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LONG-TERM STABILITY OF INTERACTING HAWKES PROCESSES
ON RANDOM GRAPHS

7ZOE AGATHE-NERINE

ABSTRACT. We consider a population of Hawkes processes modeling the activity of N
interacting neurons. The neurons are regularly positioned on the segment [0, 1], and the
connectivity between neurons is given by a random possibly diluted and inhomogeneous
graph where the probability of presence of each edge depends on the spatial position of
its vertices through a spatial kernel. The main result of the paper concerns the long-
time stability of the synaptic current of the population, as N — oo, in the subcritical
regime in case the synaptic memory kernel is exponential, up to time horizons that are
polynomial in N.

Keywords. Multivariate nonlinear Hawkes processes, Mean-field systems, Neural Field

Equation, Spatially extended system, W-Random graph.

AMS Classification. 60F15, 60G55, 44A35, 92B20.

1. INTRODUCTION

1.1. Hawkes processes in neuroscience. In the present paper we study the large time
behavior of a population of interacting and spiking neurons, as the size of the population
N tends to infinity. We model the activity of a neuron by a point process where each
point represents the time of a spike: Zy ;(¢) counts the number of spikes during the time
interval [0,¢] of the ith neuron of the population. Its intensity at time ¢ conditioned on
the past [0,%) is given by Ay ;(t), in the sense that

P (Zy; jumps between(t,t + dt)|F;) = An,;(t)dt,

where F; := 0 (Zn,i(s),s <t,1 <i < N).

For the choice of Ay ;, we want to account for the dependence of the activity of a neuron
on the past of the whole population : the spike of one neuron can trigger others’ spikes.
Hawkes processes are then a natural choice to emphasize this interdependency. A generic
choice is

1 N ™) t—
ANGi(t) = p(t,z) + f | v(t, z) + Zwij /0 h(t —s)dZn;(s) | - (1.1)

Here, with the ith neuron at position x; = % € I:=[0,1], f : R — R, represents the
(possible) non linear synaptic integration, u(t,) : I — R, a spontaneous activity of the
neuron at time ¢, v(¢,-) : I — R a past activity and h : Ry — R a memory function
which models how a past jump of the system affects the present intensity. The term wEN)
represents the random inhomogeneous interaction between neurons ¢ and j, that will be

modeled here in terms of the realization of a random graph.

Date: 2023/07/11.
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Since the seminal works of [31], B2], there has been a renewed interest in the use of
Hawkes processes, especially in neuroscience. A common simplified framework is to con-
sider an interaction on the complete graph, that is taking w(] )= 1in (LI), as done in
[23]. In this case, a very simple instance of (II]) concerns the so called linear case, when
f(@) =z,u(t, ) = pand v = 0, that is An;(t) = An () = p++ ZJ lfo (t—s)dZn ;(s),
with h > 0 (see [23]). The biological evidence [11], B8] of a spatial orgamsatlon of neu-
rons in the brain has led to more elaborate Hawkes models with spatial interaction,
possibly including inhibition (see [45, 26l [15]). This would correspond in (L)) to take

(N

w,; ) = W (xi,x), where W is a macroscopic interaction kernel, usual examples being

1 _
the exponential distribution on R, W(z,y) = % exp <—u> or the “Mexican hat”
o o

C . . —lz—y| c e .
distribution W (z,y) = e~ 1% — Ae~% - , A€ R, 0 >0. The macroscopic limit of the
multivariate Hawkes process (L1]) is then given by a family of spatially extended inhomo-
geneous Poisson processes whose intensities (A¢(x)),es solve the convolution equation

M) = pulo)+ 5 (o) + [ Wee) [ 0= s (12)

A crucial example is the exponential case, that is when h(t) = e~ for some a > 0. In
this case, the Hawkes process with intensity (LI is Markovian (see [26]). Denoting in
C2) wi(x) == ve(x) + [; W(z,y) fot h(t — s)As(y)dsdy as the potential of a neuron (the
synaptic current) locahsed in x at time ¢ (so that (L2 becomes M\ (x) = f(ut(x))), an
easy computation (see [15]) gives that, when v;(z) = e~ wg(x) for some vy, u solves the
Neural Field Equation (NFE)

auéiiﬂ) = —aw(x) + /IW(x,y)f(ut(y))dy + I;(z), (1.3)

with source term I;(x) := [, W(z,y)p:(y)dy. Equation (L3) has been extensively studied
in the literature, mostly from a phenomenological perspective [46, 2], and is an important
example of macroscopic neural dynamics with non-local interactions (we refer to [13] for
an extensive review on the subject).

In a previous work [I], we give a microscopic interpretation of the macroscopic ker—

nel W in terms of an inhomogeneous graph of interaction. We consider w = 5”

(N)
in (LI), where ( 3 >1Si,jSN
dividual parameter W (x;,x;): the probability that two neurons are connected depends
on their spatial positions. The term k; is a suitable local renormalisation parameter, to
ensure that the interaction remains of order 1. This modeling constitutes a further diffi-
culty in the analysis as we are no longer in a mean-field framework: contrary to the case

w®

ij = 1, the interaction (LI is no longer a functional of the empirical measure of the
particles (Zn1,- -+, Zn,n). A recent interest has been shown to similar issues in the case
of diffusions interacting on random graphs (first in the homogeneous Erdés-Rényi case
[24, 21), 22| 20], and secondly for inhomogenous random graph [36, Bl [5]). See also [42]
where the interaction is random (either excitatory or inhibatory) on the complete graph
with a diffusive scaling in 1/ /N when the excitation and inhibition are balanced.

