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REGULAR DIRECTED PATH AND MOORE FLOW
PHILIPPE GAUCHER

ABSTRACT. Using the notion of regular d-path of the topological n-cube, we construct
the regular realization of a precubical set as a multipointed d-space. Its execution
paths correspond to the tame regular d-paths of the precubical set between two vertices.
By considering the associated Moore flow, we obtain a colimit-preserving functor from
precubical sets to Moore flows. As a consequence, we obtain that the associated Moore
flow is always m-cofibrant. This provides a model category interpretation of the known
fact that the space of tame regular d-paths of a precubical set between two vertices is
homotopy equivalent to a CW-complex. Finally, we prove that the flow associated with
the regular realization of a precubical set coincides with the natural realization of a
precubical set as a flow.
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1. INTRODUCTION

Presentation. It is described in [16] a way of realizing a precubical set as a flow without
any non-canonical choice in the construction, by introducing a natural realization functor.
The latter terminology comes from the fact that it uses the notion of natural d-path of
the topological n-cube. This work is devoted to the study of a d-space version of the
notion of natural realization of a precubical set as a flow. It is therefore a sequel of [16].
However, the reading of the latter paper is not required to read this one. Precubical sets
are a model for concurrency theory [6]. The n-cube represents the concurrent execution
of n actions. This idea is even further developped in [17] in which it is established that
the non-positively curved precubical sets contain most of the useful examples. However,
we do not need this concept and we keep working with general precubical sets like in [16].
The d-paths of a precubical set, i.e. of the Grandis d-space in the sense of [18] associated
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with the precubical set, are the continuous paths which are concatenations of continuous
paths included in cubes of the geometric realization which are locally nondecreasing
with respect to each axis of coordinates. These particular continuous paths represent
the possible execution paths of the concurrent process modelled by the precubical set.
The local nondecreasingness represents time irreversibility. The notion of regular d-path
of a precubical set is introduced in [3, Definition 1.1]. The terminology comes from
elementary differential geometry where a differentiable maps « : [0,1] — R" is called
regular if p'(t) # 0 for all ¢ €]0, 1[. Intuitively, it is a d-path without zero speed point.

By starting from the topological n-cube equipped with the set of regular d-paths be-
tween two vertices of the n-cube, we introduce the regular realization |K|,.4 of a precubical
set K as a multipointed d-space. Since the concatenation of two regular d-paths is still
regular, all execution paths of this multipointed d-space are regular d-paths. However,
the regular realization of a precubical set does not contain as execution paths all regular
d-paths between two vertices of the precubical set, but only the tame ones, i.e. the regular
d-paths which are concatenations of d-paths going from the initial state to the final state
of a cube of the precubical set. Thanks to the tamification theorem [32, Theorem 6.1],
this point of view is not restrictive.

It is not clear how the multipointed d-space |K|,¢, interacts with the three known
model category structures (q,h,m) of the category of multipointed d-spaces constructed
in [15, Theorem 6.14]: see Appendix [Al for a discussion about this problem. On the other
hand, the Moore flow MY|K|,., which is obtained by forgetting the underlying topological
space of the multipointed d-space |K ., and by keeping only the execution paths and the
information about their reparametrization, is always m-cofibrant. From this information
only, and by fiddling a little bit with homotopy theory, we deduce immediately that the
space of tame regular d-paths between two vertices of a precubical set is m-cofibrant, and
therefore that it is homotopy equivalent to a CW-complex: see Corollary[(5.12. We obtain
therefore a purely model category interpretation of this known fact. The technical results
of the paper are now listed.

Theorem. (Corollary[5.9) The composite functor
M| — |,eq : OSet — GdTop — GFlow

which takes a precubical set to the Moore flow associated with its reqular realization is
colimit-preserving.

The right adjoint MY : GdTop — GFlow from multipointed d-spaces to Moore flows
is not colimit-preserving in general. As any right adjoint between locally presentable
category, it is accessible. However it is not finitely accessible. This is due to the fact that
the convenient category of topological spaces we are working with (see the beginning of
Section B is locally (2%)*-presentable and not locally finitely presentable. However, it
does commute with some particular transfinite compositions [12, Theorem 6.14] [13, The-
orem 5.7]. The right adjoint MY : GdTop — GFlow is also part of a Quillen equivalence
MY 4 MY between the q-model structures of multipointed d-spaces and Moore flows by
[13, Theorem 8.1] which satisfies a very specific property: the unit and the counit of this
Quillen equivalence induce isomorphisms between the g-cofibrant objects [13, Theorem 7.6

and Corollary 7.9]. It means that the right adjoint MY : GdTop — GFlow preserves the
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colimits used to build the cellular multipointed d-spaces. These facts and Corollary[b.9 are
an illustration of the following informal conjecture: the functor MY : GdTop — GFlow
preserves good enough colimits.

The proof of Corollary (5.9 has some similarities with the one of [13, Theorem 7.3].
In both cases, it must be proved that some continuous bijection is a homeomorphism
because it is a A-inclusion. The proof is simpler in the cubical setting of this paper than
in the globular setting of [13] thanks to the key geometric property of the precubical sets:
the fact that each d-path has a Li-arc length which is the same on a path-connected
component of the space of d-paths. It is not true in the globular setting. It is the reason
why an important technical part of the proof of [13, Theorem 7.3] consists of verifying that
the analogue in the globular setting of the L;-arc length is bounded on a path-connected
component of the space of execution paths of a cellular multipointed d-space: it is the
role of [13, Theorem 5.19].

We do not know any proof of [13, Theorem 7.3] and most of its consequences, of
Theorem [5.8 and of Corollary outside the category of A-generated spaces. The key
topological facts in all these proofs are that A-generated spaces are generated by the
segment [0, 1] which is path-connected and that all A-generated spaces are sequential. Tt
is not true for k-spaces: the Cantor space is not path-connected and [0, 1] equipped
with the product topology is not sequential [31, Example 29 and Example 105].

We then deduce, as an application, the two following theorems.

Theorem. (Theorem [5.11) For every precubical set K, the Moore flow MY|K]|,., is m-
cofibrant.

Theorem. (Theorem|[6.4) Let cat : GdTop — Flow be the categorization functor taking
a multipointed d-space to the associated flow (obtained by quotienting by the reparametriza-
tion). Then, for all precubical sets K, there is the natural isomorphism of flows

cat(|Klreg) = K |nat
where | K |nq 18 the natural realization of K as a flow introduced in [10].

The notion of natural d-path of a precubical set enables us in [16] to find a way to
realize any precubical set as a m-cofibrant flow without using any non-canonical choice
of any cofibrant replacement functor on the category of flows. In this paper, the notion
of regular d-path of a precubical set enables us to obtain a realization of any precubical
set as a multipointed d-space without using any non-canonical choice of any cofibrant
replacement functor on the category of multipointed d-spaces either. In both cases, we
obtain much better results than in [9] because all constructions become canonical thanks
to the geometric properties of the cubes. However, the associated Moore flow of the
regular realization is m-cofibrant, and not g-cofibrant. It is the counterpart of these
improvements: unlike in [9], we have to deal with accessible model categories which are
unlikely to be combinatorial.

