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A FOURIER ANALYSIS OF QUADRATIC RIEMANN SUMS AND

LOCAL INTEGRALS OF ζ(s)

MICHEL J. G. WEBER

Abstract. Let ζ(s), s = σ + it, be the Riemann zeta function. We use Fourier analysis to
obtain, after a preliminary study of quadratic Riemann sums, a precise formula of the local

integrals
∫ n+1

n
|ζ(σ + it)|2dt, for 1

2
< σ < 1. We also study related S2-Stepanov norms of

ζ(s) in connection with the strong Voronin Universality Theorem.

1. Introduction-Results

In this work we study local integrals on bounded intervals of the Riemann zeta function
ζ(s), s = σ + it, namely their asymptotic behavior near infinity. For results concerning
local integrals of ζ(s) on short intervals (but of growing size near infinity) we can cite [2],
[12] where the Riemann Hypothesis (RH) is assumed, and refer to the remarkable survey
[11], (see notably (5.15), (7.7) and estimates p. 14), which is sufficient for our purpose. The
methods used in mean square theory are quite elaborated and are mostly ultimate refinements
of previous papers, also very old ones as the theory is. Although the works made are really
impressive, they unfortunately don’t give the impression, in view of the conjectures of the
theory notably, that more can be expected from new refinements of these ones. Moreover from
the considerable amount of works and results concerning the meanvalue of ζ(s), for instance∫ T

0
|ζ(σ + it)|2dt,

T large, we clarify that nothing can be drawn to measure the size’s order of the local integrals
we consider, because of the size of the error term. Estimates of the local integrals∫ a+H

a
|ζ(σ + it)|2dt

in general require H to be large with a. We couldn’t find in the related literature estimates
corresponding to the case a large and H bounded.

The approach we purpose in this paper is new and can be developed. It is also completing
the recent work [14]. We use the natural link existing between the zeta local integrals

(1.1)

∫ n+1

n
|ζ(σ + it)|2dt,
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and quadratic Riemann sums. Recall that the Riemann sum of order ` of a function f defined
at rational points of [0, 1] is defined by

(1.2) Rf (`) =
1

`

∑
1≤k≤`

f
(k
`

)
, ` ≥ 1.

These sums converge to
∫ 1
0 f(t)dt if for instance f has bounded derivative. We refer to [16],

Chap. XI, which is devoted to Riemann sums and their link to Number Theory, as well as for
convergence properties of (Wintner’s equidistant) Riemann sums.

The quadratic Riemann sums are defined as follows,

Sn,σ(f) =
∑

1≤k≤`≤n

1

(k`)σ
f
(k
`

)
, 0 ≤ σ < 1.(1.3)

These sums are easily seen as weightings of Riemann sums of associated with fσ(x) = f(x)/xσ,

Sn,σ(f) =
∑

1≤k≤`≤n

1

`2σ
fσ

(k
`

)
=

∑
1≤`≤n

`1−2σ Rfσ(`).(1.4)

When the Riemann sums Rf (`) converge, these weightings converge to the same limit and a
speed of convergence can be exhibited ([14], Proposition 2.1).

Their link with ζ-local integrals expresses as follows (see (3.4)):

(1.5)

∫ n+1

n
|ζ(σ + it)|2dt = Quadratic Riemann sum + Error term .

The main result of this paper is the Theorem below which provides an explicit unconditional
formula for the local integrals (1.1).

Theorem 1.1. (i) For 1
2 < σ < 1,∫ n+1

n
|ζ(σ + it)|2dt = ζ(2σ) + 4

∑
k∈Z∗

<
(
cgn,σ(k)

)( ∑
1≤`≤n

`−2σεk(`)
)

+ Oσ
(
n1−2σ

)
,

as n→∞, where gn(x) is defined by

(1.6) gn(x) =
cos((n+ 1

2) log x) sin 1
2 log x

log x
0 < x < 1, gn(1) = 1

2 , gn(0) = 0,

and (cgn,σ(k))k∈Z are the Fourier coefficients of gn,σ(x) = gn(x)/xσ, n ≥ 1, and

(1.7) εk(`) =

{
`− 1 if `|k,
−1 if ` 6 |k.

Further for any k ∈ Z∗,

(1.8) <(cgn,σ(k)) =
∞∑
m=0

(−1)m(2πk)2m

(2m)!

(arctan n+1
2m+1−σ − arctan n

2m+1−σ
2

)
.

(ii) Furthermore,∣∣∣<(cgn,σ(k)) −
∑

m<m(n,σ)∨dπeke

(−1)m
(2πk)2m

(2m)!

(Arctan n+1
2m+1−σ −Arctan n

2m+1−σ
2

) ∣∣∣
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≤ Cσ

k3/2
.

where Cσ depends on σ only and m(n, σ) = (σ +
√

3n(n+ 1)/2 + 2 )/2.

