrant, with the path functor Path :
GFlow — GFlow defined on objects by Path(X)? = X° and for all (o, 3) € X° x X°
and for all £ > 0 by P! ;Path(X) = TOP([0,1],P ;X) with an obvious definition of
the composition law. The hypotheses of [20, Theorem 2.1] are satisfied because they are
satisfied objectwise. Indeed, for all (o, 3) € X° x X? and for all £ > 0, the diagonal of

the topological space IP’Q sX factors as a composite
P., X — TOP([0,1], P, ;X ) — P, ;X x P, ;X

where the left-hand map is a homotopy equivalence and the right-hand map is a r-fibration
for r € {q,m,h}. The g-model structure of this theorem coincides with the one of [17,
Theorem 8.8] because the two model structures have the same class of fibrations and
weak equivalences. The last sentence is a general fact about mixed model structures (see
[6, Theorem 2.1 and Proposition 3.6]). O

3.21. Notation. These three model categories are denoted by GFlow,, GFlow,, and
GFlow,,.

3.22. Remark. The maps C : @ — {0} and R : {0,1} — {0} are cofibrations of
Moore flows. See [22] for some explanations about the importance of the cofibration

R:{0,1} — {0}.

By equipping the category of multipointed d-spaces with its g-model structure (cf.
Theorem 2.7), the functor MY : GdTop — GFlow becomes a right Quillen equivalence
between the g-model structures by [18, Theorem 8.1]. Moreover, the unit and counit
of the Quillen adjunction MY - MY induce isomorphisms for the q-cofibrant objects
[18, Theorem 7.6 and Corollary 7.9]. The functor M, : GFlow — Flow yields a left
Quillen equivalence between the g-model structures by [17, Theorem 10.9]. Finally, by
[18, Theorem 8.8], the functor cat = MMY : GdTop — Flow is neither a left adjoint
nor a right adjoint. However, by [18, Theorem 8.14], it takes g-cofibrant multipointed
d-spaces to g-cofibrant flows and its total left derived functor in the sense of [7], namely
X — cat(X7) where (—)°/ is a g-cofibrant replacement of the g-model structure of mul-
tipointed d-spaces, induces an equivalence of categories between the homotopy categories
of the g-model structures. An inverse functor of cat : GdTop — Flow up to homotopy
is the functor X +— M{ (M(X)®/) where (—)®/ is now a q-cofibrant replacement of the
g-model structure of Moore flows. By Proposition 3.6, one has cat(?M) #* ? This is
not contradictory. Indeed, the q-cofibrant replacement of the multipointed d-space I ™
is the multipointed d-space I 9 described in the comment following Proposition 3.6 and
Cat(?g) =

It is worth noting that the h-model structures of Moore flows and of flows, as well as
the h-model structure of multipointed d-spaces recalled in Theorem 2.7 do not coincide
with the Hurewicz model structure given by [3, Corollary 5.23]. This one exists as well

for Moore flows, flows, and multipointed d-spaces because all these categories satisfy the
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monomorphism hypothesis of [3, Definition 5.16], being locally presentable, and because
all of them are enriched, tensored and cotensored over (A-Hausdorff or not) A-generated
spaces. The proof of the latter fact is similar to the proof that they are simplicial,
tensored and cotensored. The proof for flows is written in [14, Section 3.3]. The proof for
multipointed d-spaces is sketched in [15, Appendix B]. The proof for Moore flows is left to
the reader. The reason of this similarity is that every A-generated space is homeomorphic
to the disjoint sum of its path-connected components by [15, Proposition 2.8], exactly like
simplicial sets. These “genuine” Hurewicz model structures provided by [3, Corollary 5.23]
are not used in this paper. In fact, by now, there are no known applications of them in
the theory of flows, Moore flows or multipointed d-spaces.

4. L1-ARC LENGTH OF d-PATHS OF PRECUBICAL SETS

4.1. Definition. Let K be a precubical set. Let (a,3) € Ko x Ky. Let £ > 0. Let
ﬁiﬂ(K) be the subspace of continuous maps from [0, £] to |K|jeon defined by

as(K) = {t = e | v € PG K1)

Its elements are called the (nonconstant) tame regular d-paths of K (of length £) from «
to 3. Let
RiK)= I Bk

(a75)€K0XKO
The definition of ﬁg ) is not restrictive. Indeed, we have:

4.2. Prop051t10n Let K be a precubical set. Let ¢ : [0,¢] =T [0,(]. Let v € ﬁ
Then v¢ € ﬁ

Proof. By definition of ﬁﬁlﬁ([( ), there exists 7 € ]P’to%\[( |teq
obtain v¢ = Fuedpu; *pe. Since pepu;t € G(1,1), we deduce that Fuepu,* € IP’tO By

such that fy = Juy. We

and that v¢ € ﬁa s(K). O
4.3. Notation. Let z = (x1,...,2,) and 2’ = (2, ..., 2]) be two elements of [0, 1]™ with
n > 1. Let

n

1(z,2) ZI% .

An important feature shared by all d-paths (regular or not, tame or not) in the geomet-
ric realization of a precubical set is that they have a well-defined L;-arc length [36, Sec-
tion 2.2.1] [37, Section 2.2]. It is defined as follows. Consider a d-path v : [0,¢] — [0, 1]™.
Define the Lj-arc length between ~y(¢) and ~(t') by di(y(t),7(t')). The L;-arc length of
a d-path of [0, 1]" between 0,, an 1,, is therefore n. The L;-arc length of a Moore compo-
sition of d-paths is defined by adding the Li-arc length of each d-path. This definition
makes sense since the coface operators preserve the metric d;.

4.4. Remark. The length of a nonconstant d-path « : [0, ] — [0, 1]™ between two vertices
of {0,1}" is ¢, whereas its Lj-arc length is an integer belonging to {1,...,n}.

4.5. Proposition. Let K be a precubical set. Let (a,B) € Ko x Ko. Two execution
paths of Pt°%|K| which are in the same path-connected component have the same L-
arc length.

reg
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Proof. Let ?a7ﬁ(K)CO be the set ?Q,B(K) equipped with the compact-open topology
associated with the topology of |K|geom. Write (Ph|K|%,,)co for the underlying set of

reg

IP’?%|K |t endowed with the compact-open topology. All elements of (IP’tO,%|K [reg)co are

« reg a reg
tame regular d-paths. We obtain a one-to-one continuous map

(Pm,%‘[(‘t )co C ?aﬂ(K)co-

«a reg

By [37, Proposition 2.2], a composite map of the form
0,1] — (P2 K, oo © Pog(K)eo — R

reg

is constant, where the right-hand map is the L;-arc length. The A-kelleyfication functor
does not change the path-connected components. Hence the proof is complete. O

Due to the variety of the terminologies used in the mathematical literature, we recall
the following definition for the convenience of the reader.

