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Abstract

Similarly to the action of Out(Fn) on Outer Space, the outer automorphism group of a
Generalized Baumslag Solitar group acts on a deformation space endowed with the Lipschitz
metric and the action of any fully irreducible automorphism with a train track representative
is hyperbolic. Inspired by previous work by Algom-Kfir, we prove that the axis of such an
automorphism is strongly contracting.

Introduction

Let G be a generalized Baumslag-Solitar (GBS) group, i.e. a group which is isomorphic to the
fundamental group of a graph of groups where all vertex and edge groups are infinite cyclic. By
Bass-Serre theory, G admits a minimal action by isometries on a simplicial tree T" such that all
vertex or edge stabilizers in 7" are infinite cyclic.

In general G admits infinitely many such actions. When G is not isomorphic to Z,Z? or
the fundamental group of a Klein bottle (a,bla® = b?) = (a,t|tat™ = a~1'), then the cyclic
deformation space D associated to G is defined as the projectivized set of minimal actions of
G by isometries on metric simplicial trees with edge and vertex stabilizers isomorphic to Z,
where actions T,T" are identified if there exists a G-equivariant isometry T' — T'. The space
D is analogous to Culler and Vogtmann’s Outer Space CV y for the free group Fy. The study
of Outer Space is crucial for understanding the outer automorphism group Out(Fy). Just as
Out(Fy) acts on CV y, the outer automorphism group Out(G) acts on D by pre-composition of
the action: if G acts on 7', then define T - ¢ as the action whose underlying space is T" and where
forteT, g 1.9t =¢(g) rt.

There is an important analogy between the study of the outer automorphism group of free
groups Fy and mapping class groups. In this analogy, Outer Space is the counterpart for
Teichmiiller space. Fully irreducible automorphisms of Out(Fy ) are a special class of automor-
phisms which do not preserve the conjugacy class of any free factor. In some sense they act on
Outer Space by translations along an axis whose points are actions which admit a train track
representative. Their equivalent in the mapping class groups context is pseudo-Anosov automor-
phisms. Such automorphisms can also be defined for GBS groups: we say that an automorphism
¢ € Out(Q) is fully irreducible if no conjugacy class of proper cyclic factor is ¢-periodic. A cyclic
factor is the analogue of a free factor for the free group: it is a non-cyclic subgroup G’ < G
such that there exists a graph of groups I" representing GG, and a subgraph I C T" such that the
fundamental group m (I') identifies to the subgroup G’. We say that G’ is a proper cyclic factor
if G #£G.



One main property for a fully irreducible automorphism ¢ € Out(Fy) is that its action on
CV y is hyperbolic and admits an axis L. In order for this to make sense, we endow CV y with
the non-symmetric Lipschitz metric diip: it is defined by

vol(T)
vol(T”

dLip (Tv T/) = Lip(Tv T/)

~—

for T, T" € CV, where Lip(T,T") := Sup .07 Lipschitz LiP(f)-

One can define a closest point projection 7y : D — L such that for T' € D, dpi, (T, 74(T)) is
minimal. Define the outward ball B_,(Y,r) := {T € D/dpip(Y,T) < r}.

In [Algll] Algom-Kfir proves that the projections on axes have the strong contraction prop-
erty: there exists B > 0 depending only on N and ¢ such that the diameter of the projection of
any outward ball in D disjoint from L4 is bounded by B.

Likewise we can define these objects for the deformation space D of a GBS group. A few
differences arise, for example because trees in D have non-trivial edge stabilizers: one consequence
is that in general there exist T, T € D such that dpip,(T,T’) = 0 and dr;ip(T7,T) is arbitrarily
large.

In this paper we prove the analogue of this property for fully irreducible automorphisms of a
GBS group:

Theorem A. Let G be a GBS group with b1(G) > 3. Let ¢ be an atoroidal fully irreducible
automorphism such that ¢, ¢~ both admit train track representatives. Let Ly be an azxis for ¢
in D and let Ty be a closest point projection to Ly. Then there exists D > 0 such that for any
Y €D andr >0 such that BL,(Y,r)NLy =2

diam(my(B—(Y,r))) <D

The proof for this result is similar to [Algl1].
We do not know whether train track representatives always exist for fully irreducible auto-
morphism. Several cases are known:

e The procedure in [BH92| may be adapted to construct a train track map by hand on a
specific example. See Example 1.11.

e If G has no non-trivial integer modulus then [For06] proves that D has finite dimension.
Then [Meil5] implies that all fully irreducible automorphisms admit train track represen-
tatives.

e If G := BS(p, pn) then Bouette proved in [Boul6] that all automorphisms of G are reducible
and preserve the conjugacy class of a common cyclic factor H. She then introduces a new
deformation space Dy consisting in all G-trees with cyclic edge stabilizers, and vertex
stabilizers either cyclic or conjugate to H. In this deformation space, there exist fully
irreducible automorphisms and they admit train track representatives.

The second case is not relevant here since we need the trees in the deformation space to be locally
finite.

For technical reasons, we ask that the automorphism ¢ in the theorem be pseudo-atoroidal,
which means that for all g € G, (||¢"(g)||7)nen is unbounded.

We also need the first Betti number b1 (I") for any graph of cyclic groups I' with m(T') ~ G
to be at least 3. Actually b1 (T") does not depend on the choice of I' when G is not isomorphic to
the fundamental group of a Klein bottle, which we exclude.



An important result in [Alg11] is the fact that axes of automorphisms have bounded projection
on each other. This fact is of great interest since it enables the definition of a projection complex
on which the quasi-tree construction of [BBF15] could be applied. However we do not know
yet if this still holds in the GBS context, due to the fact that the Lipschitz metric is even less
symmetric. For example it is not true that the Lipschitz metric is quasi-symmetric on the 6-thick
part of D. Furthermore, there is no bound on the number of candidates in trees of D.

In Section 1 we give some background about GBS groups and their automorphisms. We
develop the topic of laminations in Section 2. In Section 3 we prove the analogue of results from
[Algl1] which state that the axis of a simple element cannot follow both the stable and unstable
lamination for a long distance; the method of the proof differs somehow from the original. Section
4 develops the behaviour of lines in 7" such as axes of elements of g when iterating a train track
f:T — T, and Section 5 relies on it to define a projection of D on the axis of a fully irreducible
element with a train track representative. The contents in this section are really close to [Algll]
and are there for completeness.

We prove negative curvature properties of the projection in Section 6, that is, inequalities
about distances in D. Although the former does not differ from the free group case, the latter
needs some arguments which are specific to GBS groups. Finally we prove the strong contraction
for balls of outward radius.

Aknowledgement. I am especially grateful to my advisor Vincent Guirardel for his support
and guidance. This article is a part of my thesis, which was written at Université de Rennes 1.

1 Generalities

1.1 Graphs and trees

A graph T is defined by (V(T'), E(I"),~, 0,t) where
o V(I is a set of vertices
e E(T) is a set of edges

e the map - is an involution E(I') — E(T") without fixed point; for e € E(I") the edge € is
called the opposite edge

e the maps o,t : E(I') — V(I') are the initial vertex and terminal vertex maps, with the
property that every e € E(T") satisfies o(e) = t(e).

It is finite if V(T'), E(I") are finite. See [Ser77] for more details on graphs.

An edge path in T is a sequence ey, . .., e, withe; € E(T) fori € {1,...,k} and t(e;) = o(e;+1)
for i < k—1. Tt is non-backtracking if for all ¢ € {1,...,k — 1}, & # e;11. It is a loop if
o(e1) = t(eg).

A tree is a graph without non-backtracking loops.

Let ET(T") be an orientation of the edges, i.e. a subset of E(I") such that ET(T') U E+(T) is
a partition of E(T).

A metric on a graph T' is a map lenp : E(T') — R, such that for all e € E(T), lenr(€) =
lenr (e).

The geometric realization of a graph T' is the union of points (x,),ev(r)y and segments
(0c)ecE+(r) Where o, is isometric to [0,lenr(e)] for every e € E(I), where for every e € E*(T)



we identify the first point of o, with x,) and its last point with z;.). It is endowed with the
associated path metric. It does not depend on the choice of E*(T).

In the rest of the paper we will identify trees and other graphs with their geometric re-
alizations. A path in a tree T is the image of a Lipschitz map from an interval to T. It is
non-backtracking if the map is an immersion, and equivalently if it is a the image of a geodesic.
In the context of geometric realizations an edge path is a path which is the image of an edge path
in the graph. For two points z,y € T, the segment [z, y] is the unique geodesic from z to y.

A graph of groups is a graph I' together with collections of vertex groups (G )yev(r) and
edge groups (Ge)cecp(ry and monomorphisms . : Ge — Gy(e). Let 7 be a maximal subtree in the
graph I'. The fundamental group 1 (I', 7) of the graph of groups I' is defined as follows:

771(F77—)2< U Gvu(te)eeE(F)l U Ry, U R€7RT>

veV (T) veV(D)  ecE(T)
where

e for v € V(I'), R, is the set of relations of G,

o for e € E(T), Re = {tee(h)tetde(h)~1/h € G.}

o R, :={te,ec 7}

Note that for h = 1 we obtain the relation t; = ¢, 1. Up to isomorphism the fundamental group
does not depend on the choice of 7. If the vertex groups and edge groups are finitely generated
then 7 (T') is finitely presented.

Let G be a group. A marked graph of groups for G is a graph of groups I' together with a
marking (i.e. an identification) ¥ : G — 71 (I"). The automorphism group of G acts as follows
on the set of marked graphs of groups: if ¢ € Aut(G) and (T', ¥) is a marked graph of groups
then (T, ¥) - ¢ := (T, T o ¢).

A G-tree T is a metric simplicial tree with an action of G by isometries. The tree T is minimal
if there is no proper G-invariant subtree.

The universal cover of a graph of groups I' is a minimal 71 (T")-tree T such that T/G is
isomorphic to I' as a graph and for every v € V(') and every lift v € T, the stabilizer of v is
isomorphic to G,. By Bass-Serre theory in [Ser77|, universal covers exist and are unique up to
m1(T)-equivariant isomorphism.

Moreover Bass-Serre theory gives a correspondance between marked graphs of groups for G
and G-trees.

If I is a metric graph then the metric naturally lifts to its universal cover.

In a G-tree T' we denote the pointwise stabilizer of a vertex v (resp. an edge e) by G, (resp.

G.).

A generalized Baumslag-Solitar (GBS) group is a group which is isomorphic to the funda-
mental group of a finite graph of groups where all vertex and edge groups are infinite cyclic. If
a generator is chosen for every vertex and edge group then the monomorphisms ¢. are defined
by the multiplication by an integer A(€) € Z \ {0}.

Let G be a GBS group. In the general case there exist infinitely many marked graphs of cyclic
groups for G. Making Aut(G) act on a marked graph of groups often yields infinitely many other
markings, besides in general cases there are infinitely many possible underlying graphs of groups.



Let T be a G-tree. A subgroup H < G is elliptic in T if it fixes a point in 7. Suppose all
elliptic groups in T' are also elliptic in .S. Then there exists a G-equivariant map T — S (see by
example [GLO07]).

Let T,T" be G-trees. We say that they lie in the same deformation space if they have the
same sets of elliptic subgroups. Equivalently they are in the same deformation space if there
exist G-equivariant maps T'— 7" and 7" — T.

Now let us define the cyclic deformation space D associated to a group G, as the set of
minimal simplicial G-trees with cyclic vertex and edge stabilizers, where we identify T and T if
there is a G-equivariant isometry or homothety 7" — T".

Equivalently we could define D with marked graphs of groups.

If G is not isomorphic to Z? or the fundamental group of a Klein bottle (a,bla® = b?) ~
{a,t[tat= = a~1), then D is a deformation space, i.e. all trees in D have the same elliptic
subgroups.

Let T € D and let e be an edge in T. Define the equivalence relation ~. as the minimal
G-invariant equivalence relation such that = ~, y if z,y € e. The collapse of the edge e is the
quotient map T' — T/ ~.. The edge e in T is collapsible if T/ ~.€ D. Equivalently an edge is
collapsible if its image in the quotient is not a loop and one of its two labels is £1.

A tree of D is reduced if none of its edges is collapsible.

GBS trees in the same deformation space share some properties. Let I' be a finite connected
graph. Then the first Betti number b, (T") is defined by b1 (I") = #E(T") — #V(T') + 1. By [GLO07,
Section 4] the first Betti number is an invariant of the deformation space.

Let G be a GBS group with cyclic deformation space D. We say that an elliptic subgroup
H < G is big if there exists a tree T' € D such that H fixes no edge in 7.

From [GLO7] we deduce:

Lemma 1.1. Let T € D. The number of vertices v € T such that for all edge e with origin v,
Ge # G, is bounded by the number of conjugacy classes of big subgroups of G.
If T is reduced then these numbers are equal.

Remark 1.2. The notion of big subgroups is defined in [GL07], though it depends on a family A
of subgroups of G: a subgroup H < G is big if it is elliptic and is not conjugate into a subgroup
of an element of A. Here the corresponding choice for A is the family of subgroups which fix an
edge in a reduced tree of D, or equivalently in every reduced tree of D. Thus an elliptic subgroup
is big if fixes a single point in some (equivalently any) tree in D.

Solvable GBS groups are GBS groups isomorphic to Z and BS(1,n) for n € N (which include
Z? and the fundamental group of a Klein bottle).

1.2 Cyclic factors, irreducible automorphisms

From now on we assume G is a non-solvable GBS group. The automorphism group of G is
Aut(G). The outer automorphism group is Out(G) := Aut(G)/Inn(G) where Inn(G) is the
subgroup of inner automorphisms {c, : z — gzg~', g € G}.

Cyclic factors are the GBS analogue of free factors for free groups.

Definition 1.3. A cyclic factor of G is a subgroup H such that there exists a graph of cyclic
groups T' and an identification G ~ m(T"), with a subgraph 'y such that H is conjugate to
1 (FH)

The family of cyclic factors of G is stable by conjugacy and by automorphisms.



Example 1. (G ~ BS(2,4))

Example 2.

S

Figure 1: Examples of cyclic factors

Examples 1.4. 1. If G := BS(2,4) = (a,t|ta’t~! = a*), the first graph of groups of Figure 1
represents G. The red subgraph represents the subgroup H := (a,t 'a?t) which is a cyclic
factor.

2. The second and third graphs of Figure 1 represents G := (u,r,s,t[tu"t ! = su"s~! =
rur~! = u). The subgroup (u,r) ~ BS(1,n) is a cyclic factor, it can be seen in the graph
on the left. The subgroup (u,rur=!,rsus='r=1 rst) ~ BS(1,n?) is a cyclic factor which
can be seen in the graph on the right.

