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ABSTRACT
We use a correspondence map to jointly invert surface-wave dispersion curves and
magnetotelluric data for subsurface shear velocity and resistivity but also for a possi-
ble relationship between them.Our first experiments consist of inversions of synthetic
data computed from models linked by first- and second-order polynomial relation-
ships. Our methodology produces joint inversion model pairs from which 100% fit
the ‘observed’ parameter relationship within a 5% error vs only 15% of the separate
inversion pairs for the degree 1 relationship experiment. For the degree 2 relation-
ship synthetic test, 80% of the joint inversion model pairs fit the ‘observed’ relation-
ship within a 5% error while 45% of the separate inversion pairs. This reduces the
number of acceptable models without compromising the data fit (‘reduction of non-
uniqueness’). The next experiment involves synthetic data from models of known
physical properties, taken from well logs, but without a known relationship.We show
how to select an appropriate polynomial degree for joint inversion when the relation-
ship is unknown. Having validated the approach with synthetic cases, we apply our
methodology to field data. We compare separate and joint inversions, and we find
that the one-dimensional subsurface models retrieved from joint inversions are more
similar to previous models documented in the area than the separate inversion models.

Key words: Passive methods, magnetotelluric, ambient seismic noise, joint inversion,
correspondence maps.

INTRODUCTION

Joint inversion of geophysical data has been proposed as a
means for understanding subsurface structures, since taking
advantage of different data sensitivities can reduce the range
of acceptable models (i.e. the ‘non-uniqueness’) (Moorkamp
et al., 2007). One can implement joint inversion in many dif-
ferent ways: (1) joint inversion for a single physical property
from multiple datasets is sensitive to it, for example apparent
resistivity from DC resistivity and magnetotelluric data (Jupp
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and Vozoff, 1975) or shear velocity from receiver functions
with surface wave dispersion curves (Julià et al., 2000); and (2)
joint inversion of data sensitive to different physical parame-
ters, for example resistivity and seismic velocity (Gallardo and
Meju, 2003). For the first type, the joint inversion procedure
is straightforward as both methods share a common subsur-
face model. The second type, however, is more challenging
since sensing different physical properties involves questions
about their mutual coupling (or lack thereof). Here we focus
on the second type of joint inversion to obtain shear-wave ve-
locity and electrical resistivity models from surface-wave dis-
persion curves andmagnetotelluric data, respectively. The core
element of any joint inversion methodology is, therefore, the
hypothesis of a link between the different physical property
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models (Carrillo and Gallardo, 2018). In general, these links
or features can be classified as structural or petrophysical.

Structurally coupled joint inversion assumes that differ-
ent geophysical methods sense the same underlying geology;
therefore, it is the structure that controls the distribution of
petrophysical properties (Gallardo andMeju, 2003).With this
approach, the structural similarity of the different physical
property models is considered rather than petrophysical re-
lationships between these properties. They require the specifi-
cation of mathematical conditions at structural boundaries in
a numerically stable way. Today, the most common structural
coupling method is the cross-gradient constraint, introduced
by Gallardo and Meju (2003, 2004) and for which the struc-
tural similarity is enforced by minimizing the magnitude of
the cross-gradient vector. Other structural constraints include
either curvature-based methods, for example Zhang andMor-
gan (1997) and Haber and Oldenburg (1997), or Gramian
constraints, for example Zhdanov et al. (2012) and Ogunbo
and Shin (2021).

Structural coupling does not make any assumption about
the petrophysical relationships between the parameters. If
there is a priori information about such relationships, joint
inversion results can be improved significantly. Hence, struc-
tural coupling might overlook the full potential of the joint
inversion (Moorkamp, 2017). Joint inversion methods using
parameter relationships are based on the fact that for some
specific geological environments geophysical parameters can
be related to some mathematical relationships. Carcione et al.
(2007) showed how in sedimentary environments porosity
and fluids of the rock matrix can provide a physical link that
causes a correlation between seismic velocities and electrical
conductivities. The so-called petrophysical joint inversion has
generally been approached in two ways: (1) when there is a re-
lationship between the parameters which are used to constrain
the dependent parameters, in a sequential inversion mode, for
example Dufréchou et al. (2018) and Gautier et al. (2019) and
(2) when the parameter relationship is included as part of the
joint inversion workflow. From this second group, Tiberi et al.
(2008) retrieved linear relationships with the depth between
the density and the compressional velocity in a Birch (1960)
type relationship. Carrillo and Gallardo (2018) proposed a
way to retrieve higher order polynomial relationships for a
number of heterogeneous zones.

