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Abstract 

This article aims at modeling fretting wear in a 2D cylinder-on-flat contact using 

Winkler elastic foundation model (WK). This model is compared with existing FEM 

and semi-analytic approaches as well as with experiments where the potentials and 

limits of the latter are carefully discussed. Following this, WK approach is extended to 

a 3D sphere-on-flat contact where the results showed that this approach captures 

nicely the 3D experimental wear profile with lower computation costs compared to 

semi-analytic approach. Finally, WK approach is applied for more complex cases as 

reciprocating sliding and fretting wear incorporating a third body layer in both 2D and 

3D configurations. Interesting results were obtained confirming the potential of this 

approach to model complex sliding and geometrical conditions.  

Keywords: Semi-analytic wear model; Winkler elastic foundation model; 2D and 3D 

Hertzian contact; Fretting wear.  

1. Introduction  

 
The prediction and simulation of wear volume extension from fretting to reciprocating 

sliding conditions were extensively addressed during the past decades. Various 

strategies based on Archard theory, friction energy approach, and Third Body Theory 

(TBT) were implemented providing pertinent predictions as long as the wear 
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parameters (i.e. Archard wear coefficient or friction energy coefficient) used for the 

predictions are estimated from representative tribological contact pressure, sliding 

amplitude and ambient conditions [1–6]. However, the main objective of industrial 

design strategies consists in predicting the maximum wear depth in fretted interfaces 

which implies to shift from a global wear volume description to a local wear depth 

prediction. Such local analysis requires numerical simulations to compute local 

Archard or friction density taking into account the continuous evolution of contact 

geometry induced by the surface wear process. Various incremental numerical 

approaches can be considered like Finite Element Method (FEM) [7–11], Discrete 

element modeling [12,13] or Semi-Analytic approaches (SA) [14–16] which 

incorporate the effect of different wear mechanisms including abrasion, adhesion as 

well as third body flows. FEM approaches are useful and can be adapted to any 

contact assembly but they are rather slow and require huge computation capacities 

especially for 3D contact situations. Alternatively the SA approaches are generally 

restricted to a reduced range of applications, but can provide a very precise solution 

for a much lower computational cost.  

In this article, an alternative Winkler approach (WK) will be investigated. This 

approach, which is originally used in geotechnical and structural foundation designs 

in which the soil is represented as linear vertical springs supporting the foundation, is 

transposed to tribological and wear analysis by several authors [17–19]. It provides 

very good wear prediction with a relative error less than 5% compared to reference 

SA or FEM simulations. Additionally, WK approach can be adapted to any contact 

configuration like the FEM providing a lower computation cost compared to SA and 

FEM approaches. 

One limitation of the Winkler approach (WK) is the difficulty to establish the incipient 

contact pressure conditions [20]. However, interesting results have been obtained for 
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long term surface wear extension when the effect of initial contact conditions are 

progressively erased by the running in wear process [17,21,22]. The purpose of this 

research work is to deepen the capacity of the WK approach to predict 2D cylinder-

on-flat but also 3D sphere-on-flat surface wears profiles. The analysis will compare 

the evolution of the maximum wear depth predictions between WK and reference SA 

simulations. Limits and advantages of the WK approach will be discussed taking into 

account the computation time and the capacity to be transposed to more complex 3D 

contact configurations like pin-on-disk situations. 

2. Description of the Winkler wear model 

The wear model developed in this article solves the mechanical problem using the 

Winkler elastic foundation model [20]. The formulation is expressed for a 3D       

surface where x axis is related to the sliding direction and y axis to the transverse 

direction. The wear depth evolution is related to the z direction. Note that an 

equivalent 2D contact configuration is achieved by removing the “y” variable from the 

following relationships. Both the contact surfaces of the plane surface and the 

counter body are respectively described by the variables            and            . 

The spatial discretization step size is denoted by  . The wear process is simulated by 

realizing a specific number         alternated (i.e. fretting) sliding cycles, and by 

applying after each sliding cycle a local wear increment of the surface profiles. This 

consists in shifting both the plane             and the counterpart            profiles to 

simulate the local increment of wear depth removed from the bulk fretted surfaces. A 

friction energy approach [11,23,24] is considered which implies that the local 

increment wear depth Δz is assumed proportional to the local friction energy density 

dissipated at the x position of the fretted contact during the numerical cycle. Dealing 

with the gross slip regime, a perfect sliding assumption is made to simplify the 



4 

tangential and sliding problems. This assumption allows reducing the complexity of 

the problem to solve, but it restrains the range of possible applications by excluding 

the partial slip problems. 

2.1. Resolution of the contact problem 

The Winkler model considers a series of independent springs as described in Fig.1. 

