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Human-Cable Collision Detection with a Cable-Driven Parallel Robot

Thomas Rousseau', Christine Chevallereau?, Stéphane Caro®*

Abstract

This paper deals with human-cable collision detection with a Cable-Driven Parallel Robot (CDPR) and a control strategy to safely
release the tension in the cable in contact with a human operator. The main purpose of this work is to contribute to the development
of safety solutions allowing collaborative work between human and robot with CDPRs in production tasks. Using a geometric
model of cable deformations under an external collision, a direct relationship is established between the initial cable tension, the
collision force and the increase in cable tension. This relationship is validated experimentally with an ad-hoc test bench. Collision
force levels are set to admissible values in order to prevent harm for human operators. A collision detection is then implemented on
the 8-cable suspended CDPR CRAFT prototype using this method, continuously comparing the cable tensions measured by sensors
with admissible cable tension increases. Using these results, an approach aiming at releasing a collided cable so as to minimize
risks for operators and the environment of the robot is proposed with an adaptive control scheme, based on a progressive cable
tension management once a collision is detected. This cable tension management is simulated and represented in the null space
of CDPR wrench matrix. Feasibility domain of this tension management and alternative solutions outside of it are also discussed.
This work contributes to the safety of collaborative CDPRs by determining a direct relationship between collision force and cable
tensions in the event of a collision and by introducing a collision detection method.

Keywords: Cable-Driven Parallel Robots, Cobotics, Collision, Safety

1. Introduction have been experimented for rigid-link collaborative robots in
- . (2 [s]-
The development of automation in the industry saw the However, these cobots usually have a small workspace.

increasing presence in workplaces of various industrial robot  pepce, assembly applications in industrial sectors such as aero-
models, and starting from the last two decades, of cobots. Col- ,;  pautics or the construction industry, where large workspaces are
laborative robotics are already used in the industry, for instance required, especially for assembly tasks, are outside of the scope
in automotive factories for several tasks [1]]. Collaborative of conventional cobotic systems.

robotics aims at removing the fences around robots to allow Conversely, Cable-Driven Parallel Robots (CDPRs) have
them to cooperate with workers [2]. This enables a level of au-  the potential of offering larger workspaces, including in col-
tomation in tasks where a robot would lack the dexterity or the ,, 1aporative applications [9]. CDPRs form a particular class of
problem-solving ability of humans, while protecting the latter  parajlel robots, using cables instead of rigid links. Their End-
from dangerous or dull tasks which are generally responsible Effector (EE), also named mobile platform or simply platform,

for workplace injuries such as musculoskeletal disorders [3]. boards the payload that will perform the required tasks, moving
But this also extends to robots operating in the same workspace  jnside the space within the frame defined as the workspace.

as human operators, while not necessarily performing a com- An example of CDPR dedicated to cobotics applications is
mon task [4]. One of the main preoccupations in cobotics is the  ¢hown Fig. [Tl This prototype, named CRAFT, was designed
safety of the workers co-acting or co-manipulating with cobots. by the LS2N laboratory in Nantes, France for the development

Hence, an important part of the research related to this field is of new robotic systems for agile operations in manufacturing
connected to safety functions, for instance developing collision  facilities. The collision detection method proposed in this paper
avoidance [J], safety-rated monitored stop, speed monitoring ,, a5 validated experimentally on the CRAFT prototype.
or power and force limiting [6]. Collision detection approaches Each cable has one end connected to this platform, while
the other is coiled on a drum actuated by a motor fixed to the
- - ground. Usually, pulleys are placed between the drum and the
Corresponding author d point the platf Th 1l define th it point
Email addresses: thomas.rousseau@ls2n.fr (Thomas Rousseau), ¢nd point on the plattorm. €s¢ pulleys dehne the exit points
christine.chevallereau@ls2n.fr (Christine Chevallereau), s of the cables and the cable length between them and the anchor
stephane.caro@ls2n.fr (Stéphane Caro) points on the mobile platform is the controlled distance in order
!'Laboratoire des Sciences du Numérique de Nantes, 44321 Nantes, France to command the robot pose (position + orientation)
and IRT Jules Verne, Bouguenais, 44340, France CDPR e din th d of the 1980 d d. h IST
2L aboratoire des Sciences du Numérique de Nantes, 44321 Nantes, France S Or.]gmate In the end of the ecade, the N
and Centre National de la Recherche Scientifique (CNRS), Nantes, 44321, Robocrane being the first large prototype [10,11]. These robots
France so raised the interest of several industrial firms because of their ad-
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Figure 1: The CRAFT prototype at the digital science lab, Nantes, France
105

vantages over rigid-link robots that fit very specific needs that
were not yet addressed. They have been developed in many
projects aiming to prove the feasibility of such systems in pro-
duction environments and demonstrate their possible perfor-io
mance [12] [13]]. However, the interest of such companies has
so far mostly been limited to academic and R&D research, and
several challenges, especially safety-wise, need to be overcome
before CDPR actually enter workplaces.

While operating inside the robot’s workspace, operators cant1s
often be surrounded by cables, and collision hazards not only
occur because of the rigid moving platform, but also because
of the cables. To ensure safety, collisions between the cables
and the operator can be prevented, but this requires a precise
knowledge of the system and the environment at all times. Asi2o
the cables, due to the nature of such robots, span a large portion
of the robot’s workspace [14]], this would restrict the possible
movements and positions of both the operators and the robot.
Hence, it is interesting to explore the possibility of tolerating
collisions between the cables and the environment, includingr2s
the operators, if the forces are light enough.

While very few works in the literature tackle the issue of
cable-environment collisions, researchers have investigated in-
ternal collisions issues. Some analysis methods focused on
modeling internal collisions to assess their impact on the robot
workspace and determine interference regions [16} [17].
Most of the work conducted so far focuses on avoidance based,s,
on path-planning. A continuous collision checking method was
proposed for a CDPR boarding a robotic arm in [18]. This
method, more effective than discrete methods, includes the de-
tection of cable-cable collisions, cable-robot arm collisions,
cable-platform collisions as well as robot-robot collisions. It
can operate as an avoidance method when run before the mo-
tion, to validate a planned path, thus filling safety requirements,
especially in preventing the robot from self-damaging. To avoid
collisions between the robot and a cluttered environment, the
concept of reconfigurable CDPR (RCDPR) using moving pul-
leys in order to modifiy the exit points of the robot was also140
proposed [19, 20]. Another method using Rapidly exploring
Random Trees (RRT) considering both internal and external
collisions was proposed in [2I]]. This was expanded with an
AFT-RRT#* algorithm simulated in a cluttered environment to

obtain near optimal point-to-point motion in [22]. In the con-
text of collaborative robotics, a method introducing a repulsive
force in the admittance control, preventing two cables to fold
onto one another [23]].