We present here a joint inversion methodology that in-
cludes the correspondence map approach described by Car-
rillo and Gallardo (2018), implemented as an Occam-type
inversion (Constable et al., 1987). Our approach, in addi-
tion to inverting the data using geometric constraints, seeks a

functional relationship simultaneously for any pair of model
parameters. The relationship is treated as a random variable
as part of the joint inversion algorithm. Carrillo and Gallardo
(2018) propose a general form of the relationship between two
model parameters (m1 and m2): p and q are the maximum
power allowed for each parameter, and ai j are the polynomial
coefficients linkingm1 andm2. They introduce the function g:

g(m1,m2, a) =
q∑
i=0

p∑
j=0

ai jmi
1m

j
2 = 0. (1)

Our work focuses on exploring the use of correspon-
dence maps to invert for the one-dimensional shear veloc-
ity from dispersion curve data (from ambient seismic noise)
and the resistivity (from magnetotelluric data). We first illus-
trate the method of synthetic data using linear (polynomial of
degree 1) and non-linear relationships (polynomial of degree
higher than 1). We then apply our methodology to field data.
Throughout the paper, we use the same notation as Carrillo
and Gallardo (2018) and Constable et al. (1987) to help the
reader to relate our work to these seminal articles.

DATASETS

Magnetotelluric data

Magnetotellurics (MT) is one of the most widely used geo-
physical methods to obtain the Earth’s subsurface resistivity
structures. The principle of MT is to acquire simultaneous
measurements of the horizontal components of the electric
field E and the magnetic field H at the Earth’s surface. In the
Fourier domain, the transfer function between these compo-
nents of E andH yields the complex impedance tensor Z from
which the apparent resistivity ρa and phase φa can be com-
puted:

E(ω) = Z(ω)H(ω), (2)

ρa(ω) = |Z(ω)|2
μω

, φa(ω) = argZ(ω), (3)

where ω is the angular frequency (i.e. 2π f ) and μ is the
magnetic permeability. The impedance tensor is frequency
dependent, the impedances at high frequencies correspond
to shallow structures, while impedances at low frequencies
correspond to deeper structures. The reader is referred to
Vozoff (1990) for more details about MT.

We calculate synthetic impedances for a one-dimensional
isotropic layered earth by computing the effective impedance
at the surface of the Earth using the recursive approach
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described in, for example,Ward and Hohmann (2012). To en-
sure stability and avoid negative values of resistivity during
the inversion process, we use the natural logarithm of ρ as
inversion parameters in all our computations.

Rayleigh wave dispersion data from ambient seismic noise
correlation

For many events in a seismic record, the surface waves are
the largest amplitude feature present in the seismogram. Sur-
face Rayleigh waves are the result of interfering P-Sv waves.
Particle motion of the fundamental mode of Rayleigh waves
moving from left to right is elliptical in a retrograde (coun-
terclockwise) direction. The motion is constrained to the ver-
tical plane that is consistent with the direction of the wave
propagation (Xia et al., 1999). Surface waves are guided and
dispersive. Just as is the case for the electromagnetic waves in
MT, lower frequencies penetrate deeper than higher frequen-
cies for a given mode. Analysis of the kernels of surface wave
dispersion curves shows that they are primarily sensitive to
shear wave velocity variations and less sensitive to compres-
sional velocity and density (Dorman and Ewing, 1962; Xia
et al., 1999; Julià et al., 2000; Song et al., 2005).

Commonly, subsurface reservoir imaging is based on ac-
tive seismic sources, but more recently the cross-correlations
of ambient seismic noise records have shown the capability of
empirically obtaining Green’s function between a pair of re-
ceivers (Shapiro et al., 2005), which has become a standard
technique for passive seismic imaging. In this paper, we in-
vert only for shear wave velocity and compute compressional
velocity from a given Vp/Vs ratio. The forward computation
of dispersion curves is done using the disba python library
(Luu, 2019), which is based on the code sdisp96 from Com-

puter Programs in Seismology (Herrmann, 2013). Similar to
MT data and resistivity models, we use the natural logarithm
of shear velocity in all computations for inversion.