Outline of the paper. Section [ introduces the regular realization of a precubical set
as a multipointed d-space. It is built using the notion of regular d-path of the topological
n-cube. The execution paths of the regular realization are exactly the tame regular d-

paths of the precubical set between two vertices. Section [3]is devoted to the important
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notion of Li-arc length of a d-path. We adapt some results coming from [27] to our
setting of A-generated spaces. Theorem is even an improved statement of a similar
statement in [27]: a homotopy equivalence is replaced by a homeomorphism. In Section 4]
we construct the {q, m, h}-model structures of Moore flows. It is an easy adaptation of
the case of flows treated in [15, Theorem 7.4]. Section[His the core of the paper. It proves
that the Moore flow associated with the regular realization of a precubical set yields a
colimit-preserving functor, despite the fact that the functor from multipointed d-spaces
to Moore flows is a right adjoint, and not a left adjoint. In the same section, it is proved
as an application that the Moore flow of the regular realization of any precubical set is
m-cofibrant. Finally Section [6 proves that the flow associated with the regular realization
of a precubical set coincides with its natural realization constructed in [16].

Prerequisites and notations. We refer to [1] for locally presentable categories, to [29]
for combinatorial model categories. We refer to [22] and to [21] for more general model
categories, and to [7, [20, 130] for accessible model categories. We work with the category
Top of A-generated spaces or of A-Hausdorff A-generated spaces (cf. [14, Section 2 and
Appendix B]). As explained in the introduction, we do not know how to prove Theorem 5.8
without using A-generated spaces. It is not even clear that it still holds e.g. for k-spaces.
The category Top is equipped with its g-model structure (we use the terminology of [25]).
The m-model structure [4] and the h-model structure [2] of Top are also used in various
places of the paper. Compact means quasicompact Hausdorff (French convention). The
terminal object of a category is denoted by 1. We summarize some basic properties of
Top for the convenience of the reader:

e Top is locally presentable.

e All objects of Top are sequential topological spaces.

e A closed subset of a A-generated space equipped with the relative topology is not
necessarily A-generated (e.g. the Cantor set), but it is always sequential.

e The inclusion functor from the full subcategory of A-generated spaces to the category
of general topological spaces together with the continuous maps has a right adjoint
called the A-kelleyfication functor. The latter functor does not change the underlying
set.

e The colimit in Top is given by the final topology in the following situations:

— A transfinite compositions of one-to-one maps.

— A pushout along a closed inclusion.

— A quotient by a closed subset or by an equivalence relation having a closed graph.
In these cases, the underlying set of the colimit is therefore the colimit of the under-
lying sets. In particular, the CW-complexes are equipped with the final topology, and
therefore are Hausdorff.

e Top is cartesian closed. The internal hom TOP(X,Y) is given by taking the A-
kelleyfication of the compact-open topology on the set TOP(X,Y") of all continuous
maps from X to Y.

2. THE REGULAR REALIZATION OF A PRECUBICAL SET

2.1. Notation. The notations , ', l;, L, ... mean a strictly positive real number unless
specified something else.



2.2. Notation. Let ¢ > 0. Let p, : [0,¢] — [0,1] be the homeomorphism defined by
pe(t) = /L.
2.3. Notation. The notation [0,¢;] = [0, (5] means a nondecreasing homeomorphism
from [0, 1] to [0, ls] with €1,¢5 > 0. Let
g(£17£2) - {[0761] g+ [0762]}
for £y, 05 > 0.
The sets G(¢1, {2) are equipped with the A-kelleyfication of the compact-open topology,

which coincides with the compact-open topology, and with the pointwise convergence
topology by [13, Proposition 2.5].

2.4. Definition. Let v and 7y, be two continuous maps from [0,1] to some topological
space such that v1(1) = v2(0). The composite defined by

71(2t) if 0

t
V2t —1) if3<t

— Nl

(71 *8 72)(t) = {

NN
NN

is called the normalized composition.

A multipointed d-space X [10] is a triple (|X], X9, PYX) where
e The pair (| X|, X") is a multipointed space. The space | X| is called the underlying space
of X and the set X the set of states of X.
e The set PY9X is a set of continous maps from [0, 1] to |X| called the execution paths,
satisfying the following axioms:
— For any execution path «, one has v(0),v(1) € X°.
— Let v be an execution path of X. Then any composite y¢ with ¢ : [0,1] = [0, 1]
is an execution path of X.
— Let 71 and v, be two composable execution paths of X:; then the normalized
composition vy %y Y2 is an execution path of X.

A map f : X — Y of multipointed d-spaces is a map of multipointed spaces from
(X[, X°) to (|Y],Y?) such that for any execution path v of X, the map PY9f : v+ f.y is
an execution path of Y. The category of multipointed d-spaces is denoted by GdTop. It
is locally presentable by [10, Theorem 3.5]. The subset of execution paths from « to 3 is
the set of ¥ € P9X such that v(0) = o and (1) = f3; it is denoted by PgﬁX: a is called
the initial state and ( the final state of such a . The set ]P’g 5X is equipped with the A-
kelleyfication of the relative topology induced by the inclusion Pg, sX C TOP([0,1], [ X]).

2.5. Notation. Let [0] = {()} and [n] = {0,1}" for n > 1. By convention, one has
{0,1}° = [0] = {O}. The set [n] is equipped with the product ordering {0 < 1}". Let
0, =(0,...,0)€{0,1}" and 1,, = (1,...,1) € {0,1}"

Let 62 : [n — 1] — [n] be the coface map defined for 1 < i < n and « € {0,1} by
o€y €n1) = (€1,..., 61,0, €,...,€,_1). The small category OJ is by definition the
subcategory of the category of sets with the set of objects {[n],n > 0} and generated by
the morphisms df. They satisfy the cocubical relations 5? of = 5;“55,1 for i < 7 and for
all (o, 8) € {0,1}% If p> ¢ > 0, then the set of morphisms O([p], [¢]) is empty. If p = ¢,
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then the set O([p], [p]) is the singleton {Id,}. For 0 < p < ¢, all maps of O from [p] to
[q] are one-to-one. A good reference for presheaves is [24].

2.6. Definition. [3] The category of presheaves over O, denoted by [1PSet, is called the
category of precubical sets. A precubical set K consists of a family of sets (K, )n>0 and of
set maps 0F : K, — K, with 1 <i < n and o € {0,1} satisfying the cubical relations
8;“8? = 8?,182?“ for any o, B € {0,1} and fori < j. An element of K,, is called a n-cube.
Let dim(x) =n if v € K,,. Let

Kep = hﬂ D[p]

Op]—=K
psn

Let O[n] = O(—,[n]). The boundary of O[n] is the precubical set denoted by 0O[n]

defined by removing the interior of O[n]: (00[n]), = (d[n])x for &k < n and (00[n]), = @
for k > n. In particular, one has 00J[0] = @.

2.7. Definition. A cocubical object of a category C is a functor 0 — C.
2.8. Notation. Let C be a cocomplete category. Let X : 10 — C be a functor. Let
X(K) = lig X(Tn)).

On]—-K
2.9. Proposition. [9, Proposition 2.3.2] Let C be a cocomplete category. The mapping
X — X induces an equivalence of categories between the category of cocubical objects of
C and the colimit-preserving preserving functors from [J?Set to C.

2.10. Definition. Let U be a topological space. A (Moore) path of U consists of a con-
tinuous map v : [0,¢] — U with £ > 0. The real number £ > 0 is called the length of the
path. It can be extended to a continuous map v : [0, +oco|— U such that v(t) = v(¢) for
allt > (.

The notions of stop interval and regular path appear in |3, Definition 1.1].

2.11. Definition. Let U be a Hausdorff topological spaceﬁ. Let v :[0,€] — U be a Moore
path of U with ¢ > 0. A ~-stop interval is an interval [a,b] C [0, ] with a < b such that
the restriction vy [ o4 is constant and such that |a,b] is mazimal for this property. The
set of y-stop intervals is denoted by A,. The path vy is regular if A, = @.