4.6. Definition. A pseudometric space (X, d) is a set X equipped with amap d: X xX —
[0, +00] called a pseudometric such that:

-Vee X,d(zx,z) =0
- V(7,y) € X x X, d(z,y) = d(y,z)
- V(z,y,2) € X x X x X,d(z,y) < d(z,2) +d(2,y).

A map f: (X,d) — (Y,d) of pseudometric spaces is a set map f : X — Y which does
not increase distance, i.e. V(z,y) € X x X, d(f(z), f(y)) < d(z,y).

Every metric space is a pseudometric space. The interest of this category for Propo-
sition 4.7 lies in the following two facts. At first, it is bicomplete, being a coreflective
subcategory of the bicomplete category of Lawvere metric spaces which are pseudomet-
ric spaces with the symmetry condition dropped [30]. Secondly, the family of balls
B(z,e) = {y € X | d(z,y) < €}) with z € X and € > 0 generates a topology called
the underlying topology of (X, d). This gives rise to a functor from pseudometric spaces
to general topological spaces.

By equipping each topological n-cube [0, 1]™ for n > 0 with the metric d;, we obtain a
cocubical pseudometric space, and by Proposition 2.15, a colimit-preserving functor from
precubical sets to pseudometric spaces. By composing with the underlying topological
space functor, we obtain a functor from precubical sets to general topological spaces
denoted by K ~— |K]|4,. Since there is a natural homeomorphism |O[n]|seom = |O[n]q
for all n > 0, the universal property of the colimit proves that the identity induces a
continuous map

|K|geom — | K,
It is worth noting that the latter map is a homeomorphism if and only if the CW-complex
| K| geom 1s locally finite. Indeed, it is a homeomorphism if and only if the final topology is
pseudometrizable, and therefore, if and only if each path-connected component is metriz-
able. We conclude using [11, Proposition 1.5.17]. Note that this argument also implicitly
proves that the topology of |K|jeom is pseudometrizable if and only if it is metrizable (in
this case, there exists a real number B > 0 independent from the path-connected compo-

nents such that each path-connected component of | K |geom, is included in a ball of radius
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B, being embeddable in the Hilbert cube: see [11, Proposition 1.5.12, Proposition 1.5.13
and Theorem 1.5.16]).

4.7. Proposition. Let K be a precubical set. Let ¢ > 0. The function
L: BYK) x [0,6] — [0, +00]
which takes (vy,t) to the Ly-arc length between v(0) and y(t) is continuous.

Proof. Let ?aﬁ([()dl be the set ?aﬁ([() equipped with the compact-open topology
associated with the topological space |K|q. Using [36, Lemma 2.13], the set map L :
?(K)d1 X [0, +00[—> [0, +00[ taking a pair (v, t) to the L;-arc length between ~(0) and
y(t) is continuous. Let (R*(K))q, ((RY(K)) resp.) be the underlying set of the space

‘(K) equipped with the compact-open topology associated with the topological space
|K |4, (associated with the topological space |K|geom resp.). Since the identity induces a
continuous map |K|geom — |K|4,, we obtain a continuous map

L i (BUK))w % [0,0] = (BYK))ay % [0,6] € B(K)a, x [0, +00[— [0, +00].

Finally, take the image by the A—kelleyﬁcation functor. The latter is a right adjoint
therefore it preserves binary products. Besides, [0, ¢] and [0, +oc[ are already A-generated.
Hence the proof is complete. O

4.8. Notation. By adjunction, we obtain a continuous map
L: BYK) —s TOP([0, 4], [0, +o0]).
4.9. Lemma. For allr € BK(K), forall o € G(U', 1), and for all t € [0,0'], one has
L(ré)(t) = L(r)(4(1)).

Proof. The Lq-arc length between r(0) = 7(¢(0)) and r(¢(t)) for the d-path 7 is equal to
the Li-arc length between (r¢)(0) and (r¢)(t) for the d-path r¢. O

Intuitively, the natural d-paths are the d-paths whose speed corresponds to the Li-arc
length.

4.10. Definition. [36, Definition 2.14] Let K be a precubical set. Let («a, 5) € Ky x K.
A d-path v of ﬁﬂﬁ(K) is natural if L(y)(t) =t for all t € [0,£]. This implies that £ is an
integer (greater than or equal to 1). The subset of natural d-paths of length n > 1 from
a to  equipped with the A-kelleyfication of the relative topology is denoted by ﬁa, 5(K).
Let
NK)= ]I NK
(a,8)EKox Ko

The following theorem is an improvement and an adaptation in our topological setting
of [36, Proposition 2.16]: the homotopy equivalence is replaced by a homeomorphism
thanks to the spaces G(¢,n).

4.11. Theorem. Let K be a precubical set. Let («, ) € Ky x Ko. There is a homeomor-
phism

v =5 T1 66 n) x N7 4(K)
n>1
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Proof. By Proposition 4.5, the space ﬁgB(K) is the direct sum of the subspaces ﬁﬁé"ﬁ(K)
of tame regular d-paths of Li-arc length n for n > 1. It then suffices to prove the
homeomorphism ﬁﬁnﬁ(K) = G(l,n) x N 5(K) for all n > 1. Consider the continuous

map ¢ : G(¢,n) x ﬁg”@(K) — ﬁﬁl%([() defined by

(¢, 7) =79
Since Z(fygb) = E(fy)¢ = ¢, the first equality by Lemma 4.9 and the second equality since
~ is natural, the d-path v¢ has no stop-interval, ¢ being bijective, and it is therefore
regular. We want to define a continuous map W* : i%(K) — G(l,n) x N}Zﬂ([(). Let
re ﬁi"ﬁ(K) Then L(r) : [0,¢] — [0, n] is surjective and nondecreasing. Let ¢, € [0,1]
such that L(r)(t) = L(r)(t'). Since r is regular, it has no stop interval. It implies that
t =t Thus, L(r) € G(£,n). Let

V(r) = (L(r),rL(r) 7).
The map V¥ is continuous by Proposition 4.7 and by [18, Lemma 6.2]. Then one has
L(rL(r)™")(t) = L(r)(L(r) (1)) = t
for all 0 <t < n, the first equality by Lemma 4.9 and the second equality by algebraic

simplification. This means that rL(r)™! € ﬁg”@(K): the path rL(r)~! is called the
naturalization of r in [36, Definition 2.14]. One has

OV (r) = ®(L(r),rL(r)™") = rL(r) ' L(r) =1,
the first equality by definition of ¢, the second equality by definition of ®* and the last
equality by algebraic simplification. Let (¢,7) € G(¢,n) x N7, 5(K). Since L(v¢) = ¢,
we obtain
VP (6, 7) = W (7v9) = (L(19),7¢L(19) ") = (6,7),
the first equality by definition of ®¢, the second equality by definition of ¥*, and the last
equality by algebraic simplification. O

Theorem 4.11 can be applied as follows.