JOINT INVERSION METHOD

We have chosen Occam’s inversion method (Constable et al.,
1987) to solve the joint inversion objective function under cor-
respondence map constraints. From equation (1), g is equal
to zero in the general case, it is convenient to manipulate
it algebraically to avoid the trivial solution, that is when all
the coefficients describing the polynomiae are equal to zero.
Carrillo and Gallardo (2018) circumvent this problem by

normalizing equation (1) by the independent term coefficient
a00. The normalized equation (1) becomes

ĝ(m1,m2, a) =
q∑
i=0

p∑
j=0

âi jmi
1m

j
2 = 0, (4)

where

âi j = ai j
a00

; a00 �= 0; â00 = 1. (5)

Below is given an example for degree 1, where p and q are
equal to 1:

ĝ(m1,m2, a) = â00 + â01m0
1m

1
2 + â10m1

1m
0
2 + â11m1

1m
1
2 = 0. (6)

Rearranging and substituting â00 of equation (5) in equa-
tion (6) give

ĝ(m1,m2, a) = â01m0
1m

1
2 + â10m1

1m
0
2 + â11m1

1m
1
2 = −1. (7)

The joint inversion problem including correspondence
maps using Occam’s approach is defined as finding the sim-
plest (i.e. smoothest) shear velocity (m1) and resistivity (m2)
models, which can be correlated by a polynomial relationship
and reproduce the observed data. The problem is set to find
m1,m2 and the normalized coefficients âi j. Therefore, we pro-
pose the objective function as an expanded version of the ma-
trices described in the main equation of Occam, that is

m = [λ∂T∂ + (WJ)TWJ]−1(WJ)TW(d − F[mi] + Jmi). (8)

Here m is the model parameter to find and mi is the model
at iteration i, λ∂T∂ is the smoothing matrix (here the differ-
ence in a physical property between consecutive layers); λ

is the commonly known Lagrange multiplier, a large λ is a
smooth model; J is the sensitivity matrix, and d and F[m] are
the observed and calculated data, respectively. W is the data-
weighing matrix, modified from the one in Constable et al.
(1987) by including a factor Fw, to account for each of the
three data types. This factor ensures that a data type withmore
elements than the others will not inherently bias the inversion.
W is then definedW = diag (Fw/σ ), where σ is the uncertainty
associated with each data value and Fw:

Fw = AD
N
ND

, (9)

where AD is the weight given to data typeD with
∑3

D=1 AD =
1.ND is the number of data for each type, and N = ∑3

D=1ND

is the total number of data. An analysis of the effect of dif-
ferent AD combinations is presented in Appendix C. Equa-
tion (8) is computed over several values of λ in order to find
the smoothest model satisfying the misfit:

X = ||Wd − WF[m]||. (10)

© 2022 The Authors.Geophysical Prospecting published by John Wiley & Sons Ltd on behalf of European Association
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The modified model matrix m is defined as a matrix that
comprises shear velocity, m1, resistivity, m2, and the normal-
ized polynomial coefficients, âi j

m =

⎛
⎜⎝
m1

m2

â

⎞
⎟⎠ . (11)

Similarly, the observed data d and predicted F[m] are ex-
tended to

d =

⎛
⎜⎝
d1

d2

−1

⎞
⎟⎠ , (12)

F[m] =

⎛
⎜⎝

FSWD[m1]
FMT [m2]

ĝ[m1,m2, â]

⎞
⎟⎠ , (13)

where J is the general Jacobian matrix that integrates the sen-
sitivity of the given model parameters. More details regarding
the Jacobian matrices of the correspondence map function ĝ

can be found in Carrillo and Gallardo (2018). The complete
J matrix given as the model parameters in equation (11) and
data in equation (12) is

J =

⎛
⎜⎝
J[m1] 0 0
0 J[m2] 0

J[gm1] J[gm2] J[ga]

⎞
⎟⎠ . (14)

From equation (8), the first term (μ∂T∂) is related to the
smoothness of the model parameters. In our case of joint in-
version using correspondence maps, there is no physical or
mathematical reason to smooth the coefficients, and hence a
smoothness of zero is imposed on the coefficients term. The
smoothing term in equation (8) is then as follows:

∂ =

⎛
⎜⎝

∂m1

∂m2

∂a

⎞
⎟⎠ =

⎛
⎜⎝

∂m1

∂m2

0

⎞
⎟⎠ . (15)

The experiments presented in the next section include the
retrieval of all model parameters described in equation (11).
The aim is to compare separate versus joint inversions for
shear velocity and resistivity using the fundamental mode of
Rayleigh wave dispersion curves and magnetotelluric data.
The workflow followed in all experiments is described in
Figure 1.

Figure 1 Workflow of joint inversion using correspondence maps;m1

andm2 are the log of shear velocity and log of resistivity, respectively.

SYNTHETIC TESTS

To verify the reliability and stability of the inversion algo-
rithm, we test several scenarios of correspondence map re-
lationships using synthetic data: (1) linear relationship, (2)
second-order relationship and (3) second-order relationship
from well log data. All experiments start with a homogeneous
model that does not have to be close to the true model. For
the case of the coefficients, the initial model is a vector of
ones.The inversions are not constrained by any upper or lower
bounds, neither on shear velocity nor resistivity, enabling the
correspondence maps to search over a wide range of values.
In all experiments,m1 = lnVs and m2 = ln ρ and 5% random
noise is systematically added to the synthetic data. We calcu-
late the synthetic responses for the magnetotelluric (MT) data
over logarithmically spaced frequencies between 0.01 and 100
Hz and surface-wave dispersion curves from 0.1 to 10Hz. The
synthetic data are denoted as Target in Figures 2, 3 and 7.