2.12. Definition. Let v, : [0,¢1] — U and 73 : [0,€s] — U be two paths of a topological
space U such that v1(¢1) = v2(0). The Moore composition 1 * vy, : [0, (1 + ls] — U is the
Moore path defined by

(71 % 72)(t) = {71(75) fort €0, 44]

’}/Q(t—gl) fO’f’tE [fl,fl*ng].
The Moore composition of Moore paths is strictly associative. The Moore composition of
two regqular paths of a Hausdorff space is reqular.

There is the obvious proposition:

IThis definition will be used only in the case of U being the geometric realization of a precubical set
which is Hausdorff: see Notation BIt the Hausdorff condition is used here only to ensure that the point
of U are closed, which implies that the y-stop intervals are closed segments.
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2.13. Proposition. Let n > 1. The following data assemble into a multipointed d-space

|0[n]|rey called the regular n-cube:

e The underlying space is the topological n-cube [0, 1]™.

e The set of states is {0,1}" C [0, 1]".

o The set of execution paths from a to b with a < b € {0 < 1}™ is the set of regqular
paths [0,1] — [0,1]™ from a to b which are nondecreasing with respect to each axis of
coordinates; in the other cases a > b, it is empty.

Let |0[0]]reg = {()}. Let 62 : [0, 1]t — [0, 1]™ be the continuous map defined for 1 < i <

n and o € {0,1} by 6% (€1, ..., €n1) = (€1,...,€1,Q,€6;,...,€6,1). By convention, let

0,1 = {()}. The mapping [n| — |O[n]|,e, yields a well-defined cocubical multipointed

d-space.

Using Proposition [2.9] this leads to the definition:

2.14. Definition. Let K be a precubical set. The regular realization of K is the multi-
pointed d-space
| K e = hﬂ O[7] |req-
On]—=K
It yields a colimit-preserving functor from precubical sets to multipointed d-spaces.

3. L1{-ARC LENGTH OF d-PATHS OF PRECUBICAL SETS

3.1. Notation. The cocubical topological space [n| — [0,1]" gives rise to a colimit-
preserving functor from precubical sets to topological spaces denoted by

|K|geom: hﬂ [Oal]n-
On]—K

Since the underlying space functor from multipointed d-spaces to spaces is colimit-
preserving, the topological space |K|zeom is the underlying space of the multipointed
d-space |K|..;. The topological space |K|geom is @ CW-complex. It is equipped with the
final topology which is A-generated and Hausdorff. We introduce the following definition:

3.2. Definition. Let K be a precubical set. Let (o, ) € Ko x Ky. Let ﬁﬁéﬁ(K) be the
subspace of continuous maps from [0,4] to |K|seom defined by

a,ﬁ(K) ={t—yue|ve Pg,ﬁ|K|reg}-

Its elements are called in this paper the (tame regular) d-paths of K (of length ¢) from «
to 3. Let
R(K)= ] B K)

(a75)€K0XKO
The definition of ﬁgﬁ([( ) is not restrictive. Indeed, we have:

3.3. Proposition. Let K be a precubical set. Let ¢ : [0,¢] =1 [0,£]. Let v € ﬁgB(K)
Then v¢ € ﬁﬁB(K)

Proof. By definition of ﬁﬁlﬁ([(), there exists 7 € PY 4K, such that v = Fu,. We
obtain v¢ = Fuedpu; *pe. Since pepu;t € G(1,1), we deduce that Fuepu,* € ngﬁ|K|r69

and that v¢ € ﬁﬁﬁ(K). O
7



3.4. Notation. Let x = (z1,...,x,) and 2’ = (2}, ..., 2) be two elements of [0, 1]" with
n>1. Let
di(z,2') =) | — i
i=1

An important feature shared by all d-paths (regular or not, tame or not) of a precubical
set K is that they have a well-defined Lj-arc length |27, Section 2.2.1] |28, Section 2.2].
It is defined as follows. Consider a d-path v : [0,¢] — [0,1]". Define the L;-arc length
between «(t) and (') by di(y(t),v(t')). The L;-arc length of a d-path of [0, 1]™ between
0, an 1, is therefore n. The L;-arc length of a Moore composition of d-paths is defined
by adding the Li-arc length of each d-path.

3.5. Remark. The length of a d-path ~y : [0,¢] — [0,1]" between two vertices of {0,1}" is
¢, whereas its Ly-arc length is an integer belonging to {1,...,n}.

3.6. Proposition. Let K be a precubical set. Let (a, ) € Ko x Ky. Two execution
paths of Pg,5|[(|mg which are in the same path-connected component have the same L-
arc length.

Proof. Write (Pg 5K |reg)co for the underlying set of IP’g 5K |req endowed with the compact-

open topology. Let ?aﬁ(K)CO be the set of all d-paths of K from « to 8 equipped
with the compact-open topology. By [28, Proposition 2.2], a composite map of the form
[0,1] = (PY 4| K|reg)eo C §a75<K)CO — R is constant, where the right-hand map is the L;-
arc length. The A-kelleyfication functor does not change the path-connected components.
Hence the proof is complete. O

Due to the variety of the terminologies used in the mathematical literature, we recall
the following definition for the convenience of the reader.

3.7. Definition. A pseudometric space (X, d) is a set X equipped with a map d : X x X —
[0, +00] called a pseudometric such that:

o Vo e X,d(x,z) =0

o V(z,y) € X x X,d(x,y) =d(y, x)

o V(z,y,2) € X x X x X,d(x,y) <d(x,2) +d(z,y).

A map f:(X,d) — (Y,d) of pseudometric spaces is a set map f : X — Y which does
not increase distance, i.e. ¥(x,y) € X x X,d(f(z), f(y)) < d(z,y).

Every metric space is a pseudometric space. The interest of this category for Propo-
sition [3.8 lies in the following two facts. At first, it is bicomplete, being a coreflective
subcategory of the bicomplete category of Lawvere metric spaces@ [23]. Secondly, the
family of balls B(z,e) = {y € X | d(z,y) < €}) with 2 € X and ¢ > 0 generates
a topology called the underlying topology of (X,d). This gives rise to a functor from
pseudometric spaces to general topological spaces.

3.8. Proposition. Let K be a precubical set. Let { > 0. The set map
L: BYK) x [0,£] — [0, +00]
which takes (vy,t) to the Ly-arc length between v(0) and y(t) is continuous.

2which are pseudometric spaces with the symmetry condition dropped
8



Proof. By equipping each topological n-cube [0, 1] for n > 0 with the metric d;, we obtain
a cocubical pseudometric space, and by Proposition 2.9 a colimit-preserving functor
from precubical sets to pseudometric spaces denoted by K +— |K|4. Since there is a
homeomorphism |O[n]|geom = |O[n]|q, for all n > 0, the set of tame regular d-paths
in |K|geom coincides with the set of tame regular d-paths in |K|; and the universal
property of the colimit proves that the identity induces a continuous map |K|geom — |K |4, -
Let ? K)g4, be the set of all d-paths of K equipped with the compact-open topology
associated with the underlying topological space of |K|y4,. Using [27, Lemma 2.13], the
set map L : ?(K)d1 x [0, +00[— [0, +00[ taking a pair (7, t) to the L;-arc length between
7(0) and (t) is continuous. Let ( RY(K))4, ((R(K))e resp.) be the underlying set of the
space R*(K) equipped with the compact-open topology associated with the underlying
topological space of | K|y, (associated with the topological space | K |geom resp.). Since the
identity induces a continuous map |K|geom — |K|4,, we obtain a continuous map

L: (RBUK))w % [0,0] = (BYK))a, % [0,6] € B(K)q, x [0, +00[ [0, +00].