4.12. Definition. [21, Definition 7.1] Let K be a precubical set. The tame concrete
realization of K is the flow |K|,. defined as follows:

|K|p, = Ko
V(e, B) € Ko x Ko, Py p| K|t = H ﬁgg(K)
n=1

The composition of execution paths is induced by the Moore composition.

As noticed after [21, Theorem 7.7], the tame concrete realization functor is not colimit-
preserving in general. It is therefore not a realization functor for flows in the sense of
[21, Definition 3.6]. This means that it is difficult to calculate for a general precubical
set. However, [21, Theorem 7.7] proves that it coincides with a colimit-realization functor
when the precubical set is spatial in the sense of Definition 6.4. Since most of the concrete
examples coming from concurrency theory are spatial precubical sets (see the comment
after Definition 6.4), the tame concrete realization of a precubical set is easily calculable

for this kind of examples.
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4.13. Proposition. For every precubical set K, there is the natural isomorphism of flows

Cat(‘K‘reg) ‘K‘tc'

Proof. By Theorem 4.11, there is the homeomorphism
PRy = B (K) =5 TT9(1m) x Noy(K

n>1
for all ( ,B) € Ko x Ky. The coequalizer above identifies (1, 7) € G(1,n) X ﬁg 5(K) with
(Yo,v) € G(1,n) x ﬁa s(K) for all ¢ € G(1,1). The proof is complete by Deﬁmtlon 4.12.

U

5. CUBE CHAINS AND TAME REGULAR REALIZATION

5.1. Definition. The cocubical Moore flow M9|0[+]|%,, gives rise by Proposition 2.15 to
a colimit-preserving functor [—],., : 0”Set — GFlow defined by

[K]reg: lg MQ|D[ ]reg
On]l—K
The following notations coincide with [21, Definition 4.8 and Definition 4.12] by [21
Proposition 4.10 and Proposition 4.14].

5.2. Notation. Let N,, = ﬁgﬂln(m[n]) and ON,, = ﬁgmln(@D[n]) for n > 0. These

spaces are first countable, A-generated and A-Hausdorff.

The continuous map
[0,1]™ U [0,1]™2 — [0, 1] ™=
defined by taking the tuple (¢1,...,t,,) to the tuple (t1,...,%m,,0m,,) and the tuple
(th,...,t,,) to the tuple (1,,,,t},...,1,,. ) induces a continuous map

Ny X Niy — Ny tmo

by using the fact that the Moore composition of two natural d-paths is still a natural
d-path.

Cube chains are a powerful notion introduced by Ziemianski. We use the presentation
given in [44, Section 7).
5.3. Notation. Let Seq(n) be the set of sequences of positive integers

n=(ny,...,n,)

with ny +---+mn, =n. Let n = (n4,...,n,) € Seq(n). Then |n| = n is the length of n
and ¢(n) = p is the number of elements of n.

Let K be a precubical set and A = a1 <--- <ay C {1,...,n} and € € {0,1}. The
iterated face map is defined by

Oy = 3,05, .. 0 .

ai —a2

5.4. Definition. Let n = (n4,...,n,) € Seq(n). The n-cube is the precubical set
Oln] = Ong] * - - -« O[ny)

where the notation % means that the final state 1,,, of the precubical set (J[n;] is identified

with the initial state 0,,,,, of the precubical set O[n; 4] for 1 <i<p—1.
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Let K be a precubical set. Let «, 5 € K. Let n > 1. The small category Ch, g(K,n)
is defined as follows. The objects are the maps of precubical sets O[n] — K with |n| =n
where the initial state of ([n,] is mapped to a and the final state of O[n,] is mapped to
p. Let AUB = {1,...,my; +msy} be a partition with the cardinal of A equal to m; > 0
and the cardinal of B equal to my > 0. Let

dap : Oimy] * Oma] — Omy + my

be the unique map of precubical sets such that

¢4,5(Idpm,) = O (Idjm, +ma)),
¢4,5(Id{mg) = 04 (I, ma))-
Forie {1,...,4(n)} and a partition AU B = {1,...,n;}, let
52‘7,473 = Idg[nl} koeoee 3k IdD[ni_l] *gbA,B * IdD[ni_,_l} koeoee 3k IdD["l(g)] .

The morphisms are the commutative diagrams

Oln,] —— K
U [ﬂb] ’ K

where the left vertical map is a composite of maps of precubical sets of the form 9; 4 5.

We recall the definition of the functor K ~— ||K|| from precubical sets to flows intro-
duced in [21, Section 6]. The set of states of || K| is Ky. Consider the small diagram of
spaces

Do p(K,n) : Ch, (K, n) — Top
defined by on objects by
D,p(K,n)(dn| = K) =Ny, x...x Ny,
with n = (ny,...,n,) and Y, n; = n and on morphisms by using the maps
]P)|¢A,B|nat : P(D[ml] * D[mg]) — P(D[Tm + mz])

which induce maps Ny, X Ny, — Npyim, given by the Moore composition of tame

1
natural d-paths. The space of execution spaces P, g||K|| is defined as follows:

Bo sl |K]| = [ lim Dy s (K, ).

n=1

The concatenation of tuples induces functors
Do s(K,m1) X Dg (K, ma) = Dy (K, mq +my),
and, using [19, Proposition A.4], continuous maps
liﬂDaﬁ(K, my) X @DW,(K, me) — liﬂDaﬁ(K, my + ms)
for all my,ms > 1. We obtain an associative composition map
Pusl| K| X Pas|K]| = PaslIK]|
for all (a, B,7) € Ko x Ko x K.
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We want to define a Moore flow ||K||9 by mimicking the above construction of || K[| by
using the following two rules: 1) any occurrence of the topological space Ny is replaced
by the G-space IF%OPNk for all integers k > 1; 2) any product of spaces of the form
Ny, X ...%x N, is replaced by the tensor products of G-spaces FY""N,, ®...® Fg:pan.
The idea is to work with the biclosed semimonoidal category ([G, Top|y, ®) instead of
with the biclosed (semi)monoidal category (Top, X).

