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Framing students' difficulties with the concept of proof, with reference to Vergnaud's Conceptual Fields Theory
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By considering proof as a concept, according to Vergnaud's Conceptual Fields Theory, I would like to show how this framing of proof allows describing and interpreting some students' difficulties with proof at the meta-mathematical level. After motivating the choice of the framework and presenting it, I have considered examples of students' proofs, which showed difficulties regarding the mastery of operational invariants, of situations of reference and of the different representations of the concept of proof.

Introduction

Researchers have identified several types of students' difficulties with proof and proving; in particular difficulties related to: mathematical logic [START_REF] Selden | Unpacking the logic of mathematical statements[END_REF]; language (Boero, Douek, & Ferrari, 2008); writing the proof text [START_REF] Selden | Overcoming students' difficulties in learning to understand and construct proofs[END_REF][START_REF] Azrou | Why do students write poor proof texts? A case study on undergraduates' proof writing[END_REF]; understanding of concepts [START_REF] Dreyfus | Why Johnny can't prove[END_REF]; theorems and definitions [START_REF] Moore | Making the transition to formal proof[END_REF]; strategies of proving [START_REF] Weber | Student difficulty in constructing proofs: The need for strategic knowledge[END_REF]; argumentation [START_REF] Balacheff | Aspects of proof in pupils' practice of school mathematics[END_REF] and conceptions of proof and related proof schemes [START_REF] Harel | Students' proof schemes. Results from exploratory studies[END_REF]. Also many other researchers dealt with some of the above issues. I am interested in investigating a type of students' difficulties, which intertwines with some of the above categories (in particular, those related to: conceptions of proof, writing the final proof text, theorems and definitions). My interest concerns students' knowledge of the proof at the meta-level (the logical features of proof, the role of the hypotheses, the requirements for proof texts, etc.). This type of difficulties is related to one of the main differences between students' and mathematicians' proving. Mathematicians would use some aspects of that meta-knowledge when they explain a proof to another mathematician or when they write a proof on the blackboard for students, however most of it remains implicit and it is not the object of any teaching in many university courses of mathematics. In fact, meta-knowledge of proof is so obvious to mathematicians that they are not aware that it might be unseen by students when proofs are written on the blackboard or when students read proofs in mathematics textbooks.

In the literature, the shift to the meta-mathematical level in order to interpret some students' difficulties with proving is proposed by several authors. In particular, [START_REF] Antonini | Indirect proof: what is specific to this way of proving[END_REF] provided a model to study the proof by contradiction and stated that 'some of the difficulties highlighted in the literature (…) can be described and interpreted in terms of the complexity that the move from the theoretical level to the meta-theoretical level requires' (p. 7). [START_REF] Turiano | Beyond direct proof in the approach to the culture of theorems: a case study on 10-th grade students' difficulties and potential[END_REF] considered a proof task in Euclidean geometry submitted to 10 th grade students, for which an easy proof by absurd (more precisely, by contradiction: see [START_REF] Antonini | Indirect proof: what is specific to this way of proving[END_REF] is possible. Students showed difficulties on two points: the fact that the figure (representing the negation of the thesis) was impossible (to see and to imagine) and the managing of the proof by contradiction at the meta-level. Usually, when mathematicians choose the proof by absurd as a way to prove a theorem, they follow in a rather automatic way the rule of the game: starting by negating the thesis, in spite of the fact that they are convinced that it is true! Expert mathematicians work like a high school student does, when she applies the distributive property in arithmetic. Vergnaud's notion of "theorem-in-action" in his Theory of Conceptual Fields accounts for this kind of mastery of the distributive property, as a property used many times without necessary reflecting on its origin or interpretation, or on its truth in other situations. These considerations brought me to consider this research problem: Is it possible to move from the level of ordinary concepts (like those of the conceptual fields of additive structures and of the multiplicative structures, considered in [START_REF] Vergnaud | La théorie des champs conceptuels[END_REF], to the meta-mathematical level by considering proof, theorem, definition as concepts (according to Vergnaud's theory) and, in particular, by trying to describe and interpret some students' difficulties with proving in terms of lack (or misuse) of theorems-in-action for the concept of proof? Moreover: might some students' difficulties be described and interpreted in terms of lack of reference situations for the concept of proof, or lack of mastery of some operational invariants for it (like the negation of a statement), or poor linguistic representation of proof -as results from the analysis of university students' difficulties with proof-text writing in [START_REF] Azrou | Why do students write poor proof texts? A case study on undergraduates' proof writing[END_REF]? This paper presents a first, partial attempt in this direction.