Regarding external events and collisions, no interoceptive
methods have been proposed so far, and the works propos-
ing the detection of collisions with the environment or their
avoidance usually rely on vision sensors or on model knowl-
edge (pre-computed 3D model, SLAM, etc.) of the environ-
ment to adapt the path-planning to the obstacles currently in
the workspace. However, these methods have drawbacks : they
are subject to occlusion problems, are calculation-heavy, and/or
require a exact knowledge of the environment. This limits the
real-time capability of such systems, and prevent many collabo-
rative uses where the operators may move or transport obstacles
inside the workspace.

While internal collisions, between the cable themselves or
between the cables and other moving parts of the robot, have
already been studied, collisions between the cables and the en-
vironment were less documented and, to the knowledge of the
authors, no detection method based on cable tension has been
published yet. The main contributions of this paper lie in the in-
troduction of a simple cable collision detection on cable-driven
parallel robot and in the proposed safe control strategies, which
can be chosen in order to mitigate such collisions.

This paper is organized as follows. Section [2] describes a
model used to express the variation in cable tension resulting
from cable collisions. This model is validated experimentally.
After a presentation of the model of the CDPR used and its
control in Section [3] Section [ proposes a collision detection
method relying on tension sensors and a tension distribution
model. This method is validated experimentally in Section [3}
Section [6] introduces a method to safely release a dangerously
over-taut cable by redistributing the cable tensions and delimits
its validity domain, with simulation results. Finally, conclu-
sions about the work presented here are discussed in Section

@

2. From collision forces to cable tension variations

In order to tolerate collisions, it is necessary to determine or
at least to estimate the collision forces. Cables are, due to their
flexible nature, difficult to instrument. A good understanding
of the state of the cables can be obtained thanks to tension sen-
sors placed at the end of the cables, at the anchor points of the
moving platform. Modeling the behaviour of the tension in the
cables during a collision is thus useful in order to monitor the
robot at each timestep and assess each potential collision.

2.1. Limit collision forces

Harm hazards caused by collisions depend on the affected
body part. A table expanding the various permissible pressures
for each body part in the event of a quasi-static contact is pre-
sented in the appendices of the ISO/TS15066 standard. These
biomechanical values were obtained in a study conducted by
the University of Mainz on the pain onset levels [24]. The body
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parts that are the most at risk in the use of the robot depend on
the task and the robot configuration.

As the CRAFT prototype is a suspended CDPR, the upper
body is most at risk, while cable collision risks with the lower
body are very low. 185

Cables used in the prototypes of CDPRs made for collab-
orative use have a relatively small diameter. On the CRAFT
platform, the cables used are VECTRAN VECTO70LE, syn-
thetic cables with a 0.7 mm diameter. Using a uniform pressure
model, the collision force can be obtained by multiplying theiso
pressure p, by the contact surface. For a first approximation,
this surface can be assumed to be a rectangle of a height corre-
sponding to the diameter of the cable and a variable length (de-
pending on the concerned body part). Depending on the body
part, the maximum pressure and the typical contact area varies.1ss

The head and the neck are particularly at risk, and would
probably require some specific safety measures. Hence, these
contacts are for now considered avoided and, for this study, the
back of the hand is chosen, with a maximum pressure p;.

ey

Hands, while not being the most fragile body parts, gen-
erally offer a smaller contact area resulting in a smaller force
necessary to obtain a equivalent pressure. They are also more
often in contact with the cables since the operator may want to
use them to move ease his or her way into the workspace. This
more important risk exposure also argues in favour of the choice
of this body part. A sketch of the contact is shown Fig. 2] Here
the chosen contact area s., is located at the side of the hand,
with a contact length of /., = 15mm, can be estimated as:

ps = 190 N/cm?

Seo = Dea Lo = 10.5 mm?

@

Figure 2: Contact length between a hand and a cable

This gives the maximum admissible contact force fg"’” be-
tween the cables and a human operator. When this threshold is
reached, there is a risk for the operator’s safety and the robot
needs to react accordingly so as to avoid or limit the damage.

adm

2 = py o ~ 20N 3)

2.2. Theoretical Model

When the operator or the environment collides with the ca-zs
ble, the latter is deformed by the external force applied on it.
The collision will be detected via a measurement of the cable

tension, when a dangerous change of the tension is observed.
The purpose of the collision model is to establish a link be-
tween the force supported by human and the variation in cable
tension. The model will allow to assess if this sensor is able to
detect the collision or if the change of tension is too low and
will thus be hidden by the noise in the measurement.

A cable-hand collision model is illustrated in Fig. E} Here,
the cable is assumed constrained between the points A and B, in
a quasi-static configuration. The point A is the exit point of the
cable, fixed to the main frame. On the CRAFT prototype, the
angular position of the motors is servoed by the system. The
point B is the anchor point, located on the moving platform.
This platform can be assumed to be fixed due to the constraints
of the other cables. However, in practice, a suspended cable
robot has a compliance and the platform moves when the ef-
forts applied on the cables are too important. However, this is a
simple model which remains close to reality since such moves
are limited.

In this figure, forces are drawn in red and lengths in black.
The initial tension in the cable is noted 7. The lateral force
fc creates a deformation in the cable, resulting in a increased
tension 7 + 07. Additional variables are needed, namely the
cable length noted /, the Young modulus E and the cable section
area S.

T+ ot T+01

fe

Static
equilibrium

Figure 3: Model of a cable collision. Left : Geometric model. Right : Force
equilibrium, static case.

Several other phenomena are neglected here, such as the
own weight of the cables, or the creeping of the cables. The
weight of the cables is negligible in front of the tension forces
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in the cables. The creeping is neglected here because the colli-24
sions risk causing harm in less than a second, while the phe-
nomenon in question takes more time to affect the system.
However, in a prolonged crushing case, assessing its impact
would be necessary.

Normalized values for the forces and the displacements arezs
introduced here in order to simplify the equations. The nor-
malized force fcg, normalized cable tension ¢ and d7g for the
cable tension variation are defined as follows :

fe T ot
= —, = — d o) = — 250
Jer = pge TR = g 40Tk = g

Additionally, the normalized lengths d¢g for the relative lat-
eral displacement and 6/ for the cable elongation can be de-
fined:

s 5l
Scr = TC and ol =

Normalized forces allow to remove the dependency in the
cable characteristics ES and with normalized lengths, the de-,
pendency of the following calculus in the cable characteristics
and the cable length is also removed, allowing a generalization
to all cable types and platform poses.

