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Developing students' rationality by constructing and exercising rational mathematical templates: The case of counter-examples

Introduction

In the perspective of developing rational behavior in mathematics (according to Habermas' elaboration on rationality), a need emerged in our research, suggested by what [START_REF] Habermas | On the pragmatics of communication[END_REF] presents as the ideal situation of exercise of communicative rationality:

Communicative rationality is expressed in the unifying force of speech oriented towards understanding, which secures for the participating speakers an intersubjectively shared lifeworld, thereby securing at the same time the horizon within which everyone can refer to one and the same objective world. (Habermas, 1998, p. 315) What are the components of "an intersubjectively shared lifeworld"? The definition of rational mathematical template (RMT) [START_REF] Boero | Rational communication in the classroom: Students' participation and rational mathematical templates[END_REF] as the couple consisting of a mathematical entity (e.g., the definition) and a rational process that is purposefully oriented to produce an instance of that mathematical entity was an attempt to identify and frame (in particular, for mathematics -but the same may be done for other disciplines) some crucial disciplinary components of rational behavior, whose mastery is needed for the interpersonal (and intra-personal too) productive and enjoyable discursive exchange described by Habermas. In [START_REF] Boero | Rational communication in the classroom: Students' participation and rational mathematical templates[END_REF] we have shown how the RMT construct may work as a tool to analyze the gradual access of students (under the guide of their teacher) to the mastery of the RMT of definition and to productive classroom discussions on definitions. Some open research and educational problems have been briefly presented at the end of that paper. In particular we have considered the need of further investigating the affective dimension of the classroom activities concerning the approach to, and the exercise of, RMTs. That dimension is inherent in the fact that the mastery of RMTs looks as one of the most important conditions for students' and teacher's wellbeing in the mutual exchanges among them and with the Other (the culture). We have also considered the need of identifying didactical choices that are suitable to promote the development of RMTs in the classroom.

In this paper the analysis of two discussions in the same classroom concerning the RMT of counterexample will allow to say more about the development of the RMTs in the classroom: to identify some aspects of the mastery of RMTs on the epistemic and teleological sides, which are relevant for the development of students' rationality, and to provide further evidences concerning the relevance of the affective dimension of classroom interactions for the productive exercise of the RMTs.

Habermas' elaboration on rationality, and rational mathematical templates

Basic notions concerning Habermas' elaboration on rationality are resumed here. [START_REF] Habermas | On the pragmatics of communication[END_REF] proposed the construct of rationality (and that of rational behavior) to deal with discursive practices that are characterized by awareness when checking the truth of statements and the validity of reasoning according to shared criteria (epistemic rationality), evaluating strategies to attain the aim of the activity (teleological rationality), and choosing suitable communication tools to reach others in a given social context (communicative rationality), the three components being strictly interconnected.

In past years, researchers both in our group and outside it have attempted to adapt Habermas' construct to mathematics teacher education and to plan teaching aimed at developing and analyzing students' rational behaviors (see [START_REF] Boero | Habermas' construct of rational behavior in mathematics education: New advances and research questions[END_REF], for a general account about it and a presentation of five studies).

As concerns RMTs, when we have chosen the provisional expression "Rational Mathematical Template" to name (see above) the couple consisting of a mathematical entity (in our case, the definition) and a rational process (…), we had in our mind that the rational behavior in the case of the production of a definition (or a mathematical model, or a mathematical proof, etc.) is specific for that entity as concerns the three sides of rationality, and also for the whole organization of the process. In particular in [START_REF] Boero | Rational communication in the classroom: Students' participation and rational mathematical templates[END_REF] we have tried to shed light on how the RMT of definition developed in strict relation to the development of mathematical rationality in the domain of theoretical mathematics: in the second episode, the students took care of criteria that characterize a mathematical definition and that allowed them to decide whether a formulation satisfies them (epistemic rationality); they engaged in a goal-oriented process (teleological rationality); during the discussion, the students were concerned with the formulation of the definition and engaged in mutual corrections about it (communicative rationality). Still in [START_REF] Boero | Rational communication in the classroom: Students' participation and rational mathematical templates[END_REF] we have discussed the relationships of our construct in mathematics education with other constructs, in particular with the "process-oriented routines" and the "product-oriented routines" of [START_REF] Lavie | Routines we live by: From ritual to exploration[END_REF].

Counter-examples in the perspective of rationality

The following ICMI-11 Abstract [START_REF] Antonini | Generating examples: an intriguing problem solving activity[END_REF] Generating examples of mathematical objects can be very difficult for students and it can be considered a problem solving activity. In literature, some potentialities of such activity are suggested, from different points of view and for different reasons. Our investigation aims to better identify the characteristics and the potentialities of the processes of constructing examples. The analysis, carried out by observing students' processes in Real Analysis, reveals a high complexity of examples generation tasks.(…) The study on these processes highlights the potentialities of generating examples activity as a tool for researchers in investigating many aspects of students' thinking and for teachers in promoting students' understanding and conceptualization.