A common motivation between [1] in the case of Hawkes processes and [36] B 5] in
the case of diffusions is to understand how the inhomogeneity of the underlying graph
may or may not influence the long time dynamics of the system. An issue common to

is a collection of independent Bernoulli Varlables, with in-
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all mean-field models (and their perturbations) is that there is, in general, no possibility
to interchange the limits N — oo and ¢ — oo. More precisely, restricting to Hawkes
processes, a usual propagation of chaos result (see [23, Theorem 8], [I5, Theorem 1], [1l
Theorem 3.10]) may be stated as follows: for fixed T' > 0, there exists some C(T) > 0
such that

() Tls >
g?ﬁNE(s:}é%]‘ZNﬂ“ Z*”)ﬁ VN .4

where Z; is a Poisson process with intensity (\;(x;))¢>0 defined in (LZ) suitably coupled
to Zn,;, see the above references for details. Generically, C(T') is of the form exp(CT),
such that (L4]) remains only relevant up to 7' ~ clog N with ¢ sufficiently small. In the

(N) B . .
;i =1, f(z) = x), there is a well known phase transition

[23, Theorems 10,11] when ||h||; = [;° h(t)dt < 1 (subcritical case), A == ﬁ,
co 1 —1h|1

whereas when ||h|l1 > 1 (supercritical case), A\ ———> oo. This phase transition has been
—00

pure mean-field linear case (w

extended to the inhomogeneous case in [I]. In the subcritical case, one can actually
improve (I4]) in the sense that C'(T') is now linear in 7" so that (I4]) remains relevant up
toT = 0(\/N ). A natural question is to ask if this approximation remains valid beyond
this time scale. The purpose to the present work is to address this question: we show
that, in the whole generality of (I.Il), in the subcritical regime and exponential case (see
details below), the macroscopic intensity (I.2]) converges to a finite limit when ¢ — oo and
that the microscopic system remains close to this limit up to polynomial times in N.

1.2. Notation. We denote by Cpharameters @ constant C' > 0 which only depends on the
parameters inside the lower index. These constants can change from line to line or inside
a same equation, we choose just to highlight the dependency they contain. When it is
not relevant, we just write C'. For any d > 1, we denote by |z| and z - y the Euclidean
norm and scalar product of elements z,y € R?. For (E, A, 1) a measured space, for a

function g in LP(E, ) with p > 1, we write ||g]|gup = (5 lg[Pdp)?. When p = 2, we
denote by (-,-) the Hermitian scalar product in L?(E). Without ambiguity, we may omit
the subscript (E, p) or u. For a real-valued bounded function g on a space F, we write
19lloe = 191200 = SuPoe [9()]-

For (F,d) a metric space, we denote by ||g||. = sup,, |9(z)—g(y)|/d(x,y) the Lipschitz
seminorm of a real-valued function g on E. We denote by C(E,R) the space of continuous
functions from E to R, and Cp(F, R) the space of continuous bounded ones. For any 7' > 0,
we denote by D ([0, 7], E) the space of cadlag (right continuous with left limits) functions
defined on [0, 7] and taking values in E. For any integer N > 1, we denote by [1, N] the
set {1,--- ,N}. For any p € [0, 1], B(p) denotes the Bernoulli distribution with parameter

p-

1.3. The model. First, let us focus on the interaction between the particles. The graph
of interaction for (L)) is constructed as follows:

Definition 1.1. On a common probability space <S~), F , IP’), we consider a family of ran-
dom variables ¢&V) = (fl(jN)> on € such that under P, for any N > 1 and

N>1,,5€[1,N]
i,7 € [1,N], & (N) is a collection of mutually independent Bernoulli random variables such
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that for 1 <14,5 < N, 52-(]]-\[) has parameter WN(%, %), where

Wi (z,y) := pnW(z,y), (1.5)
with py some dilution parameter and W : I? — [0,1] a macroscopic interaction kernel.
We assume that the particles in (LLI]) are connected according to the oriented graph Gy =
({1, -+, N} ,§(N)). For any i and j, 52-(]]-\[) = 1 encodes for the presence of the edge j — i

and 52-(]]-\[) = 0 for its absence. The interaction in (I.T]) is fixed as

(N)
) _ S

Wl = ——,
i PN

so that the interaction term remains of order 1 as N — oo.

(1.6)

The class (LE]) of inhomogenous graphs falls into the framework of W-random graphs,
see [35, @ 10]. One distinguishes the dense case when limy_oo pny = p > 0 and the
diluted case when py — 0.

We now fix these sequences, and work on a filtered probability space (Q, F, (]:t)tzo ,P>

rich enough for all the following processes can be defined. We denote by E the expectation
under P and E the expectation w.r.t. P. In the following definitions, N is fixed and the
particles are regularly located on the segment I = [0,1]. We denote by x; = % the position
of the i-th neuron in the population of size N. We also divide I in N segments of equal

length, denoted by
1—1 1
Byi=—,— ). 1.
N <N N) (L.7)

We can now formally define our process of interest.

Definition 1.2. Let (7;(ds, dz)), ;< be a sequence of (F;)-adapted i.i.d. Poisson random
measures on R, x Ry with intensity measure dsdz. The multivariate counting process
(Zna(t) .y ZN N (1)), defined by, for all ¢ > 0 and 7 € [1, NJ:

t (o)
ZNJ'(t) :/0 /0 1{ZS)\N,i(S)}7Ti(dS7dZ) (18)
where
ANi(t) = F(Xni(t=), m(wi)), (1.9)
and
N u)(N) t
Xyilt) =D — | h(t = 5)dZn(s), (1.10)
j=1

ne : I — R for any t € [0, +00) for some d > 1 and F : R x R — R¥ is called a
multivariate Hawkes process with the set of parameters (N ,F € ) W, 7, h).

Our main focus is to study the quantity (Xn,;),.,. defined in (LI0) as N — oo, and
more precisely the random profile defined for all z € I by:

N
Xn(t)(x) =Y Xni(t)leeny, (1.11)
i=1

where By ; is defined in (7).
As N — oo, an informal Law of Large Numbers (LLN) argument shows that the
empirical mean in (LI0) becomes an expectation w.r.t. the candidate limit for Zy ;:
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(N)

we can replace the sum in (II0) by the integral, the microscopic interaction term w;; J

(LI0) by the macroscopic term W (z,y) (where y describes the macroscopic distribution
of the positions), and the past activity of the neuron dZy ;(s) by its intensity in large
population. In other words, the macroscopic spatial profile will be described by

:/W(g;,y)/ h(t — $)\(y)ds dy, (1.12)
1 0

where the macroscopic intensity of a neuron at position x € I denoted by M(x) =

F(X¢(x),n:(zx)) solves
= ([ Wi [ 1 - onmasirnt)). (113)

Such informal law of large number on a bounded time interval has been made rigorous
under various settings, we refer for further references to [23] [I5] and more especially to [1]
which exactly incorporates the present hypotheses.