Let (OZ,B) € KO X K(]. Let

DY 4(K,n) : Chyp(K,n) — [G”, Toply
be the functor defined on objects by
DJ 4(K,n)(Oln] = K) =F; "Ny, @ ... @F; "Ny,
with n = (ny,...,n,) and 3; n; = n and on morphisms by taking the map
(bA,B : D[ml] * D[TTI,Q] — D[m1 + m2]

to the composite map of G-spaces

F9 Ny, @ F9 Ny, 2FS . (Nuy X Niy) = FS L Ny

m1+m2 mi+ma

where the isomorphism is given by Proposition 3.10 and where the map N,,, X N, —
Ny +m, 18 given by the Moore composition of tame natural d-paths. The G-space of
execution spaces P, || K||9 is defined as follows:

PaﬁHKHg = H hén’Dg,ﬁ<K7 n)

n>1

There is the obvious proposition:

5.5. Proposition. Let D; : I; — [G?, Top|y be two small diagrams of G-spaces with
i =1,2. Then the mappings (Mor(I) means the set of morphisms of a small category I)
(11,12) € Iy X Iy — D1(11) ® Ds(is)

(f,9) € Mor(I;) x Mor(l5) — f®g

yield a well defined small diagram of G-spaces denoted by
Dy ® Dy : I} x I, — [G?, Topo.

Proposition 5.6 is the main fact which enables us to define the composition law of the
Moore flow || K||9.

5.6. Proposition. Let K be a precubical set. Let o, 3,7 € Ko. Let mq, mo = 1. There is
the isomorphism of G-spaces

limy (DY 5(K,m1) ® DF (K, my)) = (lim DY 5(K,m1)) @ (lim DY, (K, my)).
Proof. The semimonoidal category (|G, Top|o, ®) being biclosed by Theorem 3.9, write
(L) [G°, Top|o(D,{E, F}) = [G%, Toplo(D ® E, F),
(R) (G, Toplo(E,{D, F}r) =[G, Top|o(D ® E, F),
D, E | F being three G-spaces. Then we obtain the sequence of bijections

G, Top](]((ligl)gﬂ(l(, ml)) ® (@Dgﬂ(K, mg)), F)
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= [gOpa TOp]O(%n,Dg,ﬂ<K7 ml)? { %Dgﬁ<[( m2) F}L)
o @[g”p, Top]()(Dgﬁ(K, mi)(ai1), { @D (K, my), }L)

= Jim[g”, Toplo (DS 5 (1€, m) (ar) & (limy D, (K. ms)). F)
= imlG, Toply iy D, (K, ma), { D (K, mu) (@), F

= Jim lim[G, Toplo (D, (K, m»)(az), { D 5(K, mi)(ar), F} )

ay a2

= 1im lim(G*, Toplo (D 5(K, m1) (@) ® DF, (K, ms)(as), F)

a; a2

~ L G, Toplo (DY 4(I,m1)(a1) @ DY, (I, my)(az), F

(a1,a2)

= (g, Toply liny (D, (K, m1) © D, (K, m»)), F)

for all G-spaces F', the first and third bijections by (L), the second and fifth and eighth
bijections by the universal property of the colimit, the fourth and sixth bijections by (R)
and finally the seventh bijection because limits commute with each other. The proof is
complete thanks to the Yoneda lemma. O

We then consider the category of all small diagrams of G-spaces over all small cate-
gories, denoted by Diag([G, Top]y), defined as follows. An object is a functor F': [ —
(G, Top|yo. A morphism from F' : I} — [G%, Top|y to G : Iy — [G?, Top]y is a pair
(f: 1 = I, : F = G.f) where f is a functor and p is a natural transformation. If
(g9,v) is a map from G : I, — [G?, Top]y to H : K — [G°, Top|y, then the composite
(g,v).(f, ) is defined by (g.f, (v.f) ® ), ® meaning the composition of natural trans-
formations. The identity of F': I; — [G, Top]y is the pair (Id;,,Idr). It is well-known
that this defines an associative composition law (e.g. see [19, Appendix A]). The colimit
construction induces a functor

limy : Diag([G, Toplo) — [G*, Topy
by [19, Proposition A.2]. We define a map of Diag([G, Top]o)

(fg%{{na MZL}?J:{LQ) : Dg,5<K7 ml) ® ,Dg,'y<K7 m2) — Dg,ﬁ/(Kv my + m2)

for all my,my > 1 and all (o, 8,7) € Ko x Ky x Ky as follows. The functor
farpy®  Chap(K,mi) x Chgy (K, m2) = Chay (K my +ma)

Q,

takes a pair (O[m;] — K,[ms] — K) to the map of precubical sets O[m,]* O[ms] — K
and the natural transformation

pa 5 DE (K, mi) ® DY (K, mg) = DI _ (K, my + ma) fo50?
is the identity. Using Proposition 5.6, we obtain a map of G-spaces

P sl K17 @ syl [ K9 — Poy K]
for all (o, B,7) € Ko x Ky X Ky. Tt is strictly associative since ([G, Toplo, ®) is semi-
monoidal [17, Proposition 5.11]. We have obtained a well-defined Moore flow || K||¢.
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5.7. Proposition. The mapping (¢7y) — ¢ yields the homeomorphisms
G(,n) x N, =P, M7|O[n]l;.,

G(¢,n) x ON, =P, M%o0[n]lL,,

forallm > 1 and all € > 0. In particular, for £ =1, we obtain the homeomorphisms
G(1,n) x N, = Fe?y (O]l

G(1,n) x ON, = Pﬁiplnmm[ IIr

for alln > 1. Note that forn =1, ON, = @ = By*, [00[n]|!

reg

reg-*

Proof. The first part is a consequence of Theorem 4.11 applied to the regular d-paths of
length ¢ and of Li-arc length n of the precubical sets ([n] and 00[n]. The particular
case { = 1 is a consequence of the definition of the functor MY : GdTop — GFlow [

5.8. Corollary. For all n > 1, there are the isomorphisms of G-spaces
FQOPN ]P)On 1nMg“:|[ ] reg’
F9"ON, = Py, 1,M|00[n]|!

reg*

Proof. Tt is a consequence of Proposition 5.7, of the fact that all regular d-paths from 0,
to 1,, of |d[n]| are of L;-arc length n, and of the definition of the functor MY : GdTop —
GFlow. O

5.9. Theorem. There is a natural isomorphism of Moore flows
[Klreg = || K]|°
for all precubical sets K.

The proof of Theorem 5.9 is roughly speaking the proof of [21, Proposition 6.2] and
[21, Theorem 6.3] by working with the biclosed semimonoidal category (|G, Toply, ®)
instead of with the biclosed (semi)monoidal category (Top, x). Some details slightly
change due to the fact that we work with Moore composition of paths which have a
length.