In spite of sharing Antonini's point of view on the relevance, difficulty and complexity of dealing with students' production of examples (including counter-examples) as a didactic and a research challenge, the perspective of the research development presented in this paper is different. We want to investigate the classroom production of counter-examples as an instance of the development of students' rationality.

Two discussions in the same classroom

The source of the data Covid-19 pandemic prevented the teachers who collaborate with me from experimenting classroom situations suitable to construct and exercise RMTs, and by this way to get new elements to corroborate previous hypotheses and answer research questions. However, we have at our disposal, in our group, a lot of transcripts from discussions in primary and lower secondary classes of the past. About 20 years ago we had already elaborated (without any explicit connection with rationality) a germ of idea of "mathematical template" to be developed in the classroom in order to ensure understanding of texts and productive discussions on some mathematical subjects. I have found (under the counter-example label) two transcripts of discussions, with teacher's field notes, which are of interest for the present development of the research. They come from the same 8 th grade class of 22 students, in April. Students were 13 and 14 years old; most of them were from middle class. The teacher was Marina Molinari; she was a member of our research team since the eighties.

Underlined words (in the original transcripts) mean that the tune of the voice changed towards putting into evidence what was said; … means: long pauses.

The first discussion: making explicit the notion of counter-example

As we will see later, students had already met some rather easy situations of production of counterexamples (in mathematics, grammar, sciences), without naming them counter-examples.

T:

Today we will consider something new (or better: something that we have done several times, but more complex this time -we will see it later!). Let us consider natural numbers that end by 1. Let us explore them, their properties. Other examples follow of situations met in the past: odd numbers that are not prime numbers; dolphins that are mammals which do not live on the ground.

Second discussion: exercising RMT of counter-example in elementary geometry

Two weeks later students are making conjectures on the geometry of triangle. They have already discovered (by exploration in different situations: acute triangles, obtuse-angled triangles, etc.) some general properties, like: in every triangle, each side is shorter than the sum of the other two sides; and: each height of a triangle is no longer that the adjacent sides (i.e. the sides from the same vertex).

Students have also discovered that some properties that are true in some situations are not true in other situations (e.g. that one median is not always shorter than the adjacent sides).

The teacher decides to suggest the exploration of the angle between the height and the median of a triangle, which originate from the same vertex. In a few minutes a student (S1) hypothesizes that such angle is smaller than the angle between the adjacent sides. The teacher writes such statement (as statement P) on the blackboard: P:

For every height of a triangle, the angle with the median from the same vertex is smaller than the angle between the adjacent sides.

and invites students to explore if it is true. After a few minutes, the discussion starts S1: I have proposed that P is true by considering a normal situation: the median and the height inside the angle between the concurrent sides in the same vertex. S2: yes, it is obvious that in that case P is true, the angle between the median and the height is inside the other angle formed by the sides! S1:

I agree that is obvious that P is true in that case, but I have made two other drawings, with a right-angled triangle and the height that was a cathetus, and an obtuse triangle with the height that was outside the triangle… and I have seen that P was still true! T:

S1, come at the blackboard and show those two cases! (S1 goes to the blackboard and draws the two situations, with the chalk, the ruler and the square -see Figure 1) because the angle between the height and the median is still inside the other angle…But in another case… S1:

(takes a sheet of paper and by folding it according to the smaller angle she shows that also in the second case P is true). S4: yes, it is a good example for P also in the case of the height outside the triangle, but… S5:

we need to find if there is a counter-example. S1:

but the property might be true, like in the case of the sum of two sides of a triangle! S6:

(she hints at the blackboard) look at the second drawing… the horizontal side … If I move it rightward… S7:

I see it… the segment walks S8:

or moves like a worm.

S9:

not, the worm increases and shortens the length… S5:

or if I shorten it… around the median… the median must remain the same… the angle between the adjacent sides becomes smaller and smaller, … (S5 makes some drawings corresponding to the shortening of the horizontal side) is it a problem of being lucky or not? S8:

we need a method to find counter-examples! S5:

I see here: the method is to move the figure; but in the case of the numbers ending with 1 the method looks very different! S6:

I am confused with the idea of one method, it is not like to calculate a division! S1:

following previous examples of search of counter-examples, I had a method… which did not work in this case! (a long silence in the classroom) T:

Let us stop here. I am very satisfied with your work: with the contribution of different people we were able to get a solution for the problem posed by S1 with his … (many voices: conjecture) and to ask ourselves how to produce counterexamples.

Like in the first episode, the teacher asks students to write down a report on the above discussion.