Remarks 1.2. (i) Note that by Riesz’s criterion, [3, Vol. II], p. 184, and Young’s inequality,

(1.9)
∑
ν∈Z∗

|cgn,σ(ν)| =∞ and
∑
ν∈Z∗

|cgn,σ(ν)|q <∞, (q >
1− σ
σ

, n ≥ 1).

(ii) The arithmetical factor of <(cgn,σ(k)) is easily estimated. We have∑
1≤`≤n

`−2σεk(`) =
∑

1≤`≤n
`|k

`1−2σ −
∑

1≤`≤n
`−2σ =

∑
1≤`≤n
`|k

`1−2σ − Cσ + Oσ
(
n1−2σ

)
.

and if n ≥ k, it reduces to τ1−2σ(k) − Cσ + Oσ(n1−2σ) where τh(n) =
∑

d|n d
h is the usual

sum-divisor function. By Gronwall’s estimate, ([7] p. 119–122),

(1.10) lim sup
k→∞

log τ1−2σ(k)
(log k)2(1−σ)

log log k

=
1

2(1− σ)
.

Theorem 1.1 is deduced from a preliminary Fourier analysis of the quadratic Riemann sums
(1.3).

The control of Fourier coefficients (cgn,σ(k))k is a key question. Section 3 contains a thor-
ough study of their properties.

Introduce the class C of functions f : [0, 1] → R such that for all x ∈ Q∩]0, 1[ and some
η > 0,

f(x− 0) = f(x+ 0) and
∫ η
0
|f(x+u)+f(x−u)−2f(x)|

u du <∞.(1.11)

This defines a fairly wide class and one has the following obvious inclusions: C1 ⊂ C2 ⊂ C,
where

C1 =
{
f : [0, 1]→ R : f(x) is derivable for each x ∈ Q∩]0, 1[

}
C2 =

{
f : [0, 1]→ R : f(x) satisfies a Lipschitz condition of order α > 0,

in the neighbourhood of each x ∈ Q∩]0, 1[
}
.(1.12)

Functions from the class C are not necessarily absolutely continuous.

We prove the following unconditional results. We identify the limiting term of the quadratic
Riemann sums and provide a precise control of the error term.

Theorem 1.3. Let f : [0, 1] → R. Let 1
2 < σ < 1 and assume that fσ ∈ C. Further assume

that the series ∑
ν∈Z
<
(
cfσ(ν)

)
,

∑
ν∈Z∗

<
(
cfσ(ν)

)
σ1−2σ(ν)

are convergent, where cfσ(`), ` ∈ Z are the Fourier coefficients of fσ, and σ1−2σ(ν) denotes
the sum of the (1− 2σ)-th powers of the divisors of ν. Then,

Sn,σ(f) =
(∫ 1

0
fσ(x)dx

)( n2(1−σ)
2(1− σ)

+ ζ(2σ − 1)− 1
)
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+
∑
ν∈Z∗

<
(
cfσ(ν)

)(
σ1−2σ(ν)− 1

)
+ o(1),

as n→∞, recalling that ζ(s) = limx→∞
(∑

n≤x
1
ns −

x1−s

1−s
)
, 0 < s < 1.

Theorem 1.3 is obtained as a consequence of the following result.

Theorem 1.4. Let σ be a real number. Let f : [0, 1]→ R and assume that fσ ∈ C.

(1) We have

Sn,σ(f) =
( ∫ 1

0
fσ(x)dx

)( ∑
1≤`≤n

(`− 1)`−2σ
)

+
∑
ν∈Z∗

cfσ(`)
( ∑

1≤`≤n
`−2σεν(`)

)
,

for each positive n, where ε`(d) is defined in Theorem 1.1.

(2) Assume that the series
∑

ν∈Z cfσ(ν) is convergent. Then,

Sn,σ(f) =
( ∫ 1

0
fσ(x)dx

)( ∑
1≤`≤n

`1−2σ
)

+
∑
ν∈Z∗

cfσ(ν)
( ∑

1≤`≤n
`|ν

`1−2σ
)

−
∑
ν∈Z

cfσ(ν)
( ∑

1≤`≤n
`−2σ

)
,

for each positive n.

Remark 1.5. A study of the corresponding quadratic Farey sums – however with no con-
nection with ζ(s) as in (1.5) – is made in [15] where unconditional results for Farey sums are
also proved.

The paper is organized as follows. In the next section, we give the proofs of Theorems 1.3
and 1.4. In Section 3 we prove Theorem 1.1. Finally we discuss in Section 4 the finiteness of
the related S2-Stepanov norm of ζ(s).

2. Proofs of Theorems 1.3 and 1.4.

2.1. Proof of Theorem 1.4. Recall that

Sn,σ(f) =
∑

1≤k≤`≤n

1

`2σ
fσ

(k
`

)
=

∑
1≤`≤n

`1−2σ Rfσ(`).

Dini’s test [3, Vol. I], implies in view of the assumption made, that the Fourier series of fσ,

(2.1) σfσ(x) =
∑
ν∈Z

cfσ(ν)e2iπνx converges to fσ(x),

that is, the partials sums of σfσ(x) are converging to fσ(x), and this for any x ∈ Q∩]0, 1[.