Linear relationship: Synthetic test

Although most seismic velocity–resistivity relationships are
generally not linear as shown in Carcione et al. (2007), we
start the joint inversion tests with the most simple scenario

© 2022 The Authors.Geophysical Prospecting published by John Wiley & Sons Ltd on behalf of European Association
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Figure 2 Correspondence map joint inversion results of Section 4.1: shear velocity and resistivity models; synthetic data and models. Colour
codes: synthetic (black), starting model (red), separate inversions (blue) and joint inversion (magenta).

of correspondence map, that is a linear relationship. Linear
relationships were observed previously in field data: for ex-
ample, Harmon et al. (2021) recovered linear relationships in
the mantle for shear velocity and log resistivity near the Mid-
Atlantic Ridge. The cross-plots of these properties, although
not true everywhere, show an overall linear trend.

The first experiment consists of a resistivity model (m2)
computed from a set of shear velocity values (m1) using a lin-
ear relationship. The true linear relationship from which m2

is computed for this experiment is

m2 = 6m1 + 1.3. (16)

The normalized correspondence map function to search has
the form of equation (16), namely,

ĝ(m1,m2, a) = â01m2 + â10m1 = −1. (17)

Figure 2 shows the resulting models and responses from
the joint and separate inversions. The shear velocity model
from the joint inversion is much closer to the original model,
especially below 1 km depth. Sensitivity kernels show that this
is the depth (corresponding to periods between 5 and 10 s)
from which sensitivity to shear velocity decreases. The corre-
spondence map plots show how the models from the joint in-
version align better with the true linear relationship than those

obtained from separate inversions.The retrieved parameter re-
lationship after 15 iterations is

m2 = 6.13m1 + 1.29, (18)

that is very close to the true relationship in equation (16).

Non-linear relationship: Synthetic test

The second experiment consists of a resistivity model (m2)
computed from a set of shear velocity values (m1) using a
degree 2 polynomial relationship. This type of relationship
has been observed in geothermal environments, where shal-
low formations dominated by sediments show a decreasing
trend in resistivity and an increment towards deeper granitic
formations with a persistent increase in the velocity through-
out the whole section (Glass et al., 2018), resulting in non-
linear parameter relationships. Carcione et al. (2007) showed
several examples of non-linear relationships between velocity
and conductivity in oil-saturated shales and sandstones.

The true relationship from whichm2 is computed for this
experiment is

m2 = 26m2
1 − 23m1 + 6. (19)

© 2022 The Authors.Geophysical Prospecting published by John Wiley & Sons Ltd on behalf of European Association
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Figure 3 Correspondence map joint inversion results of Section 4.2: shear velocity and resistivity models; synthetic data and models. Colour
codes: synthetic (black), starting model (red), separate inversions (blue) and joint inversion (magenta).

For this experiment, the normalized correspondence map
function to search has the following form:

ĝ(m1,m2, a) = â20m2
1 + â10m1 + â01m2 = −1. (20)

After 15 iterations, the recovered relationship is as fol-
lows:

m2 = 25.7m2
1 − 21.5m1 + 5.55. (21)

The correspondence map plot in Figure 3 shows that the joint
inversion (magenta) from equation (21) is more consistent
with the true relationship (black) from equation (19) than
the results from separate inversions after 25 iterations (blue),
which are more scattered, especially for the deeper section of
the shear velocity model.

Discussion of linear and non-linear relationships from
synthetic tests

To describe how accurate the joint and separate inversions
results from the synthetic models are, we assume three fac-
tors of the inversion algorithm that are inherently correlated:
smoothing, correspondence maps (resulting models) and the
data (misfit). In the joint inversion using correspondence maps

we are able to retrieve parameter relationships without com-
promising the smoothing and the data fit.