Finally, take the image by the A-kelleyﬁcation functor. The latter is a right adjoint
therefore it preserves binary products. Besides, [0, ¢] and [0, +oo[ are already A-generated.
Hence the proof is complete. O

3.9. Notation. By adjunction, we obtain a continuous map

L: BYK) —s TOP([0, 4], [0, +o0]).

3.10. Lemma. For allr € ﬁe(K), forall o € G(U', 1), and for all t € [0,0'], one has
L(ré)(t) = L(r)(6(1)).

Proof. The Li-arc length between r(0) = r(¢(0)) and r(¢(¢)) for the d-path r is equal to
the Li-arc length between (r¢)(0) and (r¢)(t) for the d-path re. O

Intuitively, the natural d-paths are the d-paths whose speed corresponds to the Li-arc
length.

3.11. Definition. [27, Definition 2.14] Let K be a precubical set. Let (o, ) € Ko x K.
A d-path ~y of ﬁf 5(K) is natural if L(y)(t) =t for all t € [0,£]. This implies that { is
an integer. The subset of natural d-paths of length n > 1 from « to [ equipped with the
A-kelleyfication of the relative topology is denoted by N7, 5(K). Let
N(K)= JI N.,K
(a,ﬂ)GKQXKQ
The following theorem is an improvement and an adaptation in our topological setting

of |27, Proposition 2.16]: the homotopy equivalence is replaced by a homeomorphism
thanks to the spaces G(¢,n).

3.12. Theorem. Let K be a precubical set. Let (o, 5) € Ko x Ky. There is a homeomor-
phism
v =TI G n) x N 4(K

n>1
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Proof. By Proposition B.6] the space ﬁf; 5(K) is the direct sum of the subspaces ﬁﬁé"ﬁ(K
of regular d-paths of Lj-arc length n for n > 1. It then suffices to prove the homeo-
morphism ﬁf;"ﬁ(K) = Gl,n) x ﬁgB(K) for all n > 1. Consider the continuous map

B¢ G(f,n) x N7 4(K) — B2 (K) defined by

(¢, 7) = 7¢.
Since E(fwb) = E(fy)¢ = ¢, the first equality by Lemma and the second equality
since vy is natural, the d-path v¢ has no stop-interval and it is therefore regular. We
want to define a continuous map ¥’ : ﬁaﬁ( K)— G(l,n) x ﬁg”@(K) Let r € ﬁaﬂ(K)
Then L(r ) +0,€] — [0,n] is surjective and nondecreasing. Let ¢,¢" € [0,1] such that
L(r)(t) = L(r)(t'). Since r is regular, it has no stop interval. It implies that ¢ = ¢'. Thus,
L(r) € G(¢,n). Let
V(r) = (L(r),rL(r) ™).

The map U’ is continuous by Proposition and by |13, Lemma 6.2]. Then one has

L(rL(r)™")(t) = L(r)(L(r)"'(t)) = t
for all 0 < ¢t < n, the first equality by Lemma [B.10 and the second equality by alge-

braic simplification. It means that rL(r)~' € ﬁgﬁ(K): the path rL(r)~! is called the
naturalization of r in [27, Definition 2.14]. One has

W (r) = ®(L(r),rL(r)™") = rL(r) 'L(r) =
the first equality by definition of ¥*, the second equality by definition of ® and the last
equality by algebraic simplification. Let (¢,7) € G(¢,n) x N7 5(K). Since L(v¢) = ¢,
we obtain
Vo (9,7) = W (19) = (L(v9),70L(v9) ") = (¢,7),
the first equality by definition of ®¢, the second equality by definition of ¥, and the last
equality by algebraic simplification. O

4. THE {Q,H,M}-MODEL STRUCTURES OF MOORE FLOWS

The enriched small category G is defined as follows:

e The set of objects is the open interval ]0, col.

e The space G({1,0s) is the set {[0,¢;] =t [0,65)} for all ¢1,¢, > 0 equipped with
the A-kelleyfication of the relative topology induced by the set inclusion G(¢1,¥fs) C
TOP([0, 4], [0, ¢s]). By [13, Proposition 2.5], this topology coincides with the compact-
open topology and the pointwise topology.

e For every (1, /5,03 > 0, the composition map

G(ly,0ly) x G(ly, l3) — G(ly,05)

is induced by the composition of continuous maps.

The enriched category G is an example of a reparametrization category in the sense of
[12, Definition 4.3] which is different from the terminal category. It is introduced in [12,
Proposition 4.9].

4.1. Definition. The enriched category of enriched presheaves from G to Top is de-

noted by [G?, Top|. The underlying set-enriched category of enriched maps of enriched
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presheaves is denoted by [GP, Toplo. The objects of [GP, Toply are called the G-spaces.
Let
F9"U = G(—,¢) x U € [G?, Top,

where U s a topological space and where ¢ > 0.
The category [G°, Top]y is locally presentable by [11, Proposition 5.1].

4.2. Proposition. (11, Proposition 5.3 and Proposition 5.5] The category [G, Top|y is
a full reflective and corefiective subcategory of Topgop. For every G-space F : G’ — Top,
every £ > 0 and every topological space X, we have the natural bijection of sets

(G, Top|o(F{" X, F) = Top(X, F(()).
4.3. Theorem. ([12, Theorem 5.14]) Let D and E be two G-spaces. Let

(£1,82

DRE= / "Gty + 0) x D(y) x E(Ly).

The pair ([G, Toplo, ®) has the structure of a biclosed semimonoidal category.

4.4. Notation. Let D be a G-space. Let ¢ : £ — ' be a map of G. Let x € D({'). We
will use the notation

z.¢ = D(¢)().
Intuitively, x is a path of length ¢' and x.¢ is a path of length ¢ which is the reparametriza-
tion by ¢ of x.

By [26, Theorem 6.5(ii)], since all topological spaces are fibrant and since (Top, x,{0})
is a locally presentable base by [11, Corollary 3.3], the category of G-spaces [G, Top|o
can be endowed with the projective model structure associated with one of the three
model structures Top,, Top,,, Top,,. They are called the projective g-model structure (m-
model structure, h-model structure resp.) and denoted by [G, Topq]f)’mj (G, Top, |5,
(G, Top, ]} resp.). The three model structures are accessible. The fibrations are the
objectwise fibrations of the corresponding model structure of Top. They are called the
projective g-fibrations (projective m-fibrations, projective h-fibrations resp.). The weak
equivalences are the objectwise weak equivalence of the corresponding model structure of
Top. Since the projective m-fibrations of spaces are the projective h-fibrations of spaces,
and since the weak equivalences of the projective m-model structure of G-spaces are the
weak equivalences of the projective g-model structure of G-spaces, it implies that the
projective m-model structure of G-spaces is the mixing in the sense of [4, Theorem 2.1]
of the projective g-model structure of G-spaces and the projective h-model structure of
G-spaces. All G-spaces are fibrant for these three model structures.

When the reparametrization category G is replaced by the terminal category, these
model structures coincide with the g-model structure, the m-model structure and the
h-model structure of Top.

4.5. Definition. [12, Definition 6.2] A Moore flow is a small semicategory enriched over
the biclosed semimonoidal category ([G, Top|y, ®) of Theorem [{.3. The corresponding
category is denoted by GFlow.