in

Remark 1.3. In the expression (LY)) of the intensity Ay ;, Xy, given in (LI0) accounts
for the stochastic influence of the other interacting neurons, whereas 7; represents the
deterministic part of the intensity An,;. Having in mind the generic example given in
(L), a typical choice would correspond to taking d = 2 with 1 := (u,v) and

F(X,n)=F(X,pu,v)=p+ flv+X) (1.14)

Once again, p here corresponds to the spontaneous Poisson activity of the neuron and one
may see v as a deterministic part in the evolution of the membrane potential of neuron 7.
Note that we generalize here slightly the framework considered in [I5] in the sense that
[15] considered (.I4) for u = 0 and v (z) = e~ *wvg(x) for some initial membrane potential
vo(z). In the case of (ILI4]), one retrieves the expression of the macroscopic intensity A¢(z)
given in (I2]). Typical choices of f in ([LI4]) are f(x) = z (the so-called linear model)
or some sigmoid function. Note that there will be an intrinsic mathematical difficulty in
dealing with the linear case in this paper, as f is not bounded in this case. As already
mentioned in the introduction, for the choice of h(t) = e and v(x) = e *wvy(x), a
straightforward calculation shows that ug( ) = vt( ) + Xi(z) solves the scalar neural field
equation (I3) with source term [;(z) = [, W I w(t,y)dy.

We choose here to work with the generlc expressmn (L) instead of (L)) not only for
conciseness of notation, but also to emphasize that the result does not intrinsically depend
on the specific form of the function F.

Remark 1.4. We have assumed for simplicity in the current definition (II0) of X ;(t)
that Xy ;(0) = 0. Define more generally, for any (¢;)i=1,..~, ¥ € R, Xﬁ,"i(t) = v; +

Ej-vzl w}VJ gh(t — 5)dZy ;(s) the same process starting at ¥; (here, ¥; accounts for the
history of the process before ¢ = 0). Write then the corresponding intensity (L9]) and
process (L) as A%i(t) and quffii(t) respectively. In particular, when h is exponential (see
(24)), the process (lezf"i)i:17___,N is Markovian (see e.g. [26] Section 5]). The analysis of
the profile X% (t) := va 1 ’91’ (1)1p, , remains the same, under the additional hypothesis
that SN 0, 1y, Y 19 in L?(I). In the following, the actual dependence in the

initial condition 1 Wlll be dropped, whenever it is clear from the context, for simplicity of
notation.
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2. HYPOTHESES AND MAIN RESULTS
2.1. Hypotheses.

Hypothesis 2.1. We assume that

e Fis Lipschitz continuous : there exists ||F||z, such that for any z, 2’ € R, 0,7’ € RY,
we have |F(z,n) — F(z',n)| < |F|l. (|2 — 2’| +[n —7']).

e F is non decreasing in the first variable, that is for any n € R?, for any z,2’ € R
such that # < 2/, one has F(z,n) < F(a2',n). Moreover, we assume that F is C? on
R with bounded derivatives. We denote by dx F and 8§(F the partial derivatives
of F'w.r.t. X and (with some slight abuse of notation) 9, F = (9, F),_, _, as the

gradient of F' w.r.t. the variable n € R? as well as 83(777}7 = <8§< F)k w and

Mk
20 _ (92
oI = (ank,mF)k,zzl,...
® (M(2)) >0 ze; 1s uniformly bounded in (¢, z). We also assume that there exists 7.

Lipschitz continuous on I such that

O :=sup | (x) — Moo (x)] —— 0. (2.1)
zel t—o0

J the Hessian of F' w.r.t. the variable 7.

e The memory kernel h is nonnegative and integrable on [0, +00).

e We assume that W : 12 — [0, 1] is continuous. We refer nonetheless to Section 2.3.4]
where we show that the results of the paper remain true under weaker hypotheses
on W.

It has been showed in [I] that the process defined in (L8] is well-posed, and that the
large population limit intensity (LI3]) is well defined in the following sense.

Proposition 2.2. Under Hypothesis [21], for a fized realisation of the family (mi)<;<p
there exists a pathwise unique multivariate Hawkes process (in the sense of Definition[1.2)
such that for any T' < oo, supycp, 71 5UP1<i<n E[ZN(t)] < o0.

Proposition 2.3. Let T > 0. Under Hypothesis[2.]), there exists a unique solution X\ in
Co([0,T] x I,R) to (ILI3) and this solution is nonnegative.

Both Propositions and 23] can be found in [I] as Propositions 2.5 and 2.7 respec-
tively, where F'is chosen as n = (u,v) and F'(z,n) = f(x+v) with f a Lipschitz function.

The same proofs work for our general case F'. Proposition 2.3 also implies that the limiting
spatial profile X; solving ([L.12]) is well defined.

Before writing our next hypothesis, we need to introduce the following integral operator.

Proposition 2.4. Under Hypothesis[2.1], the integral operator
Tw : H — H
9 — (Twg:zr— [;W(x,y)g(y)dy)
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is continuous in both cases H = L>(I) and H = L*(I). When H = L*(I), Ty is compact,
its spectrum is the union of {0} and a discrete sequence of eigenvalues (jy)n>1 such that
tn — 0 as n — co. Denote by roo = roo(Tw ), respectively ro = ro(Tyw ) the spectral radii
of Tyy in L*°(I) and L?(I) respectively. Moreover, we have that

ro(Tw) = Too(Tw). (2.2)
The proof can be found in Section B.11

Hypothesis 2.5. In the whole article, we are in the subcritical case defined by
10x Fllog 1hll1700 < 1. (2.3)

Note that in the complete mean-field case, W =1 and ro, = 1 so that one retrieves the
usual subcritical condition as in [23]. In the linear case n = p and F(z,n) = p + z, (Z3)
is exactly the subcritical condition stated in [I].