In Figure 4, we can see how joint inversion results in ma-
genta represent a closer shape to the true relationship of the
models than those of separate inversions for both linear and
second degree synthetic tests. In order to quantify how close
the correspondence maps obtained from separate and joint in-
versions was to the true relationships, we compute the ĝ func-
tion using the pairs of models retrieved from each inversion
and compare it to the target ĝ = −1 within a certain error or
tolerance. The green shading in the background represents the
ĝ value calculated for all (m1, m2) pairs in a mesh using the
true coefficients. We obtain, for the linear relationship test,
that 100% of the joint inversion model pairs (shear velocity–
resistivity) have ĝ values, computed using the true relationship,
between −1.05 and −0.95 versus only 15% of the separate
inversion pairs. In the non-linear relationship synthetic test,
80% of the joint inversion pairs but 45% of the separate in-
version pairs are observed. These joint inversion results lead to
a meaningful improvement in the models’ relationships with-
out compromising the data fitting.Hence we can say that joint
inversion using correspondence maps leads to a reduction in
the number of acceptable models that could explain the same
observed data (‘reduction of non-uniqueness’).

© 2022 The Authors.Geophysical Prospecting published by John Wiley & Sons Ltd on behalf of European Association
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Figure 4 Correspondence map plot for results in Section 4.1 in (a) and b) and for Section 4.2 in (c) and (d). The background mesh in green
shading shows the corresponding true relationship g(m1,m2, a), that is equation (16) for (a) and (b) and equation (19) for (c) and (d), evaluating
multiple values of m1 and m2. The resulting models for separate (blue) and joint inversions (magenta) are displayed above. One hundred per
cent and 80% of the model pairs in (b) and (d), respectively, have ĝ values between −1.05 and −0.95, while only 15% and 45% of the pairs in
(a) and (c).

Non-linear relationship: Well log data

The third test consists of a numerical experiment using sub-
surface parameters extracted from well log data. The first
step refers to the problem of defining a proper degree of the
polynomial for joint inversion and the second step to the ac-
tual results of the joint inversion. The data from well API
15023214760000 were downloaded from the publicly avail-
able Kansas Geological Survey database (http://www.kgs.ku.
edu/Magellan/Logs/). Among other logs, it includes deep resis-
tivity and compressional slowness logs. For the purpose of this
exercise, shear velocity is computed using a constantVp/Vs ra-
tio of 1.7. Contrary to the previous two experiments, the ρ−
Vs relationship here is unknown and hence is closer to a field
data case.

Since the correspondence map joint inversion requires the
definition of the maximum degree (p and q) in equation (4),
the first step is to seek what degree of the correspondence map
function is adequate for the joint inversion based on the well
log data. For this, we perform an inversion for only the coeffi-

cients âi j using the well log data (shear velocity and resistivity)
and evaluate what type of relationship cover most of the well
log physical property pairs.

Four scenarios of coefficient inversions are tested, varying
the degree and the terms used in the ĝ(m1,m2, a) function, ei-
ther the full expression (non-constrained) or a constrained ver-
sion of the function. The four scenarios of ĝ(m1,m2, a) func-
tions used for testing are described below:

(a) Degree 1 non-constrained (p = 1 and q = 1 in equa-
tion (4)),
(b) Degree 2 non-constrained (p = 2 and q = 2 in equa-
tion (4)),
(c) Degree 1 constrained (equation (17)) and
(d) Degree 2 constrained (equation (20)).

By constrained, we mean that not all the terms of equa-
tion (4) are used, so that m2 can be expressed as a function
of m1. Therefore, we limit or constrain which terms of equa-
tion (4) to be used in the joint inversion problem. Appendix A

© 2022 The Authors.Geophysical Prospecting published by John Wiley & Sons Ltd on behalf of European Association
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Figure 5 Analysis of degree for correspondence map function on well log data. The left-hand side shows the well log data (grey). The green-
shaded background in (a)–(d) shows the evaluated g(m1,m2, a) functions obtained from separate inversions of the coefficients â using degree 1
and 2 (non-constrained) and degree 1, degree 2 (constrained), respectively. Displayed in all plots are the well log data (grey) for reference. The g
functions in the four panels, (a)–(d), were obtained from the separate inversions tests using the well log data (grey).

shows the constrained and non-constrained form of ĝ func-
tions used for this study. On the other hand, non-constrained
means that the ĝ function uses all the terms of equation (4).
The results of these four separate inversions of coefficients are
displayed in Figure 5. The background colour in each subplot
is ĝ(m1,m2, a) evaluated for eachm1 andm2 pair from amesh,
using the coefficients recovered for the four inversion tests de-
scribed above.

Figure 5(a,c) shows that more than half of physical prop-
erty pairs fall outside of the recovered relationships, suggest-
ing that the relationship between shear velocity and resistiv-
ity cannot be explained using a linear relationship (degree 1).
Therefore, these two scenarios were discarded for the joint in-
version.

Although Figure 5(b) covers most of the model parameter
pairs, when framed into a joint inversion problem, it can be-

come unstable due to the high number of coefficients to search
(i.e. eight for the case of p = 2 and q = 2). Appendix A, as
shown in Figure A.1, exemplifies this subject, which has also
been reported in Carrillo andGallardo (2018). Finally, it is sce-
nario (d) which is used to test the joint inversion strategy since
it is the relationship that covers most of the well log model
pairs after (b) and explains more closely than (a) and (c) the
behaviour of the well log data.