The category GFlow is locally presentable by [12, Theorem 6.11].
11



4.6. Definition. A [G, Top|o-graph X consists of a pair (X°, (Pa X )(a,sex0xx0) such
that X° is a set and such that each Py 3X is a G-space. A map of [G, Toplo-graphs
f: X =Y consists of a set map f°: X° — Y? (called the underlying set map) together
with a map Po 3 X — Proay pos)Y of G-spaces for all (o, B) € X% x X% The composition
is defined in an obvious way. The corresponding category is denoted by Gph([G°, Top]o).

4.7. Theorem. Let (C,F, W) be either the projective g-model structure, or the projective
m-model structure, or the projective h-model structure of G-spaces. Then the category
Moore flows can be endowed with an accessible model structure characterized as follows:

o A map of Moore flows f: X —Y is a weak equivalence if and only if f°: X% — YO is
a bijection and Pf : Po s X — Pray,p3)Y belongs to W.

o A map of Moore flows f : X — Y is a fibration if and only if f© : X° — Y% is a
bijection and Pf : Py 3 X — Pya),r3)Y belongs to F.

All objects are fibrant. These three model structures are called the g-model structure,

the m-model structure and the h-model structure of GFlow. The m-model structure of

Moore flows is the mizing in the sense of [/, Theorem 2.1] of the g-model structure and

the h-model structure of Moore flows. The q-model structure coincides with the one of

(12, Theorem 8.8]. Every g-cofibration of Moore flows is a m-cofibration of Moore flows

and every m-cofibration of Moore flows is a h-cofibration of Moore flows.

Sketch of proof. This theorem is already proved in [15, Theorem 7.4] for the particular
case of the reparametrization category G being the terminal category. It is the reason
why the proof is only sketched. Choose (C, F,W). By [15, Corollary 5.6], there exists a
unique model structure on the category Gph([G°, Top|y) such that the weak equivalences
are the maps of enriched graphs which induce a bijection between the sets of vertices and
which are objectwise weak equivalences and such that the fibrations are the objectwise
fibrations. This model structure is accessible and all enriched graphs are fibrant. There
is a forgetful functor Gph : GFlow — Gph([G?, Top]y) which forgets the composition
law. This functor is a right-adjoint. The left adjoint is the free Moore flow generated
by the enriched graph. The semicategorical description of Moore flows is crucial: see
[15, Proposition 7.3] for a description of the left adjoint. Like in [15, Theorem 7.4],
the model structure on enriched graphs of G-spaces can be right-lifted along this right
adjoint by using [15, Theorem 2.1], namely the Quillen path object argument in model
categories where all objects are fibrant, with the path functor Path : GFlow — GFlow
defined on objects by Path(X)? = X% and for all (a,3) € X° x X° and for all £ > 0
by P%, 5 Path(X) = TOP([0, 1], P, 4X) with an obvious definition of the composition law.
The hypotheses of [15, Theorem 2.1] are satisfied because they are satisfied objectwise.
Indeed, for all (o, 3) € X% x X° and for all £ > 0, the diagonal of the topological space
P! s X factors as a composite P, ;X — TOP([0,1],P ;X) — P, ;X x P ;X where
the left-hand map is a homotopy equivalence and the right-hand map is a r-fibration
for r € {q,m,h}. The gq-model structure of this theorem coincides with the one of [12,
Theorem 8.8] because the two model structures have the same class of fibrations and
weak equivalences. The last sentence is a general fact about mixed model structures (see
[4, Theorem 2.1 and Proposition 3.6]). O

4.8. Notation. These three model categories are denoted by GFlow,, GFlow,,, GFlow,.
12



5. MOORE FLOW OF A REGULAR REALIZATION

Let X be a multipointed d-space. Let Pﬁé,ﬁX be the subspace of continuous maps from
[0,4] to | X| defined by P, ;X = {t — yue | 7 € Pg’ﬁX}. By [13, Theorem 4.12], there
exists a Moore flow MY(X) such that:

e The set of states X° of X
e For all o, f € X? and all real numbers ¢ > 0, P!, ;M9 (X) = P!, ;X.
e For all maps [0,¢] = [0,¢], a map f : [0,¢] — |X]| of PglﬂMg(X) is mapped to the
map [0, =+ [0,¢] & |X] of P4, ;M9(X)
e For all o, 3,7 € X and all real numbers ¢, ¢ > 0, the composition maps
0 PL MY (X) x PG MY(X) — PLMY(X)
is the Moore composition.
This mapping induces a functor MY : GdTop — GFlow which is a right adjoint. The

following notations coincide with |16, Definition 4.8 and Definition 4.12] by [16, Proposi-
tion 4.10 and Proposition 4.14].

5.1. Notation. Let N, ﬁg 1, ) and ON,, ﬁ(’fmln(aﬂ[n]) for n > 0. These
spaces are first countable, A- genemted cmd A-Hausdorff.

The map [0, 1]™U[0, 1]™2 — [0, 1]™+™2 defined by taking (¢1, ..., tm,) t0 (1, tmys Omy)
and (t},...,t ) to (1,,,t),...,t ) induces a continuous map Ny, X Ny, — Ny tmy DY

using the fact that the Moore composition of two natural d-paths is still a natural d-path.
5.2. Proposition. The mapping (¢y) — ¢ yields the homemomorphisms
G(l,n) x N, = Pgn,lnMg|D[n]|reg
G(l,n) x ON,, = P | M900[n]|,eq
forallm > 1 and all ¢ > 0. In particular, for £ = 1, we obtain the homemomorphisms
G(1,n) x N, = Pgn,1n|m[n]|reg
G(1,n) x ON, = P§ | 100[n]],eq
for alln > 1. Note that forn =1, ONy = @ = Pf ; [00[n]|e,-
Proof. The first part is a consequence of Theorem applied to the regular d-paths of

length ¢ and of Li-arc length n of the precubical sets ([n] and d0[n]. The particular
case ¢ = 1 is a consequence of the definition of the functor MY : GdTop — GFlow  [J

5.3. Corollary. For all n > 1, there are the isomorphisms of G-spaces
FgOpNn = P0n71nMg|D[n]|7‘eg’
F9"ON, = Py, 1, M?|00[n]]eq-
Proof. Tt is a consequence of Proposition B.2], of the fact that all regular d-paths from 0,

to 1, of |[O[n]| are of L-arc length n, and of the definition of the functor MY : GdTop —

GFlow. O
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5.4. Definition. The cocubical Moore flow MY|0[*]|,., gives rise by PropositionZ9 to a
colimit-preserving functor [—|,e, : 0Set — GFlow defined by

(Klreg = Ly MO0y

On]—K

Before expounding the main result of the paper, we need to recall a basic fact about
A-inclusions.

5.5. Proposition. (13, Proposition 2.2 and Corollary 2.3] A continuous bijection f : U —
V' of Top is a homeomorphism if and only if it is a A-inclusion, i.e. a set map [0,1] — A
is continuous if and only if the composite set map [0,1] — A — B is continuous.

We give a useful example of A-inclusion in what follows.

5.6. Proposition. Let K C L be two precubical sets. Let (c,5) € Ko x Ko. Then there
is the equality Pgﬁ|L|r69 N TOP([0,1], |K|geom) = P 4K |req and the continuous map
PE 51K lreg = PY 4|Llveq is a A-inclusion.