The aim of the paper is twofold: firstly, we state a general convergence result as t — oo
of X; defined in (LI2)) (or equivalently A; in (II3))), see Theorem 28 This result is valid
for any general kernel h satisfying Hypothesis 2.1l Secondly, we address the long-term
stability of the microscopic profile Xy defined in (I.I1), see Theorem 2131 Contrary to
the first one, this second result is stated for the particular choice of the exponential kernel
h defined as

h(t) = e, with o > 0. (2.4)
The parameter o > 0 is often called the leakage rate. The main advantage of this choice
is that the process Xy then becomes Markovian (see Remark [[4]). This will turn out to
be particularly helpful for the proof of Theorem 2.13l As already mentioned in the intro-
duction, (24) is the natural framework where to observe the NFE (IL3]) as a macroscopic
limit, recall Remark [[.3l Note that in the exponential case (2.4]), we have that ||h|l; =1/«
hence the subcritical case (2.3]) reads

|0x F| o Too < cv. (2.5)

For our second result (Theorem 2.13]), we also need some hypotheses on the dilution of
the graph. Recall the definition of py in Definition [L11

Hypothesis 2.6. The dilution parameter py € [0, 1] satisfies the following dilution con-
dition: there exists 7 € (0, %) such that

NI=27p% —— 0. (2.6)
N—oo
If one supposes further that F' is bounded, we assume the weaker condition

Np3y — . (2.7)
N—o00

Remark 2.7. Hypothesis[2.6]is stronger than ﬁiﬁ N—> oo, which is a dilution condition
—00

commonly met in the literature concerning LLN results on bounded time intervals for
interacting particles on random graphs: it is the same as in [24] 21] (and slightly stronger
than the optimal Npy — +o0o obtained in [22] in the case of diffusions and as in [I] in the
case of Hawkes processes).

2.2. Main results. Our first result, Theorem 2.8 studies the limit as ¢ — oo of the
macroscopic profile X; (as an element of C(I)) defined in (ILI2]). Our second result,
Theorem [2.13], focuses on the large time behaviour of Xy (t) defined in (LII]) on any time
interval of polynomial length.
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2.2.1. Asymptotic behavior of (X¢). Recall the definition of X; in (I.12]).

Theorem 2.8. Under Hypotheses 2] and 2.3,

(i) there exists a unique continuous function X : I — RT solution of
Xoo = M1 Tw F (Xoos o) - (2.8)
(i) X; converges uniformly on I when t — oo towards X .
The proof can be found in Section

Remark 2.9. Translating the result of Theorem 2.8 in terms of the macroscopic intensity
At defined in (LI3]) gives immediately that A\; converges uniformly to ¢ solution to

= F([[hlhTwt, noc) (2.9)
The correspondence between X, and ¢ (recall (I12])) is simply given by X = ||h|1Tw{.

Remark 2.10. In the particular case of an exponential memory kernel (2.4)), as a straight-
forward consequence of the expression of X; in (LI2) and X+ in (2.8), we have the fol-
lowing differential equation

A simple Taylor expansion of X; around X, shows that the linearised system associated
to the nonlinear (2.I0]) is then

Yy = —aY + Tw (GYy) , (2.11)
where
G :=0xF(XooyNoo)- (2.12)

The subcritical condition (23] translates into the existence of a spectral gap for the
linear dynamics (2.I1]), which makes the stationary point X, linearly stable. More pre-
cisely,

Proposition 2.11. Assume that the memory kernel h is exponential (2.5). Define the
linear operator

L: L*I) — L2(I)

g +— L(g)=—ag+Tw(Gg). (2.13)

Then under Hypotheses [Z1 and [Z.0, L generates a contraction semi-group on L*(I)
(et‘:)t>0 such that for any g € L*(I)

legllz < e llgll2, (2.14)

where
Y=o — e |[OxF,, > 0. (2.15)

The proof can be found in Section Bl
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2.2.2. Long-term stability of the microscopic spatial profile. From now on, we place our-
selves in the exponential case ([2.4]). We first state a convergence result of Xy towards the
macroscopic X on a bounded time interval [0, 7.

Proposition 2.12. Let T > 0. Under Hypotheses[2.1], and[Z.6, for any € > 0, P-a.s.

P | sup [[Xn(t) = Xifly =€ | ——0. (2.16)
te[0,T) N—o0

The proof can be found in Section [[I Note that Proposition 2.12] slightly gener-
alises [I, Prop. 3.17] (see also [I5, Cor. 2] for a similar result) where it is proven that

E fOT [ | XN (t)(x) — Xy(x)| dx dt| —— 0 for any T' > 0. Here, we are more precise as
N—o00

we show uniform convergence of Xy (t) in L?(I) instead of L'(I).

We are now in position to state the main result of the paper: the proximity stated in
Proposition is not only valid on a bounded time interval, but propagates to arbitrary
polynomial times in Npy.

Theorem 2.13. Choose some ty > 0 and m > 1. Then, under Hypotheses [2.1, and
24, P-a.s. for anye >0,

P sup | Xn(t) = Xl 2] —— 0, (2.17)
te[tg,(NpN)mtf] N—o0

for some t. > 0 independent on N.
The proof can be found in Section [4l

Remark 2.14. The variable ¢. in Theorem (2.I3]) represents essentially the time for the
deterministic dynamics X; to reach a neighborhood of X, of size e. The time ¢, is of
order —loge/~ (where  is the spectral gap (2.I5]) given by the mean-field dynamics) and
diverges as ¢ — 0. Using the fact that on any finite [0, 7] (and in particular on [0, .| for any
fixed €), Xy converges as N — oo to X; (Proposition 2.12)), a simple triangle inequality
gives that the following statement is also true: under the Hypotheses of Theorem [2.13]
P-a.s., for all € > 0,

P sup | Xn(t) — X¢lly >e | —— 0.
te[0,(Npn)mty] N=ro0
Since F' is Lipschitz and Ay ;(t) = F(Xn,i(t—), n(x;)) by (@T3), it is straightforward to
derive from Theorem 2.13] a similar result for the profile of intensities

N
AN()(@) =D Ani(Dleeny,, x €1, (2.18)
=1

where By ; is defined in (7).

Corollary 2.15. Recall the definition of ¢ in (Z9). Under the same set of hypotheses of
Theorem [2.13 and with the same notation,

P sup An(t) = 4]y > | —— 0. (2.19)
te[te,(Npn)mty] N=oo
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2.3. Examples and extensions. We give here some illustrating examples of our main
results.