Cable elasticity model. The model presented in Fig. [5]defines
the relationship between the collision force, the initial cable ten-
sion and the resulting variation in cable tension.

The increase in tension in the cable can simply be obtainedzso
using Hooke’s law. The relative elongation of the cable result-
ing of the collision, noted 6l is directly proportional to the
force increase value 6r. With the normalized tension increase,
this simplifies as :

265

6TR = 6lR (4)

Figure 4: Geometric model of the elongation 6/

Cable elongation. The cable elongation can be defined as a
function of the lateral displacement dcx through a simple ge-27s
ometric model of the cables. This geometric model is shown in
Fig.[]

The elongation 6lg can be written, defining x such that
|AIl = x. The parameter x varies from 0 to 1 depending on
the position of the contact point I on the cable segment [A7].

&)

ly l
laR = 7 and le = 7b

5113 = laR + le -1

= Tt \/52€R+(1 —x?—1,xe[0,1]

6)

By derivation of this function 6/z(x), it can be noticed that
the elongation is minimal when x = % This minimum results
in a minimal cable tension increase, hence, this corresponds to
the worst case scenario regarding the detectability of cable col-
lisions. Indeed, a same collision force would lead to a more sig-
nificant tension increase applied at the ends of the cable, easier
to detect by monitoring these cable tensions, than if applied at
the middle. Moreover, the shape of the §/z(x) function is shown
Fig.[g]for force and tension values corresponding to typical uses
of the prototype. This figure shows that the elongation does not
vary significantly near the middle point.

With x = %, the elongation function can be simplified :

1
51R:_1+2\"%R+Z

Cable lateral displacement. The relationship between the
norm of the lateral force frp, the initial cable tension g, and
the relative lateral displacement dcg, valid when the latter is
small enough, is expressed as follows :

@)

for =8¢k’ +4 Tk Ocr (8)

This equation is obtained through the geometric model of
the cable presented above and the static equation balancing the
internal normalized force depending on the elongation of the
cable and the normalized external force applied at the middle
point of the cable [25]. The middle point is chosen because,
as shown above, it corresponds to the least sensitive collision
detection. The details of the derivation of the formula are given
inSppendi A

From this equation, given a f¢ value, for instance fgd”’, cor-
responding to a normalized force fcz®™", a relative displace-
ment dcg can be found by solving the third order polynomial
equation. This is a depressed form, where Cardano’s formula
can be used. Equation can be rewritten, to match the canon-
ical form for the equation :

1 1
6CR3+§TR5CR_§fCR:O &)

Then the discriminant of the depressed cubic form Eq. (9)
can be computed, giving the nature of the roots of the polyno-
mial. Since the normalized forces 7x and frg are always pos-
itive, this cubic has two complex conjugate roots and a unique
real root which is the physical solution of the problem. The
latter can then be calculated:

s o Jer | fer® TR N fer o [fer® | TR
CcR 16 256 216 16 256 216
(10)

Then, by combining Eq. [ [7][10), the following equation is
obtained, linking the collision force and the initial cable tension
with the variation of cable tension :
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force fc Cable lateral Cable Cable tension
Cable Cable deformation displacemeri Cable clongation Cable elasticity increase
tension 7 model Sen geometry o, model o1,
Figure 5: From the collision forces to the cable tension increase : theoretical model
two clamping vices and a winch are fixed, to reproduce the con-
0.06 straints on the cables on the prototype and to generate lateral
efforts, with the adapted sensors. A sketch of the test bench is
0.05 .
shown Fig.
004t 300 The Clamping vice 1 represents the anchor point of the
— cable on the platform. On this clamping vice is fixed the
‘: 0.03 1 Dynamometer 1, that will allow measuring the tension 7 and
o 7 + 07 in the cable tied to it in all configurations, figuring the
0.02 1 boarded tension sensor. The Clamping vice 2 boards a second
as dynamometer used to measure the generated lateral forces fc.
0.01 These forces are generated by simply moving the mobile jaw
0 of the clamping vice of a measured displacement. Both de-
0 0.2 04 06 08 1 vices are RS PRO 196N numerical dynamometers, whose range

X[] 310

Figure 6: Elongation curve, in function of the longitudinal position factor x
of the application point of the lateral force, for r = 30 N, fc = 20 N and
ES = 1,8 x 10* N, typical values for the CRAFT prototype.
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Hence, by knowing the collision force and the initial cable”™
tension, the cable tension increase resulting of the collision can
be predicted. An admissible increase of tension corresponding
to a pressure applied by the cable on the human inferior to the
acceptable pressure defined in the standard (found in [24]]) can_
be thus defined.

2.3. Validation of the model

In order to validate the strategy proposed in the previous
part, the model proposed in [25] must be verified experimen-,,,
tally. To do so, a test bench is proposed, followed by an experi-
ment and an analysis of the results.

To validate the model of lateral deformations in the cable,

a test bench respecting the hypotheses of the problem can be
designed. This device must allow the measurement with a rea-,,,
sonable precision of the lateral displacement dc, the total length
of the cable [/, the cable tension 7 in the cable and the lateral
force fc. A test bench is designed using a workbench on which

cover the feasible tensions of the CDPR prototype used at the
LS2N. The Winch represents the exit point of the cable. Its lon-
gitudinal position on the bench, measured with a ruler, defines
the length /. Once in position, turning the winch sets the tension
in the cable as would the motor - drum - pulley assembly do on
the robot.

All the forces are measured in the plane I1, parallel to the
plane of the workbench, defined by the vectors i and j. This
implies that all the points where the cables are connected are
located in this plane I1.

The results of the experiment including the measured cur-

rent tension values T + 07 in the cable, after a lateral force fc is
applied, are shown Fig. [8] for the Vectran VECTO70LE cable.
These measured tension values can be compared in these plots
to the ones drawn from the mapping shown Eq.
Since the exact values of the cable characteristics ES are not
precisely known, the theoretical curves are fitted to the data
by adjusting the value of the ES product. The red dots are
the experimental measures and the colored map are the val-
ues calculated thanks to the theoretical model. This experiment
shows that the experimental values follow closely the theoreti-
cal model, while some errors exist outside of the calculated un-
certainties, hinting that some error sources are ill-known. The
ES value obtained by fitting the curve is 1.0x 10* N. This value
can then be compared to the theoretical value given by the sup-
plier : 2.9x 10* N. While this value is in the same order of mag-
nitude, there is a factor 3 difference between the experimental
and the theoretical. However the values of ES are difficult to be
identify and often depend on the experimental conditions (pre-
vious load, repeated bending, current tension). Hence, Zhu and
Meguid recommend in [26] to measure the elastic modulus of
the cable in conditions similar to the ones of the working pro-
cess. This implies that the ES value needs to be computed again
on the robot itself for better results.