Taking successively x = k
` , k = 1, 2, . . . , `− 1 in (2.1), gives

fσ
(k
`

)
= cfσ(0) +

∑
ν∈Z∗

cfσ(ν)e2iπν
k
` , k = 1, 2, . . . , `− 1.

Let Dfσ(`) = `Rfσ(`). Then

Dfσ(`) := (`− 1)cfσ(0) +
∑
ν∈Z∗

cfσ(ν)
( `−1∑
k=1

e2iπν
k
`

)
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= (`− 1)cfσ(0) +
∑
ν∈Z∗

cfσ(ν)ε`(ν).(2.2)

Therefore

Sn,σ(f) =
∑

1≤`≤n
`−2σDfσ(`)

= cfσ(0)
( ∑

1≤`≤n
(`− 1)`−2σ

)
+
∑
ν∈Z∗

cfσ(`)
( ∑

1≤`≤n
`−2σεν(`)

)
,

whence the first assertion.

Remark 2.1. Dini’s test does not imply that the series
∑

`∈Z cfσ(`) is convergent. However
from (2.2) follows that for any ` ≥ 2, the difference of series

(2.3) (`− 1)
∑
ν∈Z∗
`|ν

cfσ(ν)−
∑
ν∈Z∗
6̀|ν

cfσ(ν)

converges in the sense that the limit below

(2.4) lim
N→∞

{
(`− 1)

∑
ν∈Z∗ , |ν|≤N

`|ν

cfσ(ν)−
∑

ν∈Z∗ , |ν|≤N
6̀|ν

cfσ(ν)

}
,

exists.

Now if the series
∑

`∈Z cfσ(`) is convergent, we can write

Dfσ(`) = (`− 1) cfσ(0) +
∑
ν∈Z∗

cfσ(ν)
(∑̀
k=1

e2iπν
k
` − 1

)
= ` cfσ(0) + `

∑
ν∈Z∗
`|ν

cfσ(ν)−
∑
ν∈Z

cfσ(ν)

since
∑`

k=1 e
2iπν k

` equals to ` or 0 according to `|ν or not. Thus

Sn,σ(f) =
∑

1≤`≤n
`−2σDfσ(`)

= cfσ(0)
( ∑

1≤`≤n
`1−2σ

)
+
∑
ν∈Z∗

cfσ(ν)
( ∑

1≤`≤n
`|ν

`1−2σ
)
−
∑
ν∈Z

cfσ(ν)
( ∑

1≤`≤n
`−2σ

)
.

2.2. Proof of Theorem 1.3. As f is real-valued

Sn,σ(f) = cfσ(0)
( ∑

1≤`≤n
`1−2σ

)
+
∑
ν∈Z∗

<
(
cfσ(ν)

)( ∑
1≤`≤n
`|ν

`1−2σ
)

−
∑
ν∈Z
<
(
cfσ(ν)

)( ∑
1≤`≤n

`−2σ
)
.

For each N ≥ 1,

lim
n→∞

∑
−N≤ν≤N

ν 6=0

<
(
cfσ(ν)

)( ∑
1≤`≤n
`|ν

`1−2σ
)

=
∑

−N≤ν≤N
ν 6=0

<
(
cfσ(ν)

)
σ1−2σ(ν).
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From the assumptions made, by using a standard approximation argument, we deduce

lim
n→∞

∑
ν∈Z∗

cfσ(ν)
( ∑

1≤`≤n
`|ν

`1−2σ
)

=
∑
ν∈Z∗

cfσ(ν)σ1−2σ(ν).

Using Theorem 1.4 and elementary estimate

(2.5)
∑

1≤`≤n
`1−2σ =

n2(1−σ)

2(1− σ)
+ ζ(2σ − 1) + O

(
n1−2σ

)
(1/2 < σ < 1),

we get,

Sn,σ(f) = cfσ(0)
( n2(1−σ)

2(1− σ)
+ Cσ

)
+
∑
ν∈Z∗

<
(
cfσ(ν)

)
σ1−2σ(ν)−

∑
ν∈Z
<
(
cfσ(ν)

)
+ o(1),

as n→∞.

3. Proof of Theorem 1.1.

Let 1 ≤ a < b <∞, a ≥ cb for some positive c < 1. We first note that for σ > 1
2 ,∫ b

a

∣∣∣ b∑
k=1

1

kσ+it

∣∣∣2dt = (b− a)
b∑

k=1

1

k2σ

+ 2
∑

1≤k<`≤b

1

(k`)σ
sin b log k

` − sin a log k
`

log k
`

= (b− a)

b∑
k=1

1

k2σ
+ 4

∑
1≤k<`≤b

1

(k`)σ
sin(12(b− a) log k

` ) cos(12(a+ b) log k
` )

log k
`

=− (b− a)

b∑
k=1

1

k2σ
+ 4Sb,σ(g(a, b)),(3.1)

where

g(a, b)(x) =
sin(12(b− a) log x) cos(12(a+ b) log x)

log x
0 < x < 1,

and g(a, b)(1) = 1
2(b− a), g(a, b)(0) = 0.