Proof. Every execution path of Pgﬁ|L|r69 NTOP([0,1], |K|geom) is @ Moore composition
of regular d-paths of cubes of K. It means that

P 5| Llreg N TOP([0,1], | Klgeom) C PG 5 K |re,

hence the equality. The underlying topological space of the multipointed d-space |K]|,4
(|L|yeq resp.) is the CW-complex |K|geom (|L|geom resp.). Let s :[0,1] — Pg75|K|r69 be a
set map such that the composite set map [0, 1] — Pg’5|K|,ﬂeg — IP’g75|L|,"eg is continuous.
By adjunction, one obtain a continuous map [0, 1] x [0, 1] = |L|geom such that the image
is included in |K|zeom. The point is that the map |K|geom — |L|geom 1S a g-cofibration
of topological spaces, and therefore a closed inclusion. Thus the continuous map [0, 1] x
[0,1] — |L|gjeom factors uniquely as a composite of continuous maps [0, 1] x [0,1] —
| K| geom — | L|geom- By adjunction, we obtains a continuous map

[0, 1] = P¢ 5|Llreg N TOP([0,1], | K geom) = Pg 5l Kl rey-
Thus, the set map [0, 1] — Pg’B|K|r69 is continuous. O

There is a technical issue due to the fact that the one-point compactification NU{oco} of
the discrete space N which encodes the notion of convergent sequence is not A-generated E
Therefore, we need to recall the following lemma.

5.7. Lemma. (13, Lemma 6.10] Let Uy, ..., U, be p first-countable A-Hausdorff A-generated
spaces with p > 1. Let (u!),>o be a sequence of U; for 1 < i < p which converges to
u', € U;. Then the sequence ((ul, ..., uP))n=0 converges to (ul,,...,ub)) € Uy x ... x U,
for the product calculated in Top.

We can now prove the main theorem of this paper.
5.8. Theorem. For all precubical sets K, there is a natural isomorphism of Moore flows
[K]reg = Mg(|K|7"eg)'

3But it is a k-space; thus this technical issue does not exist in the setting of k-spaces.
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Proof. From the cocone

(M) R
On]—K
we deduce the natural map of Moore flows [K] e, — MY|K]|,,. It is bijective on states.
The point is to prove that for all (a, 3) € Ky x K, it induces a homeomorphism P/[K7,., =
PMY| K|,y for all £ > 0. In fact, it suffices to prove the homeomorphism for ¢ = 1 since
all objects of the reparametrization category G are isomorphic. It means that it suffices
to prove that the map g : P*[KJ g — PY 4| K|,  is a homeomorphism.

Let (o, 8) € Ko x Ky. Consider the small diagram of spaces (the definition of the small
category Ch, s(K, n) is recalled in Appendix [B)

Do p(K,n) : Ch, (K, n) — Top
defined on objects by
D,p(K,n)(dn] = K) =Ny, x...x Ny,

and on morphisms by taking the map ¢4 p : O[my| * O[mso] — O[my + mo] to the map

Niy X Ny — Nypyom, given by the Moore composition of natural d-paths. By [16,

Theorem 6.3], the Moore composition of natural d-paths yields a continuous bijection

lim Do, (K, n) — ﬁgﬁ(K) The latter map is a homeomorphism by |16, Theorem 7.5],

the latter theorem proving that @Da,g(K ,n) has the “correct” topology, namely the

A-kelleyfication of the compact-open topology, which is precisely the topology equipping
o.5(K). Consider the following diagram of topological spaces

[T 6(1,n) x limy Dy (K, ) ——— [ G(1.n) x N7 ,(K)

n>1 n=1
h P!

e 5[ K]reg

Pg,5|K|r69 = (lx,ﬁ(K)

where the map ®! is the homeomorphism of Theorem 312l The map h : G(1,n) x
@Da,g(K ,n) = P 5[ K]yeq is defined as follows. Consider at first the map

G(1,n) x Do s(K,n)(On] — K) = G(1,n) x N, = By | MYO[n]]reg = Ph 5[K]reg

the left-hand map being induced by the Moore composition of natural paths N,,, x ... X
N,, — N,, the middle map by taking (¢,7) € G(1,n) x N, to v¢ € P |O[n]|re; =
Py, 1, M9|0[n]|,eq by Proposition 5.2, and the right-hand map being induced by the map
Oln] — K. It is routine to check that the diagram of spaces above is commutative. We
deduce that the composite

gh: [T G(1,n) x lim D (K, 0) = Py 5[K]reg — PG 5K |reg

n=>1

15



is a homeomorphism. It implies that h is one-to-one and that ¢ is onto. For any map of
precubical sets (J[n] — K taking 0, to a and 1,, to 3 in the following diagram:

H G(1,n) x @Da,g(K, n)
n=>1

—~ h

PG, 1,,/0[nlreg = Po,.1, M7 |O[n]]req e 5K ]req

the lift j exists by Proposition again. The Moore flow [K],¢, is a colimit of Moore
flows of the form MY|0[n]|,,. Recall that a Moore flow is a semicategory enriched over
the semimonoidal category of G-spaces ([G, Top|,®). It implies that A is onto and,
consequently, that g is one-to-one.

It remains to prove that the continuous bijection g : PL s[K]reg — P9 4|K|eq is a
homeomorphism. Let s : [0,1] = P}, 5[K],eq be a set map such that the composite map
gs:[0,1] — Pg75|K|,ﬂeg is continuous. By adjunction, the latter map induces a continuous
map § : [0, 1] x [0, 1] = |K|geom since | K|gzeom is the underlying space of the multipointed
d-space |K|,eg. Since |K|geom is a CW-complex, the compact g([0,1] x [0, 1]) intersects
finitely many interiors of cubes and vertices by [19, Proposition A.1] which defines, by
adding all their faces, a finite precubical set Ky C K. There is therefore the commutative
diagram of set maps

sf 9f
[O, 1] - Pé,ﬂ[Kf]reg - Pg,ﬂ|Kf|reg

o

[O, 1] —— ]P)(lx,ﬁ[K]T’eQ Pg,ﬁuﬂreg

Since the set map Pg75|Kf|reg — P§75|K|reg is a A-inclusion by Proposition .6 we
deduce that the composite set map g¢sy is continuous. It then suffices to prove that
the set map s¢ : [0,1] — IP’éﬁ[Kf]reg is continuous to complete the proof because the
vertical map P}, 5[Kylreq — P 5[K]req is continuous by functoriality. We can therefore
suppose that Ky = K is a finite precubical set. The L;-arc length of an execution path
of ]P’gﬁ\[(\reg, i.e. of a regular tame d-path of K from « to [, mapped to an element
of G(1,n) x liﬂDaﬁ(K ,n) is n. Consequently, since [0, 1] is path-connected and using
Proposition [3.6] there exists ng > 1 and a commutative diagram of spaces

s g = .
[0, 1] Py 5[ K]reg Pg 5 Klreg — [1 G(1,n) x lim D, 5(K, 1)
n>1
C
[O, 1] Q(l, 77,0) X hgﬂ,Daﬂ(K, no)

Let (tx)k=0 be a sequence of [0, 1] which converges to t., € [0,1]. Since K is finite, the

diagram D, 3(K,ng) is finite as well. By extracting a subsequence, one can suppose

that there exists (ny,...,n,) € Seq(ng) such that gs(tx) = (¢k, 7}, ---,7%) € G(1,n9) X

Np, X ... % N, for all k > 0. By continuity of gs, the sequence (¢x,vi,...,7) €
16



G(1,ng) % @Da,g(K, ng) is convergent. By using the projection map on the first factor,
we deduce that the sequence (¢dx)r=0 of G(1,n0) converges to some ¢, € G(1,ny)