To generate a contact force, a prescribed vertical displacement    is applied to the 

moving part. It leads to a modification of the relative positions of the parts, which is 

formalized by the         function: 

                                       
(1) 

The interpenetration of the two rigid surfaces is thus measurable (           ). 

From this data, the local pressure           is estimated solving Eq. 2, with   being 

the stiffness of the springs: 

           
 
 

 
                        

               
  (2) 

The normal load is evaluated by integrating the pressure profile (Eq. 3) so that it 

corresponds to the applied normal force. For instance, using the Matlab “fsolve” 

function, the solution displacement leading to the desired normal load can be easily 

achieved. The function to be solved is given in Eq. 4, and the solution which is the 

normal displacement is denoted by       . 

                        (3) 

                
(4) 

The given procedure is applied for a given x position. To fully describe a gross slip 

fretting cycle, the procedure is repeated at different x increments defining the fretting 
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or reciprocating sliding path. Then, by using the perfect sliding assumption, the 

tangential mechanical problem is solved thanks to the coulomb law: 

                                
(5) 

 

Fig.1. (a) Illustration of the Winkler contact model for a 2D cylinder-on-flat contact 

configuration (counterpart=cylinder, neglecting “y” transverse direction); (b) Illustration of the 

strategy to establish the contact pressure profile. 

2.2. Description of the friction energy density simulation 

To simulate wear, the friction energy approach is considered expressing the surface 

wear volume (V) as a linear function of the interfacial shear work (i.e. friction energy 

∑Ed) using the so-called energy wear coefficient (α) such that V= α∑Ed [4]. Such 

global approach can be derived at local scale so that wear depth h(x,y) is 

proportional to the cumulated friction energy density         dissipated at a point 

M(x,y) [23] such that: 

                .  
(6) 
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As illustrated in Fig. 2, the simulation of an alternated (i.e. fretting or reciprocating) 

cycle consists in imposing a succession of small tangential sliding increments    for 

each of them to solve the former contact procedure thus to extract the corresponding 

incremental pressure and shear profiles. Assuming two successive increments i and 

i+1, the ith increment of friction work density of the jth fretting cycle is given by: 

          
                 

 
     

(7) 

Where          and            are surface the shear profiles at the sliding increment i 

and i+1. 

The simulation of a single fretting cycle is composed of      sliding increments, so the 

fretting energy density introduced at the M(x,y) position of a 3D contact during a jth 

fretting cycle is obtained by summing the contribution of each sliding increment so 

that : 

                  
    
     

(8) 

 

Fig. 2. Description of the incremental description of the sliding contact: after each Δs sliding 

increment expressed as a function of the sliding amplitude δs and the number of iterations 

during the alternated sliding cycle (Nitv), the WK contact algorithm is applied to extract the 

corresponding pressure profile and the related increment friction of friction energy density. 

Note that for alternated sliding condition like gross slip fretting, the back and forth 

motion of the contact implies that the sliding increment can be expressed as a 

function of the sliding amplitude    such that: 

plane

moving
cylinder

One computed interval

contact area 
 homogeneous sliding assumption: 

1 itv

Initial fretting cycle
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(9) 

Finally, the accumulated friction energy        over the whole fretting test is derived 

by summing the contribution of each fretting cycles such that: 

               
 
     

(10) 

With N being the total number of (experimental) fretting cycle. 

The computation of each experimental fretting cycle is quite tricky and could be very 

long. In reality the surface wear evolution is rather slow so that the friction energy 

density profile may be assumed constant during few tens of cycles. Therefore a β 

acceleration factor is introduced which corresponds to number of experimental 

fretting cycles simulated during each numerical fretting cycle.  

The accumulated friction energy density is therefore computed by summing the 

contribution of each numerical cycle so that: 

                  
    
     with       

    
      

(11) 

where      is the number of numerical fretting cycles required to simulate the N 

experimental fretting cycles. The acceleration factor can be constant            ) or 

expressed as an increasing function of the wear depth extension. Small    values are 

applied at the beginning of the computation to better describe the fast evolution of the 

contact geometry at the beginning whereas larger    values are considered during 

the steady state wear regime when lower and quasi flat contact pressure profiles are 

achieved. Assuming the friction energy wear volume formulation: 

                
(12) 

Supposing continuity from global to local wear process, the increment of wear depth 

         generated during a jth numerical fretting cycle can be estimated using the 

following expression (Fig. 3):  
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(13) 

The total wear depth is computed by summing the contribution of each numerical 

cycle: 

                      
    
            

(14) 

 

 

Fig. 3. Illustration of the fretting log (accumulated fretting cycles) and the related surface 

wear profile evolution (2D cylinder-on-flat contact). 