By the classical approximation formula ([13, p. 77]), given σ0 > 0, we have uniformly for
σ ≥ σ0, 0 < |t| ≤ πn

(3.2) ζ(σ + it) =
∑
k≤n

1

kσ+it
− n1−σ−it

1− σ − it
+ Oσ0(x−σ).

We deduce from (3.1) that∫ b

a
|ζ(σ + it)|2dt = ζ(2σ)(b− a) + 4Sb,σ(g(a, b)) + Oσ,c (b1−2σ).(3.3)

Choose σ0 = 1/2. As for a ≤ t ≤ b,∣∣ b1−σ−it

1− σ − it
∣∣ =

b1−σ√
(1− σ)2 + t2

≤ b−σ

c
,
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it follows that uniformly for σ ≥ 1/2, a ≤ t ≤ b,

ζ(σ + it)−
b∑

k=1

1

kσ+it
= O1/2,c (b−σ).

Thus ∫ b

a
|ζ(σ + it)|2dt = −(b− a)ζ(2σ) + 4Sb,σ(g(a, b)) + Oσ,c (b1−2σ).

Letting a = n and b = n+ 1 gives∫ n+1

n
|ζ(σ + it)|2dt = −ζ(2σ) + 4Sn,σ(gn) + Oσ(n1−2σ),(3.4)

where gn, n ≥ 1 is defined in (1.6). Recall that gn,σ(x) = gn(x)/xσ. Since for 0 < x < 1,

g′n,σ(x) = 1
x1+σ(log x)

{
− n sin(n+ 1

2) log x · sin 1
2 log x+ 1

2 cos(n+ 1) log x

− cos(n+ 1
2) log x · sin

1
2
log x

log x − σ cos(n+ 1
2) log x · sin 1

2 log x
}
,(3.5)

it follows that gn,σ ∈ C1 ⊂ C.

The Riemann sums Rgn,σ(d) cannot be directly estimated since gn,σ(x) oscillates wildly
near 0+, with peaks increasing to infinity with n. The Fourier coefficients can however be
computed.

By (3.4), ∫ n+1

n
|ζ(σ + it)|2dt = ζ(2σ) + 4Sn,σ(gn) + Oσ(n1−2σ).

Thus by Theorem 1.4,

Sn,σ(gn) = cgn,σ(0)
( ∑

1≤`≤n
(`− 1)`−2σ

)
+
∑
k∈Z∗

<
(
cgn,σ(k)

)( ∑
1≤`≤n

`−2σεk(`)
)
.

Whence∫ n+1

n
|ζ(σ + it)|2dt = ζ(2σ) + 4cgn,σ(0)

( ∑
1≤`≤n

(`− 1)`−2σ
)

+

4
∑
k∈Z∗

<
(
cgn,σ(k)

)( ∑
1≤`≤n

`−2σεk(`)
)

+ Oσ(n1−2σ).

As ([6, 863.4])∫ ∞
0

sin t

t
e−xtdt =

π

2
−Arctanx = Arctan

1

x
x > 0,(3.6)

we have

cgn,σ(0) =

∫ 1

0
gn,σ(t)dt =

Arctan n+1
1−σ −Arctan n

1−σ
2

∼ Cσ
n2
.

Thus

cgn,σ(0)
( ∑

1≤`≤n
(`− 1)`−2σ

)
= Oσ

(
n−2σ

)
.
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Therefore ∫ n+1

n
|ζ(σ + it)|2dt = ζ(2σ) + 4

∑
k∈Z∗

<
(
cgn,σ(k)

)( ∑
1≤`≤n

`−2σεk(`)
)

+ Oσ
(
n1−2σ

)
,

as claimed.

Now we compute the Fourier coefficients of gn,σ. We have

cgn,σ(k) =

∫ 1

0
gn,σ(x)e−2iπkxdx

=
∞∑
j=0

(−2iπk)j

j!

∫ 1

0

sin(n+ 1) log x− sinn log x

2xσ log x
xj dx

=
∞∑
j=0

(−2iπk)j

j!

∫ ∞
0

(
e−(

j+1−σ
n+1

)v − e−(
j+1−σ
n

)v
)sin v

2v
dv

=

∞∑
j=0

(−2iπk)j

j!

(Arctan n+1
j+1−σ −Arctan n

j+1−σ
2

)
.

Thus

(3.7) <(cgn,σ(k)) =

∞∑
m=0

(−1)m(2πk)2m

(2m)!

(Arctan n+1
2m+1−σ −Arctan n

2m+1−σ
2

)
.

This proves the first part of Theorem 1.1. The second part relies upon a study of Fourier
coefficients cgn,σ(k), and is a direct consequence of Corollary 3.3.