After analysing the degree of polynomial to be used, the
second step consists of the actual joint inversion using corre-
spondence maps. For modelling purposes, the well log models
are binned into 150 m thick layers to make the computations
faster. In Figure 6, it is noted that root mean square (RMS)
misfits for the three data types (MT, surface wave dispersion
curves and g) marginally decrease after the fifth iteration for
the joint inversion test.

© 2022 The Authors.Geophysical Prospecting published by John Wiley & Sons Ltd on behalf of European Association
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Figure 6 As described in Section 4.4, RMS misfit evolution for joint inversion (left) and separate inversions (right).

Figure 7 Correspondence map joint inversion results of Section 4.4: shear and resistivity models; synthetic data and model responses. Colour
codes: true model (black), starting model (red), separate inversions (blue) and joint inversion (magenta).

Figure 7 shows that both joint inversion and separate in-
version fit the data similarly. From the parameter side, the
shallow section represents a model where velocity increases
and resistivity decreases, while in the deeper section both
properties increase. The joint inversion approach tries to cou-
ple these two behaviours as a parabolic form. The recovered
relationship for the joint inversion scenario (d) after 15 itera-
tions is as follows:

m2 = 5.32m2
1 − 4.87m1 + 2.14. (22)

F IELD EXAMPLE

The previous experiments were necessary to assess the relia-
bility of our methodology. As a first application to a real data
case, we selected data from northern Alsace, France. This area
has historically been explored for hydrocarbons, and more re-
cently hosts the development of deep geothermal systems. A
vast amount of geophysical data have been acquired in the re-
gion, making it ideal for testing new interpretation and imag-
ing techniques such as the one presented in this paper.

© 2022 The Authors.Geophysical Prospecting published by John Wiley & Sons Ltd on behalf of European Association
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Figure 8 Correspondence map joint inversion results of Section 5: shear velocity and resistivity models; synthetic data and models. Colour codes:
reference models (grey), starting model (red), separate inversions (blue) and joint inversion (magenta).

The datasets tested in this paper consist of one pair
of magnetotellurics (MT) sounding from the ECOGI project
(Abdelfettah et al., 2019) and fundamental mode Rayleigh
wave group dispersion curves from the EstOF network (Lehu-
jeur et al., 2015, 2018). The selected pair of stations (MT-
SWD) have a surface separation of at most 150 m. The pro-
cessed MT data (Abdelfettah et al., 2019) have a frequency
range from 0.01 to 100 Hz. The seismological data processed
by Lehujeur et al. (2015) and Lehujeur (2015) consist of fun-
damental and first overtone Rayleigh-wave dispersion curves
in the range of 0.2–1.28 Hz (0.7–5 s).

Generally, all components of the MT impedance ten-
sor are non-zero and require a three-dimensional modelling
approach to be reproduced. Since the scope of this work is
one dimensional (1D), we choose anMT station for which the
phase tensor ellipse (Caldwell et al., 2004) is closest to a circle
over the broad frequency range of interest, that is suitable for
our 1D modelling and inversion approach.

A normalized correspondence map function like equa-
tion (20) is used for this dataset, since the results from sepa-
rate inversions (blue in Fig. 8) show a parabola in a cross-plot.
Models obtained by Abdelfettah et al. (2019) and Lehujeur
et al. (2018) are displayed as reference in grey. Note that the

resistivity model from Abdelfettah et al. (2019) was obtained
from a two-dimensional inversion using MARE2DEM Key
(2016), Figure 8 displays the extracted model at the station se-
lected in this joint inversion test. The shear velocity model dis-
played as reference was obtained from Lehujeur et al. (2018),
who used a Monte Carlo inversion approach from where the
median of the best 2000 models was retained as the solution
of the inversion.

The results of the joint inversion (Fig. 8) confirm the use
of a non-linear parameter relationship. The introduction of
the correspondence map in the joint inversion algorithm re-
sults in a shear velocity model below 2.5 km depth closer to
the shear velocity model from Lehujeur et al. (2018), com-
pared to that obtained by separate inversion. Note, however,
that in Lehujeur et al. (2018) bounds for shear velocity based
on well log data were used as input due to the nature of the
Bayesian approach used in their work. In our case, we did not
provide any prior information or bounds for shear velocity
and resistivity and half-space initial models were used for both
parameters. The recovered relationship after 15 iterations was
as follows:

m2 = 2.49m2
1 − 1.51m1 + 0.81. (23)
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Figure 9 Results of joint inversion of data in Section 4.2 using degree 1 and degree 2, correspondence maps (left) and RMS misfit evolution
(right). Non-convergence is observed when performing joint inversion using degree 1.