Slices of the 3D maps obtained above for particular lateral
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Figure 7: Sketch of the test bench
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Figure 8: Theoretical and experimental values of é7, for T € [1, 140] N and for
Jfc €10,10] N for a Vectran VECTO70LE & c4p7e = 0.7 mm cable.

force values are plotted in Fig. [0] for readability. Here, each
curve or set of experimental point corresponds to a fixed
value of f., noted f for the model curves and f¢ for the
experimental points.

The error is defined as the absolute difference between the™
theoretical and the experimental points es; = W. The
highest errors are obtained for low cable tensions with a quasi-
linear dependence in the lateral force. After removing the out-
liers, the average error is es; = 14%, and the highest error is
esemax = 42%. While these are important proportions errors,*
these only correspond to a couple Newtons in absolute errors.
Moreover, the highest error corresponds to a case with a high

0
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< f2=2N

m
500 —fT-2N

e
£ =5N
—fM=5N

40F ¢
0 L =10N
1= 10N

30

20+

Admissible cable tension increases r[N]

0 . . N T
0 20 40 60 80

Cable tension 7 [N]

100 120

Figure 9: Experimental and theoretical curves of ¢t for the Vectran
VECTO70LE cable in terms of f. values. Continuous lines for fixed f" val-
ues correspond to the curves obtained with the model and plots with fixed f¢
values are the points corresponding to the experimental results.

cable tension (100 N) and a low collision force (2 N), far from
the use case of this study. This however shows the limits of the
approach for such cases.

In these figures, the difference which can be noticed be-
tween the theoretical and experimental values remains below
5N, and the shape of the calculated map seems close to the one
formed by the experimental points. A part of this difference
may be due to cable creeping, i.e. the loss of tension over time
in a taut cable, which is no longer negligible for the time scale
of a measurement series.

Two other cables, a Dyneema DYNEOS83LE (textile) and a
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Figure 10: §7 threshold value depending on the cable tension 7 for fgd’" =20N
with a Vectran VECTO70LE cable, ES = 1 x 10*N

CarlStahl CG07_2045 (steel), were tested but the results are not
reproduced here due to a lack of space, with lower maximal
errors for the steel cable. This can be explained by the relatively
low influence of the creeping effect on steel cables compared to
the textile ones [27]].

2.4. Conclusion

In conclusion, the experiment has confirmed the proposed
theoretical model, which gives a satisfying estimate of the evo-
lution of the tension in the cable when a lateral force is applied
on it once the cable characteristic parameters are correctly iden-**
tified. The experiment also identified working values for the ES
product.

Using the model estimate, it is then possible to create a
first implementation of a collision detection system with a toler-
ance. While the robot is operating, the real increase in tension*
value 0T eqsureq Obtained through sensors can be compared to
the value extracted from the curve displayed in Fig. [I0]in or-
der to determine whether this collision exceeds the admissible
force value or not (here 20 N). This curve extrapolates the fit-
ted curve for the VECTO70LE cable and will thus be used as a*®
reference for the implementation on the prototype. It must be
noted that this tension variation does not depend on the cable
length. However, in order to build a working system despite the
errors, some experiments on the prototype will be necessary in
order to adjust the curve depending on the real system stiffness.

3. CDPR Modeling and control 20

In order to implement the collision detection, the cable
robot needs to be modeled so that an appropriate control scheme
can be defined. The precision of this model must allow to dis-
criminate between cable tension variations due to the movement
of the robot and external variations due to collisions. Elements
regarding the geometric and static modeling of the robot are
presented here.

Figure 11: Architecture of a CDPR

3.1. Geometric and dynamic model of the CDPR

A CDPR consists of a platform, a main frame and a set of
m cables. These connect the anchor points B;, i € {1, m} of the
platform to the end points A; corresponding to the pulleys on
the main frame. The length /; of the cables is determined by the
angular position g; of the motors controlling the drums.

O is the origin of the main reference frame ¥, and P is
the origin of the moving platform’s reference frame ¥,. The
vectors a;, indicating the position of the end point A; in 7, b;,
indicating the position of the anchor point in ¥, and p, point-
ing the current position of the platform in 7, are used in the
geometric loop closure. The unit vector u; points the direction
of the cable between A; and B;. These geometric parameters
are shown Fig. For readability purposes, only cable i is
displayed, even though the prototype studied here has m = 8
cables.

The following static equation ensures the static equilibrium
of the mobile platform :

Wt +w,,; =0¢

12)

Where W is Wrench matrix, where 7 is the cable tension
vector and where w,,; is the wrench of the external forces, in-
cluding the gravity.

The Wrench matrix of the robot is defined as following [[10]:

_ u u;
- b; X u; b; X u;

u,,
b,, X u,,

13)

It is possible to isolate the platform in order to determine its
dynamic equation. To do so, the inertia matrix of the platform



425

430

435

440

445

450

455

460

I, the Coriolis matrix C, its operational acceleration Vectoﬂ Of s
the platform X and the velocity vector of the platform x need to

be introduced in order to obtain the following result :
L)X + C(x,X) = WT + W,y (14)

470

3.2. Actuation of the CDPR

Cable lengths are required to calculate the Wrench matrix
W. These can be obtained knowing the angular position g,
assuming that the cable is non-elastic. The latter follows the
dynamic equilibrium related to the motorization of the robot,
established at the output of the gearbox, shown Eq. (I3). A
Coulomb viscous friction model was chosen to estimate the,,,
friction of the shaft, regrouping the friction inside the motor,
the gearbox and the pivot links. The friction coefficients in
the actuators were determined experimentally. In the follow-
ing equation, I, is the inertia matrix of the motor and gearbox
calculated at the gearbox output, f; is the static friction coeffi- 4,
cient vector, f, the fluid friction coeflicient vector, both of size
m = SEL r4 the radius of the winches and 7 is the vector of cable
tensions 7;, i € [1,m]. T, is the vector of torques generated by
the motor and gearbox assembly I';, i € [1,m]. The Hadamard
product multiplying vectors u and v element-wise is noted u®v.