The idea of considering proof as a concept (according to Vergnaud's Conceptual Fields Theory) has been suggested to me by the elaboration of Durand-Guerrier, [START_REF] Durand-Guerrier | Examining the role of logic in teaching proof[END_REF] on the roots of the mastery of proof, where they considered the use of theorems-in-action 1 in order to promote students' conceptualization of logical principles. Then, I have thought of theorems-in-action for the concept of proof, and I have hypothesized that in order to be competent in proving, students should not only master the definitions and properties related to the mathematical concepts involved in it, but they should also master the meta-knowledge of proof, by mastering proof as a "concept" (according to the Conceptual Fields Theory). The aim of this paper is to show how the extension of Vergnaud's framework to the concept of proof (even if rather limited in this moment) allows to interpret and to classify some student's difficulties. [START_REF] Vergnaud | La théorie des champs conceptuels[END_REF] considers a concept as a triplet of three sets: C= (S, I, 𝒮), where: S: the set of the different situations, which give sense to the concept (the reference). I: the set of the operational invariants, which are the basis of any operation related to the concept (the meaning).

Theoretical framework

𝒮: the set of linguistic and non linguistic representations of the concept.

1 A theorem-in-action is a mathematical property that a person may not be consciously aware of but may use in certain situations, such as to find an answer to a mathematical question. However, because the property may not apply to all the situations in which the person might try to use it, it could lead to an invalid deduction (Durand-Guerrier et al., 2012, p. 377).

For the concept of proof, I have defined its related three sets, respectively, as: S: the set of the reference situations of the proof (situations of proof in geometry, in Algebra, in arithmetic, etc, different types of proof). I: the set of the operational invariants (related to the logical structure of proof).

𝒮: the set of the different representations (linguistic; symbolic; geometrical, etc).

As concerns the operational invariants, [START_REF] Vergnaud | La théorie des champs conceptuels[END_REF] considers three types:

-Invariants of propositional type (e.g. a theorem-in-action), which might be true or false, like the fact of considering that if a number of objects is multiplied by 2, 3, …then their price is also multiplied by 2, 3, … (which, is expressed by the theorem-in-action f (nx) = nf (x)). A theorem-in-action may be true or false, depending on the assumptions (e.g. the axioms) and the situation: as an example, many high school students think that every continuous function is derivable, according to the functions usually dealt with by them, and sometimes they even use it without making it explicit; -Invariants of propositional function type: they are not susceptible to be true or false, they are concepts in action, like the two-arguments propositional function R (x,y) "… is on the right of …"), reported in Vergnaud (1990, p. 143), and the three arguments propositional function "Triangle A'B'C' is symmetrical to triangle ABC in relation to line d" (with reference to the corresponding drawing), reported in Vergnaud (2009, p. 91); -Invariants of argument type: they are obtained, for instance, by the instantiation of the variables x and y in a propositional functions R (x,y); or in the case: "to be greater than" is an anti-symmetrical relation (Vergnaud, 1990, p.144); or in the case: Symmetry conserves lengths and angles (Vergnaud, 2009, p. 91).

The following examples account for a partial solution of the problem to move from concepts at the mathematical level, to concepts at the meta-mathematical level. I give examples for the three types of invariants for the concept of proof, which result from analogy with the three types of invariants considered by [START_REF] Vergnaud | La théorie des champs conceptuels[END_REF][START_REF] Vergnaud | The theory of conceptual fields[END_REF].

-Examples of invariants of propositional type: a counter example for a general statement is sufficient to prove that the statement is false; to prove that A⇒B it is sufficient to prove that not B⇒not A.

-Examples of invariants of propositional function type: the implication 𝐴 ⇒ 𝐵, the equivalence 𝐴 ⇔ 𝐵, the negation of A.

-Examples of invariants of argument type: "n is an odd number" is the negation of "n is an even number". And here is an example of a theorem-in-action about the concept of proof that is false in general but may be true in some situations: if A⇒B then not A ⇒ not B.

I consider that mastering meta-knowledge of proof is mastering it as a concept (with its components, according to Vergnaud' theory). The aim of this paper is to show, in particular and with relatively easy cases, how the partial framing of meta-knowledge of proof, which I have developed till now, works when we would like to analyze students' proof texts and how:

-It is suitable to interpret some students' difficulties with proof in term of the three components of the concept of proof (reference situations, operational invariants and linguistic representations).

-It may be used to distinguish between the sources of two kinds of difficulties put into evidence in the literature: difficulties deriving from the didactic contract (particularly those related to the lack of, or to inappropriate, reference situations); and difficulties inherent in the lack of knowledge of basic notions related to the logical aspects of proof (related to the lack of operational invariants).