Definition 1.5. An automorphism ¢ € Aut(QG) is fully irreducible if no power of ¢ preserves
the conjugacy class of a cyclic factor. Since inner automorphisms preserve conjugacy classes, the
full irreducibility can be defined for outer automorphisms.

A representative for ¢ is a map f : T — T with T" € D which is ¢-equivariant, i.e. Vt € T,
Vg € G, f(gt) = ¢(g) - f(1).

A representative for an outer automorphism class ¢ € Out(G) is a representative for some
automorphism in the class .

Definition 1.6. Let ¢ € Out(G). A pseudo-periodic conjugacy class for ¢ is the conjugacy class
of an element g € G such that ||¢"(g)||nen is bounded.

An automorphism ¢ € Out(G) is pseudo-atoroidal if ¢ has no pseudo-periodic conjugacy
class.

Train track representatives for automorphisms of Out(Fy) were introduced in [BH92]. They
are a main tool for studying these automorphisms. One can define likewise train tracks for other
families of groups acting on trees.

Definition 1.7. Let T be a G-tree. A gate structure on T is a G-invariant family of equivalence
relations (~),cv (1) on the sets E, of edges with origin v. Equivalence classes for these relations
are called gates.



Let 7 : T — T’ be a G-equivariant map sending edges to non-degenerate non-backtracking
paths. The gate structure induced by 7 is the minimal gate structure such that for v € V(T),
e, e’ € E,, if 7(e) N7(e’) has non-zero length then e ~, €.

Definition 1.8. Let T be a G-tree with a gate structure. A turn in T is a pair of edges with
same origin. The turn {e, e’} is illegal if e and €’ belong to the same gate. Otherwise the turn
is legal.

Definition 1.9. Let ¢ € Out(G). Let f : T — T be a representative for ¢ sending vertex to
vertex.. Then f is train track if for every e € E(T):

e len(f(e)) >0
e at every vertex v € V(T') there are at least two gates for the gate structure induced by f.
e for every k € N, f*(e) crosses only legal turns for the gate structure induced by f.

The train track structure is the gate structure such that e ~ ¢’ if there exists k € N such that
fF(e) N fE(e’) is not a single point.

Suppose f : T — T is a train track representative for a fully irreducible automorphism
¢ € Out(G). Up to precomposing f with a map T'— T whose restriction to edges is a homeo-
morphism, we may assume that f stretches the edges uniformly. Let ey, ..., e, be the edges of
T/G. Let A(f) be the transition matrix for f where A(f);; is the number of occurences of edges
in the orbit e; in f(e;), for 1 <, j < n. Irreducibility of ¢ implies that up to collapsing edges in
T the matrix A(f) is primitive, i.e. there exists k € N such that A(f)* > 0 (see [Pap22, Lemma
1.9)).

The theorem of Perron-Frobenius below then applies to A(f):

Theorem 1.10 (Perron-Frobenius). Let A be a non-negative primitive matric with size n X n.
There exists a real eigenvalue X > 0 (the Perron-Frobenius eigenvalue) such that for every other
eigenvalue 1 # A we have |pu| < A. The eigenvectors for X are unique up to scalar multiplication
and there exists an eigenvector v for A such that v > 0.

A proof of the theorem can be found in [Sen81, Theorem 1.1].

Let A be the Perron-Frobenius eigenvalue and (I3, ...,[,) be the left Perron-Frobenius eigen-
vector. Define a metric on T by len(e,) := l,,. Then for every e € E(T) we have len(f(e)) =
Alen(e), and the Lipschitz constant Lip(f) is .

From now on we assume train track maps are linear on edges and have the same Lipschitz
constant on all edges.

Recall that it is not known whether all fully irreducible automorphisms admit train track
maps. However some do exist: Example 1.11 is an example of fully irreducible automorphism
with a train track representative.

Examples 1.11. Let G := (r, s, t|ru"r~! = su™s~! = atu™t~! = u). Define ¢ € Aut(G) by

U U
TS
st
t— rstsT1t!



€b €e

xT

Figure 2: The quotient 7'/G in Example 1.11

Define the tree T' (whose quotient T'/G is represented on Figure 2) by a fundamental domain
with vertices v,z and edges

ea = [v,1]
ep = [v, tz]
ee = [v, z]
ef = [v,s ']

Define f on T by
fw—uvz—tr
€q > € — S €f
€pt> €y —T € —TS-€f —TS €, —T1St-€ —rst-ef
€e > €

ef — €e

The map f is a train track representative for ¢. To see this we can compute the successive images
of the turns taken by f. Consider the turn {&,,re.} at vertex rv which is taken by f(ep):

180, e} — e 3 {egsen} — (1) {eer eat —v 63 () e e} v 611 ense0)

When applying f to ¢*(r){eq, ep} we find a turn in the orbit of ¢?(r){e.,e,} which we had
already found. Thus {e,,re.} is a legal turn. The proof for the other turns goes the same way.



The inverse of ¢ is
U u

7 tsrs~ 1

o

Sk
t— s

which is the same automorphism as ¢, but with swapped roles for » and ¢. Thus it admits a
train track map.

Let f : T — S be a G-equivariant map between trees of D, sending vertex to vertex and
edge to edge path. By [For02] it is a quasi-isometry, i.e. a map such that for all z,y € T,
K=Ydr(x,y) — C < dr/(h(x),h(y)) < Kdr(z,y) + C. Thus the map has bounded backtracking
property (see [GJLLIS]) and there exists a constant BBT(f) < K2?C + C such that for every
x,y € T the image f([z,y]) lies in a BBT(f)-neighbourhood of [f(x), f(y)].

In [BFH97| and [Algll], a similar constant BCC(f) is used. Let us clarify the link between
these constants. Suppose a-f is a geodesic concatenation of paths with a f-legal. When applying
f to a - B, there is a subsegment 7 C « such that f(7) C f(8). Let 7/ C 8 be a minimal prefix
such that f(7) C f(7'). The first point of 7 and last point of 7/ are mapped to the same point.
Then because f is a quasi-isometry there is a constant K depending only on f such that the
length of 7-7" is bounded by K. This gives a bound BCC(f) (from bounded cancellation constant,
introduced by Cooper in [Coo87]) on f(7): the simplification which occurs at an illegal turn is
bounded by BCC(f). By applying the previous paragraph to 7 -7’ we have BCC(f) < BBT(f).
In order to keep a reduced number of constants, we will use the BBT constant instead of BCC
where it could be used.

For a path n in a tree T, we denote by [n] the unique non-backtracking path which has the
same endpoints as 7. We can extend this notation to infinite paths which converge to a point in
the boundary of T for example, this is well-defined for a bi-infinite quasi-geodesic such as the
image of a line by a quasi-isometry.

Definition 1.12. Let ¢ € Out(G) be a fully irreducible automorphism with a train track repre-

sentative f : T'— T. The critical constant is Cy := %_Tl(f).

The critical constant has the following property: for any geodesic concatenation a- -y C T
such that f is legal and len(f) > Cy then let o/ C «,8" C B,7" C 7 such that the path
[f(a- B -7)] can be written as the concatenation [f(c/)] - [f(8")] - [f(#)]. Then len(f(8')) > Cy.
More specifically we have:

Lemma 1.13. Let ¢ € Out(G) be fully irreducible. Let f : T — T be a train track representative.
Let o be any path in T. Let § C «a be a legal subpath with length at least 2Cy. Define B’ as

02f -neighbourhood of the endpoints. Then (3’

the legal subpath of B obtained by cutting out the
satisfies the following condition: for allm € N

fHa\B) N fr(B") =@ and f" (') C [f"(a)]
In particular len([f™(a)]) > A" len(8’).

Proof. Let a, 8 be as above.
We actually prove a slightly stronger statement by induction on n. Define ], as the segment

obtained by cutting out a BBT(f) E A~*_neighbourhood from the endpoints of 8. Observe that
k=1
BBT(f) _ Cf

/ VA —k __ —
B =Npen B smceBBT(f);)\ =1 5



We will prove that for all n € N we have

fHa\B,) N f"(B,) =@ and f(8,) C [f"(a)]

and since 8/ C ], is a subsegment of the legal segment 3/, the same holds for 5’

The condition is true for n = 0 since 5} = S.

Suppose the lemma holds for some n € N. Since 3/, is legal we have len(f"(8/,)) = A" len(S},).
Besides f"(8]) C [f™(«)]. Apply f to the path f"(a). There may be cancellation at the end-
points of the legal segment f™(f8/,) but this cancellation does not exceed BBT(f) when measured
in fmH1(B), since 3, is legal.

This neighbourhood in f"**(j,) corresponds to a A=~ BBT(f)-neighbourhood of the end-
points of 3),: as a result f"**(4] ;) does not intersect f(f"(a)\ f™(f})) since it is contained
in #;,. It does not intersect f(f™(5;,) \ f"(B,,1)) either. Finally note that f(f™(a)\ f™(5;)) N
) = e\ By) N (B,

Since f"*1(B],,,) does not meet f"!(a\ B, 4), is is contained in [f"*!(a)]. O
A consequence of Lemma 1.13 is:

Lemma 1.14. Let ¢ € Out(G) be fully irreducible. Let f : T — T be a train track representative.
For any path o in T, for any legal subpath § C « such that len(B8) > 2Cy, we have for every
n € N:

len(f(8) 1 [F"(@)]) 2 2 3" len(3)

Proof. Suppose « contains a legal subsegment S of length greater than 2Cy. Let 5 be the

subsegment of g at distance % from the endpoints of 5. By Lemma 1.13, for every n € N,

(8" C [f™"(«)] so we have:
len(f™(8")) = A" len(8")

=\" (len(ﬂ) _ 2BBIY) ]iB_Tif))
v (1)
Therefore len(f™(8) N [f™(a)]) > 3A" len(3). O

Definition 1.15. Let f : T — T be a train track representative for ¢ € Out(G). A non-
backtracking segment 1 C T is a periodic Nielsen path if there exists g € G and n > 1 such that
glf™(n)] = n. We call it simply a Nielsen path if we can choose n = 1.

A periodic Nielsen path is indivisible if it cannot be written as the non-backtracking concate-
nation « - 8 of two periodic Nielsen paths.

A result about periodic indivisible Nielsen paths (or pINPs) from [Pap22] is:

Proposition 1.16. Let f : T — T be a train track representative for an automorphism ¢ €
Out(G). There are only finitely many orbits of periodic indivisible Nielsen paths.

Periodic Nielsen paths give a characterization of pseudo-periodic conjugacy classes for ¢ €
Out(G), proved in [Pap22, Section 3]:

Lemma 1.17. Let f : T — T be a train track representative for ¢ € Out(G). The conjugacy
class of an element g € G is pseudo-periodic for ¢ if and only if the axis of g in T is a geodesic
concatenation of periodic indivisible Nielsen paths.
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Lemma 1.18. Suppose that ¢ is fully irreducible, pseudo-atoroidal and has a train track repre-
sentative f : T — T. Then there exists m € N such that it is impossible to concatenate more
than m periodic Nielsen paths for f together in T, and more than m periodic Nielsen paths for
foinT_.

Proof. There are finitely many orbits of periodic INPs; let [ be the number of orbits of periodic
INPs. By contradiction, suppose L is a path in 7" which contains a concatenation of more than
2] pINPs. Then there exists 1, gn C L with g € G loxodromic such that there is a fundamental
domain for g which is a concatenation of pINPs. By Lemma 1.17, this implies that ¢ is a
loxodromic pseudo-periodic element for ¢, which is impossible since ¢ is pseudo-atoroidal, so we
can set m := 2[. O

1.3 The Lipschitz metric on D

The space D can be endowed with a pseudo-metric called the Lipschitz metric. For T,T" € D
define

Lip(T.T") = inf Lip(f)

where the infimum is taken over all G-equivariant Lipschitz functions f : T — T”. In [Meil5] the
following is proved:

Proposition 1.19. For T,T' € D there exists a G-equivariant map f : T — T’, sending vertex
to vertex and edge to edge path, linear on the edges, such that Lip(f) = Lip(T,T").

The Lipschitz metric is defined as follows: for T, 7" € D

vol(T/G)

dLip (T, T/) = 10g Llp(T, T/) W

The distance dpip(T,T") is unchanged by rescaling T or T”: it only depends on their projective
classes. If T, T" are normalized so that vol(T") = vol(T") = 1 then dpi,(T,T") = log Lip(T,T").
Sometimes it is more practical to work with 1-Lipschitz maps, for example when T — T” is a
collapse or a fold. When Lip(7,T") = 1 then dp;,(T,T") = log vol(T)

vol(T") "
The Lipschitz metric is not a metric in the actual sense.

Lemma 1.20. The Lipschitz metric has the following properties:
(i) for T,T" € D, duip(T,T") > 0
(’LZ) for T, T/, T € D, dLip(T, T”) < dLip(T, T/) + dLip (TI, T”)

Proof. (i) Let T, T" € D scaled such that Lip(T,T") = 1. Then f induces a 1-Lipschitz map on
the quotients. By minimality f is surjective so vol(T’/G) < vol(T/G). Thus

vol(T'/G) >1

(ii) Let T, 7, 7" € D. Let f : T — T', f' : T — T" be Lipschitz maps. Then Lip(T,T") <
Lip(f’of) < Lip(f) Lip(f’). By taking the lower bound we get Lip(T, T") < Lip(T,T") Lip(T",T").
By taking the logarithm we obtain what we want. O

Remark 1.21. The other properties of metrics fail for D:

11



1. Classical example for Fy

T

o Q
1
Lip(T",T) ~ 5

Fold e with edges in the same
orbit £ times

2. Example in BS(2,4)

: : Lip(T,T") = : :
Lip(T',T) ~ ka

Figure 3: Counter examples for symmetry of the Lipschitz metric

e like in CV  the Lipschitz metric is not symmetric. A common counter example is drawn
on Figure 3: if T, T are the same tree with a different metric on edges such that 7"/G has
a very short loop, di;,(1",T) is very big.

e unlike in CVy there exist 7,7 in D such that di,(T,7”) = 0 and dr;p(1",T) # 0. More
precisely, drip(T”,T) can be chosen arbitrarily big. See Figure 3.

o If ¢ € Out(G) and T € D then duip(T,T - ¢) = 0 implies that T = T - ¢. This is a
consequence of the fact that the actions are minimal so maps are surjective. A 1-Lipschitz
G-equivariant surjective map from 7T to itself is an isometry, unless G is solvable.

The Lipschitz metric and its computation have been explored before in [Bes11] for free groups,
[FM15] for free products, and [Meil5| for more general deformation spaces. The facts presented
below can be found in these papers.