Discussion: Theoretical and educational implications

Now we will consider some aspects of the above discussions. They concern the teleological and the epistemic sides of students' rational behavior, which are specifically inherent in the production of counter-examples, with an eye to educational and theoretical implications related to those sides. We will also consider some affective aspects of the discussions and their relationships with the productivity of the classroom work.

We may identify in the two discussions two different kinds of search for counter-examples: the exploration of individual examples (in the case of the arithmetic statement) and the continuous exploration of the figure (in the case of the geometric statement). What is it better to do, in order to develop students' mastery of the RMT of counter-examples? A solution might be to put into evidence the strategies that have allowed to solve the problems, in the perspective of students' "learning" of them. However Habermas' elaboration on rationality suggests that the a-posteriori analysis of the strategies that result in a failure (or in a success), and of the reasons for that success or failure, is important in order to perform better in future situations. Thus, in an educational perspective, Habermas' position suggests that what counts is not to learn the specific, effective strategies for the different kinds of situations, but to develop the capacity of analyzing them. We find in [START_REF] Habermas | On the pragmatics of communication[END_REF], as requirements for teleological rationality in the case of a successful actor:

he knows why he was successful (or why he could have realized the set goal in normal circumstances); and: this knowledge motivates the actor (at least in part) in such a way that he carries out his action for reasons that at the same time explain its possible success (Habermas, 1998, pp. 313-314) In the Habermas' rationality perspective, what is relevant is to guide the students to analyze the relationship between the constraints and the opportunities of each experienced situation, on one side, and the goal to achieve, on the other, in the perspective of a-priori making the same kind of analysis in future situations. This remark does not concern only the case of the RMT of counter-example: when students learn to analyze a situation of production of counter-examples they learn to develop a rational behavior (on the teleological side) of more general interest for their rationality.

As concerns the epistemic side of the RMTs, we may observe that in both discussions the full mastery of knowledge inherent in the two problem situations (e.g.: the notions of consecutive numbers, of divisibility, and of prime number, in the first case; and of median and height of a triangle, and the different, possible shapes of triangles, in the second case) was fundamental for the productive development of the discussions. The activation and the productive exercise of a RMT requires a competence which underlies the RMT and that must be specified as a component of epistemic rationality, only implicit in Habermas' elaboration, if we want to adapt the rationality construct to mathematics education needs: the identification and choice of suitable knowledge related to the content of the statements. It includes also the logic-linguistic aspects of the situation at stake, as it is evident in the first discussion (the requirement "divisible by 3, or prime number" does not exclude divisibility by another number). These aspects are relevant in the case of the RMTs related to activities like conjecturing, proving, defining (for the RMT of definition, see Boero&Turiano, 2020).

As concerns affective aspects, we know that the productivity of the discussions (not only for the solution to be achieved, but also for the development of the students' competencies) strongly depends both on long term and on specific educational choices of the teacher. The productive search of counter-examples looks not only as a consequence of the already developed collaborative style of work in the classroom, but also as a promoter of the maintaining and developing of that style of work, of fundamental importance for the development of students' rationality (cf: "an intersubjectively shared lifeworld").

In the reported discussions we have seen how students intervene on their mates' interventions in a very collaborative way -both in the case of an opposition, and in the case of a collaboration to develop their mates' thought, or to make it more precise. Many times the utterance of a student is continued by another student. It is like if the development of ideas is a collective enterprise (which does not contrast the defense of personal ideas). Note also that in the first discussion students S5 and S6 are free to express how they have overcome some wrong ideas: a strong support for those students who (possibly) shared the same ideas but did not express them. Moreover (coming back to the problem of how to develop students' teleological rationality) what S5 and S6 do is precisely what is requested in general in that direction, according to Habermas. And it is also of general interest for the development of students' rationality the shift to the meta-level at the end of the second discussion, a strong contribution to develop students' awareness about their choices and actions (a crucial requirement for rationality).

The work in the classroom is apparently un-stressful: students' minds may move freely from technical mathematical issues to thoughts very far from mathematics, with jokes and double-sense interpretations. Note that this freedom helps (in the first discussion) to understand that some additional properties do not "disturb" the properties to be checked; and (in the second discussion) it allows to get a second infinity of examples through the image of the worm whose length changes.

The productive (and friendly) climate in the classroom results from the conscious choices of the teacher since grade 6 (in Italy, the teacher teaches her students from grade 6 to grade 8), within the context of our research team.

  well represents the perspective in which a great deal of research work (including Antonini's contributions) has been performed on the generation of examples (including counter-examples) in Mathematics.
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  Figure 1: S1's figures S3:it is clear that P is true also in the case of the right-angled triangle. S4:because the angle between the height and the median is still inside the other angle…But in another case… S1:(takes a sheet of paper and by folding it according to the smaller angle she shows that also in the second case P is true). S4: yes, it is a good example for P also in the case of the height outside the triangle, but… S5:we need to find if there is a counter-example. S1:but the property might be true, like in the case of the sum of two sides of a triangle! S6:(she hints at the blackboard) look at the second drawing… the horizontal side … If I move it rightward… S7:I see it… the segment walks S8:or moves like a worm.