The course and the participants

The following examples have been taken from written productions of fourth year students from an Italian university, who attended a 24-hour compulsory course on argumentation and related teaching and learning issues. In the next year, students would take their master's degree, which is necessary to become primary school teachers in Italy. In high school, all students have met mathematical proof in geometry, where "met" means they have been taught several proofs and have been required to learn them and to expose some of them at the blackboard. Usually, they have also met some proofs in arithmetic (e.g., the classical proof of the irrationality of √2, or the Euclid's proof of the infinity of natural numbers). Students have never met proofs in previous mathematics and mathematics education courses at the university (only some justifications of the "why" of some arithmetic rules). In the course on argumentation that I am considering here, lectures engage students in filling (during the lecture, and sometimes at home) individual worksheets that concern the topics presented by the teacher. In these worksheets, students are also invited to write down the possible difficulties met by them. Students usually try to do their best in filling the worksheets. Then, some students' productions are chosen by the teacher, for comparison and classroom discussion. The final evaluation is based on the student's detailed self-reflection on, and revision of, her own worksheets, taking what has been discussed in the classroom into account.

The following examples are taken from the worksheets filled by the students in the last part of the course, devoted to argumentation to validate elementary arithmetic statements and to check the validity of proofs produced by other students. In some cases, also audio recordings or field notes of the discussions concerning those worksheets are available. Proof of the truth of general elementary statements in arithmetic is presented as an argumentation with a statement that concerns a specific set of elements (e.g., natural numbers, or couples of consecutive odd numbers), and a reasoning that guarantees the truth of the claim for all the elements of the given set. The reasoning may be a verbal reasoning, or reasoning based on the use of algebraic language. Students already know from high school that checking with a finite number of cases the validity of a statement that concerns an infinite set of elements does not guarantee the truth of that statement, while a single example (counterexample) is sufficient to prove that a general statement is false. Students are invited to reason as mathematics would require them to do; they know that possible educational implications will be discussed later in the classroom.

A-priori analysis of the task

Task 1

Prove that 1 is the only common divisor of two consecutive numbers.

Students have the necessary knowledge about the mathematical concepts involved in the task (divisor, consecutive numbers); they know what "the only" means.

A possible proof is: let n and n' be consecutive numbers (n<n'). Assume that d≠1 is a common divisor of n and n'. Given that n is a multiple of d, the successive multiples of d are n+d, n+2d, n+3d, and so on. Thus n' must be one of those numbers. Thus n' cannot be the consecutive number of n. Thus, it is true that the only common divisor of n and n' is 1.

Theorem in action (for the concept of proof): to prove that A implies B it is sufficient to prove that 'not B' implies 'not A'.

Another possible proof is: let n and n' be consecutive numbers (n<n'). Assume that d≠1 is a common divisor of n and n'. Then d divides n, thus the remainder of the division n:d is 0, and d divides n', thus the remainder of the division n':d is 0. But as n'=n+1, the rest of the division n':d is 1, which results in a contradiction with the previous result (0≠1).

Theorem in action (for the concept of proof): to prove that A implies B it is sufficient to prove that a contradiction may be derived (given A) from 'not B'.

Examples of students' proofs for task 1

Among their productions, we have the following ones:

Example 1

Any two consecutive numbers have only 1 as common divisor, because if any two consecutive numbers would have common divisors different from 1, then also 1 and 2 would have common divisors different from 1: this is false because they have only 1 as common divisor.

In this case, we find a situation of a rather common lack of mastery of the theorem-in-action: to negate "P is true for every x" it is sufficient to find one case of x for which P is false. This student, during her effort to build a proof by absurd, negated "P is true for every x" by assuming "P is false for every x"; then she proved that this assumption is in contradiction with the case of 1 and 2.

Example 2

Any two consecutive numbers have only 1 as common divisor, because if by absurd one divisor d≠1 of n would be also a divisor of n+1, then n+1 would be a multiple of d, which is false because n and n+1 do not have common divisors greater than 1.

In this case, there is a problem with the mastery of the theorem-in-action concerning the proof by absurd: in order to prove that B (d=1) is true under the hypothesis A (if d is a common divisor of n and n+1), the student assumes that B is false (d≠1), then he gets the conclusion that B is true by showing that if B is false it brings to A, which brings to B. Also, the mastery of the operational invariant of propositional type "implication" looks weak for this student, which resulted in the confusion between the hypothesis and the thesis.

Example 3

Any two consecutive numbers have only 1 as common divisor:

d=1 d\n d\n+1 n+1-n=1 (n+1):d =q+r =1≠ 0 if d≠1. d=1
According to the student-author's intervention in the discussion, his intention was to prove that d=1 by considering a divisor d of n and n+1. Since n+1 -n = 1, if d≠1 the division of n+1 by d has a remainder r=1 (and not 0, corresponding to divisibility of n+1 by d). Hence d=1.

