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Abnormal subanalytic distributions
and minimal rank Sard Conjecture

A. Belotto da Silva* A. Parusinskif L. Rifford}

Abstract

We present a description of singular horizontal curves of a totally nonholonomic
analytic distribution in term of the projections of the orbits of some isotropic suban-
alytic singular distribution defined on the nonzero annihilator of the initial distribu-
tion in the cotangent bundle. As a by-product of our first result, we obtain, under
an additional assumption on the constructed subanalytic singular distribution, a
proof of the minimal rank Sard conjecture in the analytic case. It establishes that
from a given point the set of points accessible through singular horizontal curves
of minimal rank, which corresponds to the rank of the distribution, has Lebesgue
measure zero.

1 Introduction

This article is concerned with geometrical properties of singular horizontal paths
of totally nonholonomic distributions and their application to the minimal rank Sard
Conjecture in the real-analytic category. Let us briefly explain the general context.

Let M be a smooth (that is, C*°) connected manifold of dimension n > 3 equipped
with a totally nonholonomic distribution A of rank m < n. Horizontal paths are
absolutely continuous curves which are almost everywhere tangent to A. Among them,
the so-called singular horizontal paths, which correspond to singular points of the space
of horizontal paths joining their end-points, are the subject of intense research in sub-
riemannian geometry (see e.g. [28|, [14] [4T], 37, [43], [61), 18] [7, [§]), mainly because they
might be sub-Riemannian minimizers [42], B7, [44] and they can not be handled via
classical techniques of calculus of variations. For example, it remains an open problem
whether singular minimizing sub-riemannian geodesics are smooth (see e.g. [35 406, 59
311, 241 147, 148, 141, [8), 149] for partial results and [54] for a survey by the third author), but
it is simple to show that non-singular sub-riemannian geodesics are smooth [2] 45|, [53].
In this context, the Sard Conjecture states that the set of points that can be attained
by singular horizontal paths from a fixed point x € M has Lesbegue measure zero
in M. The (strong version of the) Sard Conjecture has been recently proved in the
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real-analytic category for three dimensional manifolds [§], but the Conjecture remains
open in higher dimensions: the best known-results concern Carnot groups of small rank
and/or step [33] 511 [12].

A large part of this paper will be devoted to singular horizontal paths of “minimal
rank”. As a matter of fact, to each singular horizontal path it is possible to attach a
notion of rank r € {m,...,n—1} which can be seen as a measure of how degenerate the
path is. The minimal rank Sard conjecture is a reformulation of the Sard Conjecture,
mutatis mutandis, where one only considers singular paths of minimal rank. Note that
for corank 1 distributions A, both conjectures are equivalent. The minimal rank Sard
Conjecture is equally open in dimension higher than 3, except in the case of Carnot
groups which is arguably known even if, to our knowledge, it is not stated in the
literature (we provide a proof of the minimal rank Sard Conjecture for Carnot groups
in §§ .

In this paper, we deal with the real-analytic category because it gives us access to
techniques of subanalytic geometry and real-analytic geometry. The case of generic
smooth sub-Riemannian structures, whose study is based on a different set of tech-
niques, will be treated in a forthcoming paper [I0]. Subanalytic geometry allows us to
provide a precise description of singular horizontal paths (building up from the sym-
plectic characterization due to Hsu [28]) in terms of a subanalytic isotropic distribution
K compatible with a subanalytic stratification of the nonzero annihilator A+ of the
distribution in the cotangent bundle T7*M (see Theorem [I.1)). This approach is rem-
iniscent to previous works by Sussmann [59] in sub-Riemannian geometry and Bove
and Treves [I3] in microlocal analysis. The so obtained stratification of A+ allows us
to provide a Sard-type result for singular horizontal paths whose abnormal lifts are
constrained to a single stratum of the stratification (see Theorem . Moreover, by
applying symplectic methods introduced in [8] along with the notion of witness trans-
verse section to a foliation introduced in Section we are able to prove the minimal
rank Sard Conjecture under an extra qualitative assumption over K that we call split-
table (see Theorem and Definition . This qualitative property seems to be very
general, for example, all line foliations are splittable (see Proposition . We are
currently unaware of an analytic integrable distribution which is not splittable in an
analytic Riemannian manifold, but we provide an example of an analytic foliation which
is non-splittable with respect to a C* metric by modifying a construction of Hirsch [27]
(see Section . Before stating our result in a sharp form, we present now the precise
context of this work and the main necessary definitions in detail.

Let M be a smooth connected manifold of dimension n > 3 equipped with a totally
nonholonomic distribution A of rank m < n, which means that for every x € M there
are an open neighborhood V of z and m linearly independent smooth vector fields
X1 ..., X" which generate A in V), that is,

Aly) = Span{Xi(y), . -,X;”(y)} vy e,
and satisfy the Hormander condition

Lie{X;, .. ,Xm}(y) —T,M  VyeV.
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By Chow-Rashesvky’s theorem, any pair of points of M can be connected by a hor-
izontal path, that is, by a curve v : [0,1] — M which is absolutely continuous with
derivative in L? and satisfies

A(t) € A(y(t)) for a.e. t € [0,1].

We consider now the canonical symplectic form w of T*M and define the nonzero
annihilator of A as the subset of T*M given by

Al = {a: (x,p) €eT*M |p#0and p-v=0, Vv € A(x)} (1.1)

By construction, as a smooth vector subbundle with the zero section removed, A~ is
a smooth submanifold of dimension 2n — m of T*M which is invariant by dilations in
the fibers oy : T*M — T*M, with A € R*, given by o)(x,p) = (z, A\p) and satisfying
ox(At) = A+, Moreover, it is equipped with the 2-form given by the restriction of w
denoted by

wh = WIAL- (1.2)

Following Hsu’s characterization [2§], a singular horizontal path ~ : [0,1] — M is an
horizontal path which admits a lift 1 : [0,1] — AL, called abnormal lift, satisfying

P(t) € ker(wi(t)) for a.e. t € [0,1].

The corank of an horizontal path is equal to the dimension of the space of abnormal lifts.
It can be proved that the corank must be a number between {1,...,n —m}, essentially
because At is invariant by dilation and its fibers with respect to the projection to M
have dimension n—m. We say that v : [0,1] — M is a minimal rank singular horizontal
path if its corank is equal to n —m. In particular, if A has corank 1, then every singular
horizontal path is a minimal rank singular horizontal path.

The aforementioned results concerning singular curves are stated and proved in
Section [3.2] For a more general introduction to the notions above, we refer the reader
to Bellaiche’s monograph [6], or to the books by Montgomery [45], by Agrachev, Barilari
and Boscain [2], or by the third author [53].

Our first result is concerned with the description of singular horizontal paths in the
analytic case, that is, when both M and A are real-analytic. Note that in this case A+
is an analytic submanifold in 7% M. Before stating the result, we need to introduce a
few notions related to singular distributions.

We call distribution on A+ any mapping K which assigns to a point a in A+ C T*M
a vector subspace K(a) of ToAL of dimension dimK(a), also called rank, that may
depend upon a. A curve 1 : [0,1] — A is said to be horizontal with respect to K if it
is absolutely continuous with derivative in L? and satisfies

d(t) € K(Y(t)) C TynA*+  for ae. t € [0,1].

We say that Kisa subanalytic distribution if its graph in TA' is subanalytic. Now,
consider a subanalytic Whitney stratification of AL, that is a partition S = (S,) of AL,

At = | S,
Sa €S
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into a locally finite union of subanalytic strata satisfying Whitney’s conditions. We say
that S is invariant by dilation if 0)(Sy) = S, for every a and every A € R* and that K
is compatible with S if K has constant rank on each S, and K NTS, ylelds an analytic
subundle of T'S,, for all a. In this case, we call essential domain of IC, denoted by
So, the union of all strata of K of maximal dimension, that is, of dimension 2n — m.
Finally, we say that K is invariant by dilation if doy(K(a)) = K(ox(a)) for all a and
A; note that ker(w') is invariant by dilation. We refer the reader to Section for
further details on the above definitions.

A subanalytic distribution K compatible with a subanalytic Whitney stratification
S is said to be integrable if for every stratum S, the restriction of K to S, is closed by
the Lie-bracket operation. In particular, integrable subanalytic distributions gives rise
to subanalytic foliations. A subanalytic distribution K on A% is said to be isotropic
if for every a € AL, K(a) is an isotropic space in Ty(T*M) with respect to w, the
canonical symplectic form of T* M, see Section for further details.

Our first result can now be precisely stated:

Theorem 1.1 (Characterization of abnormal lifts). Assume that both M and A are

real-analytic. Denote by w the canonical symplectic form over T*M and by A+ C T*M

its annihilator, see (1.1). There exist an open and dense set Sy C A+ whose complement

is an analytic set, a subanalytic Whitney stratification S = (S,) of AL invariant by

dilation, where Sy is a stratum, and three subanalytic distributions
KcJdcZcTA*

compatible with S and invariant by dilation satisfying the following properties:

(i) Specification on strata. For every stratum S, of S, the distributions KcJc
ICTAL ata point a € S, are given by

—

K(a) := ker (waL) N TeSa, j(a) = Lie(/qsa)(ﬂ), f(a) := ker ((W\%Sa)a) :

In particular, on each S,, I@,j,f have constant rank, K is 1s0tropic, J is inte-
grable, and I is both isotropic and integrable.

(ii) Equality on the essential domain. The set Sy is the essential domain of the
three distributions and

’C|So — ‘7|SO — I|$0.

(iii) Abnormal lifts are horizontal paths of K. A curve v : [0,1] — M is a
singular horizontal path with respect to A if and only if it admits a lift ¢ : [0,1] —
AL which is horizontal with respect to K.

(iv) Ranks of K. The rank of ker(wlfso) = /C|50 satisfies
dimlqs0 =m(2) and dimlqso <m—2,

and in addition, for every stratum S, # So of S, the rank ofker(wtsa) is constant
and there holds

dimI€|Sa <m-—1 and dlmker( ) >d1mlC|30+2 Va € S,.
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The proof of Theorem is given in Section [ and follows from techniques of
subanalytic and symplectic geometry. Assertion (i) provides three distributions which
in general do not coincide outside of the essential domain, we illustrate this point via
an example in Section The property given in (ii) implies that K is indeed isotropic
and integrable on the essential domain, this fact will play a crucial role in the proof of
our result concerning the mlmmal rank Sard Conjecture (Theorem . Assertion (iii)
is the core of Theorem |1.1] it justifies the construction of K whose horlzontal paths
provide all abnormal hfts of A. By combining the previous result with techniques of
geometric control theory, we can demonstrate that the Sard Conjecture holds true when
restricted to horizontal paths whose abnormal lifts are confined to a single stratum of
the stratification given by Theorem

Theorem 1.2 (Sard Property over strata). Assume that both M and A are real-
analytic, and consider the notation introduced in Theorem [I.1. Let S, be a stratum
equz’ppecﬂ with a complete analytic Riemannian metric g%, for every a € S, denote by
Ly C Sy the leaf of the foliation gemerated by j‘ga containing a and for every £ > 0
by LE the set of « € Ly that can be joined to a with a Lipschitz curve in Ly of length
(with respect to g¢) < £, then for every x € w(Sy), every relatively compact subana-
lytic set C C (Sa)z := Sa N Ay (with Ay = At Na~Y(x)) and every £ > 0, the set

Abn$f(z) € M defined by
AbnS¥(z) == U ™ <£ﬁ>
acC

1 a relatively compact subanalytic set of codimension at least 1. Moreover, if we con-
sider a subanalytic stratification T = (’Tﬁa) of (Sa)a which is invariant by dilation and

compatible with jga, for every stratum Tﬂo‘ the dimension of the subanalytic set
cl L ¢
Abn_s(z) == U T (Ea)
ae7gNC
18 bounded from above by

dim 73" — dim Ji7p + dim Js, — 1

and if So = Sy, then the codimension of any subanalytic set Abnocé(fv) is at least 3. In
particular, for every x € mw(Sy), the set

Abng(z) == | J m(Ld)
ae(Sa)z
has Lebesgue measure zero in M.

The proof of Theorem is given in Section It establishes that the set of
abnormal lifts, starting from the fiber in A+ above a given point of M, which remain
in a given stratum S, projects onto a set of Lebesgue measure zero in M, it shows that

Note that every real-analytic manifold can be equipped with a complete analytic Riemannian
metric, see [29].



the Sard Conjecture is satisfied when restricted to abnormal lifts having no bifurcation
point from one stratum to another.

As another application, Theorem also allows us to recover a theorem by Suss-
mann [59] on the regularity of minimizing geodesics of analytic sub-Riemannian struc-
tures. We state and prove this result in Appendix [A]

Note that in the case of distributions of corank 1, A can be seen as a graph (up
to multiplication by a scalar) over M and this allows one to “project” all objects from
Theorem to M. This observation captures the heuristic of why we can expect to
visualize the singular horizontal paths with minimal ranks directly in M. Indeed, we
have the following result:

Theorem 1.3 (Horizontal paths of minimal rank). Assume that both M and A are
real-analytic. There exists a subanalytic open dense set Rg of M, a subanalytic Whitney
stratification R = (Ra) of M where Ry is a stratum and the projection of Sy from The-
orem is a union of strata, and a subanalytic distribution H C A C T M compatible
with R satisfying the following properties:

(i) Specification on strata. For every stratum R, of R the distribution H C T'M
at a point x € M is given by

Hz)= (] melker(wy)) NTeRa.
a=(z,p)e AL

(ii) Integrability on the essential domain. The distribution H is integrable when
restricted to its essential domain Ryg.

(iii) Minimal rank singular horizontal paths are horizontal paths of H. A
curve v : [0,1] — M is a minimal rank singular horizontal path with respect to A
if and only if it is horizontal with respect to H.

(iv) Ranks of H. For every stratum R, of R C M, the distribution MR, has rank
<m — 1, and in addition, for every x € Ry, we have dim H(z) < m — 2.

Our second set of results is devoted to the minimal rank Sard Conjecture. For every
x € M and every integer r € [m,n — 1], we denote by SX” the set of singular horizontal
paths (with respect to A) starting at = of rank r and we set

Abnj (z) := {’y(l) |y € SZ’T} C M.

By construction, each set Abn; (z) coincides with the set of critical values of rank r of
the so-called End-Point mapping (see Section which is, roughly speaking, a smooth
mapping defined on an Hilbert space (see [45) [53]). Although Sard’s Theorem does not
hold in infinite dimension [5], it is currently believed that the following holds:

Sard Conjecture. For every x € M and every integer r € [m,n— 1], the set Abn' ()
has zero Lebesque measure in M.

The Sard Conjecture is known to be true in very few cases, essentially in the case
of Carnot groups of small rank and/or step (see [1, [12], 33, 45, [51), 54]). In our opinion,



the resolution of the conjecture in its full generality requires, either new ideas, or if we
elaborate on the ideas developed in [7), [12] [8] to have a clear picture of the ”dynamics”
of the leaves of the foliations given by Theorem which seems to be completely out
of reach at present. For this reason, we focus our attention on the following weak form
of the Sard Conjecture:

Minimal rank Sard Conjecture. For every x € M, the set Abn}(z) has zero
Lebesgue measure in M.

Our main result is concerned with the minimal rank Sard Conjecture with an ad-
ditional assumption on the distribution /6, given by Theorem that we proceed to
describe. Given an analytic totally nonholonomic distribution A on a real-analytic con-
nected manifold M, the proof of Theorem will consist in showing by contradiction
that if the set of minimal rank singular horizontal paths from a given point reaches
a set of positive Lebesgue measure in M, then we can roughly speaking lift all those
horizontal paths into abnormal curves sitting in the leaves of the foliations given by K
on its essential domain and from here get a contradiction. This strategy requires to be
able to select from a given set of positive measure contained in a transverse local section
of the foliation 16‘ S, @ subset of positive measure whose all points belong to distinct

leaves of I€| s,- A foliation subject to such a selection result will be called splittable.

Let N be a real-analytic manifold of dimension n > 2 equipped with a smooth
Riemannian metric h (not necessary assumed to be complete) and F a (regular) analytic
foliation of constant rank d € [1,n — 1]. Given ¢ > 0, we say that two points = and
y € N are (F,{)-related if there exists a smooth path ¢ : [0,1] — N with length € [0, ¢]
with respect to g which is horizontal with respect to F and joins z to y. Note that
the (A, {)-relation is not an equivalence relation, since it is not transitive. Moreover,
given a point £ € N, we call local transverse section at T any set S C N containing &
which is a smooth submanifold diffeomorphic to an open disc of dimension n — d and
transverse to the leaves of F.

Definition 1.4 (Splittable foliation). We say that the foliation F is splittable in (N, h)
if for every T € N, every local transverse section S at T and every £ > 0, the following
property is satisfied:

For every Lebesque measurable set E C S with L"~%(E) > 0, there is a Lebesque
measurable set F C E such that L"~%(F) > 0 and for all distinct points x,y € F, x
and y are not (F,{)-related.

We provide in Section a sufficient condition for a foliation to be splittable.
Indeed, we introduce the notion of foliation having locally horizontal balls with finite
volume (with respect to the metric A in N), see Definition and we prove that
this property implies the splittability, see Proposition As a consequence, we infer
that every line foliation is splittable, as well as every foliation whose leaves have Ricci
curvatures uniformly bounded from below (in particular, all regular foliations in a
compact manifold are splittable). An example of non-splittable analytic foliation in a
non-compact manifold equipped with a smooth metric is presented in Section we
do not know if such examples do exist with an analytic metric. We can now state our
main result:



Theorem 1.5 (Minimal rank Sard Conjecture for splittable foliatons). Assume that
both M and A are real-analytic. If the involutive distribution Ks, (defined in Theorem
18 splittable, then the minimal rank Sard conjecture holds true.

As we said above, any line foliation is splittable and moreover we know, by Theorem
1.1{ (iv), that the rank of lq S, 18 less than or equal to m — 2. Hence, the Minimal rank
Sard conjecture holds true whenever A has rank < 3. Furthermore, the equivalence
of the minimal rank Sard Conjecture with the Sard Conjecture in the case of corank-1
distributions yields the following immediate corollary:

Corollary 1.6. Assume that both M and A are analytic. If A has codimension one
(m =n —1) and the distribution K|s, is splittable, then the Sard conjecture holds.

The proof of Theorem [1.5|follows from a combination of the description of abnormal
lifts given in Theorem with a result on the size of transverse sections to orbits
of singular analytic foliations which we believe is of independent interest. Roughly
speaking, we show that if F is a singular analytic foliation of generic corank r in a
real-analytic manifold N equipped with a smooth Riemannian metric g, then we can
construct locally, for every point x in the singular set 3 of F, a special subanalytic set
X C V\ ¥ where V is an open neighborhood of x, called witness transverse section.
This section has the property that its slices X¢ := X N h~!(c) (¢ > 0) with respect to
some nonnegative analytic function b (verifying ¥ NV = {h = 0}) have dimension < r
with r-dimensional volume uniformly bounded (w.r.t ¢) and such that any point of V'
can be connected to X¢ through a horizontal curve (w.r.t. F) of length less < ¢ (w.r.t.
g). We refer to Section [7| for further detail.

Note that for sake of simplicity, we prove all of our results in the analytic and sub-
analytic categories. In fact, all of them could be extended to quasianalytic classes and
o-minimal structures generated by them, see e.g. [55], since all techniques introduced
in §§3.3] extend to this category. It is therefore possible to prove Theorem in a more
general context which includes, for example, certain Roumieu classes of functions.

Our approach for the proof of Theorem [1.5| requires to lift the set of singular hor-
izontal curves in M to a subset of AL of positive transverse volume with respect to
K. As a consequence, we cannot prove the Sard conjecture for distribution of corank
strictly greater than one. Treating the general Sard Conjecture seems to demand a
more subtle control on the leaves of the foliation, similar to what it was done for the
strong Sard Conjecture in [§].

The paper is organized as follows: Several examples illustrating our results are
presented in Section Section (3| gathers several results of importance for the rest
of the paper, Sections [] and [5] are devoted to the proofs of Theorems and
and Section [7] deals with several preparatory results which are crucial for the proof
of Theorem given in Section [§] Finally, the first appendix contains the statement
and the proof of the Sussmann regularity Theorem (Theorem , the second one
completes the proofs of Section 2] and Appendix [C] provides the proofs of all the results
given in Section [3]

Acknowledgment: The first author is supported by the project “Plan d’investissements
France 2030”, IDEX UP ANR-18-IDEX-0001.