2.3.1. Mean-field framework. To the best of the knowledge of the author, already in the
simple homogeneous case of mean-field interaction, there exists no long-term stability
result such as Theorem [2.13] We stress that our result may have an interest of its own in
this case. Let us be more specific. When py = Wy = 1 and () = p > 0, the process
introduced in Definition reduces to the usual mean-field framework [23]:

t 00
Zn,i(t) = / / 1<an (s Ti(ds, dz) (2.20)
0 Jo

with Ay (t) defined by
>\N(t) = F(XN(t_)7 77)7 (221)
where

N t
1
X ="+ / h(t — s)dZni(s), (2.22)
j=1 70
In this simple case, the spatial framework is no longer useful (in particular the spatial
profile defined in (LIT)) is constant in  so that the L? framework is not relevant, one has
only to work in R). The macroscopic intensity and synaptic current (respectively (I3

and (LIZ) become
t
Xt = / h(t — s))\sds, )\t = F(Xt,n) (223)
0
The main results of the paper translate then into

Theorem 2.16. Under Hypothesis 21l and when ||0x F || ||h||1 < 1, there exists a unique
Xoo € Ry solution to Xoo = [|h|1 F' (Xoe, 1), and (X¢),~, converges when t — oo towards
Xoo. Respectively, (\)i>0 converges towards £, the unique solution to £ = F (||h|j1£,n).
Moreover, under the same hypotheses, in the exponential case (24), for any ty > 0 and

m > 1, P-a.s. foranye >0, P sup | Xn(t) — Xoo| > €| and P <supt€[t Nmiy] IAn(t) — €] > €>
t€[te,N™t] oY
tend to 0 as N — oo for some t. > 0 independent on N.

Remark 2.17. The previous result applies in particular to the linear case where n = u

and F(x,n) = p+ x. We have then that ¢ = in this case, as in [23].

1—[|All
2.3.2. FErdds-Rényi graphs. An immediate extension of the last mean-field case concerns
the case of homogeneous Erdés-Rényi graphs: choose Wy (z,y) = pn for all z,y € I.
The results of our paper are valid under the dilution Hypothesis It is however likely
that these dilution conditions are not optimal (compare with the result of [20] with the
condition Npy — oo in the diffusion case, but a difficulty here is that we deal with a
multiplicative noise whereas it is essentially additive in [20]).

2.3.3. Exzamples in the inhomogeneous case. As already mentionned in Hypothesis 2.1
the results are valid for any W continuous, interesting examples include W (z,y) = 1 —
max(z,y), W(z,y) =1 — zy, see [7, §]. Note also that we do not suppose any symmetry
on W. Another rich class of examples concerns the Expected Degree Distribution model
[18] [40] where W(x,y) = f(z)g(y) for any continuous functions f and g on I. The
specificity of such class is that we have an explicit formulation of ro,, that is ro =
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I f x)dz when [; g = 1. In the linear case, we obtain an explicit formula for ¢ in [I]
Example 4 3].

2.3.4. Extensions (weaker hypothesis on W ). It is apparent from the proofs below that one
can weaken the hypothesis of continuity of W. Under the hypothesis that W is bounded,
Proposition 2.3l remains true when Cy([0, 7] x I) is replaced by C ([0, T], L*°(I)) (continuity
of \¢ and X; in z may not be satisfied). Supposing further that there exists a partition
of I into p intervals I = Ui—q .. ,C} such that for all e > 0, there exists 7 > 0 such
that [, |[W(z,y) — W(z',y)|dy < e when |z — 2| < n and z,2" € Cy, then for every Fk,
)‘HO,T}X Gy and X I[0,T]xCy, 2T€ both continuous. When p = 1, both A and X are continuous
on [0,7] x I.
Concerning Theorem [2.8] defining for k£ € {1,2}:

RY, = Z /B W (@i, 2)) — W e )| dy, (2.24)

zyl

/BNZ ( / W (i) — W) dy) iz, (2.25)

Theorem [2.13] remains true When RN 1 RJV\I,/Q, SK,/ N—> 0, see Lemmas [6.4], [6.5] and
) ) —00

[6.71 These particular conditions are met in the following cases (details of the computation
are left to the reader):

e P-nearest neighbor model [39]: W (z,y) = 145 (4,)<, for any (z,y) € I? for some
fixed r € (0, 3), with ds, (z,y) = min(jz — y|,1 — |z — y|),

e Stochastic block model [34] 26]: it corresponds to considering p communities
(Ci)i<k<p- An element of the community C; communicates with an element of
the community C} with probability px;. This corresponds to the choice of interac-
tion kernel W (z,y) = Zk,l Prileec, yec,-

and

2.3.5. Extensions (subcritical case). The point of this paragraph is to discuss the possibil-
ity of relaxing the subcriticality condition given in (2.3]). This condition is used at several
times in the paper:

(a) as a sufficient condition to ensure the existence of a (unique) fixed-point X, to
(28) (see Theorem 2.8 (i)),

(b) to prove the convergence of the deterministic X; to X (see Theorem 2.8 (73)), for
general h, not necessarily exponential,

(c) to prove the long-term stability of Xy around X, in the exponential case (see

Theorem 2.13]).

The trickiest point is actually the first one (a), i.e. the existence of a fixed-point to
[238). To fix ideas, let us think of the pure mean-field case seen in Section 23] for the
generic example (LI)) (that is, F(X,n) = p+ f(X)). The fixed-point relation (2.8)) is then
finite-dimensional and it reduces to find X, € R solution to

Xoo = [|2[l1 (1 + f(Xo0)) - (2.26)
The condition (2.3]) is then the same as

[/l Il < 1, (2.27)
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which is essentially the generic subcriticality condition that one finds in the literature for
mean-field nonlinear Hawkes processes [12]. In the linear case (corresponding to f(x) = z),
condition (227 reduces to ||h||; < 1 which is optimal. However, it is quite obvious that
23)/[227) is no longer optimal w.r.t. the existence of a solution to (2.26]) for general
f: there may very-well be a unique fixed-point to (2.26]) whereas (2.27)) is violated, for
example in the case a sigmoid f (sufficiently close to the Heaviside function 1ix 400) for
some k > 0): as long as k & [||h||1p, ||h]|1( + 1)], there is a unique solution to (2.20))
whereas ([2.27)) is not true, as || f’||  is very large. Not to mention the possibility of having
several (three) fixed-points in this sigmoid case, while (Z.27) still does not hold. In this
homogenous mean-field case, one can compute the solution to ([2:20]) by hand, as it reduces
to a simple equation in dimension 1. The situation gets really more complicated in the
spatially-extended setting as (28] is intrinsically infinite dimensional. It is unclear if there
exists a condition (that would be weaker than (Z3])) ensuring the existence of a (possibly
non unique) solution to (Z8)) for general W.