By [16, Proposition 4.10], the space N, is sequentially compact for 1 < j < p. Thus by
extracting a subsequence, one can suppose that each sequence (fyi) k>0 of Nn]. converges to
some v/_ for all 1 < j < p. By Lemma 5.7, it implies that the sequence (¢, V7, ..., Vh) €
G(1,n0) X Np, X ... x N, converges to (oo, Vi, - - -,7%). We deduce that the sequence
(5(tk)) k=0 converges to h(doo, Yags - - - » V5) € Pay g[Kreg. In fact, we have proved that every
subsequence of (s(tx))r>0 has a subsequence which has a limit point which is necessarily
97 (gs(t)) = s(two). Suppose that the sequence (s(ty))r>0 does not converge to s(ts)-
Then there exists an open neighborhood V' of s(ty) in IP’éﬂ[K]reg such that for some
M > 0, and for all k£ > M, s(tx) € V¢, the complement of V', the latter being closed in
P}, 5[K]req. Thus, (s(t))k=n cannot have a limit point: contradiction. We deduce that
s :[0,1] = P} 4[K]yeq is sequentially continuous, hence continuous. We deduce that the
continuous bijection g : P 5[K],eq — IP’gﬂ|K|,neg is a A-inclusion. Hence, g and h are
homeomorphisms by Proposition O

5.9. Corollary. The functor K +— MY(|K]|,e,) from precubical sets to Moore flows is
colimit-preserving.

5.10. Proposition. For alln > 1, there is the pushout diagram of Moore flows
Glob(F¢ON,,) —— M9|00[n]] e,

Glob(F9” N,,) M |01 |eq

Proof. By Corollary [5.3], there is the commutative diagram of G-spaces

[

F9"ON,, Po,,,1, M[00[n] e

| |

F9” N, —— Py, 1, M| O[n]|eq

where the two horizontal maps are isomorphisms of G-spaces. This commutative diagram
of G-spaces is therefore a pushout diagram. O

5.11. Theorem. For all precubical sets K, the Moore flow MY|K ., is m-cofibrant.

Proof. A map of Moore flows f : X — Y satisfies the RLP with respect to the map of
Moore flows Glob(F¢”ON,,) — Glob(F¢"N,,) if and only if for each (o, 3) € Ky x Kj,
the map of G-spaces f : P, g X — P r(3Y satisfies the RLP with respect to the map
of G-spaces F¢”"ON,, — F9"N,,. Therefore, by Proposition I2 a map of Moore flows
f: X — Y satisfies the RLP with respect to the map of Moore flows Glob(F¢”"9N,,) —
Glob(F§™ N,,) if and only the map of topological spaces Pp. s X — P75 satisfies the
RLP with respect to the map of topological spaces ON,, — N,,. By [16, Theorem 5.9], the

4This point is not trivial. Indeed, G(1,ng) is not sequentially compact, and not even relatively sequentially
compact as explained in |13, Figure 2].
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latter map is a m-cofibration of spaces. By definition of the m-model structures of Moore
flows, we then deduce that the map of Moore flows Glob(F¢”"9N,,) — Glob(F¢”'N,,) is a
m-cofibration of Moore flows for n > 1. Using Proposition [5.10, and since [[0]],., = {0}
(the Moore flow without execution paths and one state 0) is m-cofibrant, we deduce that
for all precubical sets K, the Moore flow [K],¢, is m-cofibrant. The proof is complete
thanks to Theorem b.8 O

5.12. Corollary. Let K be a precubical set. Let (o, 5) € Ko x Ko. The topological space
ngﬁ|K|,ﬂeg is homotopy equivalent to a C'W-complez.

Proof. The m-cofibrant Moore flow MY|K],., is weakly equivalent in the h-model struc-
ture of Moore flows to a g-cofibrant Moore flow X by [4, Corollary 3.7]. The latter has
projective g-cofibrant G-spaces of execution paths by [12, Theorem 9.11]. Tt implies that
P, sX is injective m-cofibrant by [11, Corollary 7.2]. Thus IP’éﬂX is a m-cofibrant topo-
logical space. Since weak equivalences of the projective h-model structure of G-spaces are
objectwise homotopy equivalences, it implies that IP’; 5MQ|K |reg is homotopy equivalent to
P} 5X. By definition of the functor MY, there is the equality Pg’B|K|r69 =P} ;M9 |K|,eq.
It implies that IP& 5K |req is homotopy equivalent to IP’}X’ 5X which is homotopy equivalent
to a CW-complex. O

6. RELATION WITH THE NATURAL REALIZATION FUNCTOR

6.1. Definition. [, Definition 4.11] A flow is a small semicategory enriched over the
closed monoidal category (Top, x). The corresponding category is denoted by Flow.

A flow X consists of a topological space PX of execution paths, a discrete space X°
of states, two continuous maps s and t from PX to X° called the source and target
map respectively, and a continuous and associative map * : {(z,y) € PX x PX;t(z) =
s(y)} — PX such that s(x *y) = s(x) and t(z xy) = t(y). Let PosX = {x € PX |
s(x) = a and t(z) = B}: it is the space of execution paths from « to 3, « is called the
initial state and f is called the final state. Note that the composition is denoted by x * ¥,
not by y o z. The category Flow is locally presentable by [12, Theorem 6.11].

Let X be a flow. The Moore flow M(X) is the enriched semicategory over the semi-
monoidal category of G-spaces defined as follows:

e The set of states is X°.
e The G-space P, gM(X) is the G-space Agor(P, 3X) (the constant diagram P, X).
e The composition law is defined, using |12, Proposition 5.17], as the composite map

N Agop (%)
Agor(Pa,sX) @ Ager(Pg X)) = Agor(Po X X Ps, X)

Agor (Po, X).

The construction above yields a well-defined functor M : Flow — GFlow. Consider a
Moore flow Y. For all a, 3 € Y let Y, 5 = liﬂPaﬂY. Let (o, B,7) be a triple of states
of Y. The composition law of the Moore flow Y induces, using [12, Proposition 5.18], a
continuous map

Yop XYy = hﬂ(PaﬁY ®Ps,Y) — hﬂpaﬂy =Yay

which is associative. We obtain a flow M,(Y") such that

e The set of states is Y
18



e Forall o, 8 € YO let P, sM\Y =Y, 4
e For all a, 8,7 € Y, the composition law Y, 5 X Y3, = Y, ..

We obtain a well-defined functor M, : GFlow — Flow and there is an adjunction M, 4 M
by [12, Proposition 10.7].

We define a flow |O[n]|ne for n > 0 called the natural n-cube as follows (see [16,
Section 5] for more details). The set of states is {0,1}". Let n > 1 and «, 5 € {0,1}".
Let a = (aq,...,a,) and B = (B1,...,5,). Let

N,, ifdi(a,f)=m=>=1landa<pf

P, s|On||ha =
I {@ s

The continuous map Ny,; X Ny, — Nyyy+m, induced by the Moore composition of two
natural d-paths yields the associative composition law of the flow |d[n]|,.. We obtain
a well-defined cocubical flow |O[*]|,. by [16, Corollary 5.2]. Using Proposition 2.9, we
obtain:

6.2. Definition. ([16, Definition 5.3]) Let K be a precubical set. Consider the colimit-
preserving functor
| K |nat = hﬂ 07 |na-
On]—K
It is called the natural realization of K as a flow.

Let X be a multipointed d-space. Consider for every (a, 3) € X° x X the coequalizer
of spaces

PosX = lim (P ;X x G(1,1) =PI, X)

where the two maps are (¢, ¢) — c and (¢, ¢) — c.¢. Let [—]as: PgﬂX — P, X be the
canonical map.