Let T,7" € D. Let f : T — T’ be a piecewise linear G-equivariant map. The tension graph
A(f) is the subforest of T' spanned by edges e € E(T') such that the stretch factor on e is Lip(f).
The map f is optimal if it realizes the infimum of Lip(7T,7") and if at every vertex v € A(f),
there are at least two gates at v for the gate structure induced by f which contain edges in A(f).
In [Meil5| Meinert proves that optimal maps exist.

The distance between two points in D can be effectively computed by comparing translation
lengths of some elements of G in both trees. Suppose f : T — T" is a G-equivariant map between

12



trees of D. For every g € G we have, by applying f to a fundamental domain,

gl .
Lol < Lip(f)
lgllr
thus by taking the lower bound we have Lip(7,T") > maxgecc ‘hé; ‘llf;/. It is actually an equality,

as this result from [Meil5| states:

Lemma 1.22. Let T,T' € D. Let f : T — T’ be an optimal map. There exists g € G such that
Axer(g) is f-legal and contained in the tension graph for f. In particular

/ h /
lgllz hec [|Allr
Let T' € D. A candidate of T is an element g € G such that the map 7 : Axer(g)/(9) = T/G
has one of the following forms (see Figure 4):

e a loop: the map 7 is an embedding

e a figure eight: there are two embedded circles u,v in T which intersect in exactly one
point. The map 7 maps the circle Axer(g)/{g) to the tight loop which crosses u and v
successfully.

e a barbell: there are two disjoint embedded circles u,v in T/G, and a segment s which
connects u to v; m maps the circle to the tight loop which crosses u, s, then v, and then s
backwards.

e an embedded singly degenerate barbell : it is the degenerate case of the barbell where v is
a single vertex. In that case, the vertex group at v must be greater than the edge group of
the last edge of s.

e an embedded doubly degenerate barbell : degenerate case of the barbell where both circles
are single vertices. The vertex group at u must also be greater than the edge group of the
first edge of g.

In particular a candidate crosses each orbit of edge at most twice. In [FM15, Theorem 9.10]
the following theorem is proved for the case of free products:

Theorem 1.23. Let T € D. For every T' € D, there exists a candidate g of T such that

. gll’

For the proof we refer to [FM15]. Note that the context differs a little since the deformation
space and the group are different. The relevant point is that contrary to elements of CV y, trees
in the outer space for a free product may have non-free vertex stabilizers, which account for the
degenerate barbells. In the case of GBS products we also have vertices whose stabilizer is greater
than the stabilizers of incident edges, hence the presence of degenerate barbell candidates.

1.4 The axis of an irreducible automorphism

Proposition 1.24. For an automorphism ¢ € Out(G) with a primitive train track map f : T —
T, then

Lip(f) = Lip(T, T - ¢) = min Lip(5, 5 - ¢)

13



() OO oC

Loop Figure eight Barbell
[ 2 e
Singly degenerate barbell Doubly degenerate barbell

Figure 4: The five possible shapes for a candidate in the quotient graph

Proof. Since f is a train track map, at each vertex of T there are at least two gates. Consequently
there exists h € G such that Axer(g) is legal. Let n € N. Since h is f™-legal for all n € N we

have 7”"5((}5@” = Lip(f™) = Lip(f)™.

Then we have Lip(T,T - ¢") = sup ¢ Hﬁlg(ﬁ];“T = |‘¢|Tf§\}|l;|lT = Lip(f)™. Let A := Lip(f).

Let S € D. Let f' : S — S-¢ be such that Lip(S,S - ¢) = Lip(f’) =: . By triangular
inequality, for n € N we have Lip(S, S - ¢™) < N

By triangular inequality we have

N = Lip(T, T - ¢") < Lip(T, $) Lip(S, S - ") Lip(S, T) < ™ Lip(T, §) Lip(S, T)

If M < X this inequality becomes false when n is big enough, hence the minimality of A =
Lip(T, T - ¢). O

A map v : R — D is a geodesic for the Lipschitz distance if for any t,s € R, t < s =
drip(7(t),v(s)) = s — t. Since the metric is not symmetric, the distance dr;p(v(s),v(t)) needs
not be |s — ¢|: in fact it can even be zero.

Proposition 1.25. Let f: T — T be a train track representative for ¢. There exists a geodesic
Ly :R = D such that for everyn € Z, T - ¢™ € Ly, and such that the map Ly is continuous for
the axes topology.

For a construction see [Meilb, Section 4.4]. The axes topology on D is the coarsest topology
such that the functions T' — |g||r for ¢ € G are continuous; for more information on the
topologies of D see [GLO7].

If f:T — T is a train track representative we choose an arbitrary axis Ly crossing 7" and
denote by T} the unique point of the axis such that dpip(T,T:) =t if ¢ > 0 and dpip (T3, T) = —t
ift <0.

Similarly there is an axis £y for ¢~! defined from f_ : T_ — T_. Since dp;, is Out(G)-
invariant the axes stay within a bidirectional bounded neighbourhood of each other.
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We already stated that between any two trees in D, there exists a (G-equivariant quasi-
isometry. The quasi-isometry constants can be chosen uniformly if the trees lie in a subsegment
of L fr

Lemma 1.26. For any T,S € D and D > 1 such that max{Lip(T, S),Lip(S,T)} < D, any
optimal map T — S is an equivariant (D, 4D)-quasi-isometry.

Proof. Let T, S € D. Scale T, S such that vol(T/G) = vol(S/G) = 1. There exists X C T such
that G- X = T and diam(X) < 1. For every oriented edges e, ? € E(T), there exists an edge

path with length at most 2 with first edge ¢ and last edge he' for some h € G. This fails if G
is solvable, but we assumed that it is not the case.

Let us prove this fact. First we will prove that for any edge e there exists a path ... ;1_6 for
some h € G.

Since G is not solvable, then the action of G on T is irreducible. Since T is not a line, there
exist translates hie, hoe such that for any line containing both edges, the orientations of the
edges along the line differ.

There exists h € G such that Axer(h) crosses both hie and hoe. Either hie and hge point
towards each other, or they may point away from each other, but in that case there exists k € Z
such that h*¥hie and hoe point towards each other. Then we get a path f;é e ;;e.

Now let e, e’ be edges in the tree. There is a path which connects both edges, but the path

may fail to contain a translate of € ... he for some h € G. By concatenating paths which reverse
the orientation on one or both sides we obtain a path satisfying the condition.

As for the bound on the length of the path, observe that if an edge appears in the path twice
with same orientation, then subpath can be deleted to obtain a shorter path.

Let 7: T — S be an optimal map. Let x,y € T. Let e be the first edge of [z, y]. Let ¢’ be an
edge with origin y and not in [z,y]: such an ed%e exists since T is minimal. By the fact above,

there exists g € G and a path containing ¢’ ,ge’ with these orientations and length at most 2.
Thus dr(gz,y) < 2 and [z,y] C Axer(g). We have dr(z,y) + 2 < ||g||r.
Then by Lemma 1.27 we have Lip(S,T) < D, Lip(T,S) < D so

ds(T(l‘)7 T(y)) < DdT(l‘v y)

and
ds(7(x),7(y)) = ds(7(z),7(92)) — ds(7(92), 7(y))
> ||glls — 2Lip(r)
> —”ggT —2Lip(r)
dT (1’, y) 2

> A\ d) 2

2 =5 5 2D
Then the optimal map 7 : T — Ty is a (D, 4D)-quasi-isometry. O

We have the following result about the axes £y and Ly :

Lemma 1.27. Let ¢ € Out(G) be a fully irreducible automorphism. Let f : T — T be a train
track representative for ¢ and f— : T— — T_ be a train track representative for ¢='. Let Ly, Ls
be azes in D for ¢ and ¢~ L.

Let a < b, c,d be real numbers. There exists a constant Dgpeqa > 1 such that for every
XY e{l;/a<t<b}U{(T-)¢/c <t <d}, Lip(X,Y) < D.g4.
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Proof. Let n,m € N be such that
nlog(A) < a,mlog(A) > b,nlog(A_) <¢,mlog(A_) >d

There is a quadrilateron which crosses T - ¢™, T - ¢™,T_ - ¢™, T_ - ™, which contains {T;/a <
t <b}and {(T-):/c <t < d}. Its length is

d:=dLip(T - ¢", T ¢™) + drip(T, T-) + drip(T- - 9™, T— - ¢") + dLip(T-, T)
Therefore, for every X,Y as above we have L(X,Y) < D := e?. O

Remark 1.28. Lemmas 1.26 and 1.27 imply that for every S € D, there exist (K, C) such that
for every t € [0,log(\)], there exist equivariant (K, C')-quasi-isometries T; — S and S — T;.

2 The stable and unstable laminations

Let T,T7" € D. There exists a G-invariant quasi-isometry " — T”. In fact all equivariant
quasi-isometries T — T" are close:

Lemma 2.1. Let T, T’ be metric G-trees such that T is co-compact. Let u,v be continuous G-
equivariant maps T — T'. There exists a constant C' depending on u and v such that for every
zeT

dr (u(z),v(z)) < C

Proof. Let K C T be a compact subset such that G- K =T. Let C := maxgecx dr (u(x), v(x)).
For every y € T there exists g € G and = € K such that y = gx so by G-equivariance

dp(u(y), v(y)) = dr(gu(z), gv(z)) = dr (u(z), v(z)) < C.
O

Recall that a G-invariant quasi-isometry f induces a G-equivariant homeomorphism 07T —
OT'. Because of Lemma 2.1 the homeomorphism does not depend on f so there is a canonical
G-invariant identification of the boundaries of all trees of D.

A lamination A is a G-invariant, symmetric, closed subset of 9T x 0T \ A where A is the
diagonal, for some T € D. The discussion above implies that for any .S € D, A can be canonically
identified with a subset of 95 x S\ A so we may drop the reference to T'.

When we fix a tree T', A identifies with a G-invariant set of unoriented bi-infinite geodesics
of T which we call the realization of A in T" and which we denote by Ap. Its elements are called
leaves. A leaf segment is a subsegment of a leaf of Ap. The assumption that A is a closed subset
of T x 0T \ A translates into the following fact: if (0,)nen is an increasing sequence of leaf
segments in 7" whose union is a bi-infinite geodesic £ C T', then £ is a leaf of A7.

If T € D is another tree, there exists a G-invariant quasi-isometry h : T — T’. For any leaf
A € Ar, the line of T' obtained by tightening h()) is a leaf of A/, and conversely all leaves of
A/ are tightened images of leaves of Ap.

Let ¢ € Out(G) be a fully irreducible automorphism. Let f : T — T be an primitive train
track representative for ¢ with Lipschitz constant A > 1. Define the stable lamination A;{ by its
realization in the train track tree T, as the set of bi-infinite geodesics whose subsegments belong
to

{c CcT/3ec E(T),IneN, o C f*(e)}

We call A}T_ the unstable lamination.
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Remark 2.2. Since A > 1, if e is an edge of T such that e C f(e), then the limit of f™(e) when
n — oo is a leaf of the lamination. Since f is primitive, one can check that the set of leaves
which can be obtained by this process by replacing f with gf for g € G is a G-invariant subset
of the stable lamination and its closure is the stable lamination.

Lemma 2.3. For everyl > 0 there exists ny > 0 such that if « CT contains a legal subsegment
with length at least 2Cy, then [f™(a)] contains a leaf segment of AJf with length at least | for all
n > np.

Proof. Let 8 be alegal subsegment of o with length at least 2C's. By Lemma 1.13 the subpath 6 C
3 obtained by truncating the C/2-neighbourhood of the endpoints has the following property:
for any n € N, f™(0) C [f"(e)].

We have len(f) > C;. There exists n1 € N depending on 7' and A such that A" Cy >
2max.cp(r)len(e) so f"(0) contains an edge.

There exists ny € N depending on [ such that A" min.cg(p)len(e) > 1. For n > ny, for any
e € E(T), f™(e) contains a leaf segment of A;f with length 1.

Then for any n > ny + ng, [f™(«)] contains a leaf segment of A}' with length . O

Definition 2.4. A lamination A is minimal in T if all leaves of A have the same leaf segments
up to the action of G, i.e. for every leaf segment o C T of Ap, for every leaf £ in T, there exists
g € G such that go C ¢.

Definition 2.5. Let A be a lamination. Let T' € D. A leaf ¢ € Ay is quasi-periodic if for every
C > 0 there exists L > 0 such that for every subsegment o C ¢ with len(c) = C, for every
subsegment v C £ with len(y) > L, there exists g € G such that go C 7.

Remark 2.6. If T'— S is a quasi-isometry and A is minimal, then A is minimal in S. Similarly,
if a leaf in T is quasi-periodic, then the realization of this leaf in another tree S € D is also
quasi-periodic. A proof is given in [Pap22, Remark 1.17].

The following is proved in [BFH97], although for a slightly different definition of the stable
lamination.

Lemma 2.7. Let f : T — T be an irreducible train track representative for an automorphism
¢ € Out(G) with Lipschitz constant . Then the stable lamination A}' is minimal and its leaves
i T are quasi-periodic.

Proof. First let us prove the minimality. There exists N € N such that for all e, e’ € E(T/G),
N (e) contains an edge in the orbit of e’

Let ¢ C T be a leaf of AJT. Let k € N. Let us prove that there exists a constant L such that
every segment of £ longer than L, contains a translate of f*(eq) for every ey € E(T/ G)

Let o be a subsegment of ¢ with length at least L, := 2\F maXee g( KJ@) len(f*(e)). By
definition of the stable lamination, there exists e € E(T') such that o C fV+ w1th n > k.
The segment o is contained in the concatenation of segments f*(f(e’)) for edges e C frk(e).
Each of these segments contains a translate of f¥(eg) and is shorter than len(c)/2 so one of them
is contained in o, hence in ¢. This proves that ¢ contains a translate of every leaf segment of A}*‘
contained in f*(eg) for any eq € E(T).

This also proves the quasi-periodicity: for all C > 0 there exists k& € N such that every
segment I longer than C is contained in f*(e) for some edge e, and every leaf segment of the
leaf ¢ longer than Lj contains a copy of f¥(e) and thus a copy of I. O
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Lemma 2.8. Let A,A’ be two distinct minimal closed G-invariant laminations with quasi-
periodic leaves. Then for any G-tree T, there exists a bound Cr on the length of leaf segments
which are common to both laminations.

Proof. Let T € D. By contraposition we prove that if the bound Cr does not exist then A and
A’ have the same sets of leaf segments in T'. Since they are closed this implies A = A’.