2 Examples

We gather in this section several examples to illustrate our results. Section [2.1] is
concerned with rank 2 distributions, Section provides an example of distribution in
R” whose distributions /6, J ,f given by Theorem do not coincide on non-essential
strata, and Section deals with the case of bracket generating polarized groups. In
particular, we show in Section that Theorem takes a simpler form when stated
in the left-trivialization of the cotangent bundle of the group, and moreover we show
that any bracket generating polarized group satisfies the minimal rank Sard Conjecture

(Proposition [2.2).

2.1 Rank 2 distributions

Given an analytic totally nonholonomic distribution A of rank 2 on a real-analytic
connected manifold M of dimension n > 3, Theorem |1.1|gives a distribution K , adapted
to a subanalytic stratification S = (S,) of A, which satisfies in particular properties
(ii)-(iv). This shows that K has rank 0 on its essential domain Sy and that its rank is 0
or 1 in all strata. Thus, each stratum S, is equipped with 16, a line field or a field of rank
0 (as Sp), and any abnormal lift is made of concatenations of one-dimensional orbits of
IC" S.- This result is well-known (see [37] and [54, Section 2.2]), it has been used recently
for example in [4] to investigate the regularity properties of minimizing geodesics of rank
2 sub-Riemannian structures. Any rank 2 distribution A satisfies the Minimal Rank
Sard Conjecture. In fact, Theorem provides a subanalytic stratification R, along
with a compatible subanalytic distribution H whose rank, by (iv), is 0 on the essential
Ro. Thus, all singular horizontal paths of minimal rank (w.r.t. A) are contained in the
union of all strata R, # Ro which can be shown to coincide with the analytic set

S = {x e M|[A,Al(z) C A(m)},
where [A, A] is the (possibly singular) distribution given by
A, Al(z) := {[X, Y](x)| X,Y smooth local sections of } Vr € M.

Note that in the special case when dim(M) = 3, the stratification of ¥ by strata
Ra # Ro is the one given in [8, Lemma 2.4] and all singular horizontal paths have
minimal rank so that the Sard Conjecture holds true. The method presented in the
present paper does not allow to prove the Sard Conjecture in higher dimension. For
example, in the case dim(M) = 4, abnormal lifts of singular horizontal paths of rank
3 are contained in the union I' of strata S, # Sp. The set I' is an analytic set of
dimension at most 5 which is invariant by dilation. The Sard Conjecture can be shown
to hold true in the case where I' is a smooth manifold (see [7, Theorem 1.1], [3] and
[9]) but remains open in the general case of a singular analytic set I.

2.2 Corank 1 distributions

We believe that the case of corank 1 (that is, whenever rank(A) = dim(M) — 1) is
of particular importance for future investigation of the Sard Conjecture. Not only,



for corank 1 distributions the Sard Conjecture is equivalent to the minimal rank Sard
Conjecture but also, Theorem guarantees the existence of a foliation H on M which
is compatible with singular horizontal paths (that is, all singular horizontal paths are
concatenation of curves contained in leaves of 7-_[) This provides a rich information
to study the Sard Conjecture in situations which are qualitative beyond the reach of
our current paper. In what follows, we present the general picture when dim(M) = 4
and 5. In particular, the case of dimension 5 is what we understand to be the simplest
possible situation where our methods are not yet enough to prove the Sard Conjecture
for analytic corank 1 distributions.

Four dimensional case. Let M be a connected open set of R* and A be a rank 3
totally nonholonomic analytic distribution on M. By (iii), the subanalytic distribution
given by Theorem has rank 1 on its essential domain, so it is splittable (see Propo-
sition and Theorem applies. Thus, we infer that any totally nonholonomic
analytic distribution of rank 3 in dimension 4 satisfies the Sard Conjecture. In fact,
this result can also be obtained in the smooth case by considering the vector field gen-
erating the singular distribution over the essential domain and applying a divergence
argument as the first and third author did in [7]. This approach will be worked out in
a forthcoming paper [9].

Five dimensional case. Let M be a connected open set of R and A a rank 4
totally nonholonomic analytic distribution on M. The subanalytic distribution given
by Theorem has rank 0 or 2 in its essential domain and we do not know if rank
2 foliations are splittable in general. Therefore, rank 4 distributions in dimension 5
provide the simplest situation where our methods are not yet enough to prove the Sard
Conjecture for corank 1 distributions. A precise description of the generators of the
foliation in the essential domain together with examples of splittable such foliations
will be given [9].

2.3 A counterexample to integrability on non-essential strata

The aim of the following example is to show that in general the distributions IE, J ,f
given by Theorem do not coincide and K is not integrable on non-essential strata.
Consider in R” with coordinates (1, ...,27) the rank 3 distribution A spanned by the
vector fields

Xt = o1, X? = O + x4 O3, X3 = 344-33%85—{-%?36—}—56%37.
We check easily that
X12.= (X' x?)=0, X1 .=[X' X3 =—2205 — 3230 — 423 0,

XB .= [X%, X3 =03, X¥.=[X¥ XY= -205— 62105 — 1223 O,
X — (x1 X1 = 605 — 2421 0; and XBUD.— X X1 = 240,
which shows that A is totally nonholonomic distribution on R”. The Hamiltonians

hl, h% h3 associated with X' X2 X3 on T*R" with coordinates (z,p = (p1,...,p7))
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are given by

h'(z,p) =p1, R (z,p) =p2+zaps, h3(z,p) =ps + 2ips + 23ps + 7.
Thus, the nonzero annihilator of A is given by
At = {p1 = po + 2a4p3 = pa + 21ps + i + xipr = 0} \ {p =0}
and the hamiltonian vector fields generating A = Span{ﬁl, h2, 13 } verify

- 01, h? = Oz + x4 03 _p38§7
R® =0, + 2305 + 2306 + 107 — (2x1p5 + 322pg + 4x:£’p7) .

Note that the Hamiltonians h'? := p- X2 p13 := p. X3 p?3 .= p. X?3 on T*R" are
given by

h12($7p) = 07 h13($’p) = _2$1p5 - Bl'%pﬁ - 41’1?]977 h23($7p) = P3

and the set of points (z,p) € T*R” where matrix E%x ») (see Proposition ) has rank
zero is equal to the set

y=Atn {ps =21 (2p5 + 3z1ps + dxipr) = 0}.

The essential domain is therefore given by Sy = AL\ X, over which the kernel of £2 has
dimension one. It induces a distribution 160 over Sy which is generated by the vector
field

2= W 4 R 1
In order to obtain a Whitney stratification of ¥, we need to consider a subdivision of
> in at least three strata given by

Si={x1=p1=p2=p3s=ps=ps=0,p#0},
Sy ={x1=p1=p2=p3=ps=0,p5 # 0},
Sz ={x1 # 0,p1 = p2 = p3 = 0,ps = x}ps/2 + 1p7, ps = —3w1p6/2 — 27p7,p # 0} .

Note indeed that a stratification with only two strata (S;US2) and S3 does not satisfy
Whitney’s condition (a). Furthermore, in order to get a stratification compatible with
the simplectic form w, it is necessary to consider a refinement of S3 by considering the
two strata

Sé =83N {pﬁ #* —8p7x1/3} and S5 =383N {p6 = —8p7ac1/3}.

We can now compute the restrictions of lé, J ,f to 81,82, 85, Sy and check that they
do not coincide in general. We have

@31 = & N ?Sl = Span{ag + x4 83,84} @32 = & N Z‘SQ = Span{ag + x4 83,84}
@31 = Lie(/C‘Sl) = Span{82,83,84} ‘Z& = Lie(lC‘SQ) = Span{82,83,84}
Ls, = ker(w;s,) = Span{dy, 93, 04, s }, Lis, = ker(wls,) = Span{d, 93, 4 },
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I€|Sé =AnN TS, = Span{@z + 403,04 + 2305 + 2306 + lela7}
‘7|$§, = Lie(’Cl%) = Span{ag, 03,04 + CE%E)E) + :1::1)’86 + x‘ll87}
s, = ker(w|S§) = Span{ds, d3,04 + 2305 + 2306 + 107}

@34 =An TS = Span{ds + 403, 04 + 2705 + 1196 + 107 }
and  Jjs, = Lie(Kjs,) = Span{ds, 93,94 + 2105 + 270 + 2107}
dim (f|34) = dim (ker(wls,)) = 4,
which yields

= =

’C|$1 g \7|v51 - I|517 IClSQ g \7‘52 = 1-‘32’ IC‘S;g -,C«- t7‘53 = 1‘83’ IC|S4 g k7|$4 - I|S4'

2.4 Bracket generating polarized groups

We focus in this section on totally nonholonomic left-invariant distributions on real Lie
groups which are important general examples for the present paper since any real Lie
group admits a real-analytic structure (see e.g. |20, Section 1.6] or [60}, Section 2.11}).
Following [23, [33], we consider a polarized group (G,V'), which consists of a connected
(real) Lie group (G,) with Lie algebra g = T.G of dimension n > 3 and a linear
subspace V' C g of dimension m < n, and we assume that V is bracket-generating of
step s > 2, which means that the sequence of linear subspaces {V*}cn+, defined by

V=V and VSTl.=[V, V= Span{[v,w] lveV,we VS} Vs € N,
satisfies
V1+---+VS_1QV1+---+VS=g. (2.1)

We call such a polarized group a bracket-generating polarized group of step s. Then,
denoting by Ly : G — G the left-translation by the element g € G (i.e. Ly(g') =g ¢’
for all ¢ € G), we define the left-invariant distribution A on G by

A(g) :==d.Ly(V)  VgeG,

which is totally nonholonomic thanks to (2.1) and we use left-trivialization to identify
T*G with G x g* and push-forward various objects we can define on T*G to G x g*. We
define the function ® : T*G — G x g* by (it does not depend on the set of coordinates

(9:p))
®(g.p) == (g,p-deLy)  V(g,p) €T"G (2.2)
which is an analytic diffeomorphism sending the nonzero annihilator A+ C T*G to
(AL =G x vVt

with
VL::{pEg*\{O}\p-vzo,VveV}Cg*,

and we note that Theorem in bracket generating polarized groups can indeed be
written as follows (our convention for the formula of Lie brackets is given at the begin-

ning of Section :
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Theorem 2.1. Let (G,V) be a bracket genmerating polarized group of step s > 2,
m = dim(V') and A be the totally nonholonomic left-invariant distribution of rank
m generated by V on G. There exist a subanalytic Whitney stratification & = (S,,) of
VL and two subanalytic distributions

RCIcT(Gx VY TG x Vv

adapted to the subanalytic Whitney stratification G x S = (G x 8,) of Gx V1 satisfying
the following properties:

(i) Specification on strata: For every stratum S, of &, the distributions Rcjc
T(G x V*+) at a point (g,p) € G x S, are given by

Alg.p) = {( jlpLg{i“)] ) v e v} 1Ty (G x Ga)

and . .
J(g,p) = Lie (ﬁ\@,xea) (9. p)-

In particular, on each G x G, fe,ﬁ have constant rank and j s an integrable
distribution.

(ii) Equality on the essential domain: Denote by &g the union of all strata of &
of mazimal dimension, then G x &y is the essential domain of the two distributions

—

R,J and
Rlexe, = Jlexs,-

(iii) Abnormal lifts are horizontal paths of R: A curve v :[0,1] = G is a singular
horizontal path with respect to A if and only if it admits a lift p = (,p) : [0,1] —
VL which is horizontal with respect to R.

(iv) Ranks of R: For every stratum &, of &, the distribution ﬁ\@xga has rank
< m —1 and in addition, for every (g,p) € G x &y

dim R(g,p) =m (2) and dimK(g,p) <m — 2.
Note that Theorem [1.2]is also valid in this context, so the Sard property is verified in
each stratum G x &,. The proof of Theorem is given in Section Let v:[0,1] - G
be a singular horizontal path (with respect to A) with minimal rank. Then for every

p € VL, there is a lift p = (v,p) : [0,1] = G x V* which is horizontal with respect to
R, that is, such that we have

(3(0.b) € g0 = { (300 ) 10 v} 0T © x 80

for almost every ¢ € [0, 1]. This means that for every such ¢, there is v(t) € V such that
Y(t) = deLy4)(v(t)) belongs to the set

U= {veV\p([v,w]):0,Vw€V,Vp€VL}
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which coincides with the set of v € V such that [v,w] € V for all w € V. We check easily
that ¥ is linear and, thanks to the Jacobi identity, that it is a proper subalgebra of
g. Thus, by considering the exponential map expg : g — G, the set Abn'{(e) coincides
with expg (2U) which is a proper subgroup of G and for every g € G the set Abn’A(g) is
the left-translation by g of that set. In consequence, we have:

Proposition 2.2. Let (G,V) be a polarized group with V' nilpotent bracket-generating
of step s > 2. Then the minimal rank Sard conjecture holds true.

Let us now consider the case of nilpotent bracket generating polarized groups of
step 2, that is such that V satisfies

VicVi4VvZi=g and V3={0}. (2.3)

Then, for every (z,p) € G x g*, we have
R(a) = {< deLg@) > v e v} AT, (G x Go), (2.4)

because if for some v € V, the linear form ¢, := p - [v,:] belongs to VL, then we
have q,(w) = 0 for all w € V = V! and we also have, by , for every w € V2,
qo(w) = p([v,w]) = 0 because [v,w] € V3 = {0}. Then, shows that all abnormal
lifts are constant in p, so they remain inside the same leaf (of the same stratum S,).
Therefore, we can apply Theorem to obtain:

Proposition 2.3. Let (G,V) be a polarized group with V' nilpotent bracket-generating
of step 2. Then the Sard conjecture holds true.

This result corresponds to a weak version of [33, Theorem 1.2 (1)] which is stated
in the case of Carnot groups. The result follows directly from Theorem because all
abnormal lifts are confined in a given stratum of the stratification of G x V1, but this
is not the case in general. A study of the bifurcation points allowing abnormal lifts
moving from one stratum to another can certainly lead to other results. This strategy,
which is at the core of the works on the strong Sard conjecture [7, [§], has been used
successfully by Boarotto and Vittone [12] in Carnot groups. They showed that the
Sard conjecture holds true for Carnot groups of rank 2 and step 3 and Carnot groups
of rank 3 and step 3.

Another Sard type result has been obtained by Le Donne, Leonardi, Monti and
Vittone [30, B2] (see also [33]). In the setting of Carnot groups, they have shown, by
integrating the abnormal equation, that singular horizontal paths are indeed contained
in a collection of algebraic varieties. That result and Theorem are certainly very
good tools to understand the nature of singular horizontal paths in polarized groups,
but we do not know how they could be combined to settle the Sard Conjecture in
Carnot groups.

2.5 Example of a non-splittable foliation

We modify a construction of Hirsch [27] in order to define a foliation which is non-
splittable in a (non-compact) manifold with border M. As a matter of fact, Hirsch
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foliations are two-dimensional analytic foliations which satisfy the topological properties
of a non-splittable foliation, but they lack the metric properties. In order to obtain
the metric properties, we modify the original construction, and we make use of C°°-
partitions of the unit to yield a C°°-metric.

We start by defining the building-blocks. Consider the double cover immersion
f : 8! — S given by f(t) = 2t, and choose an analytic embedding ¢ of the solid
torus S x D? onto its interior so that m ot = f o, where 7 : S x D? — S! is
the projection. Let V = S x D? \ Int(+(S* x D?)). Then the boundary of V is two
copies of S x S, which we denote by V~ and VT where «(V~) = V*. Denote by G
foliation over V induced by the the fibration m. Note that the leaves of this foliation
are topological pants, whose intersection with V~ is a S', and whose intersection with
V't is the disjoint union of two S!, cf. figure

V_

Leaf of F

|
|
|
|
- =

Vi

Leaf

W

(a) The building block V. (b) A leaf of F.

Figure 1: Geometrical illustration of F.

Now, we consider a countable family of building-blocks (Vy,, V.., V¥, 1, G,y gn),
where g, are analytic metrics over V,, satisfying the following property: given two
points x and y in a leaf L of G,,, the distance of z and y in L is bounded by 47".
We denote by M the manifold with boundary given by the union of all V,,, by iden-
tifying V- with Vntrl via ¢, that is, we take the identification z € V,~ equivalent to
u(z) € Vn':l. This yields an analytic manifold with border, where the border is a torus
My = V0+ = S x S'. This construction induces, furthermore, an analytic foliation F
over the manifold with border M which locally agrees with G,, over each V,,, because
mo f=rom, cf. figure Furthermore, we can define a globally defined C*° metric
g over M by patching the metrics g, via partition of the unit. We may chose such a
partition so that g satisfies the following property: given two points x and y in a leaf
L of G,,, the distance of x and y in L is bounded by 27".

We claim that F is a non-splittable foliation. Indeed, consider a transverse section
¥ =8 C My = S!'x S and let us identify ¥ with the interval [0,1]. Given a point
x € X, denote by L, the leaf passing by x. First, consider the foliation Gy, and note
that, since f(z) = f(x+1/2) and G is a foliation by pants, x4 1/2 also belongs to the
leaf L, cf. figure Since this argument can be iterated over any G,,, we get that all
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points x +m/2™ with m,n € N belong to L,. Moreover, the distance on L, between x
and z + m/2" is bounded by:
n
1
2-)° o <4
k=0

since there exists a path between x and x + m/2", contained in the leaf L,, and which
is contained in the union of V} with k < n, crossing each of these components at most
twice. In conclusion, for every x € X, the intersection of L, the leaf passing through
xz, with ¥ is a countable and dense set of points invariant by a countable subgroup
of rotations, which are pairwise (F,4)-related. We infer that F is a not splittable in
(M, g) because there is no measurable set E C 3 with positive Lebesgue measure whose
intersection with each L, (with z € ¥) contains only one point.

3 Preliminary results

We gather in this section preliminary results in differential geometry (Section 3.1)),
geometric control theory (Section [3.2]), subanalytic geometry (Section |3.3) and on in-
tegrable families of 1-forms (Section [3.4). All proofs are postponed to Appendix

3.1 Reminders of differential geometry

Throughout this section, M is a smooth connected manifold of dimension n > 1. We
refer the reader to [15], 34, 40] for further details on the notions and results presented
below and we point out that we follow the sign conventions used in [40].

Lie brackets. Given a smooth vector field X on M we write X - f or X(f) for the
Lie derivative of a smooth function f : M — R with respect to X. Then, given two
smooth vector fields X, Y on M we define their Lie bracket as the vector field uniquely
associated with the derivation Y o X — X oY, which means that, if in a local set of

coordinates (z1,...,x,) in M, the vectors fields X,Y are given by
n n
X=) a0y, Y= boy,
i=1 i=1
where ai,...,an,b1,...b, are smooth scalar functions, then the Lie bracket [X, Y] is

the smooth vector field defined as
n
(X, Y] =) cio,
i=1

where c¢q, ..., ¢, are the smooth scalar functions given by

Ci:Z(aﬂﬂjai) bj — (8x,b:) a; Vi=1,...,n.
j=1
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Symplectic structure of the cotangent bundle. We equip the cotangent bundle
T*M of M with the canonical symplectic form w defined as w = —dX where X is the
canonical Liouville form. This means that if we have a local chart (x,p) of T*M valued
in R™ x (R™)* with coordinates (x1,...,Zn,P1,-..,Pn), then A\, w read

A= Zn:pidwi and w= zn:da?i N dp;,
i=1 i=1

where the latter amounts to say that we have in local coordinates at a € T* M,

n

wa(G, ) = (&l —&my) V= (&m), ¢ = (€,0) € Tu(T*M).

i=1
In the paper, we generally denote by a an element of 7*M and we may write a = (x,p)
and ¢ = (&, 7n) any element respectively of T*M and T,(T*M) in local coordinates.

Hamiltonian vector fields and Poisson brackets. Given a smooth function,
called Hamiltonian, h : T*M — R the Hamiltonian vector field associated with it
with respect to w is the unique smooth vector field h on T%M satisfying

1w = dh,

which in a set of local coordinates (z,p) in T*M where w = > | dz; A dp; reads

i) = (Gt —5own).

By construction, h-h = dh(h) = w(h,h) = 0, so h is a first integral of i or in other words

—

h is constant along the orbits of h. Given two smooth Hamiltonians h,h’ : T*M — R,
their Poisson bracket is the smooth Hamiltonian {h, '} defined by

{hjh/} = w(ﬁ, ﬁ'),
it satisfies by construction
W -h=dn(h') =w(h,b) = {hn'}. (3.1)

If X is a given smooth vector field on M, then the smooth Hamiltonian A : T*M — R
associated with X on T*M is defined by

hW¥(z,p) =p- X(x)

in a set of local coordinates (x,p) in T*M and the associated Hamiltonian vector field
is given by

EX(x,p) = (%(x,p),—%(w,p)) = (X(:L‘),—p-de).