6.3. Theorem. (10, Theorem 7.2] [13, Theorem 8.11] Let X be a multipointed d-space.
Then there exists a flow cat(X) with cat(X)? = X9, P, 5cat(X) = P, X and the com-
position law x : Po g X X Pg X — P, X is for every triple (o, 8,7) € X° x X% x X the
unique map making the following diagram commutative:

g G *N g
IP’aﬂX X ]P)ﬁ,’YX ]P)a;yX
[~Ja,6%[=]8,~ [(~lay

]P)a,gX X ]P)g,,YX

P, X

where *y is the normalized composition (cf. Definition[2.). The mapping X +— cat(X)
induces a functor from GdTop to Flow. There is the isomorphism of functors

cat = M,MY.
6.4. Definition. The functor cat : GdTop — Flow is called the categorization functor.

6.5. Theorem. For every precubical set K, there is the natural isomorphism of flows

At (K reg) = K]t
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Proof. Let n > 0. By Proposition [5.2] there is the isomorphism of flows
cat(|0[n][reg) = [O[n]|nat-

The definition of the cocubical multipointed d-space |O[*]|,e, expounded in Proposi-
tion shows that a regular d-path v between two vertices of [J[n] is taken by a coface
map 0% : [n] — [n + 1] to the regular d-path 62+ of O[n + 1]. Thus, the repametrization
v¢ with ¢ € G(1,1) is taken to the regular d-path 68v¢ of On + 1]. It means that the
above isomorphism of flows is natural with respect to the maps of the small category [I.
We deduce the sequence of isomorphisms of flows

cat(| K req) = MM (| K |rey)

= M!( hﬂ Mg‘m[n]‘reg>

On]—K

12

lim MM |O[n] |,
D[n}%[(

hﬂ cat(|0[n]]reqg)
On]—K

= hﬂ 101 | nat
On]—K

|K|nata

12

[12

the first and fourth isomorphisms since cat = MyMY by Theorem 6.3, the second iso-
morphism by Corollary (5.9, the third isomorphism since M, is a left adjoint by [12,
Proposition 10.7], the fifth isomorphism by the above natural isomorphism of flows, and
the last isomorphism by definition of the natural realization. O

APPENDIX A. IS THE REGULAR REALIZATION M-COFIBRANT 7

Despite all our efforts, we are unable to prove or to disprove the fact that the mul-
tipointed d-space |K],, is h-cofibrant. The example of non h-cofibrant multipointed
d-space provided in |15, Proposition 6.19] suggests that the h-cofibrant objects are the
objects without algebraic relations. According to this intuition, it means that |K|,., is
likely to be h-cofibrant. If it is the case, this section then shows that |K|,., is a m-
cofibrant multipointed d-space. First of all, let us recall the three model structures of
multipointed d-spaces.

A.1l. Theorem. (15, Theorem 6.14] Let v € {q,m,h}. There exists a unique model
structure on GdTop such that:
o A map of multipointed d-spaces f : X — Y is a weak equivalence if and only if
O XY = YO is a bijection and for all (o, B) € X° x X°, the continuous map
PgﬂX — P?(O&)J(B)Y is a weak equivalence of the r-model structure of Top.
o A map of flows f: X =Y is a fibration if and only if for all (o, B) € X° x X©,
the continuous map ]P’gﬂX — P?(Q)J(B)Y is a fibration of the r-model structure of
Top.

This model structure is accessible and all objects are fibrant.

A.2. Notation. These three model categories are denoted by GdTop,, GdTop,,, GdTop,,.
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A.3. Theorem. The right adjoint MY : GdTop — GFlow yields a right Quillen equiva-
lence between the m-model structures GdTop,, and GFlow,,.

Proof. The functor MY : GdTop — GFlow takes (trivial resp.) m-fibrations of multi-
pointed d-spaces to (trivial resp.) m-fibrations of Moore flows by definition of the m-model
structures. Thus, the functor MY : GdTop — GFlow is a right Quillen adjoint between
the m-model structures. We have the commutative diagram of right Quillen adjoints

M9
GdTop,, GFlow,,
IdgaTop | ldgFiow
GdTop, pyes GFlow,

The bottom horizontal arrow is a right Quillen equivalence by [13, Theorem 8.1]. It is a
general fact about mixed model structures that the two vertical arrows are right Quillen
equivalences. Thus, the top right Quillen adjoint is a right Quillen equivalence. U

A.4. Notation. Denote by MY : GFlow — GdTop the left adjoint of MY : GdTop —
GFlow. An explicit description is expounded in [13, Appendiz B].

A5. Theorem. Let K be a precubical set. Then the multipointed d-space |K|,eq s m-
cofibrant if it is h-cofibrant.

Proof. Using Theorem 51T and Theorem [A.3] we deduce that the counit map
MYMO|K |yeg — |K|reg

is a weak equivalence of the m-model structure of multipointed d-spaces and, My being
a left Quillen adjoint, the multipointed d-space M{MY|K |lreg is m-cofibrant. For all
(o, B) € Ko x Ky, we deduce the weak homotopy equivalence

P MM Ky — B 5| K]y

By [15, Theorem 8.6], the topological space Pg’ﬂM!gMﬂK |reg is m-cofibrant. By Corol-
lary £.12] the space IP’ZMK |reg 15 @ m-cofibrant space. Thus the weak homotopy equiva-
lence
Pg,BM!gMg|K|reg — Pg,B|K|r69'

is a weak homotopy equivalence between m-cofibrant spaces. By [4, Corollary 3.4],
the latter map is therefore a homotopy equivalence. It means that the counit map
M{MY| K| ey — |Klreqg is a weak equivalence of the h-model structure of GdTop. It
implies by [4, Corollary 3.7] that the multipointed d-space |K]|,., is m-cofibrant if it is
h-cofibrant. U

APPENDIX B. THE CATEGORY Ch, 3(K,n)

Cube chains are a powerful notion introduced by Ziemianski. We use the presentation
given in [32, Section 7]. Let Seq(n) be the set of sequences of positive integers n =
(ny,...,n,) with ny +---+n, =n. Let n = (ny,...,n,) € Seq(n). Then |n| = n is the

length of n and ¢(n) = p is the number of elements of n. Let K be a precubical set and
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A=a <---<a,C{l,...,n} and € € {0,1}. The iterated face map is defined by
04 = 0,,0;, -0, -

ay a2

B.1. Definition. Let n € Seq(n). The n-cube is the precubical set
Oln] = Ong] * - - - % O[ny]

where the notation x means that the final state 1,,, of the precubical set O[n;] is identified

with the initial state 0 of the precubical set O[n; 1] for 1 <1< p—1.

Mit1

Let K be a precubical set. Let a, 8 € Ky. Let n > 1. The category Ch, z(K,n) is
defined as follows. The objects are the maps of precubical sets ([n| — K with |n| =n
where the initial state of O[n] is mapped to « and the final state of O[n,| is mapped to
B. Let AUB = {1,...,m; +my} be a partition with the cardinal of A equal to m; >0
and the cardinal of B equal to my > 0. Let

dap : Omy] « Ome] — O[my + mo
be the unique map of precubical sets such that
¢ 4,8(1dgm,)) = Ip(Idjm, £ms)),
¢a,8(Idjm,)) = 04 (Idpm, ima))-
Forie {1,...,4(n)} and a partition AU B = {1,...,n;}, let
0i,a,5 = Idop, -+ * Idop, ) %@ a5 * Idop, ) * - * Idop,,) -

The morphisms are the commutative diagrams

Oln,) —— K
Olny) —>— K

where the left vertical map is a composite of maps of precubical sets of the form d; 4 p.
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