Note that after each jth numerical cycle the surface profile of the contacted counter 

parts are updated in order to remove the worn thickness. To simplify the description 

we assume that only the plane surface is worn: 

                                    
(15) 

Fig. 4 illustrates the global computation algorithm for a 2D contact configuration. It 

mainly consists in two main loops and a central brick related to the contact solver 

(“Load resolution”). Fig. 4 illustrates the computation process and the related wear 

profile evolution.  
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Fig. 4. Illustration of the Winkler wear model algorithm for a 2D contact configuration (i.e. 

neglecting the y transverse direction). 

 

2.3. Identification of the Winkler stiffness parameter from Hertzian theory 

In contrast to FEM and SA numerical simulations which precisely solve the contact 

problem taking into account surface and subsurface deformations, the WK approach 

considers a simplified approach where the contact area and the contact pressure 

profile are established from a single spring layer deformation. This assumption allows 

very fast computations but misestimates the exact pressure profiles in particular for 

non-conformal contact pressure profiles like Hertzian cylinder-on-flat or sphere-on-flat 

configurations. It will be shown successively that this error is drastically reduced 

Iterators initialization

Main parameters

End

Yes

No

Yes

cycles loop

Sliding 
intervals

loop

Positioning counterpart

Solve 

Contact loadings

Wear computation
Friction energy density

Yes

No

No

Energy density initialization

Energy summation



10 

when the pressure profile converges toward a flat distribution with surface wear 

extension. 

A key aspect of the WK model concerns the estimation of a representative spring 

“pressure” stiffness parameter   marking the link between the elastic properties of 

the materials and the contact mechanics response. K.L Johnson suggests an 

analytical formulation expressing the “pressure” stiffness parameter so that for a 

given normal force PN, the WK contact radius is similar to the reference Hertzian 

value (i.e. aWK = aH). Focusing on a 2D cylinder-on-flat contact configuration it leads 

to the following relationships: 

                  
  

  
    

(16) 

with      
     

  

  
 

     
  

  
 
  

    and          
      

    

 

 
 (17) 

where        
    

 

  
 

 

 
 and               

  

  
  

 

 
  (18) 

with Ep, Ec and νp, νc are the Young’s modulus and Poisson’s ratios of the plane the 

counterpart respectively, PN is the applied (i.e. Nominal) linear normal force and  R is 

the cylinder radius. The K parameter is function of the Hertzian contact radius aH and 

therefore depends on the elastic properties of the material but also on the cylinder 

radius and the applied normal load. 

On the other hand, for sphere-on-flat the elastic Hertzian contact parameters are 

expressed by the following relationships: 

    
     

    

 

 
  (19) 

     
   

      
        

    

  
 

 

 
  (20) 
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  with          (21) 

                  
  

  
  

(22) 

Although the Winkler stiffness parameter “K” is determined from the initial intact 

geometry defined by the Hertzian theory, it can be used in modelling the contact 

interaction even when the contact geometry changes during fretting wear extension. 

This insensitivity to elastic stiffness can be explained by the fact that when the 

surface wears out, the contact passes gradually from a Hertzian to a conformal 

contact, at least at the contact interface. It is this conforming zone which provides this 

insensitivity to the elastic stiffness. Besides, Argatov and co-authors revealed 

analytically, through asymptotic modeling of reciprocating sliding wear, a weak effect 

of elasticity on surface wear [25–27]. Based on this, it seems relevant to apply 

constant contact stiffness along the simulation which will be more effective especially 

at large number of cycles where the interface converges to conformal configuration. 

3. Semi-Analytic wear model 

The Semi-Analytic wear model (SA) uses exactly the same algorithm (Fig. 4) except 

that the contact solving subroutine (i.e. contact pressure profile computation) is 

achieved using the Gallego et al. formalism [14,28,29]. 

4. Comparison between WK and SA for a 2D cylinder-on-flat contact. 

To check the performance of WK approach, the latter is compared with SA and FEM 

models for a cylinder-on-flat steel contact configuration whose elastic properties and 

wear parameters are compiled in Table 1 [30]. Assuming reference test conditions 

consisting of a linear normal force P=10 N/mm and a sliding amplitude δs=±8 µm, it 

was found that       269 MPa,    = 23.7 µm, K = 5.47x106 MPa/mm. 
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Table 1. Elastic properties and wear parameters used to simulate cylinder-on-flat wear 

profiles of 316L/304L steel interface [30].  

Elastic 

modulus, 

Ep=Ec (GPa) 

Poisson’s 

coefficient, νc= 

νp 

Cylinder 

radius, R (mm) 

Friction 

coefficient 

Wear coef. 