The Poisson and Lie brackets are related by the following formula:
Proposition 3.1. If X and Y are two smooth vector field on M, then we have
{hX7 hY} — h[X’Y].
The proof of Proposition [3.1] is left to the reader.
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Isotropic spaces and submanifolds. For every a € T*M and every vector space
W C To(T*M), we denote by W* the symplectic complement of W,

W = {g € To(T*M) | wa(C,¢') = 0, (' € W},

and we call W isotropic if W C WY, If § is a smooth submanifold of T*M, we denote
by ws the 2-form given by the restriction of w to S, its kernel at a € S given by

ker (ws), = {¢ € TuS|wa((,¢) = 0, W' € TiS } = (T.8) N,
is an isotropic space. The following result will be one of the key results in the proof of

Theorem its proof is given in Appendix

Proposition 3.2. Let S be a smooth submanifold of T*M of dimension s, a € S,
E C 1,5 a vector space such that

T,S = E @ ker (w5 3.2)
|

a )
and let r := dim ker(w|s)a, then the following properties hold:

(i) r <min{2n — s,s} and s —r = 2l for some integer [.

(ii) The form (wfs)a is a volume form over E, which means that there is a basis

{Clag]/_v"wCval/} OfE SU’Ch th(lt wﬁl(ChCia"'vClaCl/) 7& 0
(iti) (w/g')a=0.

Finally, we say that a smooth submanifold & of T*M is isotropic if all its tangent
spaces are isotropic.

Foliations. Let N be a smooth manifold of dimension n > 1, a smooth foliation F on
N of dimension d > 1 is a smooth atlas {(Ug, ¢g)} satisfying the following properties:

(i) For every 3, there are open disks Vﬁd c R% and V/g"fd C R" % such that the map
v :Ug — Vél X Vg_d is a smooth diffeomorphism.

(ii) For every 3,8 with Ug N Up # 0, the change of coordinates
ppows  wsUs NUg) — @p(Us NUg)
preserves the leaves, which means that it has the form
(por 0wz ) (@,y) = (ha(z,y),haly))  V(z,y) € s(Us NUg),
for some smooth functions hq, hs.

A chart (Ug, pg) is called a foliation chart and any set of the form cpgl(Vﬁd x {y}) with

Yy € V/and is called a plaque of the foliation. Then, we can define an equivalence relation
on N by saying that two points z, 2’ are equivalent if they can be connected by a path of
plaques P, ..., Py such that P; N Pjy1 # 0 for all j € {1,...,k—1}. Therefore, N can
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be partitioned into equivalent classes, called leaves, each of which having the structure
of an injectively immersed smooth submanifold of N of dimension d. Smooth foliations
are indeed in one-to-one correspondence with involutive smooth distributions. Recall
that a smooth regular distribution D on N, that is, a distribution of constant rank
parametrized locally by smooth vector fields, is called involutive if given two smooth
vector fields X,Y such that X(2),Y(z) € D(z) for all z € N, then [X,Y](z) € D(z)
for all z € N. On the one hand, the field of vector spaces corresponding to the
tangent spaces to the leaves of a smooth foliation F forms an involutive distribution,
and on the other hand, the Frobenius Theorem asserts that any involutive smooth
distribution is integrable, which means that it can be viewed as the tangent plane field
of a smooth foliation. If a foliation chart (Ug,¢g) as above is given then the local
distribution associated with the foliation is given by the pull-back of the horizontal
constant distribution R¥ x {0} in Vi x V=%,

As the next result shows, the kernel of the restriction of a symplectic form to a
submanifold gives rise to isotropic foliations.

Proposition 3.3. Let S be a smooth submanifold of T*M such that the dimension of
ker(wis) C TS is constant. Then the smooth distribution

Z(a) := ker (wis), Vae S,

18 integrable with isotropic leaves.

The proof of Proposition [3.3]is postponed to Appendix

3.2 Singular horizontal paths and abnormal lifts

Throughout this section, M is a smooth connected manifold of dimension n > 3
equipped with a totally nonholonomic distribution A of constant rank m < n. Let
us consider a family of smooth vector fields X!,..., X* with m < k < m(m + 1) (see
[53l 58]) providing a global parametrization of A over M, that is, satisfying

A(x):Span{Xl(a:),...,Xk(a;)} Vo e M.

Then, define the distribution A on T*M by

—

K(a) == {ﬁl(a), .. ,ﬁk(a)} Yae T"M,

where for every i = 1,...,k, h* stands for the Hamiltonian hX' : T*M — R associated
with X*?. By construction, A is a smooth distribution of rank m which projects onto A,
that is, such that m,(A) = A where 7 : T*M — M is the canonical projection. In order
to give several characterizations of the notion of singular horizontal path, it is useful to
identify the horizontal paths with the trajectories of a control system and to define the
so-called end-point mapping. It is important to note that all results presented below

are classical, we refer the reader to [2, [45] 53] for further details.
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The End-Point mapping. For every x € M, there is a non-empty maximal open
set U C L?(]0,1],R¥) such that for every control u = (uy,--- ,u) € U, the solution
z(-;x,u) : [0,1] — M to the Cauchy problem

k
B(t) =Y u(t)X'(z(t)) forae t€[0,1] and z(0) ==z (3.3)
=1

is well-defined. By construction, for every x € M and every control u € U* the
trajectory x(-;x,u) is an horizontal path in Q%, the set of horizontal paths v : [0,1] —
M in WH2([0, 1], M) with v(0) = 2. Moreover, the converse is true, any v € Q% can be
written as the solution of for some u € U*. Of course, since in general the vector
fields X', ..., X* are not linearly independent globally on M, the control u such that
v = z(+; x,u) is not necessarily unique. For every point € M, the End-Point Mapping
from z (associated with X', ..., X* in time 1) is defined as

E*:U* — M
u — z(l;z,u).

It shares the same regularity as the vector fields X1,..., X* it is of class C*°. Given
x € M and u € U* C L?([0,1],R¥), we define the rank of u with respect to E* by

rank(u) := dim (Im (d, E”)) ,
where Im (d, E*) denotes the image of the differential of E* at u
duE” 12 ([0,1], R*) — Tpe (o M.
It can be shown that for every u € U”, one has (see [53, Proposition 1.10 p. 19])
A (E*(u)) C Im (d, E”), (3.4)

in such a way that rank(u) > m for all u € U*. Then, we define the rank of a horizontal
path v € Q%, denoted by rankA(’y), as the rank of any control v € U”® such that
v = x(-;x,u), and the corank of ~ (with respect to A) by corank® () := n — rank® (7).
It can be shown that the rank defined in this way does not depend neither on the
control u satisfying v = 2(-; z, u) nor on the family X, ..., X* used to parametrize A.
A horizontal path v : [0,1] — M is said to be singular if its rank is strictly less than n
and it is said to be of minimal rank if rank®(y) = m.

Characterizations of singular horizontal paths. Recall that Al denotes the
smooth submanifold of 7% M of codimension m given by the set of non-zero annihilators
of A in T* M. The following result provides several characterizations of singular curves
such as Hsu’s characterization used in the introduction of the paper, its proof is recalled

in Appendix

Proposition 3.4. Let v : [0,1] — M be an absolutely continuous curve which is
horizontal with respect to A, let uw € U*, with x := v(0), be such that v = z(-;x,u),
and let p € Ty M \ {0}, with y := (1), be fired. Then the following properties are
equivalent:
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(i) p € (Im (d,E*))*.

(1) There is an absolutely continuous curve ¢ : [0,1] — AL which is horizontal with
respect to A such that w(v) =~ and ¥(1) = (y,p).

(iii) There is an abnormal lift  : [0,1] — AL of v with (1) = (y,p), that is, an
absolutely continuous curve ¢ : [0,1] — AL with (1) = (y,p) such that ©(v) =~
and Y(t) € ker(wé(t)) for almost every t € [0, 1].

In particular, rank™(vy) € [m,n] and v is singular (rank™(y) < n) if and only if it admits
an abnormal lift. Moreover, any absolutely continuous curve v : [0,1] — AL satisfying
the property of (iii) is an abnormal lift and if v has minimal rank (rank™(y) = m)
then for each p € (A1), there is an abnormal lift 1 : [0,1] — AL of v such that

¥(1) = (y,p)-

The part of Proposition [3.4] establishing that abnormal lifts of a given horizontal
path do coincide with lifts which are tangent to A in AL is a consequence of the
following equality

ker(wy) = (ToA)Y N TuAt = A(a) N T,AT Vae AL (3.5)

This approach allows also to relate the kernel of w to the kernel of some linear operator
defined from Poisson brackets of length two. Assume now that, in an open neighborhood
V of some z € M, A is generated by m smooth vector fields X1, ..., X™. Then, set
h' := hX" for all i = 1,...,m and define the Hamiltonians h"/ with 4,7 € {1,...,m} by

K = {h' W},
which by (3.1) and Proposition satisfy
hid = hi - hi = plX"X], (3.6)

We have the following result whose proof is given in Appendix [C.4}
Proposition 3.5. For every a € T*V N AL, define L2 : A(a) — R™ by

—

(L20)), = > wjh(a)  ¥¢=Y whi(a) € A(a), Vi=1,...,m.
Jj=1 i=1

Then, for every a € T*V N AL, we have ker(L£2) = ker(wy).

Finally, Propositions[3.4)and [3.5allow us to show that singular horizontal paths with
minimal rank are constrained to be tangent to a (singular) distribution on M. Recalling
that m : T*M — M stands for the canonical projection and that A}t := T:M N A+
denotes the fiber in At over some x € M, we have:

Proposition 3.6. Let v : [0,1] — M be a singular horizontal path with respect to A.
Then ~ has minimal rank if and only if

A(t) € ﬂ T <ker(wj)> for a.e. t €[0,1]. (3.7)
1A

The proof of the above result is given in Appendix
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3.3 Reminders of subanalytic geometry

We recall here the main notions of subanalytic geometry used in this paper. We
refer the reader to [11), 26, B8] for further details. Throughout this section, N stands
for a real-analytic connected manifold of dimension n. Later on, N will stand for one
of the following three manifolds: M, T*M or A*.

Subanalytic sets. Let d be a nonnegative integer. An analytic submanifold S of
dimension d of NV is an embedded submanifold such that for every point p € S there
are a neighborhood U C N and n — d analytic functions fi,..., fn_q : U — R with
the property that dfi,...,df,_q are linearly independent over U and S N U is the set
of points where all the f; vanish. A set X C N is said to be analytic if for every x € N
there is an open neighborhood U of z in N, and a real-analytic function f : U — R such
that X NU = {f = 0}. Note that every closed analytic submanifold is an analytic set
locally given by {f2+...+ f2_, = 0}. Similarly, a set X C N is said to be semianalytic
if for every x € N, there is an open neighborhood U of x in N and a finite number of
real-analytic functions f; : U — Rand g;; : U - Rwith j =1,...,b;andi=1,...,a
such that

XU = J{y€U; fily) =0; gu(y) > 0,..., g, (y) > 0}.
i=1

It is worth noting that an analytic submanifold S is not necessarily a semianalytic set,
unless S is closed. By definition, the class of semianalytic sets is closed by the oper-
ations of locally finite unions, locally finite intersections, and taking the complement.
Moreover, it can be shown that it is also stable by closure (the closure of a semianalytic
set is semianalytic) and connected component (each connected component of a semi-
analytic set is semianalytic). However the image of a semianalytic set by an analytic
map, even a proper one, is not necessarily semianalytic.

A set X C N is called subanalytic if for every x € N, there is an open neighborhood
U of z in N and a relatively compact semianalytic set Y € M xR¥ (where k may depend
on z) such that X N U is the image of Y by the canonical projection M x R¥ — N.
The class of subanalytic sets is closed by the operations of locally finite unions, locally
finite intersections and taking the complement (by a theorem of Gabrielov), and stable
by closure and connected component. Moreover, the image of a relatively compact
subanalytic set by an analytic map is subanalytic.

Whitney’s stratification and uniformization. We recall here two important tech-
niques of subanalytic geometry which are used in the paper: Whitney subanalytic strat-
ification and the uniformization Theorem. We refer the reader to [22, 1] for a complete
introduction on these two techniques.

Let N be a smooth manifold and Z be a closed subset of N. We call Whitney
stratification of Z any partition S = (S,) of Z into locally closed smooth submanifolds
Sa, called strata of S, that is,

Z= || Sa

Sa€S
such that the following properties are satisfied:
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(1) The family S is locally finite.
(2) If S € S then the closure S of S is the union of those strata that intersect S.

(3) If S, T are strata with T # S and T C S, then dim(T) < dim(S).

(4) Let S,T be two strata with T # S and T C S, let {zx}x € S and {yx}r € T be
sequences of points converging to a point y € T

(Whitney condition a) If the tangent spaces Ty, S converge to a vector sub-
space T C Ty N, then T,T C 7.

(Whitney condition b) If the secant lines £, = (xxyx), with respect to some
local coordinate system on N, converge to a line £ C T,y N, then £ C 7.

A stratification S is said to be compatible with a family A of subsets of N if every
A € Ais a union of strata of S. A stratification &’ is a refinement of S if it is compatible
with all strata of S. A Whitney analytic stratification, or simply analytic stratification,
is a stratification whose strata are connected real-analytic submanifolds. A Whitney
subanalytic stratification of N is an analytic stratification S such that all the strata of
S are subanalytic. We start by noting that all subanalytic sets admit a subanalytic
Whitney stratification:

Theorem 3.7 (Whitney subanalytic stratification). Let N be a real-analytic manifold
and A be a locally finite collection of subanalytic sets of N. Then there exists a Whitney
subanalytic stratification of N compatible with A.

Now, given a subanalytic set X C N and a subanalytic stratification S = (S,) of
X, the dimension of X is defined as the highest dimension of strata S € S. Now that
we have defined the notion of dimension, we can present the uniformization Theorem:

Theorem 3.8 (Uniformization). Let N be an analytic manifold and X be a closed sub-
analytic subset of N. Then there exists an analytic manifold W of the same dimension
as X and a proper analytic map ® : W — N such that (W) = X.

Subanalytic distributions and foliations. A distribution A of N is said to be
subanalytic if its graph in T'N is a subanalytic set. As stated in the introduction, the
dimension of the vector space A(x) = ANT,N is called the rank of A at z.

Given a subanalytic stratification S = (S, )q of N, we say that A is compatible with
S, or that § is compatible with A, if for every stratum S, the rank of A is constant
along S, and ANTS, is an analytic vector-bundle over S,. The following result, whose
proof is postponed to Appendix shows that for every subanalytic distribution A,
there exists a subanalytic stratification S which is compatible with A.

Proposition 3.9. Let A C TN be a closed subanalytic distribution. There exists a
subanalytic Whitney stratification S = (Sy) of N such that:

(1) the rank of A is constant along Su;

(i) ANTS, is an analytic vector-bundle over S, for each .
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Furthermore, if S’ is a subanalytic stratification of N, then S can be chosen as a
refinement of S’.

Suppose that A is compatible with a Whitney stratification S. We say that A is
integrable at x € N if the Lie-bracket closure of ANTS, at z, where x € S, is equal
to ANTS,. Then, we say that A is integrable if it is integrable at every point. Now,
recall that a smooth integrable distribution A of constant rank generates a smooth
foliation F, see §43.1] If A is integrable and subanalytic, then we say that the induced
foliation F = (F,) is a subanalytic foliation.

3.4 Integrable families of 1-forms

We recall here the main notions of analytic geometry, in particular of Pfaffian systems,
used in this work. We start with the case of families of 1-forms on an open and
connected set U C R™. Let Q = {w1,...,w;} be a family of analytic 1-forms on U, that
is, such that each wy (k =1,...,t) has the form

w = ag1(x)dey + - -+ agp(x)day, Vk=1,...,t,

for some analytic functions ay1,...,ax, on U. Consider the analytic distribution Kq
given by

Ka(x) =) ker (wp)e) Vo €U
k=1

and denote by r its generic corank and by ¥ C U the analytic set, called singular set
of 2, of points where the corank of g is strictly smaller than r. Then, we say that €2
is integrable if there holds

dor €QANQ,;  k=1,...,t,

where }; stands for the module of analytic 1-forms defined on U. It follows from
Frobenius Theorem, see e.g. [50, Th.2.9.11], that if 2 is integrable, then Kgq is integrable
distribution over U \ ¥ and generates an analytic foliation Fj;n\x (as we will see in
Remark below, {2 actually generates a subanalytic foliation). Then, we consider
the dual of 2, that is, the set of analytic vector fields X on U satisfying

ixwr =0 Vk=1,...,t.

By construction, this collection of vector fields 2* generates a module of analytic vector
fields and moreover, outside of X, the analytic distribution generated by €2* is equal to
Kq (although this might not be true over X).

The above definitions can be made global over an analytic manifold N via sheaves.
Denoting by Oy the sheaf of analytic functions over N and by Q}; the sheaf of analytic
1-forms over N, we can consider sub-sheaves ) C Q}V of finite type, that is, locally
generated by a finite family of analytic 1-forms as above, and extend all above notions
to this setting.

Given an analytic map f : Z — N, where Z is an analytic manifold, the differential
of f induces a natural map between forms

0y — Q)
a — ffa,
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where f*a;(X) = o) (df - X) for all point x € Z and all vector field germ X € Derz .
The pull-back f*Q of 2 is the sub-sheaf of 2}, generated by the image of f*(12).

Remark 3.10. Of particular importance is the case that Z is a submanifold of N and
f is the embedding. If Q is integrable, then so is f*() since

df*(w) = f*(dw) € f* (QA Q) C £5(Q) A Q.

Note that the generic corank of f*(2) is always smaller than or equal to the generic
corank of 2. Therefore, given an integrable sheaf of 1-forms Q and a Whitney strati-
fication § compatible with the distribution K, then Kiq yields a subanalytic foliation
(Fa)-

Example 3.11. Let M = U C R be an open ball and A be an analytic nonholonomic
distribution of constant rank m. Apart from shirinking U, we may suppose that A C
T(T*M) 1is locally generated by analytic Hamiltonian vector fields {ﬁl,...,ﬁm}, cf.
§ We may assume that there exists coordinate system (ai,...,a2,) of T*M such
that h*(ap) = 1 and ﬁk(aj) =0, forall j,k=1,...,m. Let

m

wl:Zﬁk(al)dak—dal, l=m+1,...,n,
k=1

and consider the sheaf of 1-forms 15 generated by these forms. It follows from a direct

computation that Ko, = A. Moreover, if we denote by i : A+ — T*M the inclu-

sion, then i*Ql 5 gives rise to a family of Pfaffian equations over AL, whose associated
distribution is equal to ker(wr) by equation (3.5).

4 Proof of Theorem [1.1]

Proof of (i). Since M and A are real-analytic, A+ (given by ) is an analytic
submanifold of T*M of dimension 2n —m. As in the introduction, we denote by w the
canonical symplectic form over T*M and by w' its restriction to A*. We recall that,
since T*M is a vector bundle, the dilation in the fibers o) : T*M — T*M given by
ox(z,p) = (x, Ap) for A € R* are well-defined everywhere in T M, which gives rise to a
natural structure of projective bundle. More generally, let G denote a group of analytic
automorphisms of At such that:

(G1) G contains the dilations oy for A € R*.
(G2) G fixes ker(w'), that is, deo (ker(wi)) = ker(wj'(a)), Vo € G, Va € A+

(G3) The quotient space A(L; is an analytic manifold and the geometrical quotient map
IT: AL — A{ is an analytic (and, therefore, subanalytic) submersion.

In general, G stands for the group of dilations (in this case, the above conditions
are immediate), but it might stand for a more general group, such as in the case of
Carnot groups, cf. § We will say that a set X C At is G-invariant if o(X) = X
for every o € G. In this case, we denote by X¢ its image by the quotient map, that
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is Xg = II(X) C Aj. Note that if X is a subanalytic G-invariant set, then X¢
is a subanalytic set (since II is an analytic submersion). Reciprocally, if Y C AG is
subanalytic, then II7!(Y) C A* is a subanalytic G-invariant set (since II is subanalytic
and the restriction of the projection 71 : AL x A5 — AL to the graph I'(IT) of I is a
proper mapping so that II71(Y) = 7y (I'(IT) N A+ x Y) is subanalytic). A stratification
S is G-invariant if all of its strata are G-invariant. We say that a distribution K of
Al is G-invariant if dog (K(a)) = K(o(a)) for every a € Al and o € G; in this case
we denote by K¢ the associated distribution in A, that is, Ka(I(a)) = dily(K(a))
which is well-defined since IT o o(a) = II(a), so that dll,qydos = dIl,. Moreover, if

K is subanalytic, then so it Ko (because the group G’ of automorphisms from T'A~+
generated by do for all o € G, is such that K is G'-invariant and G’ satisfies property
(G3) since dIl : TA+ — TA} is an analytic submersion). Both At and ker(w) are
G-invariant.