Proof. First of all, we prove that there is an isomorphism of cocubical Moore flows
[O[]]reg = MY|0]x ][ty = |O[*]||°. Let di(a, 8) = m. For a < B € {0,1}" for the
product order, the small category Ch, g(CJ[n], p) is empty if p # m and it has a terminal
object O[m] — O[n] corresponding to the subcube from « to 8 of Oln| if p = m. We
deduce the isomorphisms of G-spaces

PoslI 0|19 = m  FON, ®...eFN,

n=(n1,..., np),é(n):m

I

ling FO"(Npy x ... x N,,.)

n=(ni,...,np)l(n)=m
O[r]—0[n]eChqy, g(O[n],m)

limy (Npy X ... X an)>
..... np),l(n)=m
[_}—)D[n}ECha s(0[n],m)

~F9"N,,

[12
=]
Q
Q
b~
/‘\
I3
L
3
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I

Po g0 ]]req,

the first equality by definition of ||0[n]||, the first isomorphism by Proposition 3.10, the
second isomorphism by Proposition 3.8, the third isomorphism because of the unique map
¢ : Ofm] — On| which is the terminal object of Ch, 3(0[n], m), and the last isomorphism
by Corollary 5.8 and by definition of the Moore flow [O[n]],;. The universal property
of the colimit yields a natural map of Moore flows [K],., — ||K]|9, the functor [—].,
being colimit-preserving. Let n = (ny,...,n,) € Seq(n). Every map of precubical sets
Oln] — K gives rise to a map of Moore flows [[n]],eq — [K]req- Let ag, o, ..., € Ky
the images by 0,,,1,, = 0p,,...,1,, by this map of precubical sets. The are maps of
Moore flows [O[n;]]reg — [Krey inducing maps of G-spaces

ngpan = ]P)Oniylni [Onillreg — Pa;_y0[Klreg

for i € {1,...,p}. Using the composition law of the Moore flow [K],.,, one obtains a
map of G-spaces
FS Ny ® ... @ FS " Ny, — P[K] e
Consequently, we obtain a cocone
(Fe Noy @ ... @F7 'Np) ook — P[K]reg
€Chy g(K,n)

and then a map of Moore flows || K||9 — [K],., which is bijective on states. The composite
map of Moore flows [KJ e, — ||K||9 — [KJyeq is the identity of [K],e, because it is the
identity for K = O[n| for all n > 0. Consequently, for all (a, ) € Ky x Ky, the composite
continuous map P} 5[K],cq — PL g||K|[9 — P} 3[K],eq is the identity of P 5[K]cq: this
means that the left-hand map P} 5[K].eq — Ph 4|| K| is one-to-one and that the right-
hand map P} 4||K||9 — P ;[K],e, is onto. Consider an element v € P}, 4||K|[|9. It has
a representative of the form 7 € "N, ® ... ® Fy" N, for some map O[n] — K with
n = (ny,...,ny) € Seq(n). The same argument as above yields an element of P}, 3[K],,.
This means that the left-hand map P}, 5[K]eg — P} 4/|K]|9 is onto. It implies that the
map P}, 5[K],eqg — PJ 5||K||9 is a homeomorphism, thus the map P 5[K],eq — P4 4| K9
is a homeomorphism for all £ > 0. The proof is complete. O

6. SPACE OF TAME REGULAR d-PATHS AND M-COFIBRANCY
Some additional information about cube chains is required before proving Theorem 6.5.

6.1. Proposition. Let K be a precubical set. Let (o, ) € Koy x Ky. Then there is the
isomorphism of G-spaces

FS" (lim Do (K, n)) = lim DY 5(K, n)
for all integers n > 1.
Proof. Let n = (ny,...,n,) and >_;n; = n. Then
DI 4(K,n)(Oln] — K) =FS'N,, ® ... FI"N,,
>~ F9” (Nyy X ... x Ny))

=TF9"D, 5(K,n)(On] — K),
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the first equality by definition of Dfi 5(K,n), the isomorphism by Proposition 3.10 and the
last equality by definition of Di 5(K,n). The conclusion follows from Proposition 3.8. [

6.2. Proposition. For all precubical sets K, there is the natural isomorphism of flows

M (]| K1) = || K]].
Proof. Let (a, 5) € Ky x Koy. There is the sequence of homeomorphisms
Po,sM(|| K1) = lim (P ]| K |)

~ ] (Fiw(hﬂpaﬁ(l{, n)))

n=1
>~ TT lim Do 5(K, n)
e

= HDG,5||}KT||

the first homeomorphism by definition of M, the second homeomorphism by Proposi-
tion 6.1 and since colimits commute with coproducts, the third homeomorphism by [16,
Proposition 5.8], and the last homeomorphism by definition of the flow ||K||. O

6.3. Notation. [21, Notation A.1] Let n > 3. Let B,, be the set of precubical sets A such
that A C 00[n| and such that |A|geon C [0, 1]" contains a d-path of ﬁgmln(D[n]) which

does not intersect {0,1}"\{0,, 1,}. In particular, this means that 0,, 1,, are two vertices
of A. One has 00[n| € B,.

6.4. Definition. A precubical set is spatial if it is orthogonal to the set of maps of
precubical sets

{D[n] UaOn] — O[n] |[n >3 and A € Bn}.

Every proper precubical set in the sense of [43, page 499] is spatial by [21, Proposi-
tion 7.5]. In particular, for all n > 0, the precubical sets d0[n] and O[n] are spatial,
as well as all geometric precubical sets in the sense of [24, Definition 1.18] and all non-
positively curved precubical sets in the sense of [24, Definition 1.28], since they are proper.
Also every 2-dimensional precubical set is spatial by [21, Corollary A.3].