Suppose that there exist leaf segments (n,)neny with 1, C Apr N A% for all n € N, and
len(n,) — oo. Then for any leaf segment ¢ C A, there exists n € N and g € G such that
go C 1, C A% so o is also a leaf segment of A%.. By symmetry Ay and A/ have the same leaf
segments, so the laminations A and A’ are equal. O

We need the following:

Lemma 2.9. Let h: T — T’ be a (K, C)-quasi-isometry where K > 1,C > 0.

For every l > 0 there exists L > 0 depending on |, K,C such that if 1 is a bi-infinite geodesic,
if o is a subsegment of n with length at least L, then [h(o)] contains a subsegment of [h(n)] with
length at least £.

Proof. Let [ > 0. Let n be a bi-infinite geodesic. Let o be a subsegment of 7. Then the length
of [h(o)] is at least K~1len(o) — C.

The image h(n) lies in a BBT(h)-neighbourhood of [h(n)], where BBT(h) < K?C + C.
The endpoints of [h(0)] are in this neighbourhood so the length of [h(c)] N [h(n)] is at least
K~ 'len(o) —C —2BBT(h). Thus by taking L > K(I+C+2BBT(h)), if len(c) > L, then [h(c)]

contains an [-segment of [h(n)]. O

For a lamination A, T' € D and C > 0, a C-piece of Ar is a leaf segment of A with length
C.

Lemma 2.10. Let f : T — T and [ : T' — T’ be two train track representatives for a fully
irreducible automorphism ¢ € Out(G). Then the stable laminations A}T and A?, are equal.

Proof. We will prove that every leaf segment of (A;{)T/ is also a leaf segment of (AJT,)T/: by
symmetry we will get the result.

Let C' > 0. By quasi-periodicity of the leaves of A]T, there exists L > 0 such that every leaf
segment of (A;{)T/ longer than L contains every orbit of leaf segment of (A}F)T/ with length at
most C.

Let h: T — T’ be a G-equivariant quasi-isometry.

By Lemma 2.9 there exists Ly > 0 such that for every bi-infinite geodesic n C T, for every
segment o C n with length at least Lo, the segment [h(c)] N [h(n)] has length at least 2L +
2BBT(h). Without loss of generality, we may assume Ly > Cf.

There exists g € G be such that Axer:(g) is legal for f’. The conjugacy class of ¢ is not
pseudo-periodic since ||¢™(g)|lr+ — oo when n — oc.

The axis of g in T" does not have to be legal, however the number of orbits of f-illegal turns
under the action of (¢™(g)) cannot increase when n — co: f sends f-legal subsegments to f-legal
subsegments and Axer(¢"(g)) = [f"(Axer(g))]. Since {||¢"(g9)|lT,n € N} is unbounded, this
implies that there exists ng € N such that Axer(¢™(g)) contains an f-legal subsegment with
length Lg. Since Axer (¢™0(g)) is also f’-legal, up to replacing g € ¢™°(g) we can assume ng = 0.

As in Lemma 2.3 there exists N > 0 such that for every e € E(T"), f'V(e) is a leaf segment
of (A}",)T/ with length at least 2L. The axis of ¢~ (g) in T still contains a legal subsegment with
length at least Lo since Ly > Cy. Once again, up to replacing g by ¢~ (g), we may assume that
the axis of g in 7" can be cut into pieces of (A}',)T/ with length at least 2L.
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Figure 5: When applying f” and then f™, the translation length of g increases if n is big enough

The map h maps Axer(g) to a BBT(h)-neighbourhood of Axer/(g). By Lemma 2.9 and by
definition of Ly, h(Axer(g)) C T’ contains a leaf segment of [h(A;{)T)] = (A;{)T/ with length at
least 2L 4+ 2BBT(h) and a subsegment with length at least 2L is contained in Axer/(g).

Then there exists a segment v C T’ of length greater than L that is both a leaf segment
(A}")T/ and (A}C)T. Thus every leaf segment of (Af)7 of length C'is a leaf segment of (Ay/ ). O

From now on, we can simply refer to the stable lamination as A; or simply AT when the
automorphism is obvious. The notation A; denotes the unstable lamination A(‘;_l.

Lemma 2.11. For a fully irreducible automorphism ¢ € Out(G), the stable lamination and
unstable lamination are distinct.

Proof. Assume by contradiction that A; = A(‘;. See Figure 5.

Let f : T — T be a train track representative for ¢ and f_ : T — T_ be a train track
representative for ¢~!. Let 7 : T — T_ be a G-equivariant quasi-isometry.

There exists g € G loxodromic whose axis in T is f-legal. By Lemma 2.9 there exists L > 0
such that for every leaf segment o of (A1) longer than L, [r(o)] contains a leaf segment of
(A*)7_ longer than 2Cy .

Let ng € N be such that for any edge e € T', len(f™(e)) > 2Cy. Let n > ng. Then every e €
Axer(¢™(g)) contributes a leaf segment of (A*)y = (A7)7_ longer than 2Cy in Axer (¢™(g)).
By Lemma 1.13, the images (. := [7(f™(e))] for different edges e contain subsegments 3., obtained
from S, by cutting out the %—neighbourhood of the endpoints. The subsegments /3, satisfy the
following: for any edge e, for any m € N, f™(5.) C Axer_(¢™ ™(g)) and for any other edge ¢,
fr(Be) N fr(Be) = 2.

This implies that [f” (Axer_(¢™(g)))] = Axer_(g) contains two disjoint leaf segments f™(8.),
9f2(Be) = f2(Byn(y).) longer than A"Cy.

Then we must have ||g|][7. > A"C/, which is a contradiction for n sufficiently big. O

3 Laminations and simple elements of G

3.1 Simple elements, simple pairs and Whitehead graphs

Definition 3.1. A loxodromic element g € G is simple if it is contained in a proper cyclic factor
of G.
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A pair of elements g,h € G is simple if there exists cyclic factors H,, H) such that g €
H,,h € Hy, and a graph T" of cyclic groups with m (I') ~ G, with disjoint subgraphs I'y, T, such
that 7T1(Fg) ~ Hg,m(Fh) >~ Hh.

In that case Hgy, H) belong to a proper system of cyclic factors, i.e. collection of conju-
gacy class of cyclic factors which can be simultaneously seen in some graph of groups as the
fundamental groups of disjoint subgraphs.

Lemma 3.2. Suppose b1(G) > 3. For any tree T € D, the candidates in T are simple.

Proof. If b1(G) > 3 then every candidate g for T" avoids at least an orbit of edges G - e. Then
T\ G-e is a proper subforest of G which contains the axis of g. It defines a cyclic factor containing
g, so g is simple. O

Lemma 3.3. Suppose b1(G) > 3. Suppose g,h € G are candidates in T € D. There exists a
candidate k € G such that {k,g} and {k,h} are both simple.

Proof. Since b1(T') > 3 and g, h are candidates, neither of their axes crosses every orbit of edges
inT.

Let eg, ep, be edges in I' such that m(Axer(g)) avoids e, and w(Axer(h)) avoids ey, where
m: T — T is the quotient map. Since bi(g) > 3 the graph IV := I'\ {e,, e}, which may be
disconnected, has a connected component with first Betti number by (I”) > 1. There exists an
element k£ € G whose axis in T is in a lift of I'. Then Axer(k) crosses neither e, nor e, so:

e the axes of g,k are in I"\ ey, so {k, g} is simple
e the axes of h,k are in T'\ ey, so {k, h} is simple
Thus k is the element of G that we were looking for. O

Definition 3.4. Let ¢ be a bi-infinite geodesic in T' € D. A turn in £ is a pair {e,e’} C E(T) of
distinct edges such that o(e) = o(e’) and eU e’ C L.

Definition 3.5. Let G be a collection of bi-infinite geodesics of some T' € D. Let v € V(T).
The Whitehead graph W := Whr (G, v) is the following graph:

e vertices of W are edges of T with origin v

e there is an edge e — ¢/ in W if there exists £ € G and g € G such that g - £ contains both e
and ¢, i.e. if {e,e'} is a turn crossed by ¢

Remark 3.6. For G, T, v as in the definition, we have Whp(G,v) = Whr(G - G, v).

Ezxamples 3.7. The two main examples, which we will both use in this paper, are the following.

1. G = {Axer(hgh™1'),h € G} is the collection of axes of all conjugates of some g € G. In
that case we write Whr(G,v) = Whr(g,v).

2. let f: T — T be a train track representative for a fully irreducible automorphism and let
S €D, let G=(A")s. Since all leaves in AT have the same subsegments in S, for any leaf
0 e (At)g, for any v € V(S), Whg(A1,v) = Whg(¢,v).

The interest of Whitehead graphs is that they help understanding cyclic factors. In [Pap21]
we prove the following theorem (Theorem 2.14):
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Theorem 3.8. e Let g € G be a lozodromic element. Then g is simple if and only if for
every T € D there exists v € T such that Whr(g,v) is disconnected or has a cut vertez,
i.e. a vertex p € Whr(g,v) such that Whr(g,v) \ {p} is disconnected.

o Let g,h € G be loxodromic elements. Then {g,h} is simple if and only if for every T € D
there exists v € T such that Whr({g, h},v) is disconnected or has a cut vertex.

The stable lamination of an automorphism ¢ € Out(G) is carried by a cyclic factor H if
and only if there exists T € D such that for every leaf £ € (AT)r there exists a translate of the
minimal subtree Ty which contains /.

Minimality of these laminations imply that the stable lamination is carried by H if and only
if there exists a leaf ¢ € (A+)T such that ¢ is contained in Ty. For all S € T, there exists a
quasi-isometry 7" — S and it implies that the realization of ¢ in S is in the subtree Sy, so the
fact that AT is carried by H can be seen in every S € D. These facts are proved in [Pap22].

Lemma 2.5 of [Pap22| implies:

Proposition 3.9. Suppose ¢ € Out(QG) is a fully irreducible automorphism with irreducible train
track representative f : T — T. Then no leaf of the stable lamination (A$)T 1s carried by a cyclic
factor.

3.2 Long segments of laminations in axes of elements of G

In this section, we assume that ¢ € Aut(G) is a fully irreducible automorphism such that both
¢ and ¢! have train track representatives.

The following lemma is a transposition of Lemma 2.17 from [Pap21]. The original lemma
gives a link between the Whitehead graph of the axis of a loxodromic element g € G in a tree S
and the existence of a tree S where § — S is either a fold or a collapse which induces an isometry
Axeg(g) — Axeg(g). The proof of the lemma does not use the specific fact that Axeg(g) is an
axis of an element and could actually work with any bi-infinite geodesic. In particular, it can be
transposed to laminations:

Lemma 3.10. Let S € D such that no edge in S/G is a loop. Let £T be a leaf of the stable
lamination AT and £~ be a leaf of the unstable lamination A~. The following are equivalent:

o There exists a vertex v € V(S) such that Whg({€*,07},v) is disconnected or has a cut
vertex

e There exists a tree S € D and a non- injective map m 1= =S — S such that if 0+, 0 are the
leaves in S corresponding to {7, 0~ then 7 induces isometries =0t and - — 0.

Remarks 3.11. 1. The assumption that S has no loop is not especially restrictive: in fact, up
to subdividing all loops before applying the lemma, we may assume that S has no loop.
The tree S produced by the lemma does not have any loop either.

2. A non-injective G map 5 — S sending vertex to vertex and edge to edge is a composition
of collapses and folds (see [BF91]). In particular we can assume that the map 7 given by
the lemma is either a collapse or a fold.

Proposition 3.12. There exists S € D such that for every v € V(S), the Whitehead graph
Whg (AT UA™,v) is connected without cut vertex.
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Proof. Let T be the initial train track representative for ¢. We will change T gradually using
Lemma 3.10.

By Proposition 3.9, the Whitehead graph Whr(A™,v) is connected for every v € S. The
graph Why(A™ U A~ v) has even more edges so it is also connected.

If an edge of T is a loop then subdivide it so that Lemma 3.10 applies. Endow T with the
combinatorial metric, i.e. give each edge the length 1. This does not change the Whitehead
graphs.

Suppose there exists a Whitehead graph in T which has a cut point. By applying Lemma
3.10 and Remark 3.11, we can construct a sequence

Ly —=>Th 1 — =Ty =T

where each map T; — T;_; is either a collapse or a fold whose restriction to the leaves of both
laminations are isometric. The construction of the sequence stops when we find n such that
every Whitehead in 7T, has no cut vertex.

The maps T; — T;_1 are in fact not collapses, since a collapsed edge in T; would not be
crossed by any leaf of the lamination, contradicting Proposition 3.9. They are folds.

We want to prove that the sequence above cannot be infinite. By contradiction, assume it is
infinite. In [Pap21, Lemma 1.25] we proved that the number of orbits of edges of the trees of the
sequence built by iterating Lemma 3.10 has to go to infinity in that case.

The first Betti number b1 (7},) is constant. Recall that for a connected graph I" with V' vertices
and A edges we have b;(I') = A -V + 1.

Recall that a big vertex stabilizer is a vertex stabilizer which does not fix any edge in some
(equivalently any) reduced tree. By Lemma 1.1 there is a bound on the number of vertices of
valence 1 in T;,/G. In fact, the associated vertex groups are big since trees in D are minimal.
Since there exist finitely many conjugacy classes of big vertex stabilizers, this gives a bound on
the number of vertices of valence 1 in T,,/G.

Let A,,V, be the number of edges and vertices in T, /G. For every v € T, denote by val(v)
the valence of v. Then we have

2V, +201(T) =2 =24, = Y val(v)
veT, /G

Therefore

20, (T) —2= > (val(v) —2)

veT, /G

The only negative terms in the sum correspond to valence 1 vertices so there is a lower bound
on their sum. This implies that there is a bound on the number of vertices with valence > 3.

As a result, since the number of edges in T}, when n goes to infinity is unbounded, the number
of vertices of valence 2 in T}, /G is unbounded.

Let v € T,,/G be a vertex of valence 2. Let [y,ls be the labels at v. If [l;] > 1 and |l3] > 1
then the stabilizers of vertices in the orbit of v are big. Thus the number of vertices of valence 2
with both labels distinct from +1 is bounded by m(G). For every other vertex of valence 2, one
of the labels is 1 or —1.

A topological edge in T,,/G is a connected component of

'\ {v € V(I')/ val(v) # 2 or no label at v is £1}
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Figure 6: General form of a topological edge and monotonous subsegments

There is a bound B, independent of n, on the number of topological edges in T,,/G. Since
vol(T,,/G) is unbounded there is no bound on the length of topological edges.

A subsegment o := eg,...,er of a topological edge is increasing if for any i € {1,...,k},
Go(e,) = Ge,. It is decreasing if for any i € {0,...,k — 1}, Gy,) = Ge,. A subsegment with a
single edge is both increasing and decreasing. This can be understood efficiently with labels: o
is increasing (resp. decreasing) if A(e;) = £1 (resp. A(&;) = £1) for all ¢ € {1,...,k}.