αp (mm3/J) 

[30] 

Wear coef. 

αc (mm3/J) 

[30] 

200 0.3 4.85 0.6 7.7 10-6 0 

 

4.1. Prediction of the Hertzian contact pressure  

Fig. 5 compares the WK pressure profile obtained using the K.L Johnson’s 

approximation versus the Hertzian reference. As expected, the Winkler contact radius 

(aWK) is coherent with the Hertzian contact radius, but the pressure profiles are very 

different which underlines the limitation of the Winkler model to correctly describe the 

initial contact pressure distribution as this simplified approach does not solve the 

global contact interface and more particularly the subsurface elastic deformation. 

However, WK model provides a more elongated pressure distribution (     = 316 

MPa) compared to the reference Hertzian profile. On the other hand, SA approach 

displays a perfect superposition with Hertzian simulations. This confirms that SA 

modeling, which is more complex to implement and requires longer simulations, 

provides exact estimation of the contact pressure field and therefore will be 

considered as the reference to compare the alternative “low cost” WK strategy. 
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Fig. 5. Comparison between explicit Hertzian pressure profile and the pressure profiles given 

by WK and SA numerical computations at the first indentation stage (i.e. without surface 

wear simulation, N=0) (elastic cylinder-on-flat contact: Table 1, P = 10 N/mm). 

4.2. Effect of the fretting loading parameters 

A set of surface wear simulations was performed to compare both WK and SA 

contact solving strategies for a given 2D cylinder-on-flat contact configuration. 

Different aspects such as the test duration, the sliding amplitude, the normal force 

and contact radius effects were investigated. The constant parameters are the elastic 

modulus (E) and Poisson’s ratio (ν) of the two homogeneous steel counterparts, the 

friction coefficient (µ) and the energy wear coefficient (α). These different data are 

compiled in Table 1. 

The other variables required by the simulation are the spatial discretization (λ), the 

number numerical steps during a fretting cycle (Nitv), the linear normal force (P), the 

sliding amplitude (δs), the cylinder radius (R),the acceleration factor (β) and the total 

number of fretting cycles simulated (N). Similar values will be applied for each WK 

and SA simulation to ensure reliable comparisons. To quantify the performance of the 

WK simulations a maximum wear depth error indicator is considered: 
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(23) 

With     the maximum wear depth given by the reference SA simulation and     the 

maximum wear depth obtained by the WK computation assuming similar loading 

conditions. The lower the        indicator, the better is the prediction given by the 

WK model.  

4.2.1. Effect of test duration  

Fig. 6 compares two wear profiles given by SA and SW computations for a similar set 

of loading conditions (Table 1) for δs=±8 µm, PN=10 N/mm. By increasing the test 

duration from N=100 to 10000 cycles, the error indicator decreased significantly from 

       = 16.2% to 2.5% respectively (Fig. 6a &b). Indeed, at low number of fretting 

cycles, WK approach, by overestimating the peak pressure, overestimates the 

maximum wear depth and underestimates the lateral contact extension. Hence, it 

leads to a conservative maximum wear depth prediction satisfying the usual industrial 

requirements for a safe fretting wear design.  
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Fig. 6. Comparison between SA, WK and FEM worn profiles for (a) N=100 cycles and β=20 

and (b) N=10000 cycles and β=200 (δs=±8 µm, PN=10 N/mm, material and loading 

parameters are shown in Table 1). Evolution of the index error        with respect to the (c) 

number of fretting cycles and (d) maximum wear depth hmax. 

Even though the relative error at N=100 cycles        = 16.2% is quite significant, 

this value must be related to maximum wear depth less 0.045 µm which is 

insignificant regarding most of the fretting wear analysis. The         error index 

decreases below a threshold           =5% after 6500 fretting cycles which still 

corresponds to a quasi-negligible 0.16 µm wear depth for the simulated R=4.85 mm 

316L/304L steel interface (Fig. 6c &d). Then, the index error stabilizes around 0.25 % 

around 50000 cycles. Most the fretting wear investigations concerns wear depth 
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deeper than 1 µm. This result confirms that despite its lack of efficiency to simulate 

unworn Hertzian contact, the Winkler model appears as a pertinent strategy to predict 

the wear profiles of classical fretting wear investigations. Indeed, as previously 

demonstrated, surface wear process changes the initial Hertzian pressure toward a 

flat distribution in very few cycles which can explain the sharp reduction of the 

       index error and the potential interest to apply a WK contact solving approach 

to simulate surface wear process. 