This example is a case of poor linguistic representation of a valid reasoning: the sequence of symbols and words (only one word, if) does not allow to distinguish between what must be proved (d=1 is the only divisor) and what is assumed to build the proof (d as a divisor), and to understand some steps of the proof. In particular, (n+1):d=q+r=1≠0 if d≠1 is the short writing of a piece of reasoning, where even the algebraic meaning of the '=' sign is twice lost! Similar cases have been considered by [START_REF] Azrou | Why do students write poor proof texts? A case study on undergraduates' proof writing[END_REF].

Task 2

After the activity on the common divisors of two consecutive numbers, students are requested to prove that the only common divisors of two consecutive even numbers are 1 and 2.

Students have at their disposal, in their worksheet, two kinds of valid verbal proofs concerning the common divisor of two consecutive numbers (these proofs have been produced by two students and then discussed in the classroom): I) A proof by multiples, based on the consideration of the distance greater than 1 between two consecutive multiples of every number greater than 1 (like the first proof of the a-priori analysis). II) A proof by remainders (of the division of the second number by the divisors of the first number), like the second proof of the a-priori analysis.

The aim of this task was to engage students in the reflection of what was in common with the first task (the logical structure of reasoning) and what was different (the different hypotheses).

Examples of one student's text for task 2

I have tried to write a general argumentation starting by the definition I (the proof by multiples) but I was unable to understand the rule that allows getting the proof for two even numbers. I was able to understand the general rule but only in single examples, but when I try to write the argumentation, I am unable to find the right words. I think that the reasoning is based on a formula I need more time to understand, and in this moment, I do not know it.

Firstly, note how the student uses the word "definition" for a "proof" (we might interpret it as a sign of a possible weak mastery of the operational invariants which concern the meaning of definition and proof). During the discussion on her production, this student makes a long intervention on her difficulties: according to her, she was not able to make a connection between the proof required in this case, and the proof met in high school (Euclid's theorems in geometry, the proof of the irrationality of √2). Even the transition from the proofs discussed in the classroom for the case of consecutive numbers to this new proof situation had been hard for her. I was very confused. I had in my mind the proofs in geometry, where clear hypotheses are given and then we must move to the thesis step-by-step. Also, the proof of the irrationality of √2 was clear to me: the assumption that √2 is rational must bring to an absurd conclusion through formulas. The proofs in the case of consecutive numbers, … I do not see the hypothesis, yes, they look like proofs by absurd, but also the thesis… and the negation of the thesis… Also, not clear for me the use of algebra in one of the proofs that we have seen: I do not see how we must use algebra, the formula that we must use. This example looks very interesting: the student engaged a lot in previous mathematics and mathematics education courses, with enough good results as concerns the discussion of teaching and learning problems. She looks very committed with this task. Her words reveal a possible lack of wellinteriorized and valid reference situations of proof. This lack results in a misleading approach to proving in general: "we must move to the thesis", "the assumption (…) must bring to an absurd". "I do not see how we must use algebra". These sentences correspond to what the student wrote in her worksheet: "I was unable to understand the rule that allows to get the proof", "I think that the reasoning is based on a formula (…) that in this moment, I do not know".

Like in the case of ordinary concepts, in the case of the concept of proof it is not sufficient to have met some instances of proof and to have learnt some proofs in order to get reference situations for the concept, which are suitable to support problem solving in new proving situations. Moreover, this example helps to focus on what do reference situations mean for the concept of proof: how reference situations for proof are related to the construction of a new proof?

Discussion

As we have seen in the above examples, considering proof as a concept according to Vergnaud's Conceptual Fields Theory is a promising tool to identify and analyze students' difficulties related to the mastery of proof at the meta-level. However, a lot of work is still to be done. Here are three possible directions:

-By deepening the analysis of the components of the concept of proof (particularly as concerns the identification of the operational invariants of the three types), and their role for the development of students' proving competencies and in the interpretation of their difficulties. I think that special attention should be paid for the inferences (among the operational invariants of the concept of proof), since they are a way of considering at the meta-mathematical level what happens at the mathematical level, for instance, when a student writes: "d>1, hence the consecutive of n does not belong to the set n+d, n+2d, n+3d, …" (see task 1).

-By clarifying what the mastery of "reference situations" means in the case of the concept of proof, in terms of how it intervenes in proving (see the last example).

-By identifying the conceptual field, to which the concept of proof belongs, particularly as concerns its three components.