We will now prove that any topological edge of T,,/G can be cut into at most 2m(G) + 1
subsegments which are either increasing or decreasing. See Figure 6 for an example.

Let 0 := ey, ..., e be a topological edge. Cut it into subsegments by the following process.
Let 01 :=eq,...,e;, be the maximal decreasing prefix of o: it has at least one edge. Let o2 be
the maximal increasing prefix of o\ o1. The label A(&;,) must be nonzero unless o1 = o, so since
o is a topological edge, A(e;, +1) = 1 so o4 also has at least one edge. Continue this procedure
to construct an alternating sequence of disjoint decreasing and increasing subsegments.

Write o as the concatenation oy, ...,on of subsegments. We claim that whenever an increas-
ing subsegment is followed by a decreasing subsegment, the last edge of the former has a big
stabilizer, and no edge in the latter does. Thus the number of increasing subsegments in o is
bounded by m(G) + 1.

Suppose o is an increasing subsegment followed by a decreasing subsegment ;4. Let e;
be the last edge of o;. Then by maximality of o;, A(e;+1) # 1. Besides, o1 is a decreasing
subsegment so there is a decreasing subsegment before o;. Let ey be its last edge. We have
i" <1 and \(€;) # £1. For all p € {i’ +1,i}, A(ep) = £1 so o, is collapsible and collapses to a
vertex v with labels A(e;11) on the right, [ [, ,<; A(ep) on the left. Both labels are not £1 so
the vertex group associated to v is big. It is also the edge group associated to e;.

For a topological edge of length k, at least one the maximal topological edges is longer than
?m(%. Thus there is no bound on the maximal length of half topological edges when n
increases.

Suppose ¢ is an increasing subsegment of a topological edge with length k in T, /G. Let us
prove that there exists a leaf of AT and a leaf of A~ which overlap along a segment with length
k. Let m, : T, = T,,/G be the quotient map.

Write o as the concatenation e, ..., e, with A(e;) = £1 for all ¢ € {1,...,k} (see Figure 7).
Let w = t(eg),v = o(ep).

The subsegment o lifts in T to a subforest Y,,. Let & be a connected component of Y\, *(v).
It is a finite rooted tree with root w which is a lift of w. For every ¢ € {1,...,k}, any lift of é;
is an edge of T which points towards w. The terminal vertices of &, other than possibly w, are
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Figure 7: Pre-image of an increasing subsegment

the lifts of v.

The vertex group G acts transitively on the set of lifts of v.

Let ¢ be a leaf of AT. There is a translate of ¢ which crosses a lift of e;. Thus it contains
[0, 0] where © is a lift of v. By transitivity of the action of G, for every ¢’ € m,, *(v), the segment
[0', 0] is contained in a leaf of AT.

Similarly, if /_ is a leaf of A™, there exists a translate of ¢_ crossing é; and by translating
further by an element of Gz we can make sure that it crosses [¢', @] for any arbitrary ¢’ € 7, 1(v).
Then the translates of ¢ and ¢_ overlap on a length at least k.

The same proof can be transposed to the case of a decreasing subsegment.

Since there is no bound on the length of monotonous subsegments, for every L > 0 there
exists n € N such that 7;, contains an increasing or decreasing subsegment o longer than L. Let
& be a lift for o in T),. There exist leaves £, of the stable and unstable laminations which
both cross 6. Therefore the leaves £ and £~ overlap on a length bigger than L.

The maps T,, — T for n € N are isometric in restriction to the leaves of the laminations.
Thus there is no bound on the length of common subsegments of both laminations in 7', so by
Lemma 2.8 the laminations are equal. This is a contradiction to Lemma 2.11. O

Proposition 3.13. Let ¢ € Out(G) be a train track automorphism. Let f : T — T be a train
track representative for ¢. Let Ly be an axis for ¢ in D passing through T
There exists L > 0 such that for any T, € Lj:

(1) If g is a simple loxodromic element in G, then Axer,(g) cannot simultaneously contain an
L-piece of A and an L-piece of A~

(ii) If g,h are simple lozodromic elements such that Axer,(g) contains an L-piece of AT and
Axer, (h) contains an L-piece of A~ , then the pair {g,h} is not simple.
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Proof. Let S be a tree obtained with Proposition 3.12, i.e. such that for every v € V(S) the
Whitehead graph Whg (AT U A, v) is connected without cut vertex. Note that for any n € Z,
S - ¢™ has the same property since A*, A~ are ¢-invariant.

By quasi-periodicity of leaves, there exists a constant L; > 0 such that any leaf segment of AT
in S (resp. A7) longer than L; contains all turns in A* (resp. A™). Suppose Axeg(g) contains
an Li-piece of AT and an L;-piece of A~, then Whg(g,v) is connected without cut vertex for all
v € V(S). By theorem 3.8 g is not simple. This proves assertion (i) in the specific case where
the tree is S: now we would like to prove it for T} in the axis of ¢.

By Remark 1.28 there exist constants K > 1,C > 0 such that for every ¢ € [0,log()\)] there
exists a G-equivariant (K, C)-quasi-isometry h; : Ty — S. There is an upper bound B > 0,
depending only on (K, C), on BBT (k).

Let Ly be the constant of Lemma 2.9 for the quasi-isometry constants K,C and £ = L, +2B.
If a fundamental domain v of g in T} contains a leaf segment o with len(c) > Lo then [h:(7)]
contains a leaf segment with length at least L1 +2B, and a fundamental domain of g in .S contains
an Li-piece of the lamination. This works for both laminations.

Let L > max{Lo,2KL;}. Suppose Axer,(g) contains leaf segments o, c_ of the stable and
unstable laminations, both longer than L. Up to replacing g with ¢' for some | € N we can
suppose a fundamental domain for g contains both o4 and o_. Lemma 2.9 ensures that Axeg(g)
contains L-pieces of both laminations, therefore implying that g’ hence g is not simple.

Finally suppose t ¢ [0,log(\)]. There exists n € Z such that Ty := T - ¢" with ¢/ =
t + nlog(X) € [0,log(A)]. Then hy : Ty — S induces a G-equivariant (K, C)-quasi-isometry
Ty — S - ¢~ ™. With the same arguments as above we come to the same result, with the same
constant L. This proves (i).

The proof of (ii) is analogous. We just proved that there exists L > 0, such that for T} € Ly
there exists n such that for any g € G, if Axer,(g) contains an L-piece of any lamination
then Axeg.4n(g) contains an Lg-piece of the same lamination. Applying this to g with the
stable lamination and h with the unstable lamination, we get that Whg.4n ({g, h},v) is connected
without cut vertex for any v € V(S) and therefore {g, h} is not simple. O

4 Legality

Let G be a GBS group with first Betti number b1 (G) > 3.

In this section we fix a pseudo-atoroidal fully irreducible automorphism ¢ € Out(G) with a
train track representative f : T — T and a train track representative f_ : T_ — T_ for ¢—!.
The goal is to study the evolution of ||¢™(g)||T, ||¢"(g)||7 when n — +oo for g € G.

The following three lemmas prove an analogue of Lemmas 2.9 and 2.10 in [BFH97]. The point
of view differs a little since we state the results in the trees and not in the quotient graphs. A
notable difference which is caused by non-trivial edge stabilizers is the fact that a concatenation
of pINPs is not always a Nielsen path, since it might only be pre-periodic. The statements also
differ a little for technical reasons.

Lemma 4.1. Let ¢ € Aut(G) be an automorphism with a train track representative f : T — T.
For every C > 0 there exists M € N such that for any edge path o C T, one of the following
holds:

(a) [f¥(0)] is legal

(b) [fM(0)] contains a legal segment of length > C between two illegal turns
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(c) [fM(0)] has fewer illegal turns than o

(d) o is a concatenation ng - Ny - -+ - Ney1 for some k > 1 where no, Nry1 are legal subpaths,
and for 1 < i < k the path f™(n;) is a periodic indivisible Nielsen path, and turns at the
concatenation points are legal.

Proof. Without loss of generality we may assume C' > Cj. Then if ¢ := [y, y'] contains a legal
path with length C then for any n € N, [f™(0)] also does, by definition of the critical constant.

Let M € N be a big enough integer, to be determined later. Suppose there exists a path
o C T such that both (a), (b) and (c) fail. Since [f*(c)] cannot have more illegal turns than o,
it has exactly the same number of illegal turns £ > 1. There exist maximal legal subsegments
Y0, - - - Y& such that o is the concatenation ~q - - - - - v%. Since (a) fails we have len(y;) < C for
every i € {1,...,k—1}.

The map f maps legal segments to legal segments and since the number of illegal turns is
constant, for every n < M, there is a unique decomposition [f"(c)] = 7§ -7{ - - -7} into maximal
legal subsegments. We have len(y}*) < Cy for all ¢ € {1,...,k — 1}.

There are finitely many orbits of edge paths of T" with length at most 2Ct. Let N be the
number of orbits of such subpaths.

Leti € {2,...,k—1}. Thereexists p; < N and g; € G such that v ;7N = g; (*yﬁ?” "yZN“”).

There also exists p; < N and g; € G such that the restrictions of v -v{ and ¢, ('yév ‘e V{V te

to a 2C-neighbourhood of the illegal turn are equal. Similarly define py € N, g, € G such that

restrictions of ’y,iv_l . ’y,iv and gy, (VJZCVjpk 'VIZC\H_M

) coincide.

By taking the smallest common multiple of all p; for i € {1,...,k} we may replace p; by
some P € N which does not depend on 1.

Thus for every i € {2,...,k — 1}, we have v, -4 C g:[fF (71 - ¥V)]. The same holds for
restrictions to a 2Cy-neighbourhood of the illegal turn for ¢ € {1, k}. Note that this implies that
there exists no n € N such that v{' or 7 vanish.

For any i € {1,...,k} the path v contains a unique point x; such that z; = g, f%(z;),
and ~{¥ contains a unique point zo such that xp = g; fF(2). The point zy might be equal to
y, Ty might be equal to y’. Note that gy,  t¥ = giay 7 = AN so for i € {0,...,k — 1}
actually g;+1f7(2:) = ¢:fF(2:;) = z;. Then for any i € {1,...,k} the path [x;_;, ;] is a periodic
indivisible Nielsen path.

For any i € {0,...,k} there exists a unique point y; € o such that f%(y;) = 2;. The points
Yo, - - - » Y subdivide o into k + 2 subsegments. Define n; = [y;, y;41] for i ¢ {0, k+1}, no = [y, o]
and nr+1 = [yk,y’]: we just proved that n; is a pre-Nielsen path for 1 < ¢ < k. The other
subpaths 79 and 741 are legal, and the other subpaths are pre-Nielsen paths, so ¢ satisfies (d).

The integers N and P only depend on T'. If M > N 4+ P we proved that for any path o such
that (a), (b) and (c) fail, (d) holds. O

The following result, which is a key for Lemma 4.3, implies that when neither Case (a), Case
(b) nor Case (d) of Lemma 4.1 occur, the decrease of the number of illegal turns is a definite
proportion of the length of the segment.

Lemma 4.2. Let ¢ € Aut(G) with a train track representative f : T — T. Let C > Cy. Let
My > 1 be the corresponding integer given by Lemma 4.1. There exists p € N with the following
property. Let M := pMy. There exists K < 1 and K' > 0 such that for any lozodromic g € G,
for any o C Axer(g), there exists segments o, 3,0" such that [fM(0)] = a - o’ - B with

e len(a) < K'/2,len(B) < K'/2
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e o/ C Axer(¢M(g)) orlen(c’) =0
e cither o’ contains a legal subsegment with length greater than C, or

len(o’) < Klen(o) + K’

Moreover, if o contains a legal subsegment longer than C, then so does o’.

Proof. Let C > Cy. Let g € G and 0 C Axer(g). Let My be the constant of Lemma 4.1 for C.

Let m € N be the maximal number of pINPs which may be concatenated in T or T_, from
Lemma 1.18.

If len([fMo(0)]) < K, := 2BBT(f°) + 2mC, then define a := [fM°(o)], and ¢’ and 3 as
single points such that [fM°(0)] = a - o’ - 8. These subsegments satisfy the statement for any
choice of p, with len(o’) = 0.

Suppose len([fM0(a)]) > K|. Define og := [f°(o)] N Axer(g), which is not empty, and let
Qq, Bo be the remaining subsegments. Note that if ¢ contains a legal subsegment 6 with length
greater than C' > C}, then [f*0(g) N Axer(¢*™M0(g)) N fiMo(9) is longer than C for all i > 1,
hence the last statement.

Let nbl(0) denote the number of maximal legal subsegments in a segment §. We will now
prove that if oy contains no legal subsegment longer than C, then its number of maximal legal
subsegments nbl(c) decreases.

Write 0 := 6y - 61 - --- - 6, where each subsegment 6; except 6y has m + 2 maximal legal
subsegments. Let ¢ € {1,...,n}. Apply Lemma 4.1 to ;. Case (d) cannot happen since 6;
has m + 1 illegal turns. If Case (a) happens then Case (c) also happens: nbl([fMo(¢;)]) <
nbl(#;) = m + 1. Suppose Case (b) happens: either [f*°(6;)] N Axer(¢™°(g)) contains a legal
subsegment with length C, or an illegal turn of 6; is sent outside Axer(¢™°(g)), in which case
wbI([f¥0(8,)] N Axer (6" (g))) < nbl(6)).

Thus if oy does not contain any legal subsegment longer than C', then

nbl(00) < bl(6p) + nbl([fM0(61)] N Axer (6™ (g))) + -~ +nbl([f*" (6,)] N Axer(6™(9)))
< nbl(fp) + (ubl(61) — 1) + -+ + (ubl(6,) — 1)
<mnbl(o) —n

_ | nbl(o)
where n = Lm“ J

Therefore, with &k := (1 — #H)’ we obtain

nbl(cg) < knbl(o)

This can be iterated as long as [f*° ()] N Axer(¢*°(g)) contains no legal subsegment of length
C by applying the same argument to o7 instead of o, creating a decreasing subsequence o1, 09, . ..
of o and increasing sequences oy, s, ... and B, B2,.... Then for p > 1, [f?M°(5)] can be cut
into subsegments o, - o, - B, with

o len(ay,),len(B,) < Kj S0 ) X = K}
e 0, C Axer(¢PMo(g))

e nbl(o,) < kP nbl(o)
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Now convert this result into lengths: we obtain

P
len(o,) <

— len(o)

min

where [y := mingc gy len(e).
Choose p such that lc—kp < 1. Let K := lc—kp and K’ := K.
Finally we get - -
len(o) < Klen(o) + K’

thus we obtain the lemma with « := «p, 8 := 5,, 0’ 1= o). O

Lemma 4.3. Recall that ¢ is pseudo-atoroidal. Let h : T — T_ be a Lipschitz G-equivariant
map, sending vertex to vertex, and edge to edge path.