For each k, two sequences appear, both are in turn unimodal. Let for m ≥ 0,βm = βm(k) = (2πk)2m

(2m)! ,

bm = bm(n) =
Arctan n+1

2m+1−σ−Arctan n
2m+1−σ

2 ,
(3.8)

so that

(3.9) <(cgn,σ(k)) =
∞∑
m=0

(−1)mβm(k) bm(n).

Theorem 3.1. The following properties are satisfied.

(i) limM→∞
∑M

j=1(−1)jβj(k) = 0.

(ii) Let m(n, σ) = (σ +
√

3n(n+ 1)/2 + 2 )/2. The sequence {bm(n),m ≥ 0} is non-
decreasing on [0,m(n, σ)[ and non-increasing on [m(n, σ),∞).

(iii) Let mk = −3/4 +
√

(πk)2 − 1/2. The sequence {βm(k),m ≥ 1} is non-decreasing on
[1,mk] and non-increasing on [mk,∞).

(iv) Let m(k, n, σ) = max
(
mk,m(n, σ)

)
. For µ ≥ m(k, n, σ),∣∣ ∑

m≥µ
(−1)mβm(k)bm

∣∣ ≤ βµbµ(n).
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Remark 3.2. We have

βbmkc(k) =
(2πk)2bmkc

(2bmkc)!
=
( πek

bmkc

)2bmkc e−ε2bmkc

2
√
bmkcπ

∼ C0
e2bmkc√
bmkc

.

Thus βbmkc(k) is large, more precisely βbmkc(k) ∼ eC1k where C1 is numerical.

Proof. (i) is immediate since cos 2πk =
∑∞

j=0(−1)jβj(k).

(ii) Recall that [1, Formula 4.4.34],

Arctanx±Arctan y = Arctan
x± y
1∓ xy

.(3.10)

Thus if n(n+ 1) < (2m− 1− σ)2, namely

3n(n+ 1) + 2 ≤ 8m2 − 8σm+ 2σ2,

we have

Arctan
n+ 1

2m+ 1− σ
−Arctan

n

2m+ 1− σ
= Arctan

2m+ 1− σ
(2m+ 1− σ)2 + n(n+ 1)

,

Arctan
n+ 1

2m− 1− σ
−Arctan

n

2m− 1− σ
= Arctan

2m− 1− σ
(2m− 1− σ)2 + n(n+ 1)

.

Next

Arctan
2m− 1− σ

(2m− 1− σ)2 + n(n+ 1)
−Arctan

2m+ 1− σ
(2m+ 1− σ)2 + n(n+ 1)

= Arctan

[( 2m− 1− σ
(2m− 1− σ)2 + n(n+ 1)

− 2m+ 1− σ
(2m+ 1− σ)2 + n(n+ 1)

)
× 1

1 + (2m−1−σ)(2m+1−σ)
[(2m−1−σ)2+n(n+1)] [(2m+1−σ)2+n(n+1)]

]
.

We have

(2m− 1− σ)
[
(2m+ 1− σ)2 + n(n+ 1)

]
− (2m+ 1− σ)

[
(2m− 1− σ)2 + n(n+ 1)

]
= −3n(n+ 1) + 8m2 − 2(1 + σ2)− 2σ(4m− 2σ).

We get

Arctan
2m− 1− σ

(2m− 1− σ)2 + n(n+ 1)
−Arctan

2m+ 1− σ
(2m+ 1− σ)2 + n(n+ 1)

= Arctan

[( −3n(n+ 1) + 8m2 − 2(1 + σ2)− 2σ(4m− 2σ)[
(2m− 1− σ)2 + n(n+ 1)

][
(2m+ 1− σ)2 + n(n+ 1)

])
× 1

1 + (2m−1−σ)(2m+1−σ)
[(2m−1−σ)2+n(n+1)] [(2m+1−σ)2+n(n+1)]

]
= Arctan

(A
B

)
,

where

A = 8m2 − 8σm+ 2σ2 − 3n(n+ 1)− 2
B =

[
(2m− 1− σ)2 + n(n+ 1)

][
(2m+ 1− σ)2 + n(n+ 1)

]
+ (2m− 1− σ)(2m+ 1− σ).
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Therefore

Arctan
2m− 1− σ

(2m− 1− σ)2 + n(n+ 1)
≥ Arctan

2m+ 1− σ
(2m+ 1− σ)2 + n(n+ 1)

,

if and only if A ≥ 0, and thus if and only if

m ≥
σ +

√
3n(n+ 1)/2 + 2

2
= m(n, σ).

Consequently the sequence {bm(n),m ≥ 0} is non-decreasing on [0,m(n, σ)) and non-
increasing on [m(n, σ),∞). (iii) We have,

βm(k) ≥ βm+1(k)⇔ (2πk)2m

(2m)!
≥ (2πk)2m+2

(2m+ 2)!
⇔ (m+

1

2
)(m+ 1) ≥ (πk)2,

or m2 + 3
2m− ((πk)2 − 1

2) ≥ 0, namely m ≥ mk.