Figure 2 :

 2 Figure 2: S6's and S5's ways of generating counter-examples S6: beautiful! The angle between the two sides becomes smaller and smaller, up to zero, while the angle between the median and the height is still the same! S5: an infinity of counter-examples! S1: now I realize why I was not able to find the counter-examples: I was stuck to three cases only. T: which cases? S1: the height inside the triangle, the height that was one side of the triangle, and one case only of height outside the triangle. S8: you were not lucky… if you had drawn another figure,… S11:is it a problem of being lucky or not? S8:we need a method to find counter-examples! S5:I see here: the method is to move the figure; but in the case of the numbers ending with 1 the method looks very different! S6:I am confused with the idea of one method, it is not like to calculate a division! S1:following previous examples of search of counter-examples, I had a method… which did not work in this case! (a long silence in the classroom) T:Let us stop here. I am very satisfied with your work: with the contribution of different people we were able to get a solution for the problem posed by S1 with his … (many voices: conjecture) and to ask ourselves how to produce counterexamples.

  of the students of this school, there are only boys and girls, in the case of P it is like if there is also some special boys who are also another thing (laughs in the classroom). Like 21 or 81, which are divisible by 3, but non only by 3. S8:it is true that each student in this school is a boy or a girl, but a boy may have blue eyes, this property does not make an exception. T: perhaps you, S8, have seen the point… May you come back from boys and girls to numbers? S8:yes, but I do not find the words… I try: 21 is divisible by 3, but it has also other properties… It is divisible also by 7, it is bigger that 20, these properties do not disturb the fact that it is a number ending by 1, not a prime number, but a number divisible by 3. Thus it agrees with P! S9:and every number that ends by 1 is also divisible by itself… This does not disturb the truth of the statement! S4:P is true if all numbers that end by 1 are prime or divisible by 3. To be prime or divisible by 3 is sufficient for the truth of P.

	Some voices: Yes… Not…
	T:	Yes or not? Let us try to know the different positions.
	S6:	Not, P says that all numbers … all natural numbers that end by 1 are divisible by 3,
		or prime numbers, while 21 is also divisible by 7.
	S4:	but it is divisible by 3, thus it is not an exception.
	S5:	all the students in this school are boys or girls, it is true without any exception. None
		of us makes an exception (a few hidden laughs in the class). While in the case of
		P… 21 is an exception.
	S7:	but P does not exclude the divisibility by 7. Like 81: it is divisible by 3, by 9,…
		(Other examples are made)
	S5:	in the case reference
		to her, and smiles)
	S6:	me too… P does not say "only by 3", divisibility by 7 is another property, no
		problem!
	T:	OK, you have solved together a difficult problem! But the original problem
		remains: is P true?
	S4:	uh, 121… it ends by 1 and is neither prime, nor divisible by 3. 121 is equal to 11
		by 11.
	S9:	here we have a true exception!
	S8:	yes, 121 is equal to 11 by 11, it is not a prime number.
	S10:	and it is not divisible by 3! Thus P is not true!
	S1: T: T: T: S2: S4: S3:	very well, we have discovered what we call a "counter-example" in mathematics: like 1, 11, 21, 31? an example, which shows that the property that we are discussing is not true, in our yes! 41, 51, and so on. Let us think for some minutes alone. Silence, please. Try to case: not true for all numbers ending with 1! Your task for the next lecture is to find some properties of the people of this tribe. write a letter for a student of another class, to explain what we have discussed today (laughs) and what we have discovered. We have still some time for us… I ask you: do you (after about 4 minutes) remember cases in which we have met some kinds of counter-examples? What have you discovered? yes, in grammar… It is not true that all names of Italian people, which end by a, they look … most of them are prime numbers: 1, 11, 31, 41. are female. Andrea is the name of a male!
	S4:	and the others are divisible by 3.
	T:	thus we may write (she goes to the blackboard, and writes):
		"P: all natural numbers that end by 1 are divisible by 3, or prime numbers".
		Is it OK for you? Or do you find some exceptions?
	S5:	not, 21 is also divisible by 7.

T: (writes on the blackboard: 21 is also divisible by 7). Is 21 an exception for what is written above? (she points at the statement P). It is not an easy answer… Let us try together! S7: if we ascertain it for all numbers. S5:

I start to understand. Yes, P does not say that all numbers are prime or divisible by 3 only! Being divisible by 7 is another property -like for a girl with black hair, like for Samantha, who is a girl with other properties.

(some laughs… Samantha is a very pretty girl! And she looks happy of the