L.g+f,0sign(@+f,0q+r;7=0, (15)

Using the dynamic model Eq. (T4]13), a computed torque
control law is built to servo the angular position of the winches
q. The desired position is noted q¢ and the angular error is*s
defined e, = q? — q. The closed-loop behavior of the error
should follow, with K,,, K, K; the gains of the system :

'é+Kvé+er+K,~fe=O (16)
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é].izqﬁ{"'Kvéi"'eri'f'Kifei (17)
Hence, for each cable i, the angular acceleration can

be computed, allowing the computation of torque I';,, using

Eq. (13), provided the desired cable tension 7 is known. 405

3.3. Tension distribution

The studied CDPR is a redundantly-actuated system with
m = 8 cables and n = 6 degrees of freedom, resulting in an
actuation redundancy of » = m —n = 2, corresponding to the
dimension of the solution set[28]]. Hence, there is an infinity
of solutions for the cable tensions generating the movements of
the platform and a force distribution method is necessary to find
an feasible solution balancing the system and avoiding cable
slackness.

Cable tensions must be constrained within an interval be-
tween the minimum and the maximum admissible tensions. A
Tension Distribution Algorithm (TDA) allows to enforce these

3The operational acceleration vector of the moving-platform is a six-
dimensional vector containing its linear and angular acceleration vectors.
“4Coeflicients differ from one motor shaft to another

constraints. There are several approaches to calculate the force
distributions, using optimization, linear or quadratic program-
ming or barycenter methods. A list of different approaches and
their comparison is presented in [29]]. All solutions can be writ-
ten, from Eq. (T4), by neglecting the Coriolis and acceleration
term since the robot is operating at low speeds and accelera-
tions:

7= -W¥w,, +N 2 (18)

Where W* is the Moore-Penrose pseudo-inverse of the matrix
W of size (6 x 8) and of rank 6 for a robot with m = 8 cablesE],
N is the kernel of the wrench matrix W, of size (8 X 2), such
that WNA = 0.

The choice made here is to minimize the energy consump-
tion by minimizing the norm of the cable tension vector. More-
over, in the scope of ensuring the safety of operators co-
manipulating with the robot, minimizing the cable tensions re-
duces the risk of dangerous collisions and eases their detectabil-
ity since the lower the cable tension, the higher the admissible
tension increase in case of collision, as shown above. Hence,
vector A is of dimension 2 and determined such that :

minimize eI

subjectto  T; > Ty, i € [1,..,m] (19)

T € Thaxs 1 € [1,..,m].

For the prototype at hand, 7,,;, = 0 and 7,,,, = 80 N. This
value was chosen according to the maximum output torque pro-
vided by the motors. In most of the robot workspace, the solu-
tion is A = 0, for the suspended robot studied here. The case
A = 0, corresponds to the solution given only by the pseudoin-
verse of the wrench matrix.

In Fig.[12] the static equilibrium poses which can be reached
satisfying the constraint 0 < 7; < Ty, i € [1, .., m] regardless
of the value of A are plotted in purple while the poses where
0 <7 < Tpax,i €[1,..,m] and A = 0 are plotted in green.

3.4. Control law

The complete control law can thus be computed. Angular
accelerations of the motor shafts, conversely to the Cartesian
accelerations of the platform, cannot be neglected.

Fmgzlm(ijd+Kdé+er+K,~fe)

+f; 0 sign(q) +f,0q
+ri(-W*w,, + N Q)

(20)

A view of the control scheme is presented Fig. [[3] The
motors of the CDPR are controlled by torques, but the desired
input and the return are angular positions corresponding to ca-
ble lengths. With such a control law, the expected tension inside
the cables is given by :

Tip = -Whwey + N A 1)

3 Assuming that the robot is not in a singular configuration.
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4. Cable collision detection

In order to perform the collision detection, the model must
first be validated. A first experiment is conducted on the pro-
totype, monitoring a trajectory and the difference between pre-
dicted and measured values of the cable tensions. The imple-
mentation on the prototype is briefly described below.

4.1. Implementation

The tension sensors. The cable tensions are measured using 8
FUTEK FSH04097 sensors, one for each cable, tied to the ca-
bles at the anchor points of the platform, as shown in Fig. [T4]
Their signal is amplified using 8 FSH03863 voltage amplifiers
and sent the robot controller by a coaxial cable. Their measure-
ment frequency is 1 kHz, but these sensors are able to provide
with tension values at a frequency up to 5.3 kHz.

The platform. The sensors are boarded on the robot mobile
platform which consists of an 8-anchor points parallelepiped
made of aluminum profiles. This platform also boards the am-
plifiers and a board centralizing the information of the sensors
for transmission to the robot control.

dSpace controller. The dSpace controller consists of several
modules connected to a PX10 expansion box, which central-
izes the information of all the encoders and the other sensors.
This box communicates with a control PC connected via Ether-
net connection.

ControlDesk. The control PC runs an instance of dSpace Con-
trolDesk, a highly configurable interface that provides the sys-
tem with a Human-Machine Interface, displaying information
about the current state of the robot and allowing its control.

Numerical filtering. Some of the data collected by the sensors
requires filtering before being used in the control of the robot.
This is the case for the tension signal provided by the tension
sensors mentioned above, which is highly noised.

A numerical filtering is thus used, based on a digi-
tal Infinite Impulse Response filter. A 5-th order Butter-
worth set of coefficient is chosen to implement a sufficiently
selective low-pass filter. The chosen cut-off frequency is
fc = 10 Hz for a normalized cutoff frequency of w, =
2%, with the sample frequency f; = 1000 Hz.