Although SA simulations provide exact pressure profile (Fig. 5), it is necessary to 

validate the surface wear algorithm (Fig. 4). This can be done by comparing the worn 

profiles given by SA contact analysis combined with the given surface wear algorithm 

versus a well-established FEM wear modeling (Wear Box) previously detailed in 

[11,23,24]. Applying similar loading conditions, the relative error between the 

proposed surface wear algorithms combined with SA contact solving and the FEM 

simulations falls below 1% (Fig. 6a &b). This confirms the given surface wear-SA 

model as a reliable reference to compare the alternative WK contact solving 

approach. 

Table 2 compares the computation time required for each numerical strategy SA, WK 

and FEM. While the         falls below 1%, the WK is nearly 3 times faster than the 

equivalent SA analysis but more than 300 times faster than the FEM computations. 

This analysis confirms the capacity of semi-analytical computations (SW & SA) to 

simulate worn profiles in a faster way than FEM strategy. 

Table 2. Computation time of the different models on the reference simulation (Fig. 6b, Table 

1, N=10000 cycles, β=200, δs=±8 µm, PN=10 N/mm). 

Model Computation time 

WK 25 sec 

SA 1min 8sec 

FEM 2h 11min 
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4.2.2. Effect of loading parameters 

The effect of the sliding amplitude, normal force and cylinder radius are investigated 

regarding the surface wear evolution (Fig. 7) keeping constant the material and 

contact geometry parameters compiled in Table 1. By maintaining P=10 N/mm but 

varying the sliding amplitude from 5 to 10 µm, the        error decreases earlier 

below 5% at 4000 cycles for δs= 5 µm and 14000 cycles for δs=10 µm. The decrease 

of the        is a function of the surface damage and wear volume. Hence, the 

larger is the sliding amplitude, the larger the surface wear extension, and the lower 

the       . Opposite tendency is observed when the contact radius and /or the 

cylinder radius are increased as increasing the latter increases the number of cycles 

required for decreasing        below 5%. This comes from the fact that WK 

approach is less precise concerning contact pressure computation that the SA which 

directly affects the wear profile estimation while varying the normal force and the 

contact radius. To interpret this tendency for the normal force for instance, it must be 

underlined that an increase in the normal force promotes a rising of the slope of the 

pressure profile but also an extension of the contact radius. For instance assuming 

Hertzian hypothesis, an increase in the normal load from P=10 N/mm to P=20 N/mm 

increases the maximum pressure from      269 to 380 MPa and extends the 

Hertzian contact radius from   = 23.7 to 33.5 µm. Taking into account the 

conclusions derived from the sliding amplitude analysis, it can be understood why 

larger and sharper pressure profiles, by inducing higher fluctuations of the friction 

energy density as a function of the contact stress analysis, can increase the        

with the applied normal load. However, it must be underlined the very small wear 

depth below which the        error is significant. Based on Fig. 7, we can conclude 

that the error of wear depth prediction falls below 5% when the wear depth is deeper 

than 1 µm which corresponds to less than 4 % of the initial Hertzian contact radius. 
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This value is very small compared to the common fretting wear depth investigations 

which are usually deeper than 5 to 10 µm. Hence, this suggests that the WK surface 

modeling appears as a consistent numerical strategy to simulate the wear profiles for 

most of the fretting wear applications. 

 

Fig. 7. Evolution of the index error        with respect to the (a) number of fretting cycles 

and (d) maximum wear depth hmax; (c) with maximum wear depth normalized by the initial 

Hertzian contact size (hmax/aH). 

5. 3D surface wear simulations 

5.1. Description of the contact geometry and wear models 

An equivalent 3D sphere-on-flat contact configuration is implemented (Fig. 8a). 
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contact pressure distribution along the x axial and y the transverse directions. The 

wear algorithm is also adapted to compute the 3D evolution of the surface wear 

profile along X but also the Y directions. Fig. 8b &c illustrate the 3D surface wear 

evolution of a fretting sphere-on-flat contact configuration for different fretting cycles 

and the estimation of the maximum wear depth at y=0 (hmax=max           ).  

 

 

Fig. 8. (a) Sphere-on-flat contact configuration description; (b) Evolution of the 3D wear 

profiles with the number of cycles; (c) Estimation of the maximum wear depth at y=0 in 

sphere-on-flat contact. 
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Once again the SA 3D numerical approach is considered as the reference assuming 

that it provides a precise estimation of the 3D sphere-on-flat pressure profile. Like the 

2D cylinder-on-flat contact, the WK model requires the identification of a 

representative 3D “pressure” stiffness parameter. The strategy proposed by Johnson 

et al. is still adopted which consists in fitting the WK sphere-on-flat contact radius with 

the Hertzian value assuming similar contact conditions (i.e. materials, sphere radius 

and normal load).  