For every C > 0 there exists N € N and L > 0 such that for any g € G, for any geodesic
o C Axer(g) with length greater than L and possibly infinite, if o’ := [h(o)], then one of the
followings holds:

(A) [N ()] N Axer(#N(g)) contains a legal segment of length > C
(B) [fN (o)) N Axer_(¢~N(g)) contains a legal segment of length > C.

Proof. Let M be the constant from Lemma 4.2. Assume
C > max{CﬁCﬁ}

We will suppose by contradiction that the lemma fails for N := M3 with ¢ sufficiently big. We
will take a segment ¢ in T for which both (A) and (B) fail, and show that this assumption leads
to a contradiction in the following sense. For j € {0,...,i} the segment [f™7(o)] can be cut into
three segments: one in the axis of ™7 and two “error” parts outside of the axis. Using the fact
that (A) fails, we see that the part in the axis must not contain any long legal subsegment, thus
its length can be estimated by counting the number of maximal legal subsegments in it. Lemma
4.2 controls the decrease of the number of maximal legal subsegments in o up to error parts.

However the error parts may grow, for two reasons: they are stretched by f™ and the inner
part produces small errors too, which add to the previous error. The aim of the proof is to take
o long enough to keep the growth of these error parts small in comparison with the decrease of
the inner part, so that the overall effect of fM? on o is a decrease.

Then we apply the reverse: we look at the evolution of f*7 o ho fMi(g) for j € {0,...,i}.
Now the argument for the absence of long legal subsegments in the inner part is the fact that
(B) fails, and the conclusion is similar: the overall length of the segment decreases. As a result
[fMioho fMi(g)]is a lot shorter than o in proportion.

The contradiction comes from Lemma 2.1: the maps k and fM? o ho fM* are equal up to a
bounded error, so when o is long enough, it cannot decrease much in proportion when applying
f‘in oho sz

We now write a formal argument along these lines.

Let ¢ € N; set N := Mi. Let o be a segment in Axer(g).

By Lemma 2.1, there exists a constant B; such that for any = € T, dr_(h(z), fM o ho
fMi(z)) < B;. There exists a constant L;,; depending on B; and h such that if len(o) > Ly ;
then len([h(0)]) > 4B; so

len([f*7 o ho fMi(0)))

len(o) ”

(1)

N =
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Moreover there exists D; > 0 depending on f, f_, h,i such that for any o C Axer(g), for any
segment § C o at distance greater than D; from the endpoints of o, [fM¢oho fM(9)]NAxer(g) C
[h(o)] N Axer(g). Let & be the subsegment of o obtained by cutting out a D;-neighbourhood of
the endpoints.

Suppose that both (A) and (B) fail for o and for N = Mji.

Since (A) fails for o, no segment [fM7(a)] N Axer(¢™7(g)) for j € {0,...,i} can contain a
legal subsegment longer than C. By Lemma 4.2 there exist constants K < 1, K’ > 0 and a
decomposition [f ()] = a; - o1 - B such that

len(oy) < Klen(o) + K’
Define by induction «; - o - B = [fM(0;-1)] using Lemma 4.2. For all j € {1,...,i} we have
len(o;) < Klen(o;_1) + K’

and len(o;),len(5;) < K'/2 so

len([f*(0;-1)]) < Klen(oj—1) + K’ + QAM%/

where A := Lip(f). Thus we have

len([fMi(U)]) < K?! len(o) + K'(1+ )\M) lz_:Kj < K?! len(o) +
§=0

K'(1+ AM)
1-K

Remember that & be the subpath obtained from o by cutting out the D;-neighbourhood of
the endpoints. Let o} := [FM7 o ho fMi(5)] N Axer_ (M) (g)) for j € {0,...,i}: it cannot
contain legal subsegments longer than C. Indeed [fMioho fMi(5)]NAxer(g) C [h(c)]NAxer(g)
and by assumption that (B) fails, the latter does not contain any legal subsegments longer than
C.

Applying the same argument as above using Lemma 4.2 with f_, C, we obtain again K_, K"

such that ) NY
) ) . ) K’ (1
len([f4 0 ho f(3)]) < K- len((ho (@) + Lot AS)
with A_ := Lip(f_). By combining both inequalities, using the fact that h is Lipschitz:

/ M
len([f2* o ho fM*(5)]) < Lip(h) K™ len([f*(5)]) + %
K’ (14 M)
C1-K_

+ 2D; Lip( fMy)

< Lip(R)K* len([f™%(0)]) + 2 Lip(h) K" D; Lip(f™)* +

/ M
< Lip(h)(K_K)"len(e) + Lip(h) K" (K(le?)
K’

1-K_

+

len([fM¢ o ho fMi(g)]) < Lip(h)(K_K)len(c) + S;

where S; is an additive constant depending on 1.
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Now assume that 4 is big enough so that Lip(h)(K_K)* < 1/4. Note that the choice of i
does not depend on ¢ but only on the maps fM, fM h and on C. Then there exists a constant
Ly ; > 0 such that if o is longer than Lj ; then

len([fMi o ho fMi(q)])

len(o)

<

(2)

N —

If o is longer than L := max{L; ;, Lo ;} then inequations 1 and 2 contradict each other. This
achieves the proof. O

Corollary 4.4. For every C' > 0 there exists N € N such that for every g € G one of the
followings holds:

(A) Axer(¢™(g)) contains a legal segment of length > C
(B) Axer_(¢~N(g)) contains a legal segment of length > C.
Proof. 1t suffices to apply Lemma 4.3 to a long enough subsegment o C Axer(g). O

In the rest of the section, our aim will be to prove that if g € G then Axep.g4n(4)(g9) has
increasingly long legal subsegments. This is a key step in the definition of the projection D — L.

As in [Algll]| we define the legality threshold and the legality of a path in 7"

__ 4BBT(f)

Definition 4.5. Let x := —— = 2C} be the legality threshold.

For every finite path o C T we define the legality ratio of o with respect to the train track
structure as follows. Let aq, ..., a; be the maximal legal subsegments of a. Then the legality of
o is

Z len(ay;)
len(a;) >k
Leg;(a,T) := len(a)

which is the proportion of o which belongs to a legal subpath longer than «.
If g is a loxodromic element of G, then we distinguish two cases:

e g is legal and we define Leg;(g,T) = 1

e there exists a fundamental domain « for g which starts and ends at an illegal turn of the
axis. Then Leg;(g,T) = Leg(a, T).

Remarks 4.6. e If o is a fundamental domain of g which does not start and end at an illegal
turn while Axer(g) contains one, then Leg;(a) < Leg(g)-

o If (apn)nen is a sequence of nested subsegments of Axer(g) whose length goes to infinity
then Leg;(g,T) = limy, o0 Legy(a, T).

e For | € Z\ {0} we have Leg;(¢',T) = Leg;(g,T).
e To define Leg; (g,7-) we use the threshold x_ :=2C}_.

The following result states that if a contains sufficiently many long legal subsegments, then
the length of f™(a)) grows exponentially, as though a were legal.

Lemma 4.7. Let ¢ > 0. There exists a constant C(g) such that for every finite path o in T' such
that Leg;(a, T') > ¢, for every n € N we have len([f"(a)]) > C(g)A\" len(a).
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Proof. Since Leg; (o, T) > e, a contains at least one legal subsegment of length greater than x.
Let fB1, ..., Bk be the maximal legal subsegments of « longer than k. For every i € {1,...,k} let
0; be the subsegment of 3; obtained by cutting out the %—neighbourhood of the endpoints. By
Lemma 1.13 the images of 01, ...,60; by f™ are disjoint for any n € N and contained in [f"(«)].
Moreover for every i € {1,...,k}, len(6;) > 1len(5;). Since k = 2C; we have

len([f"(a)]) > Zlen (f™o
> )\”Zlen(ﬂ )
i=1
1 k
5)\ ;len(ﬂi)

1
5)\”6 len(a)

v

v

Therefore we obtain the desired result, with C(g) = /2. O

Corollary 4.8. Let € > 0. There exists a constant C(g) such that for every lozodromic g € G
such that Leg;(g,T) > ¢, for every n € N we have ||¢"(g)l|l7 = C(e)\"[|¢™(g)||-

Proof. Let e > 0. Let g € G. There exists z € Axer(g) such that Leg ([, gz], T') = Legf(g,T) >

e. By Lemma 4.7, for any k € N we have dr(f"(x), ¢"(g*)f"(x)) > C(e)\"dr(z, g*x).
Thus

n
= inf
16" (@)l = inf

dr(f"(x), 6" (g") " (x)
k

dT(xv gkx)

> n
> C(e)A ’

= C@E@)A"||gllr
O

Lemmas 4.9 and 4.11 aim to prove basic properties which can be deduced from Lemma 4.7.
Together they prove that the legality function n — Leg;(¢"(g),T) cannot be greater than e in
a neighbourhood of —co. They are illustrated by Figure 8.

Lemma 4.9. For any € > 0 there exists M € N such that for any g € G such that Leg (9) > ¢,
for anym = M, [[¢™(g)llr > llglr-

Proof. By applying Lemma 4.7 to a fundamental domain for g starting at a legal turn, there
exists C(e) such that for all m € N

6™ (@llr = CE)A llglr

so with M > — llzggg we get the lemma. O

Remark 4.10. Similarly there exists M_ such that if Leg; (g) > e then for any m > M_,
lo=™(@llr- > llgllr_.
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1™ (9)lIr,

lgllz
-

o @l
+

h

37

6" (9)llr = llgllr

Figure 8: If Leg;(g,T) > o then [[¢"(g)|/r is above the red graph. If Leg,;(¢=™(g),T) > €o
then ||g||7 must be above the green graph, so if m is big then ||¢~™(g)||7 is small.

Lemma 4.11. For any lozodromic g € G there exists mqy € N such that for any m > myg,
Leg;(¢7™(g)) <e.

Proof. Suppose Leg;(¢~™(g)) > ¢ for some m € N and ¢ > 0. By applying Corollary 4.8 to
¢~ ™(g), there exists C(e) such that ||g||z > C(e)A™||¢~™(g)|l7. Let l. be the length of the
shortest edge in T, then |[¢~™(g)||lT > I so

< log(llgllT) —log C —logl,
N log A ‘

O

Corollary 4.4 proves that for any g in G, either ¢~ (g) has a f-legal segment of length C,
either ¢~V (g) has an f_-legal segment of length C, where the integer N does not depend on g
at all. A crucial point is Lemma 4.12, i.e. that such a result also works with the legality ratio,
i.e. up to choosing a greater N, either the legality ratio of ¢’V (g) in T or the legality ratio of
» N (g) in T_ is greater than a definite 9. Combined with Lemma 4.7 we will then be able to
prove that len(g) grows exponentially when n — 400, and has a minimum in a bounded subset
of ,Cf.

The following lemma needs the fact that ¢ is pseudo-atoroidal since it relies on Lemma 1.18
through Corollary 4.4. It is proved for the free group case in [BFH97].

Lemma 4.12. There exists eg > 0 and N € N such that for every loxodromic element g € G,
one of the followings holds:

o Leg; (6™ (9).T) > o

o Legy (97N(9),T-) > eo

Proof. Fix a G-equivariant quasi-isometry h : T — T_. Recall that for a G-equivariant quasi-
isometry between G-trees u : T3 — 15, such as h, f, f_ and their products, if a segment o is
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01 > Ky 0 > Ky 03 >Ky...

— e & & & & &

Figure 9: The axis of g in T is cut into subsegments 6; separated by subsegments longer than
Ky.

contained in the axis of an element g in 77, then [u(c)] is contained in the axis of g in T apart
from a BBT(u)-neighbourhood of its endpoints.

Let C :=max{2Cy,2C;_}. Let L, N be the constants given by Lemma 4.3.

There exists a constant K depending on L and the quasi-isometry constants for f, f_ such
that for any points z,y € T, fN(z) = fN(y) = dr(z,y) < Ky and fY o h(z) = f¥ o h(y) =
dr(z,y) < Kn).

Observe that for any subsegment o C Axer(g) of length at least Ky, there exists # € o such
that fV(x) € Axer (¢ (g)) and x_ € o such that f¥ o h(xz_) € Axer_(¢=V(g)).

The axis of g in T can be cut into subsegments 6;,¢ € Z of length L separated by other
subsegments of length K (see Figure 9).

By the choice of Ky, for any i € Z, [fN(0,)]N[fN (0i11)] = @ and [fY oh(0,)]N[fY oh(0iz1)] =
J.

There exists a power g' such that 2L + 3Ky < ||g!||r. Let k := L”glLH_zigNKNJ There exists a

fundamental domain « for g' in Axer(g) which contains at least k consecutive 0;, 0; 1, ..., 01 k1
of the segments defined above, and at distance at least Ky from its endpoints.

Let ax C T be a fundamental domain for ¢V (g') contained in [fV ()], and let a_n C T be
a fundamental domain for ¢~ (g') contained in [fY oh(a)]. Since there is a Ky-margin between
0;, 0;+x—1 and the endpoints of a, for every j € {i,...,i+k—1} we have [f™ (6,)]NAxer (¢ (g)) C
ay and [fN(0;)] N Axer (97N (g)) C a—n-

By Lemma 4.3, for each j € Z, either [fV(0;)] N Axer(¢™ (g)) contains an f-legal segment
with length C, or [fY o h(6;)] N Axer (¢~ (g)) contains an f_-legal segment with length C.
Suppose the first case happens for at least half of the indices in {4,...,i + &k — 1}. Then since
the images of the segments 6; do not overlap, there are at least k/2 legal segments with length
C in the fundamental domain ay. Thus Leg(¢™ (g)) > Ch

= 2len(an) "’
Since k > %# and the fact that ||g'||r = len(a) > 2L + 3K we obtain

N C  len(a)— L — 2Ky
Legf((b (9)) = 2len(an) L+ Ky

L—2K
Clen(a) 1 — 573555
~ 2len(ay) L+ Ky

C'len(a) L+5KN
- 21en(aN) (L + KN)(QL + SKN)
C L+5KN

>0

2 2Tip(fN) (L + Kn) 2L + 3Kn)

The bound does not depend on g nor on a.
Similarly, if the second case happens, i.e. if there are more long legal segments in a_y C
Axer_(¢~N(g)), then we get

L—2Kn

C 1-
- N 2L4+3K N
Legs_(¢77(9)) 2 2Lip(fNoh) L+ Ky
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Since at least one of these two cases occurs, we can define £ as the smallest of both bounds and
we obtain the lemma. O

For a geodesic in T (resp. 7_) and a constant L > 0 we define the lamination ratio
LR(g,T,A",L) (resp. LR(g,T_,A~, L) as the upper bound of the proportion of Axer(g) (resp.
Axer_(g)) which can be covered by pairwise disjoint leaf segments of A" (resp. A™) with length
at least L.