However, an important point is the following: provided we have obtained the existence of
such Xoo, unique or not, solution to (2.8 (which is again a straightforward task for (2.26])
but may be complicated for (2.8))), points (b) (the convergence X; — X in Theorem [2.8))
at least for h exponential and (c¢) (the long-term stability result in Theorem 2.13]) remain
valid under the weaker condition

SUp [Ox F'(Xoo (), Moo (2))] |l 700 < 1. (2.28)

Condition (228) is weaker than (Z3]) in the sense that it is only local, around X,
whereas (Z3)) is global (note that in the the homogeneous case (Z28]) translates into
If'(Xso)| IR]l; < 1, to compare with (Z27)). The only modification one has to make in
the statements of Theorems 2.8 and 2.13] is that they are now essentially local, i.e. valid
provided the initial condition Xy and Xy are sufficiently close to X,. More precisely,
an alternative statement of item (7i) of Theorem 2.8 would be:

Proposition 2.18. Suppose that Hypothesis[2.1] is true and that we are in the exponential
case (24). Assume the existence of some Xoo € L?(I) solution to ([28) such that ([2.28)
is satisfied. Then, there exists some g9 > 0 such that whenever || Xo — Xoo|ly < €0, one
has X = Xoo in L2(I).

However, this extension of point (b) is only valid when h is exponential. A convergence
result under (2:28]) for general h (not necessarily exponential) remains open: as it is, the
proof of Theorem 2.8 uses in an essential way the uniform condition (23]). In a same way,
the corresponding local stability result concerning X is then

Theorem 2.19. Choose some ty > 0 and m > 1. Assume Hypotheses [2.1 and [2.6.
Assume the existence of some Xoo € L*(I) solution to 28) such that [228) is satisfied.
Let ey > 0 given by Proposition 218 and assume that | Xo — Xl|, < €0. Suppose that for
alle >0, P (| Xn(0) — Xl > €) FYR 0. Then P-a.s., for any € > 0 (2I7) is true, for

some t. independent of N.

Remark in particular that the operator £ in Proposition 2.11] (whose spectral properties
are the main key to the long term stability result) is only expressed in terms of G =
Ox F (X, Nco), that is the exact local quantity appearing in (2:28]). In particular, under
([2:28)), the spectral gap v in (2.I5]) becomes v = a — sup,, |0x F(Xoo (), oo (x))| > 0 and
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the rest of the proof follows from the same arguments. We stress also that this result
never requires the fixed-point X to be unique (it is indeed the case under the present
condition (2.3]) but it is never used in the proof of the long-term stability result, that is
essentially a result of local nature, around X).

2.4. Link with the literature. Several previous works have complemented the propa-
gation of chaos result mentioned in (L4) in various situations: Central Limit Theorems
(CLT) have been obtained in [23], 26] for homogeneous mean-field Hawkes processes (when
both time and N go to infinity) or with age-dependence in [I4]. One should also men-
tion the functional fluctuation result recently obtained in [33], also in a pure mean-field
setting. A result closer to our case with spatial extension is [I7], where a functional CLT
is obtained for the spatial profile X around its limit. Some insights of the necessity of
considering stochastic versions of the NFE (IL3]) as second order approximations of the
spatial profile are in particular given in [I7]. Note here that all of these works provide
approximation results of quantities such that Ay or Xy that are either valid on a bounded
time interval [0, 7] or under strict growth condition on 7' (see in particular the condition
L — 0 for the CLT in [26]), whereas we are here concerned with time-scales that grow
polynomially with V.

The analysis of mean-field interacting processes on long time scales has a significant his-
tory in the case of interacting diffusions. The important issue of uniform propagation of
chaos has been especially studied mostly in reversible situations (see e.g. the case of gran-
ular media equation [6]) but also more recently in some irreversible situations (see [19]).
There has been in particular a growing interest in the long-time analysis of phase oscilla-
tors (see [30] and references therein for a comprehensive review on the subject). We do
not aim here to be exhaustive, but as the techniques used in this work present some formal
similarities, let us nonetheless comment on the analysis of the simplest situation, i.e. the
Kuramoto model. One is here interested in the longtime behavior of the empirical measure
UNG = % Zf\il d9,,, of the system of interacting diffusions (61, ...,60n) solving the system
of coupled SDEs d6; ; = —% Z;Vzl sin(0; + — 6;)dt +dB; ;. Standard propagation of chaos
techniques show that py converges weakly on a bounded time interval [0, 7] to the solu-

tion ; to the nonlinear Fokker-Planck (NFP) equation Oy = %83/% + K0y (ut(sin *Mt)>'

The simplicity of the Kuramoto model lies in the fact that one can easily prove the ex-
istence of a phase transition for this model: when K < 1, py = % is the only (stable)
stationary point of the previous NFP (subcritical case), whereas it coexists with a stable
circle of synchronised profiles when K > 1 (supercritical case). A series of papers have
analysed the longtime behavior of the empirical measure py of the Kuramoto model (and
extensions) in both the subcritical and supercritical cases (see in particular [4l 37] 29] 20]
and references therein). The main arguments of the mentioned papers lie in a careful
analysis of two contradictory phenomena that arise on a long-time scale: the stability of
the deterministic dynamics around stationary points (that forces py to remain in a small
neighborhood of these points) and the presence of noise in the microscopic system (which
makes uy diffuse around these points). In particular, the work that is somehow formally
closest to the present article is [20], where the long-time stability of py is analysed in both
sub and supercritical cases for Kuramoto oscillators interacting on an Erdds-Rényi graph.
We are here (at least formally) in a similar situation to the subcritical case of [20]: the
deterministic dynamics of the spatial profile X (given by (I.TI])) has a unique stationary
point which possesses sufficient stability properties. The point of the analysis relies then
on a time discretization and some careful control on the diffusive influence of noise that
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competes with the deterministic dynamics. The main difference (and present difficulty
in the analysis) with the diffusion case in [20] is that our noise (Poissonnian rather than
Brownian) is multiplicative (whereas it is essentially additive in [20]). This explains in
particular the stronger dilution conditions that we require in Hypothesis (compared to
the optimal Npy — oo in [20]) and also the fact that we only reach polynomial time scales
(compared to the sub-exponential scale in [20]). There is however every reason to believe
that the stability result of Theorem 2.13] would remain valid up to this sub-exponential
time scale.