(iv) Let m(k, n, σ) = max
(
mk,m(n, σ)

)
. It follows from (ii) and (iii) that

βm(k) bm(n) ≥ βm+1(k) bm+1(n),(3.11)

for every m ≥ m(k, n, σ). By using a classical bound for alternate series with monotone terms
derived from Abel’s summation, we get for all µ ≥ m(k, n, σ)∣∣ ∑

m≥µ
(−1)mβm(k)bm(n)

∣∣ ≤ βµ(k)bµ(n).(3.12)

Whence also (iv). �

Corollary 3.3. We have the following estimate∣∣∣<(cgn,σ(k)) −
∑

m<m(n,σ)∨dπeke

(−1)m
(2πk)2m

(2m)!

(Arctan n+1
2m+1−σ −Arctan n

2m+1−σ
2

) ∣∣∣
≤ Cσ

k3/2
.

Proof. Note the obvious bound

(3.13) |bm(n)| ≤ 1

(m+ (1− σ)/2)(1 + ( n
2m+(1−σ))

2)
≤ Cσm

m2 + n2
.

It follows from (iv) that for µ ≥ m(k, n, σ),∣∣∣ ∑
m≥µ

(−1)m
(2πk)2m

(2m)!

(Arctan n+1
2m+1−σ −Arctan n

2m+1−σ
2

)∣∣∣
≤ (2πk)2µ

(2µ)!

(Arctan n+1
2µ+1−σ −Arctan n

2µ+1−σ
2

)
≤ (2πk)2µ

(2µ)!

1

µ+ (1− σ)/2

( 1

1 + ( n
2µ+(1−σ))

2

)
≤ Cσ

(2πk)2µ

µ(2µ)!
.

By Stirling’s formula,

(3.14) n! = nn+
1
2 e−n+εn

√
2π with

1

12n+ 1
< εn <

1

12n
,
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we have

(3.15)
(2πk)2µ

(2µ)!
=
(πek
µ

)2µ e−ε2µ
2
√
µπ

.

Thus for every µ ≥ πek, (πe ∼ 8, 53973)

(3.16) βµ(k) =
(2πk)2µ

(2µ)!
≤ C
√
µ
.

Note that dπeke ≥ mk. Taking µ = m(n, σ) ∨ dπeke we finally get

∣∣∣ ∑
m≥m(n,σ)∨dπeke

(−1)m
(2πk)2m

(2m)!

(Arctan n+1
2m+1−σ −Arctan n

2m+1−σ
2

) ∣∣∣ ≤ Cσ

k3/2
.(3.17)

�

Lemma 3.4. Let M0 be any integer such that M0 ≥ mn(σ), and let

δ(M0) = sup
M≥M0

∣∣∣ M∑
j=1

(−1)jβj(k)
∣∣∣.(3.18)

Then we have,

∣∣∣∣<(cgn,σ(k))−
M0∑
m=1

( m∑
j=1

(−1)jβj(k)
)

(bm(n)− bm+1(n))

∣∣∣∣ ≤ δ(M0) bM0(n).

Proof. Let M ≥ 1 and let A0 = 0, Am =
∑m

j=1(−1)jβj(k), m ≥ 1. By Abel summation,

M∑
m=1

(−1)mβm(k)bm(n) =

M∑
m=1

(Am −Am−1)bm(n)

=

M−1∑
m=1

Am(bm(n)− bm+1(n)) +AMbM (n)

=
M−1∑
m=1

( m∑
j=1

(−1)jβj(k)
)

(bm(n)− bm+1(n))

+
( M∑
j=1

(−1)jβj(k)
)
bM (n).(3.19)
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Now as M0 ≥ mn(σ), the sequence {bm(n),m ≥ M0} is by Theorem 3.1-(ii) non-increasing,
so that for M > M0∣∣∣ M−1∑

m=M0

( m∑
j=1

(−1)jβj(k)
)

(bm(n)− bm+1(n))
∣∣∣

≤
M−1∑
m=M0

∣∣∣ m∑
j=1

(−1)jβj(k)
∣∣∣(bm(n)− bm+1(n))

≤ δ(M0)
M−1∑
m=M0

(
bm(n)− bm+1(n)

)
= δ(M0)

(
bM0(n)− bM (n)

)
.

Consequently, ∣∣∣∣ M∑
m=1

(−1)mβm(k)bm(n)−
M0∑
m=1

( m∑
j=1

(−1)jβj(k)
)

(bm(n)− bm+1(n))

∣∣∣∣
≤ δ(M0)

(
bM0(n)− bM (n)

)
+
∣∣∣ M∑
j=1

(−1)jβj(k)
∣∣∣ bM (n).(3.20)

Letting M tend to infinity, gives∣∣∣∣<(cgn,σ(k))−
M0∑
m=1

( m∑
j=1

(−1)jβj(k)
)

(bm(n)− bm+1(n))

∣∣∣∣ ≤ δ(M0) bM0(n).