Lemma 4.13. Let g > 0. For any L > 0, there exists N1 > 0 such that for any g € G, for any
n > Ny, if Leg;(g,T) > eo then

LR(¢"(g), T, A", L) > 0/4.

Proof. Let g € G be such that Leg;(g,T) > ¢o. Let 3 C Axer(g) be a maximal legal subsegment

with length at least k. Let 8’ C 8 be the subsegment obtained by cutting out the % < %

neighbourhood of the endpoints. Its length is at least len(8) — Cy and for all n € N, f*(5’) C
Axer (4" (9))-

There exists ny € N such that A" C'y > 4la Where lyax := max.cp(r)len(e). Thus ™1 (5)
contains at least one edge of T'. In fact, the number of edges of T contained in f™1(8’) is at least

kg = [MJ and their total length is at least cg := A" (len(f) — C'¢) — 2lmax-

Imax
There exists ng € N such that for every edge e € T, f"2(e) is a leaf segment with length
greater than L.
Thus f"1+72(3) is contained in Axer(¢™**"2(g)) and contains at least kg disjoint open leaf
segment with length at least L whose total length is at least A"2cg:.

Let B be the set of (g)-orbits of maximal legal subsegments of Axer(g).
Let n € N. The proportion of Axer(¢™ ™21 (g)) covered by the leaf segments is at least

Ar2tn E A" (len(B) — Cf) — 2lmax
BeB
Anatnatn| gl

Thus
Z A" (len(B) — Cf) — 2lmax
peB
LR ¢m+n2+n g ,T,A+,L >
( ) ) N lglr
C
> A" (len(8) — Cp) = A" =L
BeB
- Al gllr
Z len(pB)
~ 4
> pe
lgll7
L%
— 4
This proves the lemma with N1 = nj + na. O

Lemma 4.12 yields a constant 9. For the rest of the paper we fix such an gy3. Define
k(g),k_(g) as follows:
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o k(g) = min{k € Z/ Leg;(¢"(9)) = 0}
o k_(g) = max{k € 2/ Leg;_(¢*(g)) > co}
By Lemma 4.11 these integers are well-defined.
Lemma 4.14. There exists N € N such that for any lozodromic g € G, |k(g) — k—(g)] < N.

Proof. Let g € G be a loxodromic element. Let Ny be the constant given by Lemma 4.12.
Lemma 4.12 implies that either Legf(quO(qﬁk(g)_NU_l(g))) or Leg; (¢~ o PF@O=No=1(g)) is
greater than £9. By definition of k(g), the former does not hold so Leg; (¢~2NoTk(9)=1(g)) > &.

Therefore we have
k(g) —k—(g) <2No + 1.

Lemma 4.9 gives M such that for all m > M we have
6™ (" (gD > [6*9 (9)]I -

It also gives a similar constant M_ for f_. If we had k_(g) — k(g) > max{M, M_} then by
applying Lemma 4.9 twice with m = k_(g) — k(g) we would get a contradiction:

16" ()l = 67 0 ™ 0 6" (9)llr > [|0™ © " (9) |7 > l|¢"(9)I
This gives an upper bound for k_(g) — k(g). O

5 Defining the projection

Let g € G be aloxodromic element. Like in [Algl1] we define to(g) := k(g) log(A+). The following
lemma is the same as [Algll, Lemma XX]. The fact that G is a GBS group instead of Fi has
no influence.

Lemma 5.1. There exists a constant C' > 0 such that for every loxodromic element g € G we
have fort > tg:
t—t t—t
c=al=S gl < llgllr, < ol gl

and fort < tgy:

,_
[

—1y Lok ] T80
C7A lgllmy < llgllz, < CAZ" gl

Proof. We will prove the inequalities in the case where ¢ is a multiple of log(\). The result
for other values of t can be obtained by applying Lemma 1.27 to a translate of the subsegment
{T;/0 < t < log(\)}, and it will only result in increasing the multiplicative constants by a
controlled amount.

Write to = to(g). First let us deal with the case t > to. Let n € N and let ¢,, = tp + nlog A.

We have T}, =Ty, - ¢™.

Since f is A-Lipschitz we have

I9llz., < A*llgllz,

Let us prove the other side of the inequality. Lemma 4.7 can be applied to a well-chosen
fundamental domain for g and gives a constant C(eg) independant of n and g such that

lgllz,, = Cle0)A"[gllT,

which gives the first part of the Lemma.
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Now let us deal with the case ¢t < ty. Let n € N. Let t,, =ty —nlog(A). In that case we have

"= gty
We have
Lip(T,T_)"" IIHQIIHT Lip(T_,T)
T_

and by applying this to ¢"(g) instead of g for any n € Z, we have
Lip(T,T_)"! < Nglir-gn < Lip(T_,T)
lglr.gn

In particular, since T}, =T - #*(9) this also works when replacing T, T_ with Tio, Ty, -
We now have T_, =T_, - ¢~ " so |lgllr_, <A ||g||T_t0. We deduce the right inequality:

Igllz., <Lip(T-,T)lglr_,,
< Lip(T_, )X |l
< Lip(T-,T) Lip(T, T-)A" ||g|| 1.,
Now let us prove the left inequality. Lemma 4.12 gives an integer constant N such that
k_(g) > k(g) — N. Thus we have by the same arguments as above, and for n > N and T}, =

Ty, - ¢~ we obtain
lgllz_, = Clea)A"Vlgllz_,

Since ||g||T7tN > Lip(T- - (b_N,T_)_1||g||T7t0 we have
lollr_., = Cle = Lin(T- - 67, T) " A" g,

lgllr
When 0 < n < N then we have Tl 2 < Lip(T_,T_ - ¢V) so in any case there is a constant

C > 1 depending only on 7,7, N such that

lgllz., > C™ A-n(t)lglz,
This proves the lemma. O
Define ©(g) := {t € R/||g||7, minimal }.

Lemma 5.2. There exists s > 0 such that for every lozodromic g € G and t € O(g), then
[t —to(g)] <s.

Proof. Let C' be the constant from Lemma 5.1. Suppose t > to(g). Then we have ||g|1, >

c- 1)\[ T J lgllT,, sosince [|gll7, < |lgllT,, this implies t —to < log(CA).
We get a smular inequality for t < g, hence the result. O

Remark 5.3. The diameter of ©(g) is bounded by 2s.

An important property of the projection is that projections of simple pairs are close:

Lemma 5.4. There exists s > 0 with the following property. Let {g,h} be a simple pair of
loxodromic elements of G. Then |to(g) — to(h)| < .

36



Axe(g) contains long leaf

segments of A~ Axe(h) contains long leaf
segments of A~

_nlogh toh) 4
to(9) t
T o~ to(h)
¢)71 m,log)\_ nlOgA, \
Nlog A_

‘ t LEG;_(h) be-

Axe(h) contains long ~ comes > €g
leaf segments of A~

Figure 10: If ¢o(g), to(h) are sufficiently far apart, then there exists ¢ such that the axes of g and
h in T; contain long leaf segments of the opposite laminations

Proof. We prove this by contraposition: we will show that if ¢y(g) and to(h) are too far apart
then we can find ¢ in between such that the axes of g and h in T; contain long segments of the
stable and unstable lamination (see Figure 10).

Let Loy be the constant from Proposition 3.13 such that elements in a simple pair cannot
contain leaf segments longer than Ly of both lamination in their axes. Without loss of generality
we may assume Lg > K.

By Lemma 2.9 there exists a constant L; such that if a path 8 C T_ contains a leaf segment
of A~ longer than Ly, then [h_(3)] contains a leaf segment of A~ of length greater than Ly. The
choice of Ly depends only on h_, f_, and L.

Without loss of generality suppose to(g) < to(h).

Let N1 > 0 be the integer given by Lemma 4.13 for f, eg and Lg. Similarly define N;_ >0
as the integer given for f_, gg, L.

By definition of to we have Leg(g, Tyo(g)) = €0- Thus for all n > Ny we have

LR(g7 Tto(g)+n log(A)>» A+7 LO) > 50/4'
Similarly for all n > N; _ we have Leg; (h, Ty (h)—nlog(r_)» A7 L1) > €0/4-
Suppose to(h) —to(g) > Nilog(A) + Nq,—log(A_). Then there exists to(g) + N1 log(A) < t <

to(h) — N1,—log(A-). Consequently Axer,(g) contains an Lo-piece of A* and [h(Axer_, (h))]
contains an Lg-piece of A~. This contradicts the fact that the pair {g, h} is simple. O

Here is a direct corollary:

Corollary 5.5. Let s,s be the constants from Lemmas 5.2 and 5.4. For a simple pair {g, h},
diam(O(g) UO(h)) < s+ s'.

In order to evaluate the distance dri, (X, L) for some arbitrary X € D, we will use candidates
of X. Lemma 5.4 applies in particular to candidates:
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Corollary 5.6. Suppose b1(G) > 3. There exists s > 0 such that for every X € D, if g, h are
candidates in X, then for any t, € ©(g) and t, € my(h) we have |ty —t5| < s”.

Proof. By Lemma 3.3 there exists k¥ € G such that the pairs {g,k} and {h,k} are simple.
Applying the previous corollary gives |t, — tp| < |ty — ti| + |[tx — tn]| < 28" + 2s. O

For X € D, define Ox := {t € R/dpip(X,T;) minimal }.

Lemma 5.7. For every X € D, the set Ox is non-empty.
Moreover there exists s > 0 such that for every X € D, diam(Ox) < s.

Proof. Let X € D. By Theorem 1.23, for all ¢ € R, there exists a candidate such that
dLip( X, T}) = log 14

llgllx
Therefore we have

lgll

drip(X, Tt) = ! :

vp(X, 1) = | max 1080
llgll T,

Fix a candidate g. The function t — is minimal for ¢ € ©,. We will prove that

llgllx
drip(X,T}) reaches its minimum in a D-neighbourhood of ©4, where D does not depend on X
nor on the number of candidates in X.

Let to := to(g). If h is another candidate we have |to(h) — to| < s” where s” is the constant

from Corollary 5.6. By Lemma 5.1 we have
1Rll7y < [1Bllz,, ) CAE

Write K = CA®™ . For t, > log(2CK) +log(A) and t > to + s” +t, we have t > to(h) +t, and
still by Lemma 5.1 we get
1Pllz, = 2K ([hll7, 0y = 2[PI7,

Dividing both sides by ||h||x does not change the inequality.
Therefore we have for t > ty + s” + ¢,

bl . i,
h candidate ||h||X - ||h||X

For t < to we get a similar result. We deduce a constant At such that for ¢ € R\ [to—At, to+At]
we have drip(X,T;) > log2dip(X,Ti,). Since t — T} is continuous for the axes topology,
t — drip(X, T}) reaches its minimum in a A¢-neighbourhood of . O

Remark 5.8. The previous proof differs slightly from the proof of [Algll, XX] since there is no
bound on the number of candidates in elements of D, unlike in CV . This comes from the fact

that D is not finite dimensional so there is no bound on the number of orbits of edges in elements
of D.

For X € D we choose tx in ©x. Since ©x has bounded diameter and the bound does not
depend on X this will be well enough defined.
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6 Negative curvature properties of the projection

In this section we prove the analogues of Lemmas 5.7 and 5.8 of [Algll] and deduce the strong
contraction property.

The difference in the proof with [Algll] is the proof of Lemma 6.4. The initial proof relies
on special shapes of graphs such as roses (see [Algll, Proposition 5.10]). Here reduced graphs
will take the role of roses. The other proofs are actually quite similar to the free group case.

Lemma 6.1. There ezist s,c > 0 such that for any X € D, if |t —tx| > s then drip(X,Ty) >
dLip(X,ﬂ'(X)) + dLip(ﬂ‘(X),Tt) —cC.

Proof. Suppose t < tx. Let g be a candidate in X. The idea of the proof is that if s is big
enough, then Leg;(g, Tty +s) is also big and g almost realizes dyip (Tt 45, T%)-

There is a candidate h of X such that Lip(X, (X)) = Hﬁlilzﬂ(;()' Since tx € O(X) we have
tx € ©(h). By Lemmas 5.2 and 5.4 there exists a constant s such that for every candidate g
of X we have |tx — to(g)| < s. Thus for any candidate g of X, for any ¢; > tx + s, we have
Legf(g,Tl) > £9.-

Let Z :=Tj,. Let g be a candidate of X such that dy (X, Z) = {42,

Applying twice Lemma 5.1 to g for ¢ and ¢; we obtain a constant C' such that

t—to(g) _ t1—to(9) 1

llgllz, > 02\ Toety ~ erty — 2\l
llgllz

Remarking that e!~%1 = Lip(Z, T;) we have

: lgllr, 1
Lip(Z,T,) < YT ___
P =y, o
with C?) > 1.
Since Lip(X, Z) = Hg”i we have
lgllx
_ llgllz, [lgllz
lgllz llgllx
1

> o3\ Lip(Z,T3) Lip(X, Z)

Applying the logarithm we get a constant K > 0 such that dpi, (X, T}) > drip(X, Z)+dLip(Z, T1)—
K.

Finally by definition of the projection we have dpip(X, Z) > dpip(X,7m(X). If t —tx > s we
have
dLip(X, Tt) > dLip(X, 7T(X) + dLip(Z, Tt) — K
> dLip(X, W(X)) + dLip(ﬂ'(X),Tt) —s—K
O
Lemma 6.2. There exist s,c > 0 such that for any X,Y € D, if [tx —ty| > s then drip(Y, X) >
dLip(K 7T(X)) — C.
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Before proving Lemma 6.2 we need some preliminary results.

Lemma 6.3. Let X,T € D and ey € E(X). Suppose every edge orbit in X \ G - ey is non-
collapsible. There exists a G-equivariant map 7 : X — T such that every edge in X \ G - eg is
contained in a T-legal bi-infinite geodesic in X \ G - eq.

Proof. We will prove this by constructing the map 7 : X — T such that at every vertex v € V(X),
at least two gates at v for the gate structure induced by 7 contain edges in E(X) \ G - eg. Then
there exist bi-infinite 7-legal geodesics with the desired property.

There exists a G-equivariant map 79 : X — T. We may suppose that 79 sends vertex to
vertex and is linear on edges.