6.5. Theorem. For all precubical sets K, there is a natural weak equivalence of the h-
model structure of Moore flows

[Kreg — ME(IK;,,).

reg

Moreover, the weak equivalence above is an isomorphism of Moore flows if and only if K
is spatial.

Proof. From the cocone

reg reg

<Mg|m[n] t ) = MY K|
On]—K
we deduce the natural map of Moore flows g : [K] e, — MY|K]L,,.

states. Let (a, f) € Ko x Ky. Consider the following commutative diagram of topological
28
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spaces

. h n
11 6(1,n) x limy Dy 5(K n) 3 [16(1n) x N2 ,(K)
n>1 n=1
h1 Pl
1 g ha 1 Pagd ) Gl 1ot 1
]P)a,ﬁ‘ ‘KH Pa,ﬂ [K]reg Pa,ﬂM |K|reg = a,ﬁ(K)

where 1) the map ®! is the homeomorphism of Theorem 4.11, 2) the map h; is the homeo-
morphism of Proposition 6.1, 3) the map hy is the homeomorphism given by Theorem 5.9,
and 4) the map hg is induced by the continuous map D, z(K,n) — ﬁgﬁ(K ) given by
the Moore composition of tame natural d-paths defined as follows. Let n = (ny,...,n,),
n =Y ;n; and consider a map On|] — K € Ch, (K, n). It gives rise to a sequence of
cubes (cq, ..., ¢,) of K. The continuous map D, 3(K,n) — ﬁgﬂ(K) takes

(Y15 - 5Yp) € Dap(K,n)(dln] = K) = Ny, x ... x Ny,
to the Moore composition of tame natural d-paths

(¢t ]geom1) * - # ([Cplgeomy) € N 4(K)

which is denoted by [c1;7] * ... [cp; 7] in [21]. By [21, Theorem 7.7], the map hy is
a homeomorphism when K is spatial. For a general precubical set K, the map hg is a

homotopy equivalence by [21, Theorem 7.8]. Hence the first part of the proof is complete.

t
reg

Moore flows. Then there is the sequence of isomorphisms of flows

11| =2 My ][ 22 My [K]eg —+ MIME(IK]L,,) = cat(|K|1y) 2 | K re,

reg reg

Conversely, suppose that the natural map [K],., — MY(|K,,) is an isomorphism of

the first isomorphism by Proposition 6.2, the second isomorphism by Theorem 5.9, the
third isomorphism by hypothesis, the fourth isomorphism by Theorem 3.17 and the last
isomorphism by Proposition 4.13. This isomorphism of flows from ||K]|| to |K|s is the
identity of Ky on states, and for all («, 8) € Ky x K, it takes an element of P, g|| K || =
[ @Da,g(K, n) to an element of P, 5| K| = 151 ﬁgﬂ(K) as described above. By
[21, Theorem A.2], the precubical set K is spatial. O

A by-product of the calculation made in the proof of Theorem 6.5 is the following fact.
The image by the functor M, : GFlow — Flow of the map [K],., — MY(|K|.. ) is the

reg
map of flows || K|| — | K|, which is induced by the maps N, x ... x N,, — N7, 5(K) for
Oln] — K € Ch,p(K,n) with n = (ny,...,n,) and n = >; n; as described in the core of
the proof. It is a weak equivalence of the h-model structure of flows, and an isomorphism
if and only if K is spatial by [21, Theorem 7.6 and Theorem 7.7].

6.6. Proposition. For all n > 1, there is the pushout diagram of Moore flows

Glob(F9”ON,,) [000[n]]yeq
Glob(F9” N,,) Hnﬂmg
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Proof. By Corollary 5.8 and O[n] and d0[n| being spatial for all n > 0, we obtain using
Theorem 6.5 the commutative diagram of G-spaces

F9”ON, —— Py, 1, [00[1]] <

|

FI N,

o

Po,, 1, [O[n]]reg

where the two horizontal maps are isomorphisms of G-spaces. This commutative diagram
of G-spaces is therefore a pushout diagram and the proof is complete. O

6.7. Theorem. For all precubical sets K, the Moore flow [K],¢4 is m-cofibrant.

Proof. A map of Moore flows f : X — Y satisfies the RLP with respect to the map of
Moore flows Glob(F9”9N,,) — Glob(F¢™"N,,) if and only if for each (o, 8) € Ky x Kj,
the map of G-spaces f : P, g X — P 53} satisfies the RLP with respect to the map
of G-spaces F9”"ON,, — F9N,,. Therefore, by Proposition 3.8, a map of Moore flows
[+ X — Y satisfies the RLP with respect to the map of Moore flows Glob(F¢”"ON,,) —
Glob(F9""N,,) if and only the map of topological spaces PasX = Py sy satisfies the
RLP with respect to the map of topological spaces ON,, — N,. By [21, Theorem 5.9],
the latter map is an m-cofibration of spaces. By Theorem 3.19, the trivial fibrations of
the m-model structures of Moore flows are objectwise. We then deduce that the map
of Moore flows Glob(F9""N,,) — Glob(F¢*’N,,) is an m-cofibration of Moore flows for
all n > 1. Using Proposition 6.6, and since [0[0]],; = {0} (the Moore flow without
execution paths and one state 0) is m-cofibrant, we deduce that for all precubical sets K,
the Moore flow [K],, is m-cofibrant. O

6.8. Corollary. Let K be a precubical set. Let (o, ) € Ko x Ko. The space of tame
reqular d-paths from « to 8 in the geometric realization of K is homotopy equivalent to a
CW-complez.