Now, we claim that the graph of ker(w') is a closed subanalytic subset of TA™.
Indeed, this property is local, so we may suppose that A is generated by analytic vector
fields X',..., X™. This implies that A is an analytic distribution, so its intersection
with TA' is an analytic subset TAL, and we conclude by equation . Next, since
At is connected and w is analytic, there exists | € N such that (w)™*! = 0 over A+
and (wh)! is non-zero over an open dense set Sy of A+ whose complement is an analytic
set; in particular, the rank of ker(w™) is constant along Sy. Note that Sy is G-invariant.
Finally, the existence of the stratification & and the distributions 16, J and Z follows
from the Lemma below applied to X = A+ \ Sp:

Lemma 4.1. Let M and A be real-analytic, and let X C A+ be a G-invariant sub-
analytic set. There exists a G-invariant subanalytic Whitney stratification S = (Sq)
of X which Satzsﬁes the following property: fix a stratum S, C X and consider the
distributions K C J C I CTX at a point a € Sy given by:

K(a) := ker(wb)(a) N TuSa, J(a) := Lie(K|s, (a)), Z(a):= Ker(wd|s,)

(in particular, K is an isotropic distribution; J is an integrable distribution and 7 is
an isotropic integrable distribution), then the distributions ker(w),KC, J,Z C TA* are
subanalytic, G-invariant and of constant rank along S, .

Proof of Lemmal[{.1. We prove the result by induction on the dimension of the set X,
we note that the O-dimensional case is obvious. Fix a G-invariant subanalytic set X of
dimensions d. Recall that the projection II(X) = X is a subanalytic subset of Aé, and
consider a subanalytic Whitney stratification R of X, see Theorem We denote by
S the pre-image of R by II, which is a G-invariant subanalytic Whitney stratification
of X. Denote by X’ the union of strata of dimension at most d — 1 and note that it
is G-invariant. In what follows we show that the Lemma holds over the strata of pure
dimension d, apart from refining the stratification three times, each time increasing the
size, but not the dimension, of X’. The result will then follow by induction applied to
X'

Let r denote the rank of dII, which is constant since II is a submersion and A+
is connected. Note that the dimension of Xq is equal to e = d — n + r. By the
uniformization Theorem there exists a proper real-analytic mapping ¢ : 7 — Xg,
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where Z is a smooth manifold of dimension e such that ¢(Z) = Xg. Denote by W the
fiber product
W =AY x,. 2,
G

by ¢ : W — AL the projection onto A+ and by II' : W — Z the projection onto
Z. We claim that W is a smooth manifold of dimension d, and that ¢ is a proper
analytic map such that ¢(W) = X. Indeed, since AL, Aé and Z are smooth and II
is a submersion, we conclude that W is locally a submanifold of A+ x Z of dimension
e +n —r = d. In particular, we conclude that W is a smooth manifold of dimension
d, and that ¢ and II' are analytic morphisms. Next, the restriction of the projection
m : At x X — A to the graph ['(I x) of I} x is a proper morphism, which combined
with the fact that 4 is proper, implies that ¢ is a proper morphism. Finally, note that
ITopW) =19 oIl'(W) = X¢g, which implies that IT o (W) C X. Moreover, for
every point a € X, there exists 29 € Z such that zy € ¥~ 1(Il(a)), so that (a,29) € W
and ¢(a,2z9) = a. We therefore conclude that ¢(W) = X, proving the claim. Finally,
we consider the group H of automorphisms of W defined by the restriction of the
automorphisms ¢ x Id of AL x Z to W; note that the restriction is a well-defined
automorphism since o(X) C X. It follows that for every o € G, there is 7 € H, such
that ¢ o7 = 0 o . In particular, we conclude that a set Y ¢ X c Al is G-invariant
if, and only if, o ~(Y) is H-invariant.

Now, fix a connected stratum Sg of dimension d and consider Rg = II(Sg). By
Proposition [3.9] apart from refining the stratification R, we can assume that the rank
of ker(w!)g is constant along R5 and that ker(w')c NTRs is an analytic subundle of
Rps. We conclude that ker(w') has constant rank along Sg and I€| S5 = ker(wb) N TSs
is an analytic subundle of Sg.

Next, denote by Wy = @*1(85), which is a subanalytic open set of W invariant by
H. We now may argue locally in M; let 25 be the module of 1-forms defined in Example
and note that it is invariant by G. Consider its pull-back ¢*(€2x); by construction,

ker(p*(€25)) is a distribution over T*W which coincides with dp~H(K) over Wjs. Since
the dual (p*(25)" is analytic and H-invariant, its closure by Lie brackets is also analytic
and H-invariant. So, apart from refining once again the stratification, we may further
assume that Lie((¢*(£25)*) is of constant rank over Wp. Finally, note that i S5 1s equal
to the projection of the distribution generated by Lie((¢*(25)*) restricted to Wg, and
it is therefore an integrable G-invariant subanalytic distribution.

Finally, denote by 7 the pull-back ¢*w of the symplectic form; note that it is H-
invariant. Since Sg is connected and 7 is analytic, there exists [ € N such that =0
over Wpg, and n' is zero only over a H-invariant proper analytic set Zg C Wgz. Note
that ¢(Zg) is a subanalytic G-invariant subset of Sg of dimension smaller or equal to
d — 1 so, apart from refining the stratification S, we may suppose that Zg = (). By
Proposition we conclude that ker(n) is an involutive analytic distribution over W,
which has constant rank over Wj3. Note now that the pull-back of fgﬁ = ker(w|s,)

coincides with ker(n)|w,, so that fgﬁ is an isotropic involutive G-invariant subanalytic
distribution of constant rank along Sg. This finishes the proof. O

Proof of (ii). Recall that Sy is the only strata of maximal dimension, which is the
open and dense set of A+ where ker(w) is of constant rank. We conclude from (3.5).
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Proof of (iii). By Proposition if v : [0,1] — M is a singular horizontal curve
with respect to A, then there is an absolutely continuous curve ¥ : [0, 1] — A' such
that 7(¢) = v and ¢(t) € ker(wL(t)) for almost every ¢ € [0,1]. Let D C [0,1] be the

(0
set of differentiability points of 1, for every «, let

To = {t € D|(t) eSa}.

Each set 7, is measurable, for each o denote by 7, the set of density points of 7, and
the empty set if £1(7,) = 0. By construction, the union U, 7, has full measure in [0, 1].
If ¢ belongs to T, then #)(t) belongs to ker(wi(t)) and since ¢ is a point of density of 7,
there is a sequence of times {t;}; converging to ¢ such that ¢ (t;) € S, for all k. So
w(t) belongs to Ty;)Sa, finishing the proof.

Proof of (iv). Start by noting that, as a 2 differential form over a space of dimension
2n — m, the kernel of w' has a dimension with the same parity as m. We conclude
that dim Iﬁ(a) = m (2) over Sg. Next, fix a point a € AL and consider local symplectic
coordinates (z,p), where a = (0, pq), which are defined in some open set T*V of T*M;
note that each coordinate p; may be seen as an analytic function over T*V. Next,
consider the locally defined ideal Z = (h!,..., h*) of functions in 7%V whose zero locus
is equal to the union of A+ N T*V with the trivial section V x {0}. We thus consider
the chain of ideals:
I=T1ClC...CI.C...

where Ty 11 = Zj, + K(Ik) It follows from direct computation via Poisson brackets that
Ty, is generated by all functions h?, where Z is a vector-field obtained via k Lie-bracket
compositions in terms of the local generators {X!,..., X™} of A over V. It follows
from nonholonomicity that there exists v € N such that the ideal Z, is generated by
the functions (p1,...,pn), which implies that the zero locus of Z, is equal to the set
{p1 =... =pn =0} =V x{0}; vis equal to the step of A at a. Now, given an analytic
submanifold S ¢ At N T*V, denote by Zg the ideal of functions whose zero locus is
equal to S and note that Zg O 7 since S C AL. Note that, in order for Ab C TpS for all
b € S, it is necessary that &(IS) C Zs; in particular, since S C At we conclude that
S must be contained in the zero locus of Z, = (p1,...,pn), that is, the zero section,
implying that S is empty. This observation shows that Iasa has rank at most m — 1
for every stratum S, € S. We conclude easily.

5 Proof of Theorem 1.2

Fix a stratum S, of S of dimension d equipped with a complete analytic Riemannian
metric ¢® whose norm is denoted by |- |¢. Let & € n(Sy) and let dy,ds > 0 be the
dimensions of the constant rank distributions K and 7. Taking a chart and a symplectic
set of coordinates in a neighborhood V of Z, we may assume that we have symplectic
coordinates (z,p) in 7%V =V x (R")* in such a way that the restriction of 7 to T*V is
given by 7(z,p) = x for all (z,p) € T*V. Then, we fix a relatively compact subanalytic
set C' C (Sa)z, a real number ¢ > 0 and we set

POYE) = U T (ﬁﬁ) )

aeC
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where we recall that £, denotes the leaf of the foliation j‘ s, containing a and ct
denotes the set of points a’ € £, than can be joined to a with a Lipschitz curve in £,
of length < ¢ (w.r.t. g¢). For every a = (z,p) € S, NT*V, we denote by

expy : J(a) — Lq

the exponential mapping from a in £, with respect to the restriction of ¢g* to £,. Since
the Riemannian metric g* on &, is assumed to be complete and all leaves £, with
a € L, are injectively immersed smooth submanifolds of S, all Riemannian manifolds
(L4, g") are complete and the function

—.

F i (a,6) € I(T) — expg(§) € Sa

is analytic on the analytic manifold of dimension d + ds:

I(J) = {(a,§)]a €SaNTV, € € j(a)}.

-,

Then, the function G : I'(J) — M defined by

G(a,€) i= 7 (F(a,) = 7 (expg (&) ¥(a,&) € T(J)

is analytic and satisfies
PO () = G (T5)

T

where

17 = {(@.p.6)|(7.p.9) €T(), (@.p) € C, |g° < ¢},

Therefore, since all data S,, g%, J are analytic and C' is relatively compact, the set Fg’z
is relatively compact and subanalytic and as a consequence its image by G, P¢*(z), is a
relatively compact subanalytic set in M. Let us now show that P“(z) has codimension
at least one.

Arguing by contradiction, we suppose that P¢*(Z) has dimension n. Consider a
Whitney subanalytic stratification C = (Cg) (Theorem of the subanalytic set C.

Then we have
POL(z) = U G (rg,z) 7
B
where for every [,
2= {@p.0|@p.& eI, @) €Cs lg” < 1},

By assumption P¢(z) has dimension n and by construction each set G (ngf) is sub-
analytic, so we infer that there is 8 such that G(Fg’e) has dimension n. Define the
function DF : Cs — N by

DA(a) = dim (j(a) N Tacﬁ) Va = (z,p) € Cs
and set

D? :zirelicr;{Dﬁ(a)} and 0F = (D?)"}(D").
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Since all data are subanalytic, the set Q7 is a subanalytic subset of Cp which is open
and dense in Cg and whose complement is a closed subanalytic set in Cg of codimension
at least 1, in addition given (Z,p) € Cg the set {|£|* < £} is dense in {|¢|* < £}. Hence,
the image G(DP!) of the open analytic manifold

D= {(@p.9)| (@.p.§) € T(T), (2.9) € 0, || < ¢}
is a subanalytic set of dimension n.

Lemma 5.1. There are a = (Z,p) € OB, an open analytic submanifold W of Q8
containing a and & € J(a) such that the following properties are satisfied:

(i) (T (@) NT%) @ TaW = T:0°.
(ii) The mapping £ € J (@) — exp2 (&) € Lz is a submersion at €.

(iii) The analytic function G : W x J (@) — M defined by ( Proj 7, p)(.) for the
orthogonal projection to J(z,p) in R™ x (R™)*)

G((#,9),€) 1= G (2,0, Proj 75, (€))  V((@.p).€) € W x T (@)

is a submersion at (a,&).

Proof of Lemma[5.1. Let us treat the cases D? = 0 and D? > 0 separately.

Case 1: DA =0.
By Sard’s theorem, the set of critical values of G restricted to D% is a subanalytic
set of dimension < n — 1, so since G(D?*) has dimension n, there is (z,p,£) € D!
such that the restriction of G to D is a submersion at (z,p,&). Moreover, since the
set of critical points of £ € J(Z,p) — expo‘j@ (€) € Lz has codimension at least one

in J (%,p), we may assume up to perturb ¢ that £ is not a critical point of exp®

- (z.p)’
In conclusion, setting a := (Z,p) and W := QP we check that (i) is satisfied because
DB =0, (ii) is satisfied by construction of £ and (iii) holds because the restriction of G

to DA is a submersion at (z, p, g ) and the function
((Z,p),€) € Q% x J(d) — (:E,p,Projj(j’p)(g)> e POt

which is well-defined and analytic in a neighborhood of (a,&), sends (a,€) to (Z,p, €)

and is a submersion at (a,§).

Case 2: D8 > 0.
For every a = (Z,p) € Q7, pick an open analytic submanifold W, C Q° containing a
such that

(j(a’) N Ta/QB> O TuWe =TuQ® Y € W, (5.1)

and such that for every a’ € W, the function

A~

Pu,a’ : ((-@ﬁ)af) € Wy x j(a,) — (i‘,ﬁ, Projj(i’f,)(é)) S D
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is an analytic diffeomorphism from Wy x 7 (a') to its image. Note that W, exists because
the trace of the distribution j over ° has constant rank D? > 0 and that the second
property can be satisfied because W, is transverse to J (a). This transversality property
along with the fact that J is integrable also allows us to find for every a € Q7 an open
set Oy C 09 such that for every a’ € Oy, there is a smooth curve Yoo 1 [0,1] = LgNOq
of length (with respect to g%) < 1 such that ¢(0) € W, and (1) = a’. Then, by local
compactness of Q8 there is a countable family {a;};en such that

0 = O,
ieN

Therefore, by construction the subanalytic set G(D?) of dimension n, so with non-
empty interior, satisfies

G (D) ¢ U {m(exps(©) la e Wa, € € Tla), e < 041}

1€EN

As a consequence, by Baire’s Theorem, there is ¢ € N such that the set

{7 (exp3(€)) la € We, € € T(a),lg* < £+ 1}

has non-empty interior. As in the first case, by Sard’s Theorem we infer that there are
ae€ W, and £ € J(a) such that the analytic function

(0.) € {@.p. )| (#.p) € Wa, €€ T@p) | — 7 (expi(€))

is a submersion at (a,£) and £ is not a critical point of expy. Setting W = W,,
the assertion (i) follows from (5.1, (ii) follows by contruction of a and & and (iii) is a
consequence of the fact that Py, 3 is a diffeomorphism from W5 x J(a) to its image. O

Let a = (z,p) € Q% W _an open analytic submanifold of Q° containing @ and
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:= m(y)). By an argument of partition of unity along the compact set 4(]0,1]) (note
that 7 : [0,1] — M may have self-intersections), we can consider an open neighborhood
M of 5(]0,1]) along with k& smooth vector fields X!, ..., X*¥ on M such that

A(y):Span{Xl(y),...,Xk(y)} Yy € M,

in such a way that the local End-Point mapping Ej; : L?([0,1],R¥) — M C M defined
by
Ez(u) :=x(1;Z,u) vu € L2([0, 1], R¥),

where z(-;Z,u) : [0,1] — M is the unique solution to the Cauchy problem

k
B(t3,u) =Y wi()X (@(t;2,u)) forae te0,1], x(0;z,u) =1, (5.2)
=1
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which is well-defined in an open neighborhood U of @ in L?(]0, 1], R¥), where @ is some
control in L?(]0, 1], R¥) such that

(t) = z(t; T, u) vt € [0,1].

This construction allows us to see all horizontal paths with respect to A starting at
T and contained in M as solutions of the control system (5.2). Then, denoting by
h',...,h* the Hamiltonian vector fields in M := T* M associated with X',..., X*, we
have

—

A(y,q) = Span {ﬁl(y,q), e Ek(y,q)} V(y,q) € M.

As a consequence, since K C A has constant rank d; on S, and Lie(lé) = J, up to
restricting M to a smaller open neighborhood of ¢ ([0, 1]) in T* M if necessary, there are
k1 € N (k; > dp) and smooth functions ¢? : S, "M withi=1,...,kand j =1,...,k
such that the vector fields Z Lo ZF on 8, N M defined by

k
Z(y.q) =Y el )l (y.0)  Y(Y,q) €SaN M, Vj=1,... .k,
=1

satisfy

Span {Zl(y7 Q). 2"y, q)} =K(y.q) Y(y,q) € SaN M

and

—

Lie{Z',.... 2"} (g.0) = Tn.0)  V(y.0) €S M,

and in addition there is a smooth function A : (Sq N M) x RFt — RF such that for
every (y,q) € Sa N M,

k1 k

diygm | Y viZ(y,a) | =D My, 0),v)iX'(y) Vo= (v,...,05) ERM.(53)
j=1 i=1

For every t € [0, 1], we define the function
E L (Sa N M)z x L2([0,1],RF) — Sy N M
by (by abuse of notation we represent a point of (S, )z by p instead of (z,p))
Ep,v) = Yh(t)  V(p,v) € (Sa N M)z x L*([0,1],R),
where 9} : [0,1] = S, N M is the unique solution to the Cauchy problem

k1

Wh(s) =D ()77 (Uh(s)) forae. s €[0,1], ¥E(0) = (z,p). (5.4)

=1

By classical results of control theory (see for example [53]) the function £ is well-defined
and smooth on its domain which is an open subset O of (S, N M)z x L2([0, 1], R¥1).
This new construction allows us to represent horizontal paths with respect to K starting
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from a point of (S, N M) and contained in S, N M as solutions of the control system
and in addition 3)) provides a formula to write the projection of solution of ( .
as a Solutlon of (5.2) as we now explain. For every p € (S, N M)x, we define

&+ OP C L*([0,1],R") — SN M,
the restriction of £! to the open set OP such that {p} x OP = O, by
1N . el
& (v) =& (p,v) Vv e O.

By construction, for every p € (Sq N M)z and every v € OP, the curve ¢} : [0,1] —
SaNM, which is horizontal with respect to IC projects onto the curve v7 : [0,1] — M
defined by

P = (),

which is horizontal with respect to A in M. By (5.3]), this curve is solution to the
Cauchy problem

k
0 (8) = 37 MWL), ()X (PU(1)  for ae. t € [0,1], 4(0) = 2,
1=1

so that we have
(1) =7 (1) =7 (& (v) =7 (E'(p,v)) = Bz (U(sp,0)), (5.5)
where the control U(+;p,v) € U C L2([0, 1], R¥) is defined by

U(t;p,v) = A (W5(1),v(t)) = A(E'(p,v),v(t))  VEE[0,1]. (5.6)

Furthermore, since Lie(K) = J on S,, for every p € (So N M)z, the smooth function
5]} is valued in Lz, C S, the leaf of the foliation generated by J containing (z, p)
and we have the following result (see [6]):

Lemma 5.2. For every p € (So N M)z, every continuous curve 1 : [0,1] — Lz p) NnM
and every open neighborhood N of ¥([0,1]), there is a control v € O satisfying the
following properties:

i) The curve Y5 : [0,1] = Lz, N M solution of (5.4)) satisfies
(@,p)
wh(1) =v(1) and ¥5((0,1]) C N
(i) The control v is reqular which respect to 5; which means that 5; s a submersion
at v.

The following result follows from the fact that J is integrable on S, and the prop-
erties given by Lemma

Lemma 5.3. There is a control v € OP which is reqular which respect to 5]—} such that

dam (j( )) +dgm (88‘; : (p,v)) (TaW) = T M. (5.7)
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Proof of Lemma[5.3. Since 1 may have self-intersection (it is a geodesic but not nec-
essarily a minimizing geodesic), it is convenient to see it as the image of the segment
c(t) = (¢,0,...,0) € R? by a smooth immersion from an open neighborhood Z of
I = ¢([0,1]) in R into an open neighborhood of ([0, 1]) in S,, that we can assume, up
to restrict M if necessary, to be S, N M. Moreover, since J of rank ds is integrable in
Sa, we can also assume that

d.®(J)=J(®(z) Vzel, (5.8)
with
J =Span{ei,...,eq},
where (e, ..., eq) stands for the canonial basis of R?. The mapping ® allows us to

pull-back smoothly the objects that we have along 1 into objects along c. First, by
considering a restriction of ® being a local diffeomorphism sending the origin in R?
to 15(0), we can define uniquely an open smooth submanifold KX C R? containing the
origin ¢(0) = 0 verifying

O®(K)=W and ToKnJ={0}.