EFFECT OF THE DEGREE OF g(m1,m2, a) IN
THE JOINT INVERSION

We have seen that the degree of the polynomial relation-
ship used for the joint inversion is an important parameter.
Therefore, it is worth investigating how to choose this param-
eter and how the joint inversion is affected by it. This study
started with joint inversions from synthetic models and re-
sponses, where predefined relationships were used, that is lin-
ear and non-linear. In each of these two synthetic tests, the
chosen relationship for the joint inversion was inherently used
as the ‘correct one’, for instance, the non-linear relationship
joint inversion used a degree 2 relationship. To study the effect
of using different degrees, we took the same synthetic models
from Section 4.2 and perform joint inversions using purposely
a wrong degree for relationship. That is, for Section 4.2,where
the known relationship is non-linear (degree 2), we perform a
joint inversion using degree 1. Figure 9 shows the cross-plot
ρ-Vs and the root mean square (RMS) evolution at each iter-
ation for this test. We observe that the joint inversion using
degree 1 does not converge versus using a degree 2, confirm-
ing that the ρ-Vs relationship cannot be explained by a linear
function, and therefore a higher order is required. This sug-
gests that when the relationship is unknown, a higher order
relationship should be initially tested, followed by decreasing
degrees to simplify the solution. If the simpler relationship can
explain the data, the joint inversion will converge; otherwise,
the higher order relationship must be kept.

As logical approach to decide the degree of joint inver-
sion, one can think of looking at the correspondence maps
from separate inversions and use this as a starting point to
estimate the degree to use. If we look at the field example
in Section 5, both the reference models and the models from

separate inversions describe a non-linear relationship and this
was the reason why degree 2 was chosen for joint inver-
sion. Appendix B shows the result of the joint inversion for
this dataset but using a linear relationship instead. Figure B.1
shows how the fit of the linear relationship joint inversion
for the three datasets (dispersion curves, MT: apparent re-
sistivity/phase and ĝ) is significantly lower than when using
degree 2.

CONCLUSIONS

To the best of our knowledge, we have successfully applied
a correspondence map joint inversion between surface-wave
dispersion curves and magnetotelluric data for the first time.
It is an effective way to find meaningful physical parameter
relationships while retrieving the shear velocity and resistiv-
ity models. The inclusion of correspondence maps in the joint
inversion problem has shown to converge without the defi-
nition of prior bounds as input and by using homogeneous
initial models.

The results of the first two synthetic data examples show
how the recovered relationships were essentially the same
as the true relationships. They also prove that the models
retrieved from joint inversion are importantly more similar to
the truemodels than those obtained from separate inversions.
We observed that when evaluating the ĝ function using model
pairs from joint and separate inversions, a significantly higher
percentage of model pairs from joint inversion had a ĝ be-
tween −1.05 and −0.95, reducing the number of acceptable
models without compromising the data fit (‘reduction of
non-uniqueness’). The first part of the well log example, the
assessment of separate inversions of only the coefficients,
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demonstrates an effective way to evaluate and select an
appropriate polynomial degree for the joint inversion.

The field data experiment illustrates how joint inversion
with correspondence maps achieves a velocity model simi-
lar to that obtained by a Bayesian approach (Lehujeur et al.,
2018), without forcing boundaries to the model, but rather by
imposing the existence of a parameter relationship. It exem-
plifies how, if a cross-property mathematical correspondence
exists that can explain observed apparent resistivity and dis-
persion curves, the resulting models have a higher coupling
than when not using the correspondence map. The addition
of a proper correspondence map term has been shown not
to compromise the fit of the data in the joint inversion algo-
rithm. It is essential, however, to remind the reader that the
convergence of the joint inversion is inherently related to the
appropriate selection of the polynomial degree, as described in
Section 6.
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APPENDIX A: STABIL ITY OF
CORRESPONDENCE MAP JOINT
INVERSION

In order to evaluate the stability of the joint inversion algo-
rithm for a degree 2 using the full expression of ĝ (p = 2 and
q = 2), we perform a joint inversion test using the data and
model responses from the well log data in Section 4.4. We
produce two joint inversion tests: (a) joint inversion using only
three coefficients of equation (4), which are described in equa-
tion (A.1), and (b) using the full eight coefficients (p = 2 and
q = 2) of equation (4), developed in equation (A.2). The ex-
periments mentioned in this article as constrained use the nor-
malized correspondence map function using a limited number
of polynomial coefficients, like test (a). On the other hand, the
experiments called non-constrained use the full expression of
the correspondence map function as in equation (4) as in test
(b). The ĝ functions used in these two joint inversion tests are
explicitly described below.