Corrector gains. The corrector gains K,, K, and K; are deter-
mined using the Ziegler-Nichols tuning method. Values of the
gains are summarized in Tab. [T}

Table 1: Corrector gains

Coeflicient Value
K, 4.0529 x 10*
K, 348.69
K; 1.5702 x 10°
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4.2. Validation of the control model

The control scheme of the CRAFT prototype computes the
expected cable tensions with the 77 anticipation term. Both
values are plotted during a circular trajectory around the cen-
ter of the workspace Fig. [I5] Only one cable is featured for
readability, but while tension profiles tend to change depend-
ing on the cable, the difference between the predicted and the
measured tensions is overall similar. For reference, the tension
profiles in the other cables along the trajectory is plotted Fig.[I6]

While the tension computed with the robot model and the
tension measured by the sensors have the same shape and the
values remain close, a difference is observed on this graph be-
tween the estimated values 77, and the measured ones 7,,, be-
cause of model errors. These are first due to the imprecise
knowledge of the friction model and the lack of an elasticity
model of the cables which imply a reduced positioning accuracy
resulting in model geometry errors, especially in the computa-
tion of the Wrench matrix. Adding such an elastic model has
shown important accuracy improvements for suspended CDPRs

[30).
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Figure 15: Comparison of the predicted and measured tensions on a circular
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Neglecting the acceleration and Coriolis terms also induces
errors on the model, however, the error is more significant when
the cable is stopped, suggesting a predominant impact of the
friction model over the errors related to the dynamic effects. It
must be noted that the Coulomb friction model used here does
not allow predicting the friction forces when the actuator ve-
locities are null, explaining the larger errors at both ends of the
trajectory corresponding to the tension profile shown in Fig. [I5]
Regardless of the error sources, since this difference is about
few Newtons, a collision detection system based on the model
proposed above can operate in spite of those inaccuracies.

Thus, an adapted collision detection strategy can be de-
signed based on the cable tension prediction and the measured
values.

4.3. Collision detection strategy

A simple collision detection strategy would be to monitor
the difference between the tension output from the dynamics
feed-forward block, noted 7, and the measured cable tension.
When this one overshoots an error threshold, a collision can be61
declared. However, this collision may or may not be dangerous.

As proposed earlier, it is possible to ensure that the collision
force remains under a certain safety threshold using the cable
deformation model presented in Section 2] While this could
theoretically be done using the values found there, in practice, ,
the threshold curve is different than the one determined for the
test bench, since the ES product depends on the setup. Hence,
the system needs to be calibrated.

5

0

4.4. Calibration of the detection system

625

To do so, this collision model is first calibrated using a dy-
namometer. The calibration procedure consists in measuring a
series of cable tensions with the tension sensors presented in
this section, while applying a known lateral force f. of a value
corresponding to the collision threshold at the middle point ofes
the cable. The measures are realized at different poses that im-
ply different initial cable tensions.

11

The collision force model shows that the tension increase
in the cable resulting of a lateral force does not depend on the
cable length but on the contact force, the initial tension and the
relative position of this contact. Assuming that the friction in
the axis of the pulley sheave is negligible, cable tensions on
both sides of the pulley are equal. Hence, the lateral force can
be applied between the drum and the exit point and not directly
between the exit point and the anchor point of the cable. It
should be noted that the midpoint between the drum and the
pulley can be marked and read easily. Thus, this choice allows
to simplify the experimental setup and to increase the repeata-
bility of the experiment. Moreover, applying the force on the
side allows to keep a safe distance with the platform.

Hence, the measures are done by simply pulling the cable at
the height marked on the plank fixed to the main frame shown
Fig. The cable is pulled slowly so as to remain in a quasi-
static case.

Dynamometer Tension sensor

Platform

B e D

Figure 17: Calibration Procedure. In red : the cable on which is applied the
lateral force f. with the dynamometer. The dynamometer, tension sensor and
platform are marked by a green arrow.

The measured values are then plotted using MATLAB and
the model curve described above is fitted so as to correspond to
these values. The resulting curve equation is then used in the
robot parameters to define the collision threshold. The obtained
calibration curve is presented Fig. [T8]

The calibration procedure returns a curve allowing notice-
able tension variations in case of collision between the ca-
ble and its environment. However, the equivalent stiffness
parametrizing the curves is significantly lower than the value
obtained in Section [2 found when the cable is taut and tied on
both ends. On the prototype, the corresponding ES value is
equal to 625 N only.

The loss of stiffness with respect to the previous experi-
ments can be explained by the following points: small displace-
ments of the platform when a cable is subject to an important
lateral force were neglected in the model, the coupling effect
between the cables and the regulation of the motor angular po-
sition.

However, the calibration provides with a knowledge of the rel-
evant parameters for the collision detection on the prototype,
regardless of the factors affecting the robot stiffness.
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5. Experimental validation of the collision detection

To assess the feasibility of the proposed collision detection
method and to evaluate its performance, several experiments
were conducted.

5.1. Experimental setup

This experiment was then made with the platform ac-
complishing a circular translation around the center of the
workspace, in a horizontal plane 1.3 m above ground. Two dif-
ferent types of collisions were tested : brief impacts of various
force values, and continuous collision with a progressively in-
creasing force. The first ones are made to simulate brief colli-
E]ions, while the seconds aim at reproducing crushing situations.

In any case, when the collision is detected, the robot is
stopped using an emergency stop, cutting all power and trig-
gering the breaks. However, in a real implementation, the robot
would likely not perform an emergency stop but rather a safety-
monitored controlled stop or one of the other mitigation strate-
gies described in Section [6]

A lateral force is then applied with a dynamometer at the
middle of the cable on the section between the winch and the
pulley. The setup is similar to the calibration procedure pictured
Fig.

The first recording was made for an control experiment, the
platform performing the circular translation motion without any
exterior perturbations. This allows to observe the contribution
of the rise of tensions due to the robot motion only.

6
SWhile brief and repeated collisions could be considered outside of the

quasi-static case, the stiffness of cables tend to increase when these are sub-
ject to dynamic excitation [31]. This increased stiffness will result in higher
tension increases for equal collision forces and will hence be more detectable,
the quasi-static case constituting a worst case with regard to this detectability
criterion.
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5.2. Results

A video of the 3 experimental setups was sho and the
evolution of the tensions plotted in the video is reproduced in
Fig. [[9 and Fig. [20] In order to asses the repeatability of the
desired behavior, ten similar experiments were run, all leading
to similar results.

Control experiment
45 11
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Figure 19: Evolution of the tensions in the cable 1 during a circular translation.

A first criteria to assess whether the proposed detection
method is effective or not is to validate if, after calibration, it
can successfully and reliably detect dangerous over-tensions.

The tension curves are displayed in Fig. [20]for the control,
multiple collisions and crushing trajectories respectively. The
collision detection system effectively detects the overshooting
of the variable tension threshold, since the green signal repre-
senting the collision state boolean of the first cable effectively
switches to one when the measure signal crosses the thresh-
old. This results in the robot prototype cutting immediately the
power and triggering the breaks, as it can be seen on the video
of the experiment. This behavior was tested successfully multi-
ple times.