Then, we notice that if we have a control system

2(t) =Y wi(t)A'(2(t)) forae t€[0,1], 2(0)=z (5.9)
i=1
where Al, ... A% are smooth vector fields on Z satisfying
Al(z)eJ Vzel, (5.10)

then the corresponding End-Point mapping A : K x L?([0,1],R%) — Z defined by
Az, w) = 2(1; z,w) Vz € K, Yw € L*([0, 1], R%),

where z(1; z,w) is the solution to the Cauchy problem ({5.9)) is smooth on its domain of
the form K x D and has the form

Alz,w) = (Blz,w),2)  Ve=(3%) € (Rd2 x Rd_d2> N K, Yw € D,

where B : K x D — R% is smooth. Thus, we have for every control w € D,
d(O,w)*’4 (777 O) = (d(O,w)B(na O)a 77) vn = (_7 ﬁ) € ToK.

By Lemma applied with p = p, ¥ = ¢ and N' = S, N M, there is a control
v € OP satisfying properties (i) and (ii). Hence, by applying the above discussion to
the pull-back along ([0, 1]) of the control system associated with the pull-backs of the
vector fields Z Lo, Zk1 that we denote by Al,..., A" and whose End-Point mapping
A K x L?([0,1], R*1) satisfies for every z close to ¢(0) = 0 and w close to ©

D (A(z,w)) = EL(D(2), w)
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we obtain

A5 (do®(n),0) = (dp(1)® o d(g.)A) (1,0)
= dey® (d(,)B(n,0),7)  Vn=(7,7) € THK.

Furthermore, by viewing the mapping
H:pcW — expP(; 1) (Projj(i’p)(g)) €S, NM
as the End-Point mapping of a smooth control system parametrizing the trajectories
t €10,1] — exp(y ) (Projj@p) (tf_))
for p € W close to p, the above discussion yields
dpH (do®(n)) = dey® (x,%) V= (0,7) € THK,

where * denotes an element of J that depends on € ToK. In conclusion, we have
demonstrated that

oet

dpH (¢) — (Tp(p, 9)(¢,0) € J(a) V¢ eTW.

Noting that
G((#,9), &) = G (2,5, Proj 7, (&) = 7w (H(p) ~ Vpe W,

we infer that

1
daﬂ(%i)(%@)@ﬁ))—ag(ﬂaﬁ)(C)GdaW(j(&)) CETW.  (5.1)

Moreover, by Lemma [5.1] the analytic function
L: g S j(a) — F (£7}37 Pro.]j(@ﬁ)(&)) = F(£‘7ﬁ, g) = eng(g) € Eﬁ

is a submersion at £, so we have

Im (dzL) = J(a). (5.12)
The result follows from (5.11]), (5.12]), Lemma (iii) and the fact that G(a,-) =
molL. O

We conclude the proof by noting that (5.5)) yields

1
da’ﬂ' o drpgg = dUEfE o 8@%(75’ 1_]) and da’]’(’ @] aai; (]3,’[_)) = dUEj o g(,ﬁ,@),

where U := U(+;p,0) € U C L*([0,1],R%). Since © is regular which respect to 51%, the
first equality gives

dy (j(a)) C Im (dg Ex)

35



and moreover the second inequality implies

1
Im (daﬂ' o Eg;(p, v)) C Im (dgEz) .

By (5.7), we infer that Ej; is a submersion at U which means that the horizontal path
~P¥ associated with U is non-singular. But by construction, 4?? is the projection of the

curve ¢ : [0,1] — L5 which is horizontal with respect to K. This contradicts Theorem
(iii) and concludes the proof of the first part of Theorem

To prove the second part of Theorem [1.2] we consider a subanalytic stratification
T = (T4") of (Sa)s which is invariant by dilation and compatible with Jjs,. The

subanalyticity of the set Abngv’é(a’;) follows from the first part of Theorem Set
P(7) = {(a.8)laeTs ¢ e T(a)}.

Since 74 and J are invariant by dilation, the set F(I'*(7)) is an injectively immersed
analytic submanifold of S, of dimension

Dg = dim 75" — dimj[TBa + dimjisa -1
and moreover there holds
Abn! 4(z) C 7 (F(rﬂ(j))) .

This implies that A_'bnf;’ 3 (7) hﬁs dimension at most Dg. If @ = 0, then by Theorem
(iv), we have dim J|s, = dim K|s, < m — 2 which gives for any 3

Dj = dimT§ — dim Jzo + dim Jj, — 1
< dim%?—}—dimj[go —1<(n—-m)+(m—-2)—1=n-3

and thus concludes the proof.

6 Proof of Theorem 1.3

Proof of (i). Let A, be the distribution given in local coordinates by
Amin = {(2,€) € TM|Va = (z,p) € A*, 3(¢,n) € ker(wi)}

We start by proving that A,,;, is subanalytic with closed graph. Since these properties
are local, we may identify M with an open ball of R", and TM with a locally trivial
product M x V = M x R*. We can now identify At with a product M x U =
M x (R"%\ {0}), where k is the rank of A, so that

TAL =M xU xV xW =M x (R"%\ {0}) x R" x R"*,
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and ker(w™) is a closed subanalytic subset of TA+. Moreover, this subanalytic subset
is linear subspace of V' x W and is invariant by dilation in U, so that it gives rise to a

subanalytic set P(ker(w')) of
M xPU) x P(V x W) = M x PaF=1 x p2n=r-l

and we consider the associated distribution

{(az,ﬁ) € M x P(V); Vp € P(U) 3@ € (W) s.t. (z,p,[7: ) € P(ker(w))} .

Firstly note that A,,;, is subanalytic with closed graph if and only if P(A,,;y) is sub-
analytic with closed graph. Secondly we know that P(A,,;,) has closed graph because
P(V) is compact and ker(w™) is never tangent to the fibers of the canonical projection
T At = M, cf. § that is, (x,p,[0 : ]) never belongs to P(ker(w')). Finally,
P(A,in) is subanalytic since it is definable in the language of global subanalytic sets.

Now, by Proposition there exists a subanalytic Whitney stratification R = (Rp)
of M such that A,,;, and the distribution H defined in Theorem [L.3[ (i) have constant
rank over each stratum. Apart from refining this stratification, we may suppose that
it is compatible with the subanalytic set 7(Sp), where Sy is given by Theorem and
m : T*M — M is the canonical projection (recall that the projection is subanalytic
because &y is invariant by dilation), completing the proof.

Proof of (ii). Fix a point x € Ry and consider two vector-fields Z! and Z? defined in
some open neighborhood V of x in Rg which are everywhere tangent to H. It is enough
to show that [Z1, Z?](z) is a vector which belongs to H(z). Indeed, since Z*¥ € A, there
exists locally defined real-analytic functions A;(x) such that:

ZF =" AF (@)X, andlet YF:=>" AF(x)h'.
=1 =1

where A is locally generated by the span of the X? and i = HXi, cf. § Since Z*
and Z2 € Apin, we conclude that the restriction of Y and Y2 to A+ NT*V, which we
denote by Y and )2, are everywhere tangent to ker(w'). Next, since R is compatible
with S, we conclude that m7~!(Rg) NSy is open and dense in 7~ (Rg) N A+. Now, note
that at every point (z,p) € So N T*V, we know that [V, V?] belongs to ker(w™), since
ker(wj-)‘ So = lq s, is integrable. Moreover, recall that ker(w') is a distribution with
closed graph and that the Lie-bracket [V, }?] is an analytic vector-field. We infer that
the Lie bracket of ! and )? is contained in ker(w') on 77! (x) N A+ which concludes
the proof of (ii).

Proof of (iii). By Corollary if v : [0,1] — M is a minimal singular horizontal
curve with respect to A, then

e () m (ke (@) = Anin(r(8) D HO®)

* 1
uET“/(t)MﬂA
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for a.e. t € [0,1], where the previous inclusions are equality when ~(t) € Ro by
construction. Let D C [0, 1] be the set of differentiability points of v, for every S, let

Ty = {tepw(t) ERﬁ}.

Each set 73 is measurable, for each 8 denote by 7_}3 the set of density points of 73 and
the empty set if £1(73) = 0. By construction, the union Ug73 has full measure in [0, 1].
If ¢ belongs to Tz then (t) belongs to H((t)) and since ¢ is a point of density of 73
there is a sequence of times {{j}; converging to ¢t such that y(t;) € Rg for all k. So
4(t) belongs to T, ;)R s, proving condition (iii).

Proof of (iv). By construction, for every z € M,
dimH(x) < min{dim (ker(wé)) ;a=(x,p) € Al}.

The result over R follows directly from Theorem (iv). If we have dimHz,, = m for
another stratum R, then ANTR, has constant dimension m. Since the dimension of
R is smaller than n, this contradicts the fact that A is totally nonholonomic.

7 Foliations and Transverse Sections

7.1 Witness transverse sections

The main goal of this section is to show the following result needed for the proof of
Theorem [

Theorem 7.1. Let N be a real-analytic manifold of dimension d > 1 equipped with a
complete smooth Riemannian metric g, Q be a family (or, more generally, a sheaf) of
analytic 1-forms which is integrable of generic corank r, with singular set Y2, and denote
by F the foliation on N \ X associated to Q). Let x € N and ¢ > 0 be fized. Then,
there exist a relatively compact open neighborhood V of x in N, a real-analytic function
h:V — [0,00), a subanalytic set X C V \' 3 and C,e > 0 such that the following
properties are satisfied:

(i) The set h=1(0) is equal to XNV

(i1) (uniform volume bound) dim X < r + 1 and for every 0 < ¢ < € the subanalytic
set X¢ := X Nh~(c) satisfies dim X¢ < r and its r-dimensional volume with
respect to g is bounded by C.

(i4i) (uniform intrinsic distance bound) For every 0 < ¢ < € and for everya € h™1(c) C
V\ X, there is a smooth curve o : [0,1] — V \ ¥ contained in L, N h~1(c) such
that

a(0) =a, a(l)e X and length?(a) </.

(iv) (generic tranversality) There is a decomposition X =Y U Z as the disjoint union

of two subanalytic sets Y, Z such that: Y = | |,.;Y; is a finite disjoint union of
smooth subanalytic sets Y; of dimension v + 1 and for every 0 < ¢ < €, Z¢ :=
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ZNh™(e) is of dimension < r, V¢ :=Y;Nh~1(c) is smooth of dimension r such
that

oY =Ye\Y°CZ° and T,At=T,Y +K(a) VaeYS Viel.

First we show the following general theorem on the existence of a transverse section,
that is of independent interest for foliation theory. Then Theorem [7.1]will be a corollary
of this result.

Theorem 7.2. Let N be a real-analytic manifold of dimension d > 1 equipped with a
complete smooth Riemannian metric g, Q be a family (or, more generally, a sheaf) of
analytic 1-forms which is integrable of generic corank r, with singular set 3. Denote
by K the distribution associated to Q, and by F the foliation o N \ ¥ associated to €.
Then, for every x € N there exist a relatively compact open subanalytic neighborhood
V of x in N, a subanalytic set X C N\ X, called witness transverse section, such that
the following properties are satisfied:

(i) For every z € V\ ¥ there is a smooth curve c: [0,1] — V \ ¥ contained in a leaf
of F such that

a(0) € X, a(l)=z and lengthd(a) < Cyzdiam?(V),
where Cy is a constant depending only on d.

(i) X is the disjoint union of finitely many locally closed smooth subanalytic sets
X = ; Xi of dimension at most r such that for every a € X; we have la(a) N
ToXi = {0}. In particular, if Y is the union of X; of maximal dimension r and
Z the union of those of dimension < r then X =Y UZ and Y is transverse to
the leaves of F.

We may assume, without loss of generality, that the metric g is real-analytic (or
even Euclidean with respect to a fixed local coordinate system). Indeed, it is enough
to show the statement of Theorem locally at x, and any C'* metric g is locally bi-
Lipschitz equivalent to the Euclidean metric and, moreover, the bi-Lipschitz constant
may be taken arbitrarily close to 1.

Given a small open neighborhood V of x € N there is a finite family of analytic
functions on V', G = {g;}, such that:

(i) each g; is Lipschitz with constant 2 (with respect to the geodesic distance d9),

(ii) for every x € V, for every smooth submanifold M C V and every vector v € Ty
there is an index 4 such that

(1) [V(gijan) (@) = 1/2,
(2) (V(gija)(2),v) = 0.

Indeed, by the preceeding remark it suffices to consider only the case when N = R”
and ¢ is the Euclidean metric. In this case may take as G the family ¢g; + = +x;, for
1=1,...,n.
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Remark 7.3. There is a family G = {g;} of functions defined on the entire N that
satisfies the above properties (i) and (ii) at every point x € N. Indeed, one may show
it first in the class of C' functions and then approzimate them by real analytic ones
in Whitney C'-topology, see e.g. [Z1]. Therefore, in this case, a stronger version of
Theorem holds, where we may take V.= N and replace diam?(V') by an arbitrary
constant D > 0. We do not need this stronger result in this paper.

Let S be a locally closed nonsingular connected subanalytic subset of N\ X. Follow-
ing the notion introduced in section we say that is K is regular S if the restriction of
K to S is a regular analytic distribution and K has constant rank along S. We denote
by Kg this restriction and by rg its corank. By Remark rg <, Kg is integrable
and induces a foliation that we denote by Fg.

Lemma 7.4. Let S be a locally closed relatively compact nonsingular connected suban-
alytic subset of N\ X such that K is regular on S and rg < dim S. Then there exists a
subanalytic (as a subset of N ) subset Yg C S of dimension < dim S such that for every
z € S there is a smooth curve « : [0,1] — S, contained entirely in a leaf of Fg such
that

a(0) €Ys, a(l)=2z and length?(a) < 4dist?(z, a(0)).

Proof. We work locally in a neighborhood V of z € S. Let f be a C? subanalytic
function such that f=1(0) = (S\ S) U (V NS\ V). Such a function, even a function
of class C? for any fixed finite p, always exists. It follows from a more general result
valid in any o-minimal structure, see Theorem C11 of [I9]. The subanalytic case, that
we use here, was proven first by Bierstone, Milman and Pawlucki (unpublished). By
replacing f by f? we may suppose f > 0. Fix a family G = {g;} of analytic functions
as above and define

Y;:=Bds ({2 € S [V(9i75)(2)| = 1/2})
U Bds ({z € 53 (V(fizs)(@), V(gizs)(@)) = 0}),

where by Bdg we mean the topological boundary in S. Here by V(f|r,)(2) we mean
the gradient of the function: f restricted to the leaf of Fg through z. These leaves are
of dimension > 1 by the assumption rg < dim S.

The sets Y; are subanalytic (we recall that the Riemannian metric g may be assumed
real-analytic) and of dimension < dim S. Then we take as Yg the union of all Y;.

Let z € (S\ Ys) NV be fixed. By the above property (ii), there is ¢ such that

IV(gip)(2)[ 21/2 and  (V(fir)(2), V(gir)(2)) = 0,

where F' is the leaf of Fg containing z. Let 8 : [0,t9) — S\ Ys be the maximal integral
curve of V(g;p) with 3(0) = 2. It is of finite length. Indeed, for any ¢, € [0,%o), we
have (note that by construction of Ys, |V(g;r)(8(t)| > 1/2 for all t € [0, %))

%W@D—M@241W@Wwwfﬁ
z;AWV@mwwhﬁzymmﬂm.wn
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Therefore, t( is finite and lim;_,, B(t) exists. We denote it by 5(t9). Because f(3(t)) is
not decreasing it is not possible that 3(tg) € S\ S and therefore 5(ty) € Ys. Moreover,

since g; is 2-Lipschitz, (7.1]) yields
length?(8) < 2(gi(B(to)) — 9i(2)) < 4d?(B(to), 2).
Finally we may choose as « a reparameterization of S. O

Remark 7.5. Lemma implies that every leaf of F intersecting S intersects Yg. A
similar result was shown in the definable set-up in [57] under an additional assumption
that the leaves of F are Rolle, see [57, Proposition 2.2]. This extra assumption implies
that the leaves are locally closed that is not the case in general.

Let Z C N \ ¥ be subanalytic. Recall that we say that a stratification of Z is
compatible with the distribution K if for every stratum S, K is regular on S. In this
case, for every stratum .S, denote the restriction of Kto S by K, and its corank, which
is constant on S, by rg.

Proposition 7.6. Let S be a locally closed relatively compact nonsingular connected
subanalytic subset of N\X. There exists a subanalytic stratification of S\ ¥, compatible
with 16, such that the set Xg defined as the union of strata S’ for which dim S’ = rg
(i.e. the leaves of Fgr are points) satisfies the following property: For every z € S there
is a smooth curve « : [0,1] — S\ X, contained in the leaf of F through z such that

a(0) € Xg, a(l)==z and length?(a) < Cy diam?(5).

Proof. We proceed by induction on dim S; the cases of dimS = 0 or rg = dim S
are obvious. Therefore we may assume rg < dim S and use Lemma [7.4 Let Yg be
the set given by this lemma. We stratify Yg and apply the inductive assumption to
every stratum. The obtained stratification satisfies the statement. If we want this
stratification to satisfy additional properties, to be Whitney for instance, we repalce it
by its refinement. Note that a refinement of any stratification satisfying the conclusion
of the proposition also satisfies this conclusion.

Let z € S. By Lemma [7.4) we may connect z and a point of y € Yg by an arc in a
leaf of F of length < 4diam?(S). The point y belongs to a stratum of smaller dimension
and we may use to it the inductive assumption. So finally we may connect z to a point
of Xg by an arc of < 495 diam9(S). Since every leaf of F is smooth, and this arc
has at most d non-smooth points, we can reparameterize it by an everywhere smooth
arc without increasing its length. It shows that we may choose Cy = 4. O

Proof of Theorem Let V be a subanalytic open relatively compact connected
subset of N. Let Xo C V \ X be the set given by Proposition for S =V \ X. Since
X is the union of all strata S’ of a stratification of V' \ ¥ that satisfy dim S’ =rg <r
and that the rank of K is constant along S. Therefore X = X satisfies (i) of theorem.
The condition (ii) of the theorem also follows directly from the property that the leaves
of Fg/ are points. O
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Proof of Theorem Let h be an analytic function defined in a neighborhood of
x such that h=1(0) = 3. Denote the distribution defined by dh and w;,i € I, by K.
Its singular locus equals ¥ = 3 U ¥, where

Sh={w € V\ Sidh(x) € Kt}

and l@h is integrable of corank r+1 in its complement. We denote the induced foliation
by Fr. Apply Theorem [7.2] to Fj, and denote the set satisfying its statement by X.

Next, consider the leaves of the foliation induced by F on 3, more precisely we
stratify ¥, by a stratification regular with respect to K. Note that h is constant on
the leaves of this foliation. We apply to the strata of this stratification Proposition
Let S be a stratum from the conclusion of Proposition [7.6} It is of dimension
dim S = rg < r. It is clear that the union of such sets and X7 satisfies the claim of the
theorem except (ii) and (iv).

The point (ii) follows for ¢ small from a general result, the local uniform bound of
the volume of relatively compact subanalytic sets in subanalytic families, see e.g. [25]
page 261] or [36, Théoreme 1].

The transversality of point (iv) follows from (ii) of Theorem [7.2|and the subanalytic
Sard theorem applied to the function h restricted to the sets Y;. The set of critical
values, being subanalytic and of mesure zero has to be finite. We choose € smaller that
the smallest positive critical value. To have the condition 9Y¢ = Y<¢\ Y¢ C Z¢ we just
add Y\ 'Y to Z. O

7.2 Splittable foliations

The notion of splittable foliation has been given in the Introduction (Deﬁnition. A
regular analytic foliation F of positive corank in a real-analytic manifold N of dimension
n equipped with a smooth Riemannian metric h (not necessary assumed to be complete)
is said to be splittable in (IV, h) if for every ¢ > 0 and every set E C S, where S is
a local transverse section to F near x € N, of positive Lebesgue measure in S, we
can select a measurable set F© C F of positive Lebesgue measure in S whose points
are not (F,f)-related. The notion of (F,¥)-related points has also been given in the
Introduction. A way to express it is to consider horizontal balls with respect to F and
h. Given x € N, we denote by L, the leaf of F through x in N. Then, for every £ > 0,
we call horizontal ball with respect to F and h the subset of £, given by

L= {y € L,|3¢:[0,1] = L, abs. cont. s.t. p(0) =z, ¢(1) =y, length”(p) < E} :

We check easily that two points z,y € N are (F,/)-related if and only if y € £ (or
x € Eg). Let us now introduce the following definition where vol™” (A) stands for the
volume of a Borel set A contained in a leaf of F with respect to the Riemannian metric
induced by h on that leaf:

Definition 7.7. We say that the foliation F has locally horizontal balls with finite vol-
ume (w.r.t. h) if for every x € N and every £ > 0, there are V> 0 and a neighborhood
U of x such that Volh’f(ﬁg) <V forallyel.
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The first example of foliations having locally horizontal balls with finite volume is
given by foliations associated with complete Riemannian metrics. As a matter of fact,
if h is complete, then by the Hopf-Rinow Theorem, all balls Eé with y close to = are
contained in the ball centered at x with radius ¢ + 1 which happens to be compact, so
all of those horizontal balls are compact sets with a volume which is finite and depends
continuously upon y. Another example is given by foliations whose curvature satisfy a
lower bound:

Proposition 7.8. If F has rank 1 then it has locally horizontal balls with finite volume,
indeed we have for any x € N and £ > 0, vol™ (L) < 20. Moreover, if F has rank
> 2 and the Ricci curvature (w.r.t. h) of all its leaves is uniformly bounded from below,
then it has locally horizontal balls with finite volume (w.r.t. h).