Note here that we deal directly with the control of the Poisson noise. Another pos-
sibility would have been to use some Brownian approximation of the dynamics of Xy.
Some results in this direction have been initiated in [26] for spatially-extended Hawkes
processes exhibiting oscillatory behaviors: some diffusive approximation of the dynamics
of the (equivalent of) the spatial profile is provided (see [26, Section 5]). Note however
that this approximation is based on the comparison of the corresponding semigroups and
is not uniform in time. Hence, it is unclear how one could exploit these techniques for our
case. Some stronger (pathwise) approximations between Hawkes and Brownian dynamics
have been further proposed in [16], based on Komlés, Major and Tusnady (KMT) cou-
pling techniques [28]. Recently, Prodhomme [43] used similar KMT coupling techniques
applied to finite dimensional Markov chains and found the Gaussian approximation to re-
main precise for very large periods of time. However these results are valid for Z%valued
continous-time Markov chains, and it is unclear how they can be applied in our situation
(with infinite dimension and space extension). The proof we propose is direct and does not
rely on such Brownian coupling. Another recent work by Erny et al. [27] about Hawkes
processes with mean field interactions in a diffusive regime extended also the propagation
of chaos to longer time periods, but the scaling used there is different from ours. This
diffusion scaling can also be found in [42]. To the author’s knowledge, this is the first
result on large time stability of Hawkes process (not mentioning the issue of the random
graph of interaction, we believe that our results remain also relevant in the pure mean-field

case, see Theorem [2.10]).

2.5. Strategy of proof and organization of the paper. SectionBlis devoted to prove
the convergence result as t — oo of Theorem [Z8. This in particular requires some spectral
estimates on the operator £ defined in Proposition 2.11] that are gathered in Section [B11

The main lines of proof for Theorem [2Z13] are given in Section @l The strategy of proof
is sketched here:

(1) The starting point of the analysis is a semimartingale decomposition of Yy :=
Xn — X, detailed in Section Bl The point is to decompose the dynamics of Yy
in terms of, at first order, the linear dynamics (2Z.11) governing the behavior of the
deterministic profile X, modulo some drift terms coming from the graph and its
mean-field approximation, some noise term and finally some quadratic remaining
error coming from the nonlinearity of F'.

(2) A careful control on each of these terms in the semimartingale expansion on a
bounded time interval are given in the remaining of Section [ZIl The proof of these
estimates are respectively given in Section [ (for the noise term) and Section [@ (for
the drift term).

(3) The rest of Section [ is devoted to the proof of Theorem [2.13] see Section 4.2l The
first point is that for any given € > 0, one has to wait a deterministic time ¢, > 0,
so that the deterministic profile X; reaches an e-neighborhood of X,. It is easy to
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see from the spectral gap estimate (2.14]) that this ¢, is actually of order ~log(e)

Then, using Proposition 2.12] the microscopic process Xy is itself e-close to X
with high-probability.

(4) The previous argument is the starting point of an iterative procedure that works
as follows: the point is to see that provided Xy is initially close to X, it will
remain close to X, on some [0, 7] for some sufficiently large deterministic 7' > 0.
The key argument is that on a bounded time interval, the deterministic linear
dynamics dominates upon the contribution of the noise, so that one has only to
wait some sufficiently large T' so that the deterministic dynamics prevails upon the
other contributions.

(5) The rest of the proof consists in an iterative procedure from the previous argument,
taking advantage of the Markovian structure of the dynamics of Xy. The time
horizon at which one can pursue this recursion is controlled by moment estimates
on the noise, proven in Section Bl

The rest of the paper is organised as follows: Section [7] collects the proofs for the finite
time behavior of Proposition 2.12] whereas some technical estimates are gathered in the
appendix.

3. ASYMPTOTIC BEHAVIOR OF (X})

This section is related to the proof of Theorem 2.8

3.1. Estimates on the operator L.

Proof of Proposition [2.4. The continuity and compactness of Ty come from the bounded-
ness of W. The structure of the spectrum of Ty is a consequence of the spectral theorem
for compact operators. The equality between the spectral radii is postponed to Lemma
[A.8 where a more general result is stated (see also Proposition 4.7 of [I] for a similar
result). O

Proof of Proposition [2.11]. Let us introduce the operator

U: L*I) — L2(D)
g — U(g) =Tw(Gyg),

we have then £ = —ald + U. By Hypothesis 21, G is bounded. Then, for any g € L?(I)
using Cauchy-Schwarz inequality, ||U(g)]|3 < [[W]3]|G||%|lgll3- The operator U is then
compact and thus has a discrete spectrum. Moreover, ro(U) = 7o (U), see Lemma [A8]
and 7oo(U) < roo(Tw)||G|loo as for any g € L™ and x € I, [Ug(z)| < |[Tw]lool|GYlloc <
|Tw [|oo||Glloc ||g]loo- Then L also has a discrete spectrum, which is the same as U but
shifted by a. Since ro(U) = roo(U) (see Lemma [Ag]), for any p € o(£) \ {0}, |n+ o] <
Too(U) thus Re(p) < —a+ roo(U) < —a + roo||0uF || o < 0 by (23). The estimate (214

follows then from functional analysis (see e.g. Theorem 3.1 of [41]). O

(3.1)

3.2. About the large time behavior of X;.

Proof of Theorem [2.8. We prove that

e there exists a unique function £ : I — R solution of (2.9]), continuous and bounded
on I, and that
o (A\¢);>( converges uniformly when ¢t — oo towards /.
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It gives then that X := ||h||1TWw ¢ is the unique solution of (Z8). Then, as X;(z) =
;W (z,y) fot h(t — s)As(y)ds dy, as () is uniformly bounded, and as h is integrable and

At — £ uniformly, we conclude by dominated convergence that uniformly on y, fot h(t —
$)As(y)ds - |h][1€(y). As Ty is continuous, the result follows: X; converges uniformly
— 00

towards Xo. We show first that ();) is uniformly bounded. Let A\ (z) = SUPgepo, As(T),
we have then with (LI3), for s € [0, ]