(a) Constrained degree 2:

ĝ(m1,m2, a) = â20m2
1 + â10m1 + â01m2 = −1 (A.1)

(b) Non-constrained degree 2:

ĝ(m1,m2, a) = â01m2 + â02m2
2 + â10m1 + â11m1m2

+ â12m1m2
2 + â20m2

1 + â21m2
1m2

+ â22m2
1m

2
2 = −1 (A.2)

The results in Figure A.1 show that the joint inversion can
be stable using a restricted number of coefficients, that is the
three coefficients in equation (A.1), while it can take more it-
erations for the non-constrained form to converge or not even
converge. For this test, after 15 iterations the non-constrained
inversion did not converge to a solution as the constrained in-
version did. Carrillo and Gallardo (2018) described instability
in the joint inversion of two-dimensional models (gravity and
magnetotellurics) when using a large number of coefficients,
that is eight coefficients (p = 2 and q = 2).
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Figure A.1 RMS misfit evolution for constrained (left) and non constrained (right) joint inversion of non-linear relationship test.

APPENDIX B: L INEAR VERSUS
NON-L INEAR CORRESPONDENCE MAP
JOINT INVERSION IN FIELD DATA

We are also interested in evaluating the influence of the cho-
sen degree of the polynomial relationship (p and q values in
equation (4)) on the correspondence map joint inversion. We
hence perform two more joint inversion tests on the same field
data: (i) correspondencemap joint inversion using amaximum
degree of 1 (linear relationship) and (ii) degree 2 (parabolic

relationship). The parabolic relationship is described in Sec-
tion 5. It is expected that using a higher order relationship
would show better results than including a linear relationship
in the joint inversion, since the reference models do not show
any hint of linearity.

The results are consistent with our expectations.
The linear relationship correspondence map is never
able to converge into a solution that can simultane-
ously fit the data while finding a relationship. This in-

Figure B.1 Correspondence map joint inversion results for data in Section 5 using linear and non-linear relationships. Colour codes: reference
models (grey), starting model (red), correspondence map joint inversion using linear relationship (green) and correspondence map joint inversion
using non-linear relationship (magenta).
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Table C.1 Parameters of the tests for weight analysis of joint inversion
using correspondence maps

Test
A1 =Weight

(SWD)
A2 =Weight

(MT)
A3 =Weight
(Corr. Map)

(a) 1/3 1/3 1/3
(b) 1/2 1/4 1/4
(c) 1/4 1/2 1/4
(d) 1/2 1/2 0

Abbreviations: Corr. Map: correspondence maps; MT, magnetotelluric; SWD,
surface wave dispersion.

dicates that even if the models can be improved via
joint inversion using correspondence maps the conver-
gence of the inversion is restricted to a proper selection
of the degree of the relationship. The model parame-
ters of this field dataset require a higher polynomial de-
gree in order to fit both observed datasets (d1 and d1)
while explaining a common relationship as observed in
Figure B.1.

APPENDIX C: WEIGHT ANALYSIS OF THE
DATA IN THE JOINT INVERSION
FRAMEWORK

We investigate the effect of the weight, A in equation (9),
of each dataset in the joint inversion framework. Four sce-
narios of distribution of weights are tested and described in
Table C.1. The observed datasets are based on the synthetic
datasets of Section 4.2.

The root mean square (RMS) plots in Figure C.1(a–c)
show how similar the results of the first three tests are in terms
of iterations needed to converge. Figure C.1(d) shows the ef-
fect of not giving any weight to the ĝ term, which results in a
high RMS for this term. Figure C.2 shows the obtained mod-
els from these four tests. Overall, the four tests result in very
similar models, with the last test showing a slight difference in
the correspondence map plot compared to the rest, due to the
non-inclusion of the correspondence map term in the joint in-
version.

Figure C.1 RMS evolution for the four weight tests described in Table C.1. The dashed black line represents the threshold when RMS = 1. The
title of each subplot indicates the value of the weight of each dataset (three values are given), and the order is given as follows: index 1, the
weight of the dispersion curve dataset; index 2, the weight of the magnetotelluric dataset; and index 3, the weight of the g dataset.
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Figure C.2 Resulting models and correspondence maps plots of joint inversion weight tests described in Table C.1. The label of each test indicates
the value of the weights of each dataset (three values are given), the order is given as: index 1: weight of dispersion curves dataset, index 2: weight
of the magnetotelluric dataset and index 3: weight of g dataset In black is shown the observed ‘true’ parameter relationship.
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