The events determining the response time are the rising
edge of the collision boolean and the crossing of the admissible
tension threshold. However, the measured cable tension signal
oscillates in a +2 N range, implying a less precise reading. In
order to minimize the impact of these reading errors, several
measures are averaged. No significant difference is found for
the reaction time between the collision and the crushing case.
Overall, eleven collisions experiments were run to assess the
repeatability of the detection and to determine more precisely
the reaction time. The reaction times are summarized in Tab. 2
On average, the reaction time is 52 ms, with a standard devia-
tion of 20 ms, corresponding to 52 times the sampling period.
Hence, the system is able to react in a much shorter time than
the duration separating the short collision case (transient event)
and the crushing case (quasi-static event) in the ISO/TS 15066
standard [24]], i.e. 500 ms.

TThe experiment video can be watched here :
_e9L-gKe2bM

https://youtu.be/


https://youtu.be/_e9L-qKe2bM
https://youtu.be/_e9L-qKe2bM

Table 2: Reaction times for collision detection experiments

Reaction times t,, in seconds

0.045 [ 0.055 | 0.058 [ 0.039 | 0.052 [ 0.057 | 0.039 [ 0.029 [ 0.105 | 0.036 [ 0.060 |
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(b) Evolution of the tensions in the cable 1 during a circular translation with a prolonged”°
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Figure 20: Evolution of the tensions (measured, estimated, admissible) in cable
1 for a trajectory
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6. Safe release of the cable

Once a collision between a cable and the environment is de-
tected, the robot may need to act accordingly in order to avoid
causing damage. When a cable collides with an operator and re-
mains in tension, it may be crushing their limbs. In that case, it
is necessary to design a control strategy allowing the release of
the cable, while maintaining the stability of the platform. There
are two cases in that event : if the platform is inside the Re-
strained Static Feasible Workspace - a space defined in[6.1]- a
static equilibrium can be found on the same pose. If it is out-
side, a safe trajectory must be found to reach safely a new equi-
librium pose inside the Restrained Static Feasible Workspace
without harming the operator on the way while releasing the
tension. The latter case is not developed here but will be ex-
plored in future work.

6.1. Restrained Static Feasible Workspace

The Static Feasible Workspace (SFW) is the set of all robot
poses such that there exists a feasible cable tension vector
7 in the tension space 7 such that the robot is able to bal-
ance the exterior forces wrench w,,, satisfying the equation
Wr + w,y = 06 with w,, = W,, W, being the gravity
wrench [32].

When a cable is no longer applying a tension on the sys-
tem, either because it is broken, or because it is slack, the ef-
fective Static Feasible Workspace is reduced [14]. The resulting
workspace can be named Restrained Static Feasible Workspace.

The workspaces calculated before and after zeroing the ten-
sion in cable 1 were computed and plotted using MATLAB©
with the parameters of the robot prototype, including the coor-
dinates of the end points and the anchor points. The calculated
workspaces are displayed in Fig.[21] The first picture shows the
SFW before cable 1 (in red) becomes slack, and the second one
shows the SFW after setting the maximum tension on cable 1
to 0 N, which is defined as the RSFW, since this cable is now
completely slack and exerts no force on the platform.

Only half of the nominal SFW remains accessible once a
cable is no longer taut. Hence, any strategy consisting in re-
leasing a cable for safety purposes needs to take into account
which area the platform is in, in order to guarantee its equilib-
rium and preventing an accident.

6.2. Releasing the collided cable in the RSFW

When releasing a cable, the tension needs to be redistributed
between the other cables so as to guarantee the static equilib-
rium of the platform. In this workspace, a feasible solution can
always be found regardless of the minimum tension to reach
of the collided cable. This problem can still be solved using



740

745

750

755

2.5

3

y[m]

x [m] 33 0

== cable | = = cable2 === cable3 = = cable 4 === cable 5 = = cable 6
Static Feasible Workspace

cable 7 cable 8

(a) Static Feasible Workspace

760

25 T v [m]
X [m]

765
== cable | = = cable2 === cable3 = = cable 4 === cablc 5 = = cable 6 cable 7 cable 8

Restrained Static Feasible Workspace

(b) Restrained Static Feasible Workspace, cable tension 7; = 0

Figure 21: Static Workspaces of the CDPR

770

775

14

Eq. (I8). In that case, the constraints for the minimization cri-
teria change slightly : the maximal tension 7, inside the col-
lided cable will decrease until it reaches the minimal tension
(here 0 N) while the maximal tension bound will not be altered
for the other cables.

The control scheme modified to take into account the ca-
ble collision detection and cable release is presented Fig. 22]
with in black the blocks corresponding to the nominal operat-
ing mode, identical to Fig.[T3] and in red the blocks managing
the collision detection and the cable release.

The Threshold block performs a simple collision detection
algorithm based on the model established Eq. [T} The pseudo-
code of this algorithm is shown in Alg.[I] It returns both the
collided cable vector of booleans v,,;, signaling which on which
cable a collision has been detected, and the collision time f.,;.
While this algorithm is able to detect collisions on multiple ca-
bles, the cable release strategy proposed in this section applies
in the event of a single collision between a cable and the envi-
ronment.

Algorithm 1 Threshold block algorithm
ool < -1
Veol < Om
while 1 do
i1
Tadm < Trf + 0r(Trp, f &
while i < m do
if Tm,i > Tadm,i then
vcol[i] —1
Teol < Lol
return v, f.o
end if
i—i+1
end while
end while

dm)

A function named s(¢) is defined, returning the evolution in
proportion of the maximal tension on the collided cable over the
post-collision time ¢ = #. —t.,; > 0. This function is null while
no collision is detected and progressively increases to reach 1
after a collision occurred (¢,,; > 0). This function then keeps
returning 1 the duration needed for the cable to be cleared from
the obstacle it met, before decreasing progressively to return the
robot to the nominal operating mode. A trapezoidal profile was
chosen for the simulations, but sigmoids or other types of func-
tions with a similar profile can be used as well. This function
defines the release speed and the release time. These parame-
ters can be set so that the total time between the collision and
the end of the release remains under the duration separating the
collision and crushing casesﬂ

A cable selector SI is hence introduced in order to separate
the control for the collided and correctly operating cables. It is
also necessary to remove the computed torque I'. for the col-
lided cable in order to allow its release. Hence the selector is
also applied at the output of the corrector block.