5.2. Comparison between WK and SA for sphere-on-flat solution 

To check the performance of WK approach in 3D configuration, the latter is 

compared with SA and experimental results for a sphere-on-flat contact [31] whose 

elastic properties and wear parameters are compiled in Table 3 leading to       

2235 MPa,   = 103 µm, K=2.24x106 MPa/mm. 

Table 3. Elastic properties and wear parameters used to simulate the experimental results 

[31] of a sphere-on-flat contact (sphere: Alumina Al2O3 and plane: HS25).  

Elastic 

modulus, 

Ep (GPa) 

Poisson’s 

coefficient, 

νp 

Elastic modulus, 

Ec (GPa) 

Poisson’s 

coefficient, νc 

Wear coef. 

αp (mm
3
/J) 

Wear coef. 

αc (mm
3
/J) 

210 0.3 310 0.25 5.3x10
-5

 0 

Sphere radius, 

R (mm) 

Normal 

force, P (N) 

Sliding amplitude, 

δs (µm) 

Friction 

coefficient,µ 

Number of cycles, N 

4 50 20 0.77 200000 cycles 

 

5.2.1. Prediction of the maximum wear depth 

Fig. 9 shows the evolution of the index error        with respect to the maximum 

wear depth for the test conditions present in Table 3. The error        decreases 

significantly from 20% after 200 cycles (i.e. hmax= 1 µm) to less than 1% after just 

4500 cycles (i.e. hmax= 6 µm). This suggests the efficiency of the WK approach in 3D 

contact configuration. 
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Fig. 9. Variation of the error index        with respect to hmax for sphere-on-flat contact 

following the test conditions shown in Table 3. 

 

5.2.2. Time computation efficiency 

Following the good capacity of wear depth prediction of the WK approach, the time 

computation efficiency of WK is examined with respect to SA in Fig. 10.  

 

Fig. 10. Comparison of the time computation cost with respect to the number of nodes using 

SA and WK approaches sphere-on-flat contact (Table 3). 
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Results display a huge reduction of the computational time of the WK approach 

compared to the SA strategy. Increasing the number of nodes, the computation cost 

of SA increases quadratically which is not the case of WK where the latter increases 

linearly suggesting once again that the WK approach provides interesting time 

computation capacity with respect to SA and surely FEM simulations for 3D surface 

wear computations. 

5.2.3. Prediction of the 3D experimental wear profile 

After validating the predictive (Fig. 9) and the computational (Fig. 10) efficiency of the 

WK approach with respect to SA model especially at a large number of fretting 

cycles, Fig. 11 compares the capacity of the latter to forecast the experimental 3D 

wear profile applying the experimental conditions shown in Table 3. Results show 

very nice correlation between experimental and numerical results in both 2D and 3D 

descriptions of the wear scar which reflects the pertinence of the WK approach in 

both 2D and 3D Hertzian configurations. 

 

Fig. 11. Comparison between the experimental and the numerical (WK) 2D and 3D wear 

profiles for Hertzian sphere-on-flat contact (Table 3). 
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6. Discussion 

The objective of this article is to examine Winkler foundation model to simulate the 

evolution of wear profile under gross slip fretting loadings in both 2D and 3D Hertzian 

contacts where both the contact area and the contact pressure evolve with the 

fretting wear extension. To validate the efficiency of WK approach in predicting wear 

extension, the latter is compared with semi-analytic and FEM models as well as 

experiments. As soon as the surface wear depth for the studied condition exceeds 

few microns, WK approach provides good wear depth estimation very close to that 

expected by SA and consequently FEM approaches. However, in 2D, the 

computation efficiency of the WK model is slightly better than the SA model, but 

much faster than the FEM strategy to model fretting wear. It allows achieving very 

good wear profile estimations within less than 10 minutes, instead of tens of hours in 

FEM. In 3D, the WK model seems more efficient than SA model giving access to 

“simple contact” computations that are already very difficult to obtain with FEM 

models, due to the heaviness of the latter. More interestingly, such method could be 

applied to much more complex contacts than the basic Hertzian configurations. 

Industrial parts could be modeled without applying “geometrical approximations”. It 

could be also possible to perform geometric optimizations, and parametric studies 

with short computation times, and without the need to monopolize expensive FEM 

commercial licenses for weeks. Briefly, the advantage of WK over the two latter 

approaches is that WK provides lower computations costs. This is quite interesting 

especially when complex contact configurations are considered where FEM 

approaches become exhaustive and time consuming. Additionally, WK approach 

appeared to better predict the wear depth when increasing the sliding amplitude and 

number of cycles, however, it seemed less efficient when increasing the contact 

radius or the normal force. This stems from the fact that the latter overestimates the 
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Hertzian contact pressure and underestimates the contact size leading to fluctuations 

of the wear depth predictions when changing the normal force and the contact radius. 