�

Remark 3.5. Theorem 3.1, Corollary 3.3 and Lemma 3.4 lead to study the sums∑
k∈Kn

<
(
cgn,σ(k)

)( ∑
1≤`≤n

`−2σεk(`)
)
,

∑
k∈Kn

<
(
cgn,σ(k)

)( ∑
1≤`≤n

`−2σεk(`)
)
,

where

Kn = {k :m(n, σ) ≥ dπeke}, Kn= {k :m(n, σ) < dπeke}.
This will be made in a subsequent work.

4. The S2-Stepanov norm of ζ(s).

We conclude this paper with relating the zeta local integrals previously investigated with
the S2-Stepanov norm of ζ. The Stepanov space S2 is defined as the sub-space of functions
f of L2

loc(R) verifying the following analogue of Bohr almost periodicity property: For all
ε > 0, there exists Kε > 0 such that for any x0 ∈ R, there exists τ ∈ [x0, x0 + Kε] such that
‖f(.+ τ)− f(.)‖S2 ≤ ε. The Stepanov norm in S2 is equivalent to the “amalgam” norm

‖f‖S2 = sup
x∈R

(∫ x+1

x
|f(t)|2dt

)1/2
.
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The almost everywhere convergence properties of almost periodic Fourier series in S2 and of
corresponding series of dilates were recently studied in [5], where a new form of Carleson’s
theorem for almost periodic Fourier series was proved.

A natural question arising from this study concerns the Riemann zeta function ζ(s), s =
σ + it, and more precisely the evaluation of its Stepanov’s norm, namely the supremum over

all n of the local integrals
∫ n+1
n |ζ(σ+it)|2dt. It is clear from the classical mean value estimate∫ T

0 |ζ(12 + it)|2dt ∼ T log T , ([13] p. 176), that

Lemma 4.1. ∥∥ζ(1

2
+ i ·

)∥∥
S2

= ∞.

Note that

(4.1)

∫ n+1

n

∣∣ζ(
1

2
+ it)

∣∣2dt = Ω
(

log n
)
.

It is interesting to observe that the above Ω-result is in a sense optimal when t is modelled
by a Cauchy random walk. The behavior of the Riemann zeta-function on the critical line,
along the Cauchy random walk, was studied in [9]. The approach used is based on the well-
known, simplest and old approximation formula (3.2) due to Hardy and Littlewood which
suffices to prove the fine estimates (4.3) below. Let X1, X2, . . . denote an infinite sequence of

independent Cauchy distributed random variables (with characteristic function ϕ(t) = e−|t|),
and consider the partial sums Sn = X1 + . . .+Xn. We shall prove the following precise result.

Proposition 4.2. We have

E
∣∣∣ζ(1

2
+ iSn

)∣∣∣2 = O(log n).

Moreover,

E
∣∣∣ζ(1

2
+ iSn+2

)
− ζ
(1

2
+ iSn

)∣∣∣2 = 2 logn+ o(
√

log n), n→∞.

Proof. Put for any positive integer n

ζ1/2,n = ζ(
1

2
+ iSn),

Zn = ζ1/2,n − E ζ1/2,n.(4.2)

By Theorem 1.1 in [9], there exist explicit constants C,C0 such that

(i) E
∣∣Zn∣∣2 = log n+ C + o(1), n→∞,

(ii) For m > n+ 1,
∣∣E ZnZm

∣∣ ≤ C0 max
( 1

n
,

1

2m−n

)
.(4.3)

Therefore,

E
∣∣Zn+2 − Zn

∣∣2 = E
∣∣Zn+2

∣∣2 + E
∣∣Zn∣∣2 − 2EZnZn+2

= log(n+ 2) + log n+ o(1)− 2EZnZn+2

= 2 log n+ O(1).(4.4)

By [9, (3.3)],

(4.5) E ζ1/2,n = ζ(
1

2
+ n)− 8n

4n2 − 1
= 1 + o(1).
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By combining with (4.3)-(i) the first claim follows. We also get

E
∣∣(ζ1/2,n+2 − ζ1/2,n)

∣∣2 = E
∣∣Zn+2 − Zn + (E ζ1/2,n+2 − E ζ1/2,n)

∣∣2
= E

∣∣Zn+2 − Zn + o(1)
∣∣2

= 2 log n+ o(
√

log n),

which proves the second claim. �

For 1
2 < σ < 1, the simple argument used in Lemma 4.1 no longer works since by Landau

and Schnee’s result,
∫ T
0 |ζ(σ + it)|2dt ∼ ζ(2σ)T if σ > 1

2 ; in fact ([11], p.13&16, see also
Conjecture (5.15) on the remainder term)

(4.6)

∫ T

0
|ζ(σ + it)|2dt = ζ(2σ)T + (2π)2σ−1

ζ
(
(2(1− σ)

)
2(1− σ)

T 2(1−σ) + O
(
T

2(1−σ)
3 (log T )

2
9
)
,

if 1
2 < σ < 1. Thus

(4.7)

∫ n+1

n

∣∣ζ(σ + it)
∣∣2dt ≥ A,

for infinitely many n, with A < ζ(2σ).