Proof. The Moore flow MY[K],., is m-cofibrant by Theorem 6.7. Thus it is weakly equiv-
alent in the h-model structure of Moore flows to a g-cofibrant Moore flow X by [6,
Corollary 3.7]. The latter has projective g-cofibrant G-spaces of execution paths by [17,
Theorem 9.11]. It implies that P, 3X is injective m-cofibrant by [16, Corollary 7.2].
Thus ]P’}WX is an m-cofibrant topological space. Since weak equivalences of the projec-
tive h-model structure of G-spaces are objectwise homotopy equivalences, it implies that
P, sM9[K],y is homotopy equivalent to P} ;X . By Theorem 6.5, PL sMY[K],, is homo-
topy equivalent to IP’?%K |Eeq-
to 4 is homeomorphic to the disjoint union of {a} and the space of nonconstant tame

When a = 3, the space of tame regular d-paths from «

regular d-paths from a to 5. For a # 3, the latter remark is pointless. Hence the proof
is complete. O

Corollary 6.8 was previously established by several other authors by explicitly con-
structing homotopy equivalences with CW-complexes. At first, the adjective regular can
be removed from the statement of Corollary 6.8 thanks to a result due to Raussen [36,
Proposition 2.16]: see the proof of Theorem 7.2. The first method to establish Corol-

lary 6.8 without the adjective regular is due to Ziemianski [44, Theorem 6.1, Theorem 7.5
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and Theorem 7.6]. It consists of proving that the space of tame d-paths from « to 3
in the geometric realization is homotopy equivalent to the classifying space of a small
category, namely the small category of cube chains from « to § (as already pointed
before [21, Corollary 7.9], the word “weak homotopy equivalence” can be replaced by
“homotopy equivalence” in [44, Theorem 7.5 and Theorem 7.6]). Another method is pro-
posed by Paliga and Ziemianski in [34, Proposition 6.5], which uses another result due to
Raussen, namely [36, Proposition 3.15]. However, it works only for finite precubical sets.
Finally, another method is expounded by Raussen in [38] which works only for proper
non-self-linked precubical sets.

The reader may wonder whether the multipointed d-space | K|’

reg
for all precubical sets K. We are not even able to prove that it is always h-cofibrant. We

can only prove what follows:

is m-cofibrant as well

t
reg

6.9. Proposition. Let K be a spatial precubical set. Then the multipointed d-space | K|
is m-cofibrant if it is h-cofibrant.

Proof. The functor MY : GdTop — GFlow takes (trivial resp.) m-fibrations of mul-
tipointed d-spaces to (trivial resp.) m-fibrations of Moore flows by definition of the m-
model structures (see Theorem 2.7 and Theorem 3.19). Thus, the functor MY : GdTop —
GFlow is a right Quillen adjoint between the m-model structures. We have the commu-
tative diagram of right Quillen adjoints

M9
GdTop,, GFlow,,
IClngop | Id-gFlow
g dTopq e GFlow,

The bottom horizontal arrow is a right Quillen equivalence by [18, Theorem 8.1]. It
is a general fact about mixed model structures that the two vertical arrows are right
Quillen equivalences. Thus, the top right Quillen adjoint is a right Quillen equivalence.
All multipointed d-spaces are m-fibrant by Theorem 2.7. Since the Moore flow [K],., is
m-cofibrant by Theorem 6.7, we deduce that the counit map

MY (M| K1) 2 MY ([K]yeg) — | K],

reg reg’
is a weak equivalence of the m-model structure of multipointed d-spaces by Theorem 6.5,
the precubical set K being spatial by hypothesis. Moreover, MY being a left Quillen
adjoint, the multipointed d-space M!Q(MQ|K|f,eg) is m-cofibrant. For all («a, ) € Ky x K,
we deduce the weak homotopy equivalence
to to
o sMy (M| K1 ,) — PoB|K];

reg «a reg*

By [20, Theorem 8.6], the topological space PQ%M,Q (MY|K|t.,) is m-cofibrant. By Corol-

reg
lary 6.8, the space IP’Z%|K |1g i an m-cofibrant space. Thus the weak homotopy equiva-
lence
to; to
a,%M!g (Mg‘K‘ieg) — Pa,%|K|l;’eg'

is a weak homotopy equivalence between m-cofibrant spaces. By [6, Corollary 3.4],

the latter map is therefore a homotopy equivalence. This means that the counit map
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M{ (MY K lreg) — K}, is a weak equivalence of the h-model structure of GdTop
when K is spatial. This implies by [6, Corollary 3.7] that the multipointed d-space
|K|%,, is m-cofibrant if it is h-cofibrant, the multipointed d-space M{(MY|K|[%, ) being

reg reg

m-cofibrant. O
The example of non h-cofibrant multipointed d-space provided in [20, Proposition 6.19]

suggests that the h-cofibrant objects are the objects without algebraic relations. Accord-
ing to this intuition, we have the following conjecture:

6.10. Conjecture. For all precubical sets K, the multipointed d-space | K|t is h-cofibrant.

reg
7. THE REGULAR REALIZATION OF A PRECUBICAL SET
The regular realization of a precubical set is defined as follows:

7.1. Definition. Let K be a precubical set. The regular realization |K|,e, of K is the
multipointed d-space having the underlying space |K|jeom, the set of states X° and such
that the set of execution paths from « to 3 consists of the nonconstant regular d-paths
from « to 8 in the geometric realization of K.

The multipointed d-space |K |, is well defined for all precubical sets K because the nor-
malized composition of two regular d-paths in the geometric realization of a precubical set
is regular and because the reparametrization of a regular d-path by a homeomorphism is
regular. There is an isomorphism of cocubical multipointed d-spaces |[O[][%,, = [O[*]]cq
by Proposition 2.22. By the universal property of the colimits, we obtain a natural map
of multipointed d-spaces

K]y — K ey

reg

7.2. Theorem. For all precubical sets K, there is a natural weak equivalence for the
h-model structure of Moore flows

MY (| Klreq) — M(| Kl reg)-

reg

Proof. The image by the functor MY of the natural map of multipointed d-spaces |K|.,, —
| K|,eq preserves the set of states. For each (o, ) € Ky, the continuous map

Pa,ﬂMg|K|t - Pa,ﬂMg|K|reg

reg

is the inclusion of the space of nonconstant tame regular d-paths from « to § into the
space of nonconstant regular d-paths from « to 3, both equipped with the A-kellefication
of the compact-open topology. By [36, Proposition 2.16], the inclusion of the space of
regular d-paths from « to  into the space of d-paths from « to § has an inverse up to
homotopy. The latter is a reparametrization of Moore d-paths (it is the composite of
two reparametrizations, the normalization and the naturalization: see Raussen’s proof).
It therefore preserves tameness. Moreover, the homotopies with the identities are ho-
motopies between reparametrizations: see Part 3 of the proof of [36, Proposition 2.16].
This implies that they preserve tameness as well. This implies that the inclusion of
the space of tame regular d-paths from «a to § into the space of tame d-paths from «
to B has an inverse up to homotopy as well. The paper [36] works with the compact-
open topology, which is not an issue thanks to Proposition 1.1. Besides, working with

nonconstant d-paths only is not an issue either in the case of precubical sets: indeed
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F1cURE 3. Non-tame d-path from 03 to 13 in the boundary of the 3-cube