8Defined to 500 ms in ISO/TS 15066
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Figure 22: Control scheme for tension redistribution after a collision has been detected

In case of collision detected on a cable i, while the actual
tension inside this cable 7; is significantly higher than the
tension predicted by the feedforward term, the tension redis-
tribution of the feedforward torque I'yz; and the progressive
zeroing of the corrector torque I'.; with the s(#) function result
in a null torque for the motor of the collided cable and hence,
a null controlled tension inside this cable. Some tension will
remain because of the internal friction of the transmission
chain, but it should be low enough to easily remove the cable
from the obstacles.

A simulation was performed in the static case, where the
robot is maintained at a pose p = [2.5,3,0.5,0,0, 0], inside the
RSFW, to observe the redistribution of 7, terms. Figure @
shows the evolution of the predicted cable tensions over time
(discretized in equal timesteps), after a collision between cable
1 and the environment has been detected and when the cable
release starts. Since only the upper tension bound T,y iS
controlled by the cable release system, tension distribution
remains unchanged while the cable tension 7; < Tpay1(f). It
can be noticed that the cables whose tensions increase are
located at the neighboring corners of the main frame, while the
tension inside the cables in front of the collided one decreases
as well.

The three timestamps, ?1, f;, t3, correspond to the three sub-
figures presented Fig.[24]
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6.3. Feasibility polygon

Varying the upper tension bound 7,,, for the col-®*
lided cable to release it consists in effectively trans-
lating an edge of the hypercube of feasible tensions
Q = {Tff|Tmm!,‘ < T L Tpgxis I = [lm]} All the
constraints can be projected into the space of solutions gener-
ated by all the sets of A. In this study, this is a two-dimensional®®
space X where all the constraints are straight lines. The inter-
section between the feasible tensions hypercube and the space
of solutions QNX forms the feasibility polygon [33]], shown for
three different values of 7., Fig.[24}

In these figures, the constraints are represented by straight®
lines projected into the A-space of solutions. Cable constraints
are paired by color, in full the upper bound and in dotted line
the lower tension bound. The feasible polygon is represented by
the green surface constrained between the lines, and the chosen
solution minimizing the tension squared norm II‘rffII2 is plotted®”
with the blue dot. These figures are plotted at several timesteps,
to visualize the evolution of this polygon during the cable re-
leasel]

During the simulation, the line corresponding to the up-
per tension bound for cable 1 translates towards the line cor-°
responding to the lower tension bound. When the cable is com-
pletely released, the system effectively loses a degree of actua-
tion redundancy and solutions are then contained in a 1D space,
on a line segment in the 2D space X.

7. Conclusion
880

This paper aimed at establishing a simple but effective
model able to detect dangerous collisions between the envi-
ronment (including operators) and the cables of a suspended
CDPR. Besides, a strategy allowing to release the cable tension
once a collision has occurred was introduced in order to avoid
any prolonged crushing.

A geometric model of the cable deformation under a col-5
lision with an external obstacle was introduced and derived to
obtain a danger threshold function, returning the admissible ca-
ble tension increase in the event of collisions. This function
only requires the knowledge of the current cable tension and the®®°
admissible force levels to avoid harming operators, without any
dependency on the cable length. This model was validated ex-
perimentally with an ad-hoc test bench and the collision detec-
tion was implemented on the 8-cable suspended CDPR CRAFT®*
prototype, using cable tension sensors and an adaptive control
scheme. To detect collisions, the cable tensions measured by
the sensors are compared in real time with the admissible cable
tension increases.

Then, a strategy aiming at safely releasing a collided and
over-taut cable was proposed, along with a control scheme syn-
thesized to perform this task by redistributing the tension in
the other cables so as to maintain the moving-platform of the

900
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° An animated plot was made to observe the evolution of the upper tension
bound, the feasibility polygon as well as the chosen solution over time. It cans1o
be found here : https://youtu.be/0Z0oV{2KIkM
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CDPR at a given pose. A strategy to manage the transition be-
tween the nominal working mode and the post-collision mode
was investigated too. The proposed cable tension management
was simulated. The feasibility domain of this tension manage-
ment, named RSFW, was established and the variation of the
tension distribution with time after a collision was detected was
simulated.

Future work will deal with the experimental validation of
the proposed cable tension management once a cable/human
operator collision type occurs while keeping the moving-
platform of the CDPR as close as possible to its desired pose.
The proposed method could be also be investigated in the case
of a tension decrease, resulting for instance from a pulling of
the cable towards the tension sensor. Furthermore, recovery
strategies for a safe cable release outside the RSFW will be in-
vestigated. Beyond simply stopping the robot, other approaches
such as a partial cable release or solutions designed for post-
cable failure recovery could be used [34] 35 136]]. The imple-
mentation and improvement of such methods, ensuring safety
of the operators in the whole workspace without stopping the
robot and reinitialize it manually, are important steps towards
the use of collaborative CDPRs in the industry.
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Appendix A. Cable lateral displacement

The derivation of Equation (8]) proposed in [23]] is described
in this Appendix. The model is represented in Fig. 3]
In the case of a static or quasi-static contact (assumption
115 made in this study), the equilibrium of forces applied on the
cable at its middle point is expressed by :

2t +67)sina = f, (A1)

The lateral force f. induces an increase in tension inside the
cable, noted o7 corresponding to an elongation 6/. The collision
induces an angle o with the initial position of the cable.

_orl

ol = — A2
ES (A-2)
1020 From the geometry of the cable deformation model, sina
can be expressed as :

o o 1

sina = l—c = ZTC—& (A3)
5L+ 1) (1+£)
Then, by combining Eq. (A.T)) and Eq. (A.3) :
0 1

fo= A4 onT —— (A4)

(1+%)

Then, to simplify this equation, another geometric relation-
ship can be established, using the right-angled triangle and the
125 middle contact properties :

2

l 1
24 - 2
oc* + ) 2(l+6l) (A5)

By taking the square of Eq. (A.5) and assuming 612 is negli-
gible with respect to d;, we obtain:

ol sc\?
%2 (—) A6
] 7 (A.6)

Then, it is possible to simplify Eq. (A.4) by substituting 6|
since, from Egs. (A.2) and (A.6) we have:

ot sc\?
o 2(—) A7
ES l (A7)

: : doc 2
1030 Finally, assuming that2(7) << 1:
scy? T (bc f.

8(—) 4= (—) = Je A8
1) T Es\T) T Es (A.8)

when using the normalized values, Eq.(A.8) amounts to Eq. (8).

101t would also be possible to replace dc since we are looking for 6/ leading
to o7 but it also leads to an equivalent cubic problem, providing no advantage
on using directly the formula provided in [27].
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