Remark 4.3. We don’t know whether (4.7) can be obtained using elementary devices.

The question arises whether A can be arbitrary large, namely whether

Problem 4.4. It is true that for 1/2 < σ ≤ 1

lim sup
n→∞

∫ n+1

n

∣∣ζ(σ + it)
∣∣2dt =∞ ?

The answer to Problem 4.4 is positive. This follows from the strong Voronin universality
Theorem, see Th. 3 in Laurinčikas [10] for instance.

We also note that

‖ζ(σ + i.)‖S2 � sup
u∈R

∫
R

|ζ(σ + iv)|2

b2 + (v − u)2
dv.

More precisely, for any σ > 0, any b > 0,

(4.8) kb ‖ζ(σ + i.)‖S2 ≤ sup
u∈R

∫
R

|ζ(σ + iv)|2

b2 + (v − u)2
dv ≤ Kb ‖ζ(σ + i.)‖2S2 ,

where kb,Kb are positive finite constants depending on b only. This follows from the Lemma
below.

Lemma 4.5. Let b > 0. For any f ∈ L2
loc(R),

‖f‖S2 <∞ if and only if sup
u∈R

∫
R
|f(t+ u)|2 dt

b2 + t2
<∞.

Moreover,

kb ‖f‖S2 ≤ sup
u∈R

∫
R
|f(t+ u)|2 dt

b2 + t2
≤ Kb ‖f‖2S2 ,

where kb = 1
b2+1

and Kb = 2
∑

w≥0
1

b2+w2 + 1
b2

.
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Proof. On the one hand, for any real u,∫
R
|f(t+ u)|2 dt

b2 + t2
≥ 1

b2 + 1

∫ 1

0
|f(t+ u)|2dt =

1

b2 + 1

∫ u+1

u
|f(v)|2dv.

Taking supremum over u in both sides yields

sup
u∈R

∫
R
|f(t+ u)|2 dt

b2 + t2
≥ 1

b2 + 1
‖f‖S2 .

On the other hand,∫
R
|f(t+ u)|2 dt

b2 + t2
=

∑
x∈Z

∫ x+1

x
|f(v)|2 dv

b2 + (v − u)2

≤ ‖f‖2S2
∑
y∈Z

max
y≤v≤y+1

( 1

b2 + (v − {u})2
)
.

�

Concerning the integrals appearing in (4.8), we recall the classical formula in Titchmarsh
[13, (2.1.5)],

(4.9)
ζ(s)

s
= −

∫ ∞
0
{x}x−1−s dx = −

∫ ∞
0

{1

x

}
xs−1 dx, 0 < σ < 1,

where {x} = x− [x] denotes the fractional part of x. Thus by Parseval equality for Mellin’s
transform,

1

2π

∫ +∞

−∞

∣∣ζ(σ + it)
∣∣2

σ2 + t2
dt =

∫ ∞
0

{1

x

}2
x2σ−1dx

= − 1

σ

(ζ(2σ)

2
+
ζ(2σ − 1)

2σ − 1

)
,(4.10)

for 0 < σ < 1, the quantity in brackets being negative. For the first equality, see Ivić [8,
Cor. 1]. The second equality was proved by Coffey [4, Prop. 7, Cor. 8],

1

2π

∫ +∞

−∞

∣∣ζ(12 + it)
∣∣2

1
4 + t2

dt = log(2π)− γ,(4.11)

and we note that by Lemma 4.1,

sup
u∈R

∫ +∞

−∞

|ζ(12 + it)|2
1
4 + (t− u)2

dt = ∞.(4.12)

Remark 4.6. It is not clear to the author whether the integrals∫ +∞

−∞

|ζ(σ + iv)|2

σ2 + (v − u)2
dv, (u ∈ R)(4.13)

can be similarly estimated. We further could not find any reference in the literature.

Remark 4.7. We don’t know any proof of formula (4.3)-(i) using complex integration. Note
that this one exactly means

1

π

∫ +∞

−∞

∣∣ζ(
1

2
+ it)

∣∣2 n

n2 + t2
dt = log n+ C1 + o(1),(4.14)
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The Stepanov space S2 is one instance of amalgam. We recall that the weighted amalgam
`q(Lp, w) consists of functions f on R such that

(4.15) ‖f‖p,w,q =
{ ∑
n∈Z

(∫ n+1

n
|f(x)|pw(x)dx

) q
p
} 1
q
<∞,

where 1 < p, q < ∞ and w is a weight function. We end with the following question where
Voronin’s universality theorem no longer applies.

Problem 4.8. In which weighted amalgams `q(L2, w) lies the Riemann zeta function?
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London Math. Soc. 98 (3), 241–270.
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