It should be noted that the suggested algorithms of both WK and SA approaches 

provide reliable wear depth predictions when the fretting contact is not affected by 

third body particles as the case of interfaces operating in aqueous or lubricated 

medium. On the hand, the debris layer generated in dry contacts highly affects wear 

kinetics by affecting the contact pressure distribution and consequently the wear scar 

evolution as shown recently by Arnaud and co-authors using FEM simulations 

[23,24]. Additionally, they suggested that the third body layer can be simulated by 

adding an additional FEM part entrapped between the plane and the counter body. 

This dynamic simulation allows the third body layer to extend laterally and in 

thickness depending on the surface wear extension. This can be done by defining a 

conversion factor “        ” which corresponds to the proportion of the worn thickness 

increment transposed to the third body layer after the     numerical fretting cycle. 

Hence, the thickness of the debris layer “        ” at the   position and at the     

computation iteration will evolve as follows:  

                                              
(24) 

It should be underlined that the complement of the third body transfers (i.e. 1-          

stands for the proportion of the wear particles ejected from the contact. As for wear 

simulation, similar equations are applied except Eq. 13 & 14 where the presence of 

the third body is taken into account by replacing           by            and           

by        . Here,         is the friction energy density reported on the plane sample due 

to the friction between the plane and the third body layer (bottom part) and         is 

the friction energy density reported on the counterpart due to the friction between the 

latter and the third body (top part). Arnaud et al. [23,24] suggested equally an 
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approximation of the third body conversion factor “        ” using an elliptic function 

(Eq. 25) of the axial distance (i.e.   abscissa) leading to a maximum value at the 

contact center. 

                   
(25) 

The conversion factor parameters were shown [23,24] to depend on the fretting 

parameters as the number of cycles, contact size and sliding amplitude which affect 

the retention of the third body particles in the contact and consequently the 

distribution of the contact pressure and the evolution of the wear profiles. Fig. 12 

illustrates the fretting wear scar methodology obtained considering a dynamical 

evolution of the third body as depicted by Arnaud et al. [23,24].  
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Fig.  12. Description of the surface wear modeling based on Arnaud et al. [11,23,24]: (a) 

illustration of the three-step procedure to update the cylinder and flat surfaces in addition to 

the third-body layer; (b) illustration of a simulated U-shape fretting scar considering the 

presence of the third-body layer; (c) comparison between experiments (dry Ti-6Al-4V 

interface) and simulations with and without simulating the third-body layer (third-body 

simulation is required to achieve a reliable prediction). 
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WK simulations are compared to experimental results by using similar Ti-6Al-4V  

cylinder-on-flat contact conditions where the elastic properties and wear parameters 

[23,24] are compiled in Table 4 leading to       525 MPa,   = 1.29 mm, K=0.06x106 

MPa/mm. 

Table 4. Elastic properties and wear parameters used to simulate the experimental results 

[23,24] of a Ti-6Al-4V cylinder-on-flat contact.  

Elastic 

modulus, 

Ep (GPa) 

Poisson’s 

coefficient, νp 

Elastic modulus, 

Ec (GPa) 

Poisson’s 

coefficient, νc 

Wear coef. 

αp (mm
3
/J) 

Wear coef. 

αc (mm
3
/J) 

120 0.3 120 0.3 1.6x10
-4

 2.12x10
-4

 

Cylinder radius, 

R (mm) 

Normal force, 

P (N/mm) 

Contact 

pressure 

p0,H (MPa) 

Sliding amplitude, 

δs (µm) 

Friction 
coefficient, 

µ 

Number of 

cycles, N  

80 1066 525 75 0.65 10000  

 

By considering WK approach to simulate the wear profile evolution instead of the 

FEM computation both surface wear profiles on the plane and cylinder counterparts 

can be simulated. Fig. 13 compares both WK and FEM surface wear simulations to 

experimental wear profiles for the plane and cylinder Ti-6Al-4V specimens with 

(                  with    = 0.89 and    = −0.05) and without (γ = 0) considering 

the third body. In all cases, WK wear profiles match perfectly with FEM simulations 

supporting once again the validity of this approach. However, when the third body is 

not taken into account, both WK and FEM simulations underestimate the 

experimental maximum wear depth and overestimate the lateral surface wear 

extension. This is not the case when third body is introduced in both WK and FEM 

simulations which correlate perfectly with experimental results. 