Let vy, ..., v, be representatives of every vertex orbit of V' (X). In order to define a new map
7, it suffices to choose the image of v; for every i € {1,...,n}. The image of v; can be any vertex
w; € V(T) such that G,, C Gy,.

Suppose there exists v € X such that there is only one gate at v which contains edges in
E(X)\ G- ep. We include the case where there is only one gate at v.

Let w = 70(v). There exists a vertex w’ € T such that (.cp, \g.e, To(€) = [w,w’]. Since no
edges in 79 are collapsible except translates of eg, the images 79(e) have non-zero length. Since
these edges are contained in a single gate, the intersection has non-zero length and we have
w#w.

Let us prove G, C G, . Let a € G,. By contradiction suppose aw’ # w’, then for any edge
in E, \ G- ey we have w’ ¢ 7(ae) which contradicts the definition of w’, thus G, C G,,. Define
71 by

7 :xeV(X)r— 7o(z) fx¢G-v
L gw'  if = gv

Note that if there exists e € E, such that 79(e) = [w, w'], then e cannot be a loop in the quotient.
If e were a loop [v, gv] C T then g~1'é = [v, g~ !v], which is also in E, and has same length, would
also be sent to [w,w’] = [w, gw] = [w, g w]. This would imply that g2 is elliptic, which is a
contradiction. Thus the vertices of e are in distinct orbits, and since the image of e is a single
point, 7; factors through the collapse of e.

Since no edge orbit is collapsible except ey, e can be collapsed only if e is a translate of eq.
We do not care about the image of eg.

By construction of 7y, there are at least two gates for 7 at vertex v which contain edges in
E, \ G -eg. Let us prove that gates at other vertices have not changed.

Let e € E(T)\ G- eg. Neither 79 nor 7 collapse e. If an endpoint z of e is in G - v, then 7 (x)
is in the interior of 79(e). Otherwise 7 (x) = 79(z). Thus if o(e) ¢ G - v, the first edge of 7 (e)
and 1o(e) are equal. Thus the gate structure at o(e) is unchanged.

Therefore the number of vertices with at most one gate containing edges not in G - ey is
smaller for 7 than for 7.

We can iterate this procedure with 7 instead of 79 until we find a map 7 such that all vertices
in X have at least two gates containing edges not in G - eg. O

Lemma 6.4. Let L be the constant from Proposition 3.13. Suppose r € R is such that for every
candidate uw € G for X, the axis Axer, (u) contains an L-piece of A=. Let g € G. Suppose
that Axer, (g)/{g) contains k disjoint 2L-pieces of AT for some k € N. Then for every edge
eo € E(X), Axex(g)/(g) contains at least k/2 edges in the orbit of eg.
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Axex(g)

241 H2
T
k 7(n)
—
g1 g2

Axer, (9)

Figure 11: Axis of g in T}; the 2L-pieces are in thick red, the image of Axex/(g) in dotted line
and the p; are highlighted in green. The line 7(n) is also represented. Due to minimality of p;,
7 contains o;.

Proof. Let ey be an orbit of edges in E(X). There exists a collapse X — X’ such that eg is not
sent to a single point, and every edge e # eg in X/G is not collapsible.

By Lemma 6.3 there exists a map 7 : X’ — T, such that:

e at every vertex v € V(X'), there are at least two gates for the train track structure induced
by 7

e at every vertex v, at least two gates contain edges which are not in G - eg.

Let 01, ..., 0% be the 2L-pieces of AT in Axer, (g). Let yj :=e; ...¢e; be a minimal edge path
in Axex-(g) such that [7(u;)] contains o; (see Figure 11). We claim that for all j € {1,...,k}, the
edge path p; contains one edge in G - eg. By contradiction, assume that for some j € {1,...,k}
no edge in p; is in G - eg.

The path £ can be completed into a bi-infinite line n C X'\ G - ey such that every turn of n
is 7-legal, apart from turns in the interior of e; ... e;. By minimality of u;, the image 7(e;) (resp.
7(e;)) is not contained in 7(e;41...¢;) (resp. 7(e;...e;—1)). Therefore the legality property of 7
implies that the image [7(n)] contains the segment [7(u;)].

Now we would like to find the axis of an element h € G such that Axer, (h) contains [7(z;)]
and Axex:(h) NG - ey = @. Suppose we find such an h. Then Axer, (h) contains an L-piece of
AT. However, in X', there exists a candidate v € G, possibly equal to h, whose axis does not
cross G - eg. The assumptions of the lemma imply that Axer (u) contains an L-piece of A~. By
Proposition 3.13 the pair {h,u} is not simple. This contradicts the fact that their axes in X’
both avoid G - eyp. The conclusion is that eg must appear somewhere in p;.
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Let us explain how we construct h. In the special case where there exists an edge e € E(X’)
such that there are two translates e, he in 77 with same orientation, and one on each side of y;
then [e, he] contains a fundamental domain for the axis of h and again by minimality of y;,
Axer, (h) contains [T(p;)].

In the general case, since no edge in X’ \ G - e is collapsible, the connected component of
X'\ G - €y containing 1 has no valence 1 vertex. Its stabilizer is a cyclic factor H and this
connected component is the minimal subtree X};. For every g € G, gXy N Xy # @ =g € H.
The subtree XJ; has infinite diameter because it contains 7. As X'/G is finite, there exists a
vertex with unbounded H-orbit so H is not elliptic. Thus it is not cyclic.

If H is not solvable, then the action of H on X}, is irreducible: for every segment I C X/,
there exists h € H whose axis contains I.

Let I C n be a segment containing a 2 BBT(7)/m-neighbourhood of y1;, where m = minegg.c,
Let h € H be a loxodromic element whose axis contains I.

The cancellation in 7(Axex/(h)) does not reach p; so Axer, (h) contains [7(u;)].

len(7(e))
len(e) -

Finally we must deal with the case where H is isomorphic to BS(1,n). The subtree X}
is reduced, so X};/H consists in a single edge. If n = +1 then X} is aline. If h € H is a
loxodromic element then its axis contains 7. Moreover since X g has only valence 2 vertices, they
have to belong to different gates so all turns are 7-legal. Therefore Axer, (h) contains [7(u;)].

If [n| > 1 then Xp is not a line but there is a fixed point £ in 90X for the action of H. If
the line 1 has both endpoints different from & then it might be impossible to find h containing
w; as a whole. However 1 contains only one orbit of edge e. Up to reversing the orientation of

e we may assume G, = Gy, so every turn of the form {e, ae} with a € Gy is degenerate.
Therefore 7 maps to ...éeée...ée...eee... in Xy /H. Since e, . ..e; has length > 2L there exists
a subsegment 7 Wlth length > L of the form eee... or éee... Once again such a segment is

7-legal otherwise there would only be one gate at the vertices of Xp. There exists a loxodromic
element h € H such that Axex/(h) contains 7. Therefore Axex:(h) contains a L-piece of AT so
once again we can apply the discussion above.

We proved that for any j € {1,...,k}, there exists a translate of ey in X’ such that the
minimal edge subpath p; contains a translate of eg.

If the segments p;, j € {1,...,k} are disjoint, then we are done. This may fail though. We
will see that p; N pj = @ if |j — j’| > 2 and may be a single edge if |j — j’| = 1. Thus when
counting the translates of ey in the pj;,5 € {1,...,k}, a translate may be counted more than
once, but it can be counted for at most twice (see Figure 12). Therefore Axex/(g)/g contains at
least k/2 translates of eg. Since this lifts to X we get the lemma.

Let us prove the fact about the intersection of the segments ;.

First we prove that a 2L-piece of AT cannot be contained in the 7-image of a single edge e.
By contradiction, suppose otherwise: again we will construct a simple pair of elements containing
long pieces of opposite laminations. The edge e must be in the orbit of eg. As above, one can
find 7-legal turns {e,e;} and {€,es} with e1,es ¢ G - eg. Let €’ be an edge of X'\ G - eg. Since
€’ is not collapsible, there exists a translate he’ # e’ such that {e’, he’} (if €’ is not a loop in the
quotient) or {¢’, he’} (if €’ is a loop) is a non-degenerate turn. Define

pPi = €; - hiél' . hlh;ei . hzh;hlél e
if e; is not a loop, where h;, b} are such that {e;, he;} and {é&;, h'€;} are non-degenerate. If e; is

a loop define
pPi = €; - hiei . hfez ce
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;S may overlap. .. but may not be one edge

Figure 12: The subsegments of Axey (g) whose image contain a 2L-piece of AT may overlap

Suppose ¢; is not a loop. Then e; cannot be identified with h;e; by 7, because the vertex
groups at t(e;) and h;t(e;) are not nested: it would imply that T, has an elliptic element which is
not elliptic in X’. There exists a subdivision of X’ such that e; = a; - €} - b;, with 7(b;) = 7(h;b;)
and 7(a;) = 7(hja;). Then

[r{po)] i=(as) - 7(€]) - hir(€l) - hahir(cl) ..

and since the turns between e and e; are legal, there is no simplification between 7(a;) and 7(e).
If e; is a loop, then we already proved in Lemma 6.3 that e; and h;é; cannot have the same
image by 7, or we would obtain new elliptic elements. Once again there exists a subdivision

e; = a; - €} - b; with 7(b;) = h;7(a;). Thus
[7(pi)] :=7(a;) - 7(€}) - hit(e}) - BiT(ef) ..

and once again there is no cancellation between 7(a;) and 7(e).

Consequently we can construct a bi-infinite geodesic p; - e - pa such that pq, p2 are rays which
cross only one orbit of edges, and 7(e) C [7(p1 - € p2)]. We proved above that the rays need not
be legal, the point is that the cancellation which may occur at turns remains controlled.

Let I be such that the image of any segment of longer than ! by 7 is longer than 2 Lip(7).
Let p9, p3 be prefixes of the rays longer than I. The path 5 - e - p3 can be closed into a loop in
the quotient, representing an element 2 € G such that Axer, (h) = [T(Axex(h))] contains 7(e),
hence a 2L-piece of AT. The point is that this loop may be constructed such that it crosses only
three orbits of edges in X'. Since b1 (X’/G) > 3, Axex-(h) must avoid one orbit of edges.

There exists a candidate u of X’ whose axis avoids the same orbit of edge as h, thus {u, h}
is a simple pair. By assumption Axer, (u) contains an L-piece of A~, which is a contradiction to
Proposition 3.13: thus 7(e) cannot contain a whole 2L-piece of the lamination.

The second point is that the intersection of segments p;, 11; cannot be more than one edge:
by minimality of y;, the last endpoint of o; lies in the image of the last edge of 11; but not in the
image of any other edge. Similarly for j/ > j, the first point of ¢ lies in the image of the first
edge of 1;; and not in any other edge. Thus the intersection u; N p; is at most one single edge.

Besides, if |j/ — j| > 2, then 0,41 must be contained between the last point of o; and first
point of ;.. This is not possible if both belong to the same edge, hence the fact. O

Now we have sufficient tools to prove Lemma 6.2.

Proof of Lemma 6.2. Let X,Y be as in the statement of the lemma. Assume ty < tx in Ly.
The other case works similarly by exchanging the roles of ¢ and ¢~ and will give other constants
s, c: we will take the greater constants.
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There exists s; such that for any s > sp, for any ¢ € R, for any candidate g of T3,
Leg;(g,Ti+s) > 0. This is a consequence of the following facts: T; has an f-legal candidate u
(Lemma 1.22) so to(u) < ¢, and there exists s > 0 such that for any other candidate v we have
to(v) < to(u) + s (Lemma 5.4).

Let L be the constant from Proposition 3.13. By Lemma 4.13 there exists N; € N such that
for every candidate g of X, LR(¢™1(g), T, AT, 2L) > &o/4.

There exists s > 0 such that for any ¢ € R, the image of any candidate of T} in T;_,, contains
an L-piece of A™.

Define d = s1 + Ny log(\) + s2. Suppose tx —ty > d. Let r = tx — so. Let ¢ € G be a
candidate of Y which realizes Lip(Y, 7(X)). Then the axis of ¢ in 7. contains long leaf segments
of AT, Actually LR(g,T;,AT,2L) > eo/4. A given leaf segment of length longer than 2L can
be at least half covered with disjoint 2L-pieces of AT. Thus a proportion of at least /8 of
Axer, (g) can be covered by disjoint 2L-pieces of AT.

Let k(r) be the number of disjoint 2L-pieces of AT which tile Axer, (9)/(g). We have

&
2Lk(r) > 2 g,

Now Axer, (g)/{(g) contains k(r) 2L-pieces of AT. By Lemma 6.4 Axex(g)/(g) contains at
least k(r)/2 edges in each orbit of E(X). Since vol(X/G) = 1 we have

vol(Axex (9)/{(9)) = llgllx > k(r)/2.

Thus -
> 2> —_—
lollx 2 k(r)/2 2 lglr,

Then

. lgllx
LX) = gl

lgllz. 2o
~ lglly 16L

€0 .
> —— Lip(Y, T,
= 16L lp( s r)

By triangular inequality drip(Y, 7)) > drip(Y, 7(X)) — 7 so

16L
duip(Y, X) 2 duip(V, m(X)) = 5 — log(~_~)

Definition 6.5. The ball of outward radius » > 0 centered at Y € D is

BL(Y,r):={X € D/dp(V,X) <1}

A closest point projection to Ly is a map py : D — Ly such that for all X € D, the distance
drip(X,ps(X)) is minimal. The map 7 constructed in Section 5 is a closest point projection to

Ly.
Now we can state and prove the strong contraction property.
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Theorem 6.6. Let ¢ be a fully irreducible automorphism such that ¢, ¢~ both admit train track
representatives.

Let L be an azis for ¢ in D and let py be a closest point projection to L¢. Then there exists
D > 0 such that for anyY € D and r > 0 such that BL,(Y,r)N L =@

diam(p; (B, (V7)) < D

Proof. LetY € D, r = dpip(Y,ps(Y)). Let B := B_,(Y,r). A ball centred at Y intersects the axis
if and only if its radius it greater than r. Balls with smaller radius are contained in B so it suffices
to bound diam(p;(B)) independently of Y. Let X € B. Let s,c be the constants from Lemma
6.2 and s, ¢’ be the constants from Lemma 6.1. Suppose drip(pr(Y),pr(X)) > max{s, s'}. Then
Lemma 6.2 yields

dLip(Y, X) = drip(Y, py (X)) — ¢

and using Lemma 6.1:
dip(Y, X) > diip(Y, pr(Y)) + duip(ps (Y), pp(X)) —c = ¢
Since dpip(Y, X) < r = drip(Y,ps(Y)) we have

duip(pr(Y),ps(X)) <ec+¢

Therefore diam(py(B)) < 2max{s,s’,c+ ¢'}. This bound is independent of Y. O
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