The proof of this result is left to the reader. We draw his/her attention to the
fact that the comparison theorem required for the proof (of the second part) remains
true for a non-complete metric (see e.g. [I7, §4]). We end this section with the result
that justifies the introduction of Definition[7.7]and provide many examples of splittable
foliations.

Proposition 7.9. If F has locally horizontal balls with finite volume (w.r.t. h), then
it is splittable in (N,h).

Proof of Proposition[7.9. Let Z € N and ¢ > 0 be fixed, and let V' > 0 be such that
vol” (£L) < V for all  in an open neighborhood U of Z. By considering a foliation
chart (see Section and shrinking U if necessary, there exists a diffeomorphism
¢ : W — U such that W = (—1,1)" C R", ®(0) = z, and the pull-back foliation is
given by (zp—g+1 = ... = x,, = cte) (where d is the rank of F). It easily follows that:

e there exists a smooth transverse section D diffeomorphic to a disc of dimension
n —d;

e there exists € > 0 such that, for every point x € D, the connected component of
L, NU containing x, which we denote by £, 17, is such that volh’f(ﬁx,U) > €.

Let K be a natural number greater than V¥/e. Since vol™ (£, 17) < e for every x € D
and vol™” (Ei) < V by assumption, we conclude that for every = € D, there are at most
K points in D which are (F,¢)-related to . We denote by {z1,...,zx,} the (F,)-
related points to z in D, where k, < K depends on z € D. Let E C D be a measurable
set such that £"~¢(E) > 0. Let k be the maximum value of k, for every x € E which
is a density point of E. Fix a density point x € F such that k, = k and consider
the set {x1,...,x1} of (F,{)-related points to x in D. Denote by ¢; : [0,1] — L,
for ¢ = 1,...,k, the absolutely continuous curves of length < ¢ between x and =z;
respectively. Since F is everywhere regular and ; has compact domain, we conclude
from the foliation charts that there exists a transverse section D, C D containing x and
diffeomorphic to a disc of dimension n — d, such that: for every y € D, the curves y;
can be diffeomorphically deformed into an absolutely continuous curve ¢; : [0,1] — L,
starting from y and finishing at a point y; € D with length < ¢, for every ¢ = 1,..., k.
Now, since all the points {z, z1,...,xx} are distinct, apart from shrinking D,, we may
suppose that for every y € D,, all other points {y1,...,yx} do not belong to D,. We
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now consider F' = E N D,. First, note that £~ ¢(F) > 0 since z is a density point.
Moreover, for y € F', we know that k, > k since y € D,, and that k, < k since y € .
We conclude easily. O

As a consequence of Propositions and we get the following result:
Proposition 7.10. Every foliation of rank 1 is splittable.

We provide in Section[2.5|an example of analytic foliation F contained in an analytic
manifold with boundary M, endowed with a (non-complete) C°° metric g, which is
non-splittable. This example illustrates the kind of qualitative behavior that we must
exclude when studying the minimal rank Sard Conjecture. Nevertheless, note that the
example is constructed on an abstract manifold. We do not know the answer to the
following question:

Open question. Is there an integrable family of analytic 1-forms Q = (wq,...,w;)
defined over an open set U C R™ whose associated analytic foliation F defined in U \ X,
where ¥ is the singular set of €2, is non-splittable in (U, g°) where ¢° is the Euclidean
metric 7

If the answer to the above question is negative, then the hypothesis of Theorem
would always be satisfied provided that M and A are analytic.

8 Proof of Theorem [I.5

Assume that M (of dimension n > 3) and A (of rank m > 2) are analytic and suppose
for the sake of contradiction that there is £ € M such that the set

Abn(z) = {7(1) |y € Q% s.t. rank®(y) = m}

has positive Lebesgue measure in M. We equip M with a complete smooth Rieman-
nian metric g. Let us now recall the setting provided by Theorem there exist a
subanalytic Whitney stratification S = (S,) of A+, three subanalytic distributions

KcJcIcTAt

adapted to S satisfying properties (i)-(iv). Then, denoting by Sy the essential domain,
that is the union of all strata of S of maximal dimension, and by 3 its complement in
A% of dimension strictly less than 2n —m = dim(A*), Theorem implies that & is
an open set in AL, ¥ is an analytic set in AL, and l€|50 = \7_[50 =1s, is isotropic and
integrable on Sy of rank mg verifying mo = m (2) and mo < m — 2. Note, furthermore,
that Proposition [3.6| combined with the contradiction assumption implies that mgy > 0,
that is, the distribution K yields a non-trivial foliation over Sy (in particular, n > 4
and m > 3). For every a € Sy, we denote by L, C Sy the leaf of the foliation generated
by lq S, containing a.

We start by considering a subset of Abn’A'(Z) of positive measure with two extra
properties (recall that we have supposed for contradiction that Abn’{'(z) has positive
Lebesgue measure in M ):
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Lemma 8.1. There exist £ > 0 and a subset A C M of positive measure such that,
for every point y € A, the intersection 7 (y) NSy # 0 and there exists a singular
horizontal curve of minimal rank of length < £ (w.r.t g) which joins T to y, for which
all abnormal lifts intersect the set 3.

Proof of Lemma[8.1. Denote by A5 the set of points y in Abn’{(z) for which there
is a curve v € Q% of minimal rank with (1) = y which admits an abnormal lift
¥ : [0,1] — A+ such that ¢([0,1]) € Sp. By construction, the set AS° is contained in
the set
Abug(e) = | (£a),
a€(So)z

so by Theorem it has Lebesgue measure zero in M. We set Az := Abn{(Z) \
Ago and note that, without loss of generality, we may assume that Az has positive
measure in M and that there is £ > 0 such that for every y € Az there is a singular
horizontal curve of minimal rank of length < ¢ (w.r.t g) which joins Z to y for which
all abnormal lifts intersect the set X. Next, recall that « : T*"M — M denotes the
canonical projection and set AZ := {y € Az |7 Y (y)n At C E} . Observe that the set
AZ C M has Lebesgue measure zero in M since 771 (AZ) N AL C ¥. Then, we set

A=Az \AZ c M,
which by construction has positive Lebesgue measure in M. O

We now make a short interlude to introduce three objects which are going to be
used in the proof, namely a complete Riemannian metric § over AL, locally defined
K|s,-normal forms and transition maps, and a K|s,-transverse measure.

The metric § over A': we can extend the Riemannian metric g over M into a
complete smooth metric § “compatible” with g over A on AL. As a matter of fact, we
can define for every a € At,

3a(61,£) = gr(w)(dam(&1), dam(&2)) V1,62 € A(n),

which is nondegenerate because A is always transverse to the vertical fiber of the
canonical projection 7 : T*M — M, c.f. §§3.2] and extend g to the missing directions
to obtain a complete smooth Riemannian metric on A*. In the sequel, we denote by
| - |9 the norm given by g and by d? the geodesic distance with respect to §. Then, we
denote by length? the length of an absolutely continuous curve v : [0,1] — At with
respect to g and note that if ¢ is a lift of a singular horizontal path ~ : [0, 1] — M then

length? (1)) = length? ().

Local normal form and transition map: Fix a density point § € A\ {Z} together
with some a € Sy such that m(a) = y. By considering a local set of coordinates
in an open neighborhood U4 C M of 3, we may assume that we have coordinates
(y,q) in T"U = U x (R™)* in such a way that the restriction of 7 to T*U is given by
m(y,q) = y for all (y,q) € T*U. Then, we let ¢ € T;U such that a = (y,q), we set
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Figure 2: Local foliation chart and transverse sections

r = 2n —m — my, and, since K defines a foliation of dimension mo > 0 in Sy, as noted
in the beginning of the section, we may consider a foliation chart (W, ¢) of @ such that
ae€W C SNT*U and for which there are two open sets W' C R™ and W? c R”
such that ¢ = (p1,92) : W — W := W! x W2 is an analytic diffeomorphism satisfying
a:= p(a) =0 and

dop(K(a)) = K :=R™ x {0}  YaeW. (8.1)

We note that, by construction, for every a = (ay,a2) € W, the plaque ¢ 1 (W x {az})
is contained in the leaf £,-1(,) of K in §p. We also consider a family of local disjoint

transverse sections to K in W parametrized by the connected component of Lz N W
containing a and given by (see Figure [2)

To=p ! ({e1(a)} x W2) Va e LNV

Up to shrinking W, this family of sections allows us to define a local transition
maps parametrized by the connected component of £z N W containing a, that is, dif-
feomorphisms 7% : Tz — T for all a € L5 N W defined by

T°%(6) == o~ ({p1(@)} x M2 (p(8))) VO ET; (.2)
Given a subset I'® of Tz, we will sometimes abuse notation and write
I3 :=T% (.
Transverse metric: We define a 2[-form 7 on A+ by

n = (wj‘)l with [ := %,

where 7 is the co-rank of I&Lg‘o in respect to AL, that is, 7 = 2n — m — mg. The
following lemma follows essentially from Proposition (ii) and the assumption that
Ks, is splittable, cf.§§
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LemNma 8.2. There are a K-transverse section Ta C Sg centered at a and a compact
set A* C Tg such that the following properties are satisfied:

(i) The set A% has positive measure with respect to the volume form N7z

(ii) For every a € A%, there is an absolutely continuous curve 1 : [0,1] — AL such
that

Y(0)=a, ¢(1)en, lengthd(y) <l+1 and »(t) € La CSy Vte0,1).

(iii) For any distinct points a,a’ € A%, a and o are not (K, 20 + 5)-related.

Proof of Lemma[8.9 Recall that y is a density point of A\ {Z} and a € Sy satisfies
m(a) = y. Consider the notation of the local normal form above and for every y € U,
denote by V, the vertical fiber in AL over y given by

Yy =71 ({y}) N TaA™,

which coincides with a vector space Vy of dimension n — m with the origin removed.
Since K(a) N T5Vy = {0} (see Theorem (i) and ), there is a vector space H C
Ts AL of dimension n which is transverse to T5Vy = Vi in TaAL, that is 7-_[69‘7@ = TaA™,
and such that K (@) C H. Then, we consider a vector space P C H such that

K@aeP==H (8.3)
and define the vector spaces ocC TsA* and Q P C R2=™ by
Q::ﬁ@‘?g, Q:: daw(é), H = dago(”;‘-_[), P= dago(ﬁ).

By construction, H and H have dimension n, P and P have dimension n — mg, 0 and
Q have dimension r = 2n — m — mg and, remembermg ., we have

KeP=H, K@) ed=TA Ka&Q=R"™ (8.4)
Then, we define two n-dimensional open smooth manifolds H C W and H C W by
H:=HNW and H:=¢ '(H),

and note that the restriction of m to H is a submersion at a. Therefore, there is a
smooth submanifold I of W of dimension n containing @ = 0 of the form (| - | stands
for the Euclidean norm in R™0 or R?%~™)

I= {(al,O) +plare W', pe P, |ai]> +|p]? < (52} C H,
with § > 0, such that the mapping

F=mr:1T:= o Y I) — &£:=7n(T)
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is a smooth diffeomorphism. Then, we denote by W' the set of a; € W' with |a;| < §/2
and for each a; € Wy, we define the sets P,, C H, Py, C H, Eqy C &, Qo C W and
Qa; €W by

Pu = ((a1,0) + P) N1, Pa =9 1 (Py), &ui=F(Pa,).

Quy = {(y,q) +(0,h)| (y,q) € Pay, h € Vy, |h] < 5} and - Qu, := ¢ (Qa) -

By construction, for each a; € W1, the set P,, is an open smooth submanifold of W of
dimension n—my, the set P,, is an open smooth submanifold of W of dimension n—mg
and the set &,, is an open smooth submanifold of ¢/ of dimension n — mg. Moreover,
since by P N 17@ = dop 1 (P) N T5Vy = {0} the mapping

(a,h) € {((y,q),h) | (y,q) € Po, h € Vy} — a+ (0,h) € AL
is an immersion at (@, 0) valued in Qg and since the mapping
a€@ — (0,7%a)) € To({0} x W?)

is a linear isomorphism (by (8.4) we have K & @ = R2"™), we may assume by taking
§ > 0 small enough for each a; € W', that the sets Q,, and @Q,, are open smooth
manifolds of dimension r and that the mapping

Ga, 1 0 € Qo — (0,7%(a)) € To({0} x W?)

is a smooth diffeomorphism from Q,, onto its image Gg, (Qq,). By the way, we notice
that for every a; € W' and every a € Qq,, the two points a and b = Gy, (a) have
the same coordinate in W2 so that their images by ¢!, ¢~1(a) and ¢~1(b), belong
to the same plaque and to the same leaf of the foliation defined by K in W. So, by
the construction made before the statement of the lemma, the points p~1(a) € W and
o~ 1(b) € T; can be connected through a smooth curve horizontal with respect to K of
length (w.r.t §) less than 1. We are now ready to conclude the proof of the Lemma.
By construction, the sets P,, as well as Py, , &,,, with a; € W1 are pairwise disjoint

and satisfy
U P=1 | Pa=7, | a=¢

a16W1 a16W1 a16W1

Since ¢ is a density point of A, by Fubini’s Theorem, we infer that there is a; € W!
such that the (n — mg)-dimensional Lebesgue measure of the set

@::Aﬂé_‘al Cg_al

is positive. In fact, by taking a compact subset of © of positive measure, we may indeed
assume that © is compact. By construction, for every 6 € O, there is an horizontal path
77 € Q% of length < £ (w.r.t g) such that v%(1) = 0, rank®(y) = m and for which all
abnormal lifts meet the set >.. Hence, by Proposition for every p € A(}, 7Y admits
an abnormal lift %7 : [0,1] — AL such that %P(1) = (6,p) and ¥*P([0,1]) N2 # (.
Thus, we obtain that any a in the set

Q.— {F—1(9)+(0,h)yee®, h € Vp, |h] 35}
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can be joined to ¥ by a curve of length < ¢. By Fubini’s Theorem, the set © is a
compact set of positive measure in the manifold Qg,, thus its image by ¢, p(0), is
a compact set of positive measure in the manifold )4, the image of gD(C:)) by Ga,,
A = (Gz, o ¢)(©) has positive measure in {0} x W? and the image of A by o~
has positive measure in 7. By construction, any point of ¢ ~!(A) can be joined to a
point of ¥ by an absolutely continuous curve horizontal with respect to K of length
(w.r.t §) <[+ 1. By assumption of splittability, we can select in ¢ ~(A) a compact
subset A% of positive measure satisfying the same property and whose points are not
(K, 27 + 5)-related. Proposition (ii) completes the proof. O

The next result combines the geometrical framework of Lemma [8.2) with a compact-
ness argument and the witness section given by Theorem

Lemma 8.3. There are a point & € ¥, a compact set A* ¢ A C Tz, a relatively
compact open neighborhood V. C At of &, a compact set ¥ C XNV, a real analytic
function h 1V — [0,00), a semi-analytic set X C V\ X and C,v,e > 0 such that the
following properties are satisfied:

(i) The set h=1(0) is equal to SNV

(i) For every 0 < ¢ < ¢, the semi-analytic set X¢ := X N h~1(c) has r-dimensional
volume with respect to § bounded by C. In particular, X¢ is a r-dimensional set
and X is a (r 4+ 1)-dimensional set.

(iii) For every 0 < ¢ < € and for every a € h™'(c) C V' \ %, there is a smooth curve
a:[0,1] = V \ X which is contained in Lo N h~1(c) such that

a(0)=a, a(l)€ X and length?(a) <1.

(iv) For every 0 < ¢ < €, we can decompose X as the union of two disjoint semi-
analytic sets Y¢ and Z¢, such that Z¢ has dimension < r, and Y is the union of
finitely many smooth semi-analytic sets Y,°, with i € I¢, of dimension r such that

Y =Ye\Y°cZ° and T,At=T, Y +K(a) VaeYS Viel.
(v) For all a € A%, there is an absolutely continuous curve v : [0,1] — AL such that
Y(O0)=a, ¥(1)eX, lengthd(y) <l+1 and ()€ Ly CSy Vte[0,1).

(vi) The set A® has measure > v with respect to the volume form N7z

Moreover, there is a continuous function § : [0,00) — [0,00) with §(0) = 0 such that
for every 0 < ¢ < € and every a € h=Y(c),

na (1, -, €a)l < 6()|&l? - |€al?  VEi,... & € TuA*. (8.5)

Proof of Lemma[8.3. Let N := AL be the real-analytic manifold of dimension 2n —m
equipped with the singular analytic foliation F of generic corank r = 2n —m —mg with
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singular set ¥ and B C X the set of a € ¥ for which there is an absolutely continuous
curve ¢ : [0,1] — A+ such that

$(0) € A%, (1) =a, lengthI(y) <l+1 and (t) € Ly C Sy Vte€[0,1),

where A% C T is the set provided by Lemma The compactness of A% together with
the closedness of ¥ and the upper bound on the length of curves (with the completeness
of g) imply that B is a compact subset of ¥. By Theorem applied with £ = 1, for
every a € BB, there are a relatively compact open neighborhood V, of ain N = At a
real-analytic function hq : V; — [0,00), a semi-analytic set Xq C Vg \ ¥ and Cyq > 0
such that the properties (i)-(iv) of Theorem are satisfied. Pick for each a € B a
compact neighborhood V, C V; of a and consider by compactness of B a finite family
{a;}ier such that

Bc |V, Ve (8.6)
iel el
Then, for every ¢ € I, denote by AE‘ the set of a € A® for which there is an absolutely
continuous curve 1 : [0, 1] — A+ such that
P(0)=a, ¥(1)eX;, lengthy(y)) <l+1 and ()€ LaCSy Vte[0,1),

with ¥; := ¥ Vai N B. We claim that each set AE‘ is a Borel subset of A%. As a matter
of fact, for each ¢ € I, we can write

AE = m A?,kv

keN*

where for each k € N*, the set A@k is defined as the set of a € A® for which there is an

(]

absolutely continuous curve 1 : [0, 1] = L4 € Sy such that
Y(0)=a, ¢(1)e Bf’/k ()N (V\E), lengthd(y) < l+1,
with

Bl (5) = { € A4 (@5) < £}

By regularity of Iq S0 each set A?, is open in A®, so we infer that each A% is a Borel
subset of A%, Furthermore, by construction of B, and Lemma (ii), we have
i=|J A
i€l
As a consequence, since A® has positive measure with respect to the volume form N7

(Lemma (i), there is i € I such that A? and a compact subset AY of it satisfy
the same property. We conclude the proof of (i)-(vi) by setting A% := A%, V = V,,,
Y=Y, h:= hq;, X := X,,, C := Cy, and v the volume of A® with respect to Uk

The second part of the proof follows from Proposition (ii). By Theorem
(iv), we have

dim (ker(wi)) >mg+ 2 Ya e .

Therefore, by Proposition (iii), we have g = 0 for all a € ¥ and we can conclude
by regularity of h near the compact set ¥ C V. O

50



The idea of our proof consists now in obtaining a contradiction from the construction
of an homotopy sending smoothly the points of a small neighborhood of a set A%¢ ¢ A®
in T3 to an open subset of Y¢ for ¢ > 0 small enough. Since this homotopy has to
preserve the leaves of Iq Sy» We perform the construction by following the minimizing
geodesics from 7 to Y¢ with respect to some complete metric on Sy that needs to be
built (note that g is not complete when restricted to Sp). The next Lemma formalizes
this framework:

Lemma 8.4. For every 0 < ¢ < ¢, there are a smooth Riemannian metric g¢ on Sy
and a compact set A% C A* satisfying the following properties:

(i) The Riemannian manifold (So, §¢) is complete.