As(@) < F(0,0) + [[FlL|ns(x)] + HE?XFHOO/IW(%ZJ) /Osh(s — uw)Au(y)dudy

< F(0,0) + [|F'l[ sup [ns(@)] + 0x Flloo Al T Ae (),

hence A\i(z) < Cry + [|0x Flloo||Pl1 TwAe(z). An immediate iteration gives then A\ (z) <
Cranmoh + 10X F 22|10 |72 Ae(x)|, so that, by ([3) and choosing ng sufficiently large
such that ||0x F||2||h||7° | Tw ||™ < 1, we obtain that ||A¢|ls < C, where C is independent
of ¢t. Passing to the limit as ¢ — oo, this implies that (\;),. is then uniformly bounded,
L.e. sup>qSupPLer [Ae(z)| = [[Alloc < 00

We show next that (A;) converges pointwise. We start by studying the supremum limit
of A¢, denoted by £(x) := limsup,_,,, \e(x) = inf,~0sup,s, M(z) =: inf,~0 A(r,z). Then
for any r > 0 and ¢ > r:

:F</W(m,y)/rh(t—s) dsdy—I—/W:z:y/ht—s y)ds dy, m(x )>
<F</ny/ht—s dsdy+/W:vy ry/ht—S)dsdym()>

by monotonicity of F' in the first variable and by positivity of W and h. As fr h(t—s)ds <
17]]1, it gives

<F</ny/ht—s dsdy+||h\|1/W:vyA(?"y)dy,m( ))

and as h(t) — 0, by dominated convergence [, W (z,y fo —8)As(y)ds dy P 0 and

by continuity and monotonicity of F', we obtain
U(z) < F ([|Pll (Tw?) (), 0o () - (3.2)

Note that |[f]|sc < [|Alee < o0, by the first step of this proof. Denote in a same way
{(x) = liminf; oo M (x) = sup,.infis, Ae(x) =: sup,-qv(r,z), for any ¢t > 0 we have by
monotonocity of F' in the first variable:

(/ /Wa:y (t—s)A dyds+//ny t—s)A()dyds,m(m))
>F (/j/IW(rc,y)h(t —s)v (%y> dyds,m(ﬂf))
=F (/0é h(u)du/IW(x,y)fu <%,y> dy,nt(x)> .

Taking liminf;_,,, on both sides, by monotone convergence, we obtain

U(z) = F ([[hfly (Twe) (x), o () - (3-3)
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Combining (3.2) and B3], setting H : [ € L>® — F (||h]1Twl, 1) € L™, we have shown
Hi<(?</?<HY. (3.4)
For any [ and I’ in L°°(I) and any x € I, we have
|Hi(z) — HI'(2)] < [F (k] (Twl) (2), 10 () = F ([hll (Twl') (2), 100 (2)) |
< NOx Flloo IRll1 [(Tw (1 = 17)) ()]

By iteration we show that [|[H"™l — H"l'||o < [|0uF |5 |RITN TR — U']lse, so that,
choosing again ng sufficiently large, H"™ is a contraction mapping by (Z3]). Hence, by
(B4), one has necessarily that for all z € I £(z) = f(z) < +oo thus ()\;) converges
pointwise towards £ = £ = £ the unique fixed point of H which satisfies (Z.9]).

We show now that the family (), is equicontinuous so that the pointwise convergence
will imply uniform convergence on the compact set I. For any (z,y) € I and t > 0, we
have

(Ae(z) = Ae(y)| = [F(Xe(x), () — F(Xe(y), me(y)]
<Pz (| Xe(z) = Xe ()] + [me(x) — ne(y)]) -
With (2.1]), we have

(@) = me(y)] < ne(2) — Moo ()] + Moo () — Moo (Y)] + |10 () — (Y]
< 204 + [|noollLlz — ¥l

and as A is bounded, we have
/( (z, Wiy, z / h(t — s)As(2)dsdz
I

X () — X, (y)] =
< Mool /1 W (z,2) — W(y, 2)| d=. (3.5)

Then |A\i(z) = M(¥)| < Cranw (6 + |z — y| + [; [W(z,2) — W(y, 2)| dz). Fix ¢ > 0, with
(1), one can find T" such that Cp x p,wor < % for any £ > T', and as W is uniformly contin-

uous on I2, one can find n > 0 such that Cp» pw (|:17 —yl+ [[IW(z,2) = W(y, 2)| dz) < %

when |z —y| < n. We can divide [0,1] in intervals [z, zx4+1] such that for any k,
Zk+1 — 2k < 1. Then, for any x € [0,1], one can find z; such that |z — z| < 7, and
IAe(z) — £(x)] < [Me(m) — Ne(zr)| + [Me(zx) — €(21)| + |€(2x) — £(z)|. By pointwise conver-
gence, |A¢(zr) — £(zk)| < e for t large enough (but independent of the choice of x), and
|0(z;) — £(z)] < e by taking the limit when ¢ — oo in |A(zx) — M(z)] < e. It gives
then |\(x) — ¢(x)| < 3¢ hence sup ¢ [Me(x) — (z)] —= 0 0, i.e. (\¢) converges uniformly

towards ¢. Similarly to (3.5, for any x,2’ € I,
[Xoe(o) = Xool)] < [l [ [ ) = W)
which gives, as W is uniformly continous, the continuity of X.. ([l

4. LARGE TIME BEHAVIOR OF X (t)

The aim of the present section is to prove Theorem 2131 To study the behavior of
[ XN (1) = Xoolly, let
Yy =Xy — X (4.1)
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The first step is to write the semimartingale decomposition of Yy, written in a mild
form (see Section [AJ]). The proper control on the drift and noise terms are given in
Propositions and 43l In Section 42l we give the proof of Theorem 2.13] based in
particular on the convergence on a bounded time interval in Proposition

4.1. Mild formulation.

Proposition 4.1. The process (Yn(t));>( satisfies the following semimartingale decom-
position in D([0,T], L2(I)), written in a mild form: for any 0 <ty <t

Yn(t) = e(t_tO)EYN(to) + on(to,t) + Cn(to,t) (4.2)
where (recall (IL7) the partition of I in N segments of equal length):

o (to, t) = /t t =9 N (5)ds (4.3)
with
rn(t)(x) = Tw (gn (1)) (2)+
N
; NLW;SSV)F(XNJ@—),%(%))—/IW(:v,y)F(XN(t,y)vm(y))dy 1y, (2),
(4.4)

1
gn(t)(y) = /0 (1= 7)02F (Xoo(y) + r¥n(8)(®), (1 — 7)1s0(y) + rme(y)) Yo (£) () *dr+
1
/0 (1=r) (me(y) = 10(¥)- 05 