Such analysis is very interesting as it shows that WK approach predicts well wear 

profiles in dry contacts involving third body at the interface with remarkably lower 

computations costs compared to previous FEM simulations. 
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Fig. 13. Comparison between the experimental and the simulated plane and cylinder wear 

profiles of a Ti-6Al-4V interface applying the loading conditions compiled in Table 4: (a) wear 

simulations without third body consideration (γ = 0) and (b) wear simulations with third body 

consideration (                  with    = 0.89 and    = −0.05). 

The 2D WK approach incorporating third body effect (Fig. 13a) can moreover be 

transposed to an equivalent 3D sphere-on-flat contact (Fig. 13b) tested under the 

same conditions shown in Table 4 by applying instead a normal force of P=1100 N 

leading to       525 MPa,   =1 mm, K=0.11x106 MPa/mm. This is extremely 

interesting as it shows that the WK approach can simulate 3D wear profile with debris 

bed which up to now cannot be investigated using FEM simulations due to the high 

numerical costs. 
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Fig. 14. 3D surface wear simulation of a sphere-on-flat Ti-6Al-4V simulation using the WK 

approach combined with the third body algorithm presented by Arnaud et al. [23] (test 

conditions in Table 4 leading P=1100 N leading to       525 MPa  with third body 

consideration such that                   with    = 0.89 and    = −0.05). 

The validation of the WK approach compared to FEM and SA numerical strategies for 

2D and 3D fretting contacts with and without third body layer suggests that this latter 

can be applied to simulate much more complex interfaces. Fig. 15a describes the 

application of WK for a reciprocating sliding for a Hertzian sphere-on-flat contact 

using the same loading parameters compiled in Table 3 except for δs=1 mm and 

N=5000 cycles. On the other hand, Fig. 15b describes the capacity of WK in 

simulating unidirectional sliding of a pin-on-disc contact using the same loading 

parameters shown in Table 3 but with N=20000 cycles. Fig. 16 illustrates the 

application of the given WK model for an industrial application focusing on the 3D 

surface wear simulation of a polymer liner involved in the positioning ball assembly of 

helicopter propeller.  
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Fig. 15. (a) Application of the WK approach for modeling 3D wear profiles for Hertzian 

sphere-on-flat contacts (Table 3) in the case of (a) reciprocating sliding with δs=1 mm and 

N=5000 cycles, and  =0 and (b) unidirectional sliding of a pin-on-disc contact with N=20000 

cycles, and  =0. 

 

Fig. 16.  Application of the WK approach for 3D surface wear simulation (without third body 

consideration) of a polymer liner involved in the positioning ball assembly of helicopter 

propeller (unfortunately due to confidentiality aspects, the loading conditions as well as  the 

wear rate of the polymer material cannot be detailed).   

All these 3D contact configurations are very complex and time consuming using 

common FEM models but can be easily addressed using the WK contact simulation 

which seems pertinent to capture 3D surface wear phenomena including the 3D 

initial Hertzian contacts
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contact pressure profile evolution in complex industrial applications (Fig. 16). 

Besides, WK approach appears as a very convenient strategy for going further by 

modeling the effect of surface roughness, contact geometry and the partition of 

adhesive and abrasive wear which will be the target of future research. 

7. Conclusion 

The purpose of this study is to model fretting and reciprocating wear in 2D and 3D 

Hertzian contacts using Winkler elastic foundation model (WK). The main 

conclusions of this work are the following:  

- Although WK approach does not strictly solve the contact interactions and can 

induce significant wear profile underestimations at the beginning of the surface 

damage, after few loading cycles, when the wear depth overpasses few microns, 

the relative errors compared to reference FEM and SA surface wear simulations 

falls below 5%. The WK strategy appears as a pertinent and fast numerical 

approach to simulate the steady state wear profile evolutions. The comparison for 

an equivalent 2D cylinder-on-flat contact shows that WK is 3 times faster than SA 

and 300 times faster than FEM. 

- This very fast numerical strategy allows the simulations of complex 3D contacts 

which cannot be obtained in a simple way using the conventional FEM method. 

- For 3D surface wear simulations, it was shown that if the computation time of SA 

method evolves to the power 2.3 of the numerical DOF (i.e. number of contact 

nodes), the computation time required by WK method for similar condition is only 

proportional to the number of DOF. This confirms the very high efficiency of the 

WK approach to simulate complex 3D contacts. 
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- The WK method can successfully be transposed to simulate complex fretting 

interfaces including the presence of a debris layer for 2D but also 3D fretting 

contacts 

- This approach can be also transposed to longer kinematic sliding conditions like 

3D sphere-on-flat reciprocating but also pin-on-disc sliding. 

Taking advantage of the fast WK method, future developments will be undertaken to 

develop 3D multiphysics surface wear simulations like previously developed for 2D 

cylinder plane contacts [11].    
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