(ii) For every a € A%, there is an absolutely continuous curve 1 : [0,1] — Lo C So
such that (where Y° is defined in Lemmal[8.3(iv))

Y(0)=a, ®(1)€Y® and lengthd(y) = length? (v) < £+ 2.

(iii) The set A% has measure > v /4 with respect to the volume form 07T

(iv) Let C¢ C Sy be the set of points a € 8o for which there is an absolutely continuous
curve ¥ : [0,1] — Ly of length < £+ 2 with respect to §¢ joining a to a point of
Z¢ (defined in Lemma (w)) Then C€ is closed and does not intersect A™C.

Proof of Lemma[8.7. Since ¥ is a closed subset of A+, we can pick a smooth function
F : A+ — [0, 00) such that
s =r"({0})

and fix some ¢ > 0. Consider the function D : Rt — [0, +00] given by

1 ; 7
D(A)::{“‘Q—/\ it A<{l+42

_ YA e Rt
Yoo if A>7+2 <

and define the function ¢ : 7z — [0, c0] by
Ue(a) = inf{D (length? (1)) + max (F(¢([o, 1]))‘1) 1 €Q(a, F)}

where for every a € T, € (a, ﬁ) stands for the set of absolutely continuous curves
¥ :[0,1] — Sp such that ¥(0) = a, (1) € X¢ and 1 is almost everywhere tangent to
lq Sy Let a € A® be fixed, by Lemma (v), there is an absolutely continuous curve
¥ :[0,1] — AL such that (0) = a, ¥(1) € ¥, length9(¢p) < £+ 1 and 9(t) € Ly C So
for all t € [0,1). Thus, since 1(t) belongs to V \ ¥ for ¢ close to 1, Lemma [8.3{(iii)
shows that a can be joined to Xc¢ by a curve tangent to £, contained in Sy of length
< £+ 2. Therefore U¢(a) is finite for every a € A®. Moreover, the function ¥¢ is lower
semi-continuous on Tz (because we consider curves satisfying ¢(1) € X¢ and we may
use foliation charts along 1), so we have

A= | JAL with A= (°) 7" ([0, k]) n A,
keN
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where each set of the above union is a compact subset of A%, Thus, there is k € N such
that the measure of A, with respect to the volume form 77 is > v/2 and such that for
every a € ./li, there is an absolutely continuous curve 9 : [0,1] — L4 C Sp satisfying

$(0) = a, (1) € X° and
D (length? (1)) + max (F(w([o, 1]))*1) <k,

which implies

lengthd(1)) < £+2 and min (F(y([0,1]))) > %

Fix a smooth complete metric §¢ on Sy which coincides with § on the set F~1([1/(k), 00)).
Recall that the definition of Y¢ and Z¢ is given in Lemma [8.3(iv), and note that
X¢ =YcU Z¢, where Z¢ has dimension < r — 1. By Lemma (iv), the boundary
QY := Yc\ Y€ is contained in Z¢, so the set of points of Sp that can be joined to
ze along absolutely continuous curves tangent to IC‘ S, 1s a countable union of smooth
submanifolds of dimension at most » — 1 + mg = 2n — m — 1, so it has measure zero
in S and in fact since it is invariant by the foliation associated with I€| Sy its intersec-
tion with 7z has measure zero in T (by Fubini’s Theorem). Thus, we can consider a
compact subset A%¢ of AY C A of measure > /4 such that the properties (i)-(iii) are
satisfied. Finally, the set C¢ is closed because 0Y¢ is closed and (Sp, §¢) is complete.
We conclude that A%¢ satisfies (iv) by construction. O

Given 0 < ¢ < ¢, we define the function D°: Sy \ C¢ — [0, o] by
D(a) := inf{lengthgc(zp) |1 :[0,1] — L4 abs. cont. ¥(0) =a, ¥(1) € YC},

for every a € Sy \ C¢, and we denote its domain, the set of points a € Sy \ C¢, where
D¢(a) is finite, by dom(D¢). Then, we call L4-geodesic a curve ¢ : [0,1] — L4 which
is geodesic with respect to the metric g* induced by g°¢ on L,, for any point a € Y¢
we denote by eXpUl ToLe — L, the exponential map from a with respect to g % and
by considering Ky as a subbundle of TA~ (that is, for every a € Y we take K(a)) w
define the smooth mapping Exp® : Kye — 8o by

Exp®(a,() := exp(¢)  V(a,¢) € Kye.

By completeness of (Sp, §¢), see Lemma [8.4] (i), for every a € dom(D®) any sequence
{tr : [0,1] = Lq}ren of absolutely contlnuous curves such that

Ur(0) =a, (1) €Y and  lim length® () = D*(a),

converges, up to taking a subsequence, to a Lg-geodesic 9, called minimizing geodesic
for D(a), satisfying ¢(0) = a, ¥(1) € Y¢ and length? (¢,) = D°(a). Moreover if in
addition D¢(a) < [+ 2 then we have ¥(1) € Y because a € dom(D¢) C Sp \ C¢. For
every a € dom(D°), we set

I'“(a) the set of all minimizing geodesics for D¢(a),

T(a) i= {w(t) |[¥ € T(a), ¢ € [0,1]}. (87)
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By completeness of (Sp, §¢) and regularity of the foliation given by I€| Sy» the mapping
a € dom(D°) +— Z¢a) has closed graph. Moreover, by the above construction and
properties (iii)-(iv) of Lemma the set
¢ (A*) = | T
acAde
is a compact subset of Sy which is contained in dom(D¢). The following lemma follows

from classical results on distance functions from submanifolds in Riemannian geometry
(see Figure [3)).

Lemma 8.5. For every 0 < ¢ < ¢, there are an open subset Vo of Tz containing A%,
an open neighborhood HE of a in Ly, an open set U¢ C W and a set F¢ C U satisfying
the following properties:

(i) The set F¢ C UC is closed with respect to the induced topology on U°.
(ii) The set F© has Lebesgue measure zero in UC.

(iii) The function D€ is smooth on the open set (recall the notation introduced for local

transition maps (8.2)))
w\ e i w7 = ) vt ow
agHe aeHe

and for every a € U\ F€ the set I'°(a) given in (8.7)) is a singleton {**}, where
Yo [0,1] = L is the Lq-geodesic (uniquely) defined by the initial conditions

Yo 0)=a and >*(0) = —VD<(a)
(VDS stands for the gradient of DS with respect to g©¢).
(iv) For every a € HE, the mapping

He: (U\F)NTy) x[0,1] — S
(a,t) — oY (1)

is a smooth diffeomorphism onto its image.

Figure 3: A picture to illustrate Lemma
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Proof of Lemmal[8.5 The set Z¢ (/la’c) NY¢ is a compact set which does not intersect
0Y ¢, so there is an open set O C Sy which contains Y ¢ and such that Z°¢ (/la’c) nYec
Y¢\ O. As a consequence, by regularity of the mapping a € dom(D¢) +— Z¢(a), there
is an open set ¢ C W containing A%¢ such that

D(a) <l+2 and Z%a)NYcCY°\O  Vacle.

In fact, for every a € U€, the restriction of D¢ to the local leaf £, NU€, let us denote it
by D¢, coincides with the distance function to the set Y4¢ := £, N (Y¢\ O) which, by
the transversality property given by Lemma (iv) and compactness of Y\ O C Y€, is
the union of finitely many points. So, as a distance function from a smooth submanifold
(of dimension zero) on a complete Riemannian manifold, for every a € U¢ the function
D¢ satisfies the following properties:

(P1) The function D¢ is locally lipschitz on Ly := L, NUC and its singular set X(DC),
defined as the set of points in £, where Dy{ is not differentiable, has measure zero
in ﬁa.

(P2) Denoting by VDS the gradient of DS with respect to g“°, define the limiting-
gradient of D¢ at some point o/ € Ly, denoted by VEDE(a') C TwL,, as the
set of all limits in Ty L4 of sequences of the form {VDS(ag)}ken € Ty, Lq Where
{ax} ke is a sequence of points in £, \ $(DS) converging to o (note that by (P1)
such sequences do exist). Then a point ' € L belongs to X(DS) if and only if
VIDE(d) is not a singleton. Moreover, for every o’ € Lq, there is a one-to-one
correspondence between V' D¢(a’) and T'¢(a’) (the set of all minimizing geodesics
for D¢(a’)), namely a vector ¢’ € TyLy belongs to VEDE(o) if and only if the
Lq-geodesic ¥ ¢ : [0,1] = L4 (uniquely) defined by the initial conditions

Pe(0) =a and PTC(0) = ~¢'
is a minimizing geodesic for D¢(a’). Moreover, every such geodesic satisfies
(1) e 2% and ¥ (1) = BV (1 —t) Ve 0,1]
where ¢ is the Lq-geodesic given by
B(t) == expp(y 1) (V(d',¢)) vtelo,1]
with
P(a, () =" (1) € 2% and V(d,{) = —¢" (1) € Tp(e e La

(P3) Let Conj*®(Ly) C Lq be the set of points o/ € L for which there is ¢’ €

VLDg(a’), called conjugate limiting-gradient of DS at o', such that the tangent

vector V(a',(’) is a critical point of the exponential map eXPhy o~ Then we
have

Cut®® (ﬁa) .= $(Dg) = £(DC) U Conj°* (ﬁu) :
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(P4) The set Cut®®(L,), called cut locus in L, has Lebesgue measure zero in £, and
the function D¢ is smooth on £y \ Cut®®(L,). In particular, for every o’ € Ly \
Cut®®(L,), the set VEDE(o) is a singleton {¢(a')} and moreover the exponential
map eXpip g oy : Tpw cyLa — L is a submersion at V(a',{’).

The property (P1) follows from Rademacher’s Theorem, (P2) may be found in [52]
Lemma 11] (where the result is stated with Hamiltonian viewpoint) and (P3)-(P4) may
be found in [16 [39] [56].

To conclude the proof of the lemma, we define the set F¢ C U¢ by

Feo= | Cutt®(£y).

aclc

Let us prove (i), that is, F° is closed in the topological subspace U¢. Let {ax}ren be a
sequence of points of F'¢ converging to some a € U¢. Let us distinguish two cases:

Case 1: There is a constant ¢ > 0 such that the diameters (with respect to g¢) of the
sets VD¢ (ay) are all larger than 6 (so that for all k € N, a; belongs to $(D§,)).
Then a admits two minimizing geodesics 1,12 for D¢(a) such that

~C

. . g
¥1(0) = ¢1(0)] =6>0
so VEDE (a) is not a singleton (by (P2)) and a belongs to $(D¢) C F©.

Case 2: There is not a constant ¢ > 0 such that the diameters (with respect to §¢) of
the sets VZD¢ (ay) are all larger than 4 (so that for all k € N, a; belongs to $(D§,)).
Then we have

lim diamchLng(ak) = 0.

k—o00

Let us again distinguish between two cases.

Subcase 2.1: There are infinitely many k& € N for which a; belongs to Conj? (ﬁak)
Then, by considering a subsequence of {V(ag,(x)}ken with ( a conjugate limiting-
gradient of Dg, at ay, there is a tangent vector V'(a, () which is a critical point of the
exponential map expf;.( ac) 8S limit of the sequence of critical vectors {V (ax, (k) }ren

(with respect to exXph Ck))' Therefore, a belongs to Conj®*(L,) C F¢ by (P3).

Ok

Subcase 2.2: The set of k € N for which a; belongs to Conj“* (L, ) is finite.

If a ¢ Cut®(L,), then by (P2) the limiting-gradient VZDS(a) is equal to a singleton
{¢} and there is only one minimizing geodesics for D¢(a) given by %¢. Thus, by (P3),
up to considering a subsequence, we may assume without loss of generality that for all
k € N there are (},(? in VLng (ax) such that

G #¢ and  lim ¢t - =0
k—oo
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and for i = 1,2

lim ¢f=¢,  lim P(ay,¢f) = P(a,¢), lim V(ax, ¢f) = V(a,¢).

k—o0 k—o0 k—o0
Since a ¢ Cutc’“(ﬁa), (P4) shows that the exponential map expj.';(a i Tpac)La = La
is a submersion at V(a,({). So the mappings eXpij(aIka) : Tp(a,c)La, — La), are
submersions at V' (ag, ;) for k large enough but this is impossible because

expfg(uk’ck) (V(aka Cf)) = echp(ak,gk) (V(ak‘a Cg)) VE e N.
So we have a € Cut®®(L,).

To prove (ii), we just notice that ¢ is foliated by the leaves L, whose intersection
with F¢ has measure zero by (P4). So, we get the result by a Fubini argument.

The point (iii) is a consequence of the fact that VZD¢(a) is a singleton {¢°} for
all a in the open set U° \ F° together with the fact that expfj(mca) : Tp(acoyLa — La
is a submersion at V(a,(®) which implies that the mapping Exp® is a submersion at
(P(a,¢%),V(a,¢%). As a matter of fact, if a € U°\ F¢ is fixed, then there is an open
neighborhood N of (P(a, %),V (a, (%)) in Kye € TAL such that the image Exp®(N) is
an open neighborhood of a and we have necessarily for every (P, V) € N,

vEDG(4) = {1} = {~PV(O)}  with A= A(P,V) = Exp*(P,V),
where (V) 1 [0,1] — Lpy) is the L py)-geodesic given by
PPV(E) = Exp(P, (1 = t)V) = exp(py (1 —1)V) V€ [0,1],

because ¥ (>Y) is the only L pv)-geodesic closed to <" joining A to Z%4. Since the
mapping
o —1
A —s _i {w(EXP ) (A)} (0)
dt

is smooth we infer that D¢ is smooth on U¢\ F*° and that I'°(a) is a singleton for
a € U\ F° because VID¢(a) is always a singleton (see (P1)).

To prove (iv), we first notice that, up to shrink U¢, we may assume that for every
a € H¢ the mapping H€ is injective. As a matter of fact, suppose for contradiction
that there are a € H® and

(a1,t1), (ag,t2) € (U\ F°) N Ta) x [0,1]
such that
H(ay, t1) = ™ (t1) = % (ta) = H(az, t2).

Since ¥“* and ¥“% are minimizing the length (among curves with are horizontal with
respect to the foliation) we have either a; = ag and % = %2 (because I'“(a1) =
I'“(ag) is a singleton), or we have a; # ay and t; = to = 1. In the latter case, we
infer that a; and ay belong to the same leaf £,, = L4, and can be connect by a curve

56



horizontal (with respect to Lq,) of length < 2¢ + 4. By Lemma (iii), this cannot
occur if the open neighborhood U¢ € W of A%€ is sufficiently small. The smoothness
of H¢ follows from (iii) and the property of diffecomorphism is a consequence of the fact
that all minimizing curves from U¢ to Y\ O have no conjugate times.

We conclude easily the construction of V4 C Tz and H® of a C L. O

The following lemma will allow us to conclude the proof of Theorem [I.5] it follows
easily from Lemma [8.5

Lemma 8.6. For every 0 < ¢ < €, there are a® € LgNW, a finite set J¢, two collections
of sets {(’)JC.’O}]-EJC, {(’)Jc.’l}jejc and a collection of functions {®$ : (’);?’0 x[0,1] = So}jese
satisfying the following properties:

(i) The sets (’);’0 (with j € J¢) are pairwise disjoint.

i) The sets O (with j € J¢) are pairwise disjoint.
J
(iii) For every j € J€, O;’O is a compact, connected and oriented, smooth submanifold
with boundary of Tee of dimension r.

w) For every j € J¢, 0% s a compact, connected and oriented, smooth submanifold
J
with boundary of Y C X€ of dimension r.

(v) For every j € J¢, ®f: (9;’0 x [0,1] = Sp is smooth and for every t € [0,1], the
restriction of ®§ to (’)jc.’o x {t} is a diffeomorphism from (’)JC-’O x {t} to its image

05" 1= @5 (05" x {1}).

In particular, @j(a, 0) = a for every a € (’)JC-’O and (’)Jc-’l 1s the diffeomorphic image
of OF° x {1} by ®¢.

(vi) For every j € J¢ and any t,t' € [0,1] with t # ', O]C-’t N Oj’t/ =0.

(vii) For every j € J¢ and every a € (’)ic’o, the smooth curve t € [0,1] — ®¢(a,t) is a
Lq-geodesic with non zero speed.

(viii) The set OO := UjeJc(’)Jc.’O has measure > v /16 with respect to the volume form
T

Proof of Lemma[8.6, Fix 0 < ¢ < € and consider the sets V* C Tg, H® C Lg, F° C Sp

and U¢ C W given by Lemma The set U° is foliated by the leaves V5'* with a € H¢

and by Lemma (i), the set F* N U has Lebesgue measure zero. Hence Fubini’s

Theorem implies that there is a® € H such that the set F“ N V&' C Tee has measure
zero. Without loss of generality, up to shrinking V" in 7qe we may assume that

VO C Toe
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and moreover, by Lemma (iii), we may assume by taking a¢ sufficiently close to a
that the compact set A C Tqe has measure > v/8 with respect to the volume form
N7, Consider a smooth function Ge¢ : Tge — [0, 00) such that

Ge ({0 = (P Vi) vovee?

and set for every € > 0, B
Qf =G (e, 00)) NV

By Sard’s Theorem, G. admits a decreasing sequence {ej}ren of regular values con-
verging to 0. Thus we have

Vit = J Qg with Qf cQf  VkeN

ac €k+1
keN
and for every k € N the set )¢ is a compact, oriented, smooth submanifold with

boundary of 74 of dimension 7. As a consequence, since the measure of Vgéa, which
contains A3, with respect to the volume form NTee 18 2> v/8, there is k € N large
enough such that the measure (with respect to the volume form 77..) of the set

c,0 . Oc
00 1= Qf.

is > v//16. By construction, O%? is the union of finitely many components (’);’0 satisfy-
ing properties (i), (iii), (viii) of the statement, where j varies in a finite set J¢. Then,
for every j € J¢, we define @5 : (’)JCJO x [0,1] = Sp by

c.__ c
05 = H\OJC.’OX[OJ]

and we set
J

0%l = @ ((9;0 X {1}) :

The properties (ii), (iv), (v), (vi) and (vii) are satisfied by the construction together
with Lemma (iv). O

We are now ready to complete the proof of Theorem Let us temporarily fix
0 < ¢ < e. By Lemma there are a finite set J¢, two collections of sets {(’);’O}jeJc,

{O]C-’l}jec and a collection of functions {® : O]C-’O % [0,1] = Sop}jese such that the
properties (i)-(viii) are satisfied. Set for every j € J¢ (see Figure {4)

ME = {@;(a, t)|(a,t) € 05 x [0, 1]}.

J
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MS

Figure 4: The sets O;’O, Ojc-’l and M

By properties (iii)-(vii), it is a topological manifold (with boundary) of dimension
r + 1 whose boundary can be written as

c _ m~c0 c,1 c
OMS = 07" U oSt UGS

where both O and O are compact, connected, oriented, smooth submanifolds with
boundary (Lemma . iii)-(iv)) and where the cylindrical part C§ given by

cs = {@;(a, t)] (a,t) € 9O x (0, 1)}
is a smooth open oriented submanifold of dimension r = 2l satisfying

77\0; = 07

because any point of C; has the form ®¢(a,?) with a € 8(9]670 and (by Lemma (vii))

0+ ff(a,t) € (Toswn€5) N (Tos(anLa)

Wlth T(I);;‘(ayt)ﬁa = /6 ((I);(Cl, t)) = keI‘ <W$§(a’t)> .

As a consequence, by applying Stokes” Theorem we have for every j € J¢,

[ =]
Oj’o o5t

;V.h.icl.l i;nply (because, by Lemma ()-(ii), the sets Ojc-’o (resp. Ojc-’l) are pairwise
1sjoint

/0“’077 } /LJjEJco;?O -2 / -2 / /Jeﬁo /Oc,l - (88

jeJe jeJe©
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But, on the one hand, by Lemma (viii), we have

JARES
oeo = 167

and, on the other hand Lemma (ii) together with equation (8.5) yield (gx- denotes
the metric induced by g on X¢)

| n‘g/ o< [ st < [ e dvolix < 5(6)C,
Oc,l Oc,l Oc,l c

which tends to zero as ¢ tends to zero. Thus ({8.8]) cannot be satisfied for all ¢ > 0, this
is a contradiction.

A The Sussmann regularity Theorem

The following result concerned with the regularity of singular minimizing geodesics
in sub-Riemannian geometry, due to Sussmann [59], can be seen as an application of
Theorem For further details of sub-Riemannian geometry, we refer the reader to
Bellaiche’s monograph [6], or to the books by Montgomery [45], by Agrachev, Barilari
and Boscain [2], or by the third author [53].