either @ # [ and there is no constant d-paths from a to 8 or @ = [ and the unique
constant d-path is in a distinct path-connected component. Thus, the continuous map
P M9|K[t,, C P} ;MO|K|,eq is homotopic to the inclusion of the space of nonconstant
tame d-paths from « to S into the space of nonconstant d-paths from o to §: the ad-
jective regular can be omitted. Thanks to the tamification theorem [44, Theorem 6.1]
and the two-out-of-three property for homotopy equivalences, we then obtain that the
continuous map P ;M9|K|!, C P} sM9|K]|,, is a homotopy equivalence. We obtain a

reg
weak equivalence of the projective h-model structure of G-spaces

P, sMY| K[t C Py sMI|K],eq

reg

for each (a, B) € Ky x Ky. Hence the proof is complete. O

There is no reason for the weak equivalence MY(|K1t,,) — MY(|K|,,) to become an

isomorphism when K is spatial: the precubical set 00J[3] is spatial by [21, Corollary A.3]
and Figure 3 proves that the map MY (|00[3][%.,) — M9 (|00[3]|,,) is not an isomorphism.

reg

7.3. Corollary. For all precubical sets K, there is a natural weak equivalence for the
h-model structure of multipointed d-spaces

[ Klreg — 1K]req-

reg

Proof. A straightforward consequence of the definition of a weak equivalence in the h-
model structures of multipointed d-spaces and Moore flows is that the functor MY :
GdTop to GFlow reflects weak equivalences of the h-model structures (it is also true for
the g-model structures and for the m-model structures). Thanks to Theorem 7.2, the
proof is complete. O

7.4. Corollary. For all precubical sets K, there exists a natural weak equivalence of the
h-model structure of Moore flows

[Kreg — MI(|Klreg)-
Proof. 1t is a consequence of Theorem 6.5 and Theorem 7.2. U

Corollary 6.8 gives a pure model categorical proof of the fact that the space of tame
regular d-paths between two vertices of a precubical set in its geometric realization is
homotopy equivalent to a CW-complex. On the other hand, we do not know any pure
model categorical proof of the same fact for the space of all regular d-paths between two
vertices. We can only deduce it from Corollary 6.8 and Theorem 7.2, the latter relying

on results from Raussen and Ziemianski.
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The following observations enable us to better understand the interaction between

model categories and tameness. There exists a combinatorial model structure on multi-

t

reg are cofibrant for all precubical

pointed d-spaces such that the multipointed d-spaces | K|
sets K. Indeed, it suffices to consider the minimal model structure in the sense of [25,
Theorem 1.4] with respect to the set of maps {|00[n]|;,, C [O[n][;, | n > 0} with or with-
out the additional map R : {0,1} — {0}. Note that the multipointed d-spaces |K];,, are
in general not g-cofibrant for the g-model structure. In the same way, we could consider
the minimal model structure on multipointed d-spaces with respect to the set Z of maps
{100[n]|reg € |O[n]|reg | n = 0} with or without the additional map R : {0,1} — {0}.
However, it turns out that for all n > 3, [00[n]|.., is not Z-cofibrant by Proposition 7.5.
This implies that [25, Theorem 1.4] cannot even be used to prove its existence. The best
that can be said is that the latter model structure exists by assuming Vopénka’s principle
thanks to [41, Theorem 2.2].

Before proving Proposition 7.5, let us start by a remark about Z-cellular multipointed
d-spaces. The underlying space of an Z-cellular multipointed d-space is not necessarily
the geometric realization of a precubical set because the attaching maps are not neces-
sarily images of maps of precubical sets. However, the notion of tameness can be easily

generalized to them. Consider a pushout diagram of multipointed d-spaces of the form

00[1] ey —— X

Ol —b ¥

with n > 0 such that X is Z-cellular and such that all its execution paths are tame. By
definition of |O[n]|,cq = |O[n][%,, for all n > 0 (see Proposition 2.22), and since colimits
are calculated by taking a final structure as explained at the end of Section 2, we deduce
that all execution paths of Y are tame even if |00[n]|,., may contain non-tame execution
paths: for example the non-tame d-path depicted in Figure 3 becomes tame if 9J[3] is
embedded in O[3]. By an immediate transfinite induction, we obtain that all execution
paths of an Z-cellular multipointed d-space are tame. The converse is false. Indeed, the
multipointed d-space |0[3]],¢, is not Z-cellular, [00[3]|,, being not Z-cellular, and all
its execution paths are tame. One can also easily prove by transfinite induction on the
Z-cellular decomposition of an Z-cellular multipointed d-space X that X° is a discrete
subspace of | X| and that | X | is Hausdorff. Recall that, for a general multipointed d-space
X, XY is not necessarily discrete: see Figure 1.

7.5. Proposition. Let n > 3. The multipointed d-space |00[n]| ey is not Z-cofibrant.

Sketch of proof. The multipointed d-space |00[n]| e, is not Z-cellular precisely because
it contains non-tame execution paths (see Figure 3 for the case n = 3). Suppose that
|000[n]|,eq is a retract of an Z-cellular multipointed d-space X. This means that the
identity of |00[n]|,e, factors as a composite

|000[n]|reg — X — [00[n]]eg-

The left-hand map being one-to-one and |X| being Hausdorff, this implies that the com-

pact |00[n]|geom, which is homeomorphic to the (n — 1)-dimensional sphere S"!, is
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homeomorphic to its compact image K in |X|. The composite map of groups
2= w1 (|100[0]geom) — Tn-1(|X]) — w1 (100[1][geom) = Z

being the identity of Z (m,_; denotes the (n — 1)-th homotopy group and we choose
any point of |00[n]|seom as a base point), we deduce that the compact K C |X| is not
contained in a p-cube for some p > n: intuitively the hole cannot be filled in |X|. Now,
recall that every execution path of |[00[n]|,., is taken to an execution path of X which
is necessarily tame because, by hypothesis, X is Z-cellular. By deforming continuously a
non-tame d-path from 0, to 1, in |00[n]|geom to obtain a family (7, )uep,1 of non-tame d-
paths from 0,, to 1,, in [00[n]|geom such that u # «’ implies 7, ([0, 1])Ny, ([0, 1]) = {04, 1.},
we then build an infinite set of elements of X" in K, the left-hand map [00[n]|geom — | X]|
being one-to-one. However, X°N K is finite, X° being discrete. It is a contradiction. [
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