Theorem A.1 (Sussmann’s regularity Theorem [59]). Assume that M and A are
analytic and that g is smooth (resp. analytic). Then any minimizing geodesic is smooth
(resp. analytic) on an open dense subset of its interval of definition.

Proof of Theorem[A.1. As in [59], we prove the result by induction on the rank of the
distribution A. So, we are going to show the following property, called (P,,), for every
integer m > 1:

(Py) : If A is an analytic totally nonholonomic distribution of rank m > 1 equipped
with a smooth (resp. analytic) metric g on a real-analytic manifold N of dimension
n > m and 7 : [a,b] = N is a minimizing geodesic, then v is smooth (resp. analytic)
on an open dense subset of [a, b].

Firstly, the property (P;) holds true because if m = 1 then n = 1 and any geodesic
is smooth (resp. analytic) on its interval of definition. Let us now assume that for
some integer m > 1, (Py) holds true for any integer k € [1, m], and show that (Py,41) is
satisfied. Let A be an analytic totally nonholonomic distribution of rank m+1 equipped
with a smooth (resp. analytic) metric g on a real-analytic manifold M of dimension
n > m+ 1 and let v : [a,b] = M be a minimizing geodesic. If 7 is nonsingular, then
it is the projection of a trajectory of the Hamiltonian vector field in T*M associated
with (A, g), so it is smooth (resp. analytic) (see [53]). So, we assume from now that -y
is singular. By Theorem there is a subanalytic distribution K c A of rank < m—1
on At C T*M associated with a subanalytic stratification S = (S,) of A+ and 7 is
the projection of an absolutely continuous curve 1 : [a,b] — A+ such that

—

D(t) € K((t)) C Ty (T*M)  for ae. t € [a,b]. (A1)
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Moreover, the metric g on M can be lifted to a metric g over A by setting for every
ae AL, B
9a(€1,€2) := Gn(a)(dam(&1),dam(§2))  VE1,82 € Aa).

By construction, ¢ is smooth (resp. analytic) if g is smooth (resp. analytic) and the
curve ¢ minimizes the length with respect to g among all horizontal paths of K joining
¥(a) to ¥(b). Let D € {1,...,m — 1} be the maximum of d > 1 such that there are
t € la,b] and o with ¥(t) € S, and dim(S,) = d, then let S” be the real-analytic
manifold defined as the union of all strata S, of dimension D. By construction, the set

Ip = {t € (a,b) | ¥(t) € sD}

is an open set. Moreover since K has constant rank and is totally nonholonomic on each
analytic leaf generated by J , we infer by the induction hypothesis that 1 is smooth
(resp. analytic) on an open dense subset of Ip. Now we can repeat this construction
with the restriction of 1 to the open set given by the interior of (0,1) \ Ip and observe
that the set ((0,1) \ Ip) \ Int((0,1) \ Ip) has empty interior. In conclusion, we obtain
that v is smooth (resp. analytic) on an open dense subset of [a, b] and as a consequence
that v = (1)) satisfies the same property. O

B Proof of results of Section 2.4
Let v1,..., v, be a basis of V and X1, ..., X™ the left-invariant vector fields defined

by
X(g) = deLy(vy) YgeG,Vi=1,...,m.

Then the totally nonholonomic left-invariant distribution A associated to V satisfies
A(g) = Span{X'(g), - . X"(9) } = d.Ly(V)  VgeG
and we have (see ({3.5]))
ker(wy) = A(a) N T,LAY Vae AL (B.1)

where A is the distribution on T*M defined by

—

A(a) == {ﬁl(a), .. .,ﬁwa)} VaeT*G
and where for every i = 1,...,m, h’ stands for the Hamiltonian X' TG — R

associated with X?. Let us now see how ® = (®1,®3) : T*G — G x g* (defined by
|| pushes forward the vector fields h', ..., h™. We need the following lemma.

Lemma B.1. For every left-invariant vector field X on G with v := X(e) € g, we have

4u®1 (¥ (g.9)) = X(9) and da®s (¥ (9.p)) = —p- deLy (v, ),

for every a = (g,p) € T*G.
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Proof of Lemma[B.1 Let X an invariant vector field be fixed and v := X (e) € g. The
first part follows directly from the fact that ®- coincides with the canonical projection
from T*G to G and the definition of the Hamiltonian vector field 2X, see Section
For the second part, we need to show that

Ao ®> (F¥(9,0)) () = =p- deLy([v,u])  Vw € g, Ya = (9,p) € TG

So, fix a = (g,p) € T*G, w € g, and moreover denote by Y the left-invariant vector
field verifying Y (e) = w and by ¢:(a) = (g(t),p(t)) the trajectory of the flow of h¥X
passing through a at time ¢ = 0. We have

do®s (EX(a)) (w) =

which by Proposition [3.1] gives

da®s (5X(a)) (w) = =hPY(g,p) = —p - (X, Y](9)) = = (p- de Ly) (v, w]),
which proves the result. O

Therefore, by Lemma for every a = (g,p) € T*G, the linear space ﬁ(a) is sent
to

D(g,p) = da® (A(a)) - {( prg[f)”)] ) lve v} with p = ®o(a).

Moreover, we have ®(AL) =G x V* and for every (g,p) € G x VI,

deLg(“)

D(g,p) N Tigp) (G X Vl) - {( —p- o,
deLg(U)

= {( oo, ] ) |v eV s.t. p([v,w]):OVweV}.

We observe that the dimension of the above linear space depends only upon p.

Now consider the group H defined on G x V= generated by all elements og = LgxId
where og4(h,p) = (Lg(h),p), together with dilations in respect to V. Note that the
orbits of this are given by G x {Apg}rer=, for every pg € V+. This implies that the

]> |vevs.t.p-[v,-]evi}
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quotient space is the analytic manifold P(V+) and the quotient map IT : G x V+ —
P(V1) is an analytic submersion. In other words, H satisfies conditions (G1) and (G3)
given in 4] So, if we consider the group G of automorphisms of 7*G which is conjugate
(by ®) to H, the same properties hold true for G. Next, by equation and the
definition of 5, in order to show that property (G2) holds true for G, it is enough

to show that [ﬁ(g,p) N Tigp) (G X VL)] is invariant by H. Indeed, this is clear for
dilation, and for every ¢’ € G:

o 56,90 T (65 V2)]

— do, {< pr‘[i’)] ) loeV st p([o, w]):ovwev}

_ {(dL’dL ) eV st. p([v,w]):OVwEV}

= ( )0 Tigg.0) (GXVL>

We conclude that G satisfies conditions (G1), (G2) and (G3) given in This implies
that the stratification constructed in Theorem has the form given in the statement
of Theorem 2.1

C Proofs of preliminary results of Section

C.1 Proof of Proposition

Let a € § be fixed and F C T,S a vector space satisfying , since the result is
local we can work in some sufficiently small neighborhood U of a where there exists a
metric ¢g* over U C T*M such that E, is orthogonal to ker (w|5)a. We denote by J
the canonical almost complex structure compatible with the symplectic form w and the
metric g*. We recall that J induces a linear map from T,(7* M) to itself such that, for
every v and w vectors in T My:

wa (¢, J(¢") = 9a(¢,¢") and J(J(())=—¢ V(¢ € To(T"M).

The form w;s at a is a skew-symmetric bilinear form over 7,5 of dimension s so its kernel
has even codimension, that is, it is of the form 2/ with [ € N, which gives s —r = 2I.
If I = 0 then ws vanishes identically on TS and the properties (i)-(iii) are trivial. So
suppose that [ > 0. We consider the orthogonal projection 7 : To(T*M) — T,S and
define the application Jgs : To(T*M) — T4S by

Js(Q) :=m(J(C))  VCeT(T"M),
we note that Jgs is a linear map (a composition of linear maps) satisfying
wa(C,¢) = g3(¢, J(Q) = g:(¢", Is(Q)) V(¢ € TaS. (C.1)
In particular, this computation implies that:

(P1) Js(¢) € E, for all ¢ € T,S;
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(P2) Js(C) £ 0 for all ¢ € By \ {0};
(P3) ¢ and Js(¢) are orthogonal for all { € Ej.

Note that (C.1)) implies that ¢ € ker(wjs)q if, and only if, J(() belongs to the normal
space NyS which has dimension 2n — s; since J induces an isomorphism over T,(T* M),
we conclude that » < min{2n — s, s}, which completes the proof of (i). Moreover, by
(P1)-(P3), Js : Eq — Ej4 is a linear map with trivial kernel and whose eigenvalues are
all complex. Moreover, by the real Jordan decomposition Theorem, there exists a basis
(C1, ¢, -, G,y ()) of By such that:

JS (62) ) JS (67{) € Spa‘n{élagiv'” 761751/} Vi = ]-a‘ . '7l'

We now set ¢; = ¢; and define inductively the vectors ¢f,...,{, ¢ by (] - | stands for
the norm associated with ¢* in T,(T*M))

7 * (71~ i—1 /
Cg:zc—é_zga(cz)C])Cj_Z ( C)C]

s v nlns),  § 1ga(g,c)
Gi = Gi— Z RE e ST Z [EiE — S
Jj=1 j=1
By construction, ((1,¢],-.-,{,¢]) is an orthogonal basis (in respect to g) and we have

JS(U’Z) JS( ) € Span {Chgl)' . aCuCz/} = Spa‘n {517617 e )62767{} Vi = 17 cee 7l‘
Then, for every i < j, we may apply (C.1)) in order to get
Wa (CZ: Cj) = Wq (CZ: CJI) = Wq (C{, Cj) = Wq (Czlv CJ/) =0 (C2)

and, therefore

wa (G5 GGy G) = 2w (1, G1) -+~ wa (G0 1) -
For each i = 1,...,1, (; belongs to F, so there is a vector £ such that wq({;, &) # 0,
which by (C.2) implies that wq((;, (/) # 0. Then we infer that wl(¢1,¢],..., (. () # 0

which proves that w' is a volume form over E,. Since T,S = Ea@ker(w| S )a, we conclude
that w!t! is zero over T,S, which concludes the proof of the lemma.

C.2 Proof of Proposition

The spaces Z(a ) with a € § are isotropic by definition. Let Z',Z?% be two smooth
vector fields in Z, and Z a smooth vector field on S. The invariant formula for exterior
derivatives (see [34, Proposition 12.19 p. 311]) yields

0 = dw|s (Zl,ZQ,Z) =2Z"wls (ZQZ) ~Z% wls (ZlZ> +Z w|s (Zl,22>
—wls (121,27, 2) +wls (12, 2), 2%) - wls (2%, 2), 2") .
By assumption, we have
(@19), (Z'(0).¢) = (wis), (Z(@),¢) =0 VaeS W eTsS.

We infer that w|s([Z', Z2], Z) = 0 which shows that [Z', Z2](a) belongs to the kernel
of w|s for all a € S, so that Z is integrable with isotropic leaves.
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C.3 Proof of Proposition |3.4

Let v : [0,1] — M be an absolutely continuous curve which is horizontal with respect
to A, let u € U* with x := ~(0), be such that v = z(-; z,u), and y := v(1) be fixed. By
the proof of [53, Proposition 1.11 p.21]), for each p # 0 in T;; M such that

p-dy E%(v) =0  VYue L*[0,1],R"),

the absolutely continuous arc ¢ : [0,1] — T*M defined as the unique solution of the
Cauchy problem

k
U(t) = ZUi(t)ﬁi(w(t)) for a.e. t €[0,1], ¢(1) = (y,p)

never intersects the zero section of T*M and satisfies 7(¢)) = v and
Ri(p(t) =0  Vtel0,1],Vi=1,...,k.

On the other hand, any absolutely continuous solution 1 : [0,1] — A~ of
. k .
G(t) =D ui(t)h (1)) for ae. t €[0,1]
i=1

such that 7(¢) = ~ satisfies ¥(t) € (Im(D,E%))* for all t € [0,1] and moreover it
vanishes for some ¢ € [0, 1] if and only if it is equal to zero for all ¢ € [0, 1]. This shows
that for every p € T, M \ {0}, (i) is equivalent to (ii).

To prove that (ii) and (iii) are equivalent, we note that

T,AL = (&(@)w Va e AL,

As a matter of fact, if A is locally generated by m vector fields X!,..., X™, then any
vector ¢ € Ty(T*M) satisfying ¢ - hi(a) = 0 for some i = 1,...,m, verifies wq(C, h*) = 0.
This shows that T, AT is contained in the symplectic complement of &(a) and both
spaces have the same dimension 2n — m. Therefore, we have

ker (wal) - (Taai)w N TeAr = K(a) N TeAY Vae AL, (C.3)

We infer that an absolutely continuous curve % : [0, 1] — A% is horizontal with respect
to A if and only if it satisfies ¥(t) € ker(wfp-(t)) for almost every ¢ € [0, 1]. This shows

that (i) < (iii).

C.4 Proof of Proposition (3.5

Let a = (x,p) in local coordinates in At and X',..., X™ a generating family of A in
a neighborhood of z be fixed, then for any vector ¢ = 7", u;h'(a) € A(a), the vector

field .
i=1
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is a local section of A. Then 5 is tangent to AL at a if and only if there holds for every
1=1,...,m,

0= () (@) = | Do wihf(a) - 1" | (a) = - uih (@) = (£2(©)), .
j=1 j=1

where we used (3.6). We conclude by (3.5)).

C.5 Proof of Proposition (3.6

Let v : [0,1] — M be a singular horizontal path with respect to A be fixed and
y := 7(1). Consider a local set of coordinates in an open neighborhood V C M of y
such that we have coordinates (z,q) in T*V =V x (R™)* and such that A is generated
by m vector fields X!,..., X™ in V and let u € L?([r,1],R™) with 7 € [0,1) be such
that

k
Y(t) =Y wi(t) X (y(t)) for ae. t € [r,1].
=1

Assume that v has minimal rank. By (3.4)), we have Im (d,E*) = A(y), so there are
n — m linearly independent covectors p',...,p" ™ in Aj such that

AL U{0} = Span {p',....p" ™} (C.4)

and (we denote by E* the End-Point Mapping from z associated with X!, ... X™ in
time 1)
7' € (Im (d, E®))* Vi=1,...,n—m.

By Proposition for every i = 1,...,n—m, there is an abnormal lift ¢ : [0,1] — A+
of v such that ¢*(1) = (y,p%). Let T C [r, 1] be the set of times of full measure such that
Yl, ..., "™ are all differentiable. Then, for every ¢t € T, we have ¢(t) € &(W(t)) for
alli=1,...,n —m, which implies by linearity of A in the fibers over ~ that for every
A= (A, Anem) € R?™™\ {0}, the absolutely continuous curve 3* : [0,1] — A+
defined by

At = <’Y(t)7 > /\ipi(t)) vt € [r,1]
i=1
is an abnormal lift of v satisfying (cf. )
A1) € AAH) N Tya AT =ker(wyn ) forae. t € [r,1].

The property (C.4) shows that for every ¢ € [r, 1], the covectors ¥!(t), ..., %" ™(t) are
linearly independent and span A#(t) U {0}. Thus, we infer that

F(t) = ﬂ s (QbA(t)) C ﬂ Ta (ker(wi)) for a.e. t € [1,1].

n—m 1
A€Rm—m\ {0} acAZ,

We can repeat this proof on an interval ending at 7 and so on to get (3.7).
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Assume now that |D holds and let us show that for every p € A;- there is an
absolutely continuous curve ¢ : [1,1] = A with ¢(1) = (y, p) such that m(¢)) = vy and
Y(t) € ker(wé( t)) for almost every t € [r,1]. Before proceeding, we set for almost every
telr1],

m
—. —

C(t,p) ==Y ui(t)h'(v(t),p) € A(y(t),q) Vg€ TiyM
=1

and we observe that if ¢ € v belongs to A,Jy-(t), then by 1’ and Proposition it is
3.

‘flhe only vector of ker(ﬁ%,y(t%q)) = ker(w(%y(t)’q)) which projects onto (), so by (3.5), we
ave

((t,q) € T(W(t),q)Al Vq € A#(t), for a.e. t € [1,1].

As a consequence, if we consider the smooth function f : 7%V — [0, 00) given by
2
f@)=d((zq)A%) ¥z eTV=Vx ®"),

where d(-, A1) stand for the distance to A in T*V equipped with the Euclidean metric,
then we may assume without loss of generality that there is a constant K > 0 such
that

(Vewaf Cta)| < Kf((1),a) lut)llal Vg € Ty, M, for ae. t € [r,1]. (C.5)

€

» we consider the solution ¢ = (v(-),p(-)) : [1,1] = T*V to the

Then given p € A
Cauchy problem

Y1) = D w®R (G(1) = ((tp(t) forae. t€[0,1],  ¥(1) = (y,p).
i=1
and note that by we have for almost every ¢ € [7,1],

i1 UOD] = (7000600 0(00) | < K S0 (o) (0.

Thus, since f(3(1)) =0, u € L?([,1]) and p is bounded on [r,1], Gronwall’s Lemma
implies that f(1(t)) = 0 for all ¢ € [r, 1] which means that v is indeed valued in A+. In
conclusion, we have shown (see Proposition that the horizontal path + has minimal
rank over 7,1]. We can conclude by repeating the above proof on an interval ending at
7 and so on.

C.6 Proof of Proposition (3.9

The result follows from standard methods in subanalytic geometry, and we provide the
main ideas. We start by recalling a useful stratification result for maps. Recall that,
given two subanalytic sets A and B, we say that a map f : A — B is subanalytic if its
graph is subanalytic.
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Theorem C.1 (Stratification of Maps, see e.g. [22, Page 43]). Suppose that A and
B are subanalytic subsets of real-analytic manifolds M and N, and consider a proper
subanalytic map f : A — B. Then there exist Whitney subanalytic stratifications R of
A and S of B such that f is a stratified map, that is, the pre-image f~1(S,) of each
stratum S, 15 a union of strata Rg and f|73ﬁ : Rg — Sa 18 an analytic submersion.
Furthermore, if R' and S’ are Whitney subanalytic stratification of A and B, then R
and S can be chosen as refinements of R’ and S’ respectively.

Remark C.2. By Thom’s First Isotopy Lemma, see e.g. [22, Page 41], over each
stratum S, the restriction of f, f~1(Sa) — Sa, is locally topologically trivial. This
implies that the dimension of the fibers of f is constant over S, (recall that the strata
are connected by definition).

Proof of Proposition[3.9 Let # : TN — N be the canonical projection. Consider
the projective tangent bundle PT(N) and note that 7 factors m = 7 o m, where
m : TN — PT(N) and 79 : PT'(N) — N denote the projection. Clearly o is proper.
Since A(x) is a vector subspace of T, N, we conclude that 71 (A) is a closed subanalytic
subset of PT'(N). By Theorem applied to A = m(A), B = N and f = (m2)a,
we obtain subanalytic stratifications (Rg) and (S,) of A and B respectively, such that
(72)[jr-15,n4 18 a stratified submersion; we may suppose that the strata of S are all
connected. We conclude by Remark that the dimension of A is constant along S,
thus completeing the proof of (i). Note that any refinement of thus obtained S also
satisfies property (i).

Now, let By be a stratum of maximal dimension. We claim that, apart from refining
the stratification S, we may suppose that property (ii) holds over By. Indeed, let d be
the dimension of ker(w™) over By and recall that the application

¢ : P[(TN)4] — P(AUTN)

is a proper analytic map. Therefore the image ¢([P(A)]¢), denoted by G(A), by this
map is subanalytic. In what follows we identify the Grassmannian Grass(d,TN) with
the subvariety of P(AYT'N) via the Pliicker embedding. Thus the image of p([P(A,)]9),
for z € By, denoted G(A;), is a point of Grass(d, TN). Let Gp,(A) := U,ep, G(Az).
It now follows that the restriction of the mapping 7’ : Grass(d, TBy) — By to Gp,(A)
is a continuous proper subanalytic bijection. The claim now follows from Theorem
applied to A = Gp,(A), B= By and f = 7'|4.

Now, let S; be the union of all strata of S of codimension k£ in N. Note that
property ii) is satisfied over Sy by the previous paragraph. Suppose by induction that
property ii) is satisfied over Sy for every k < ko, and let us show the existence of a
refinement of S so that property ii) is satisfied over Sy for every k < kg. We show this
by repeating the arguments of the previous two paragraphs. Indeed, the intersection
Y, = m1(A)Nm(T'Sy,) is a closed subanalytic subset of PT'N and therefore there is a
refinement of S such that over its strata the dimension m(A) N (T Sk,) is constant.
Then we repeat the argument of the second paragraph to obtain condition (ii) for
7T1(A) N (TSkO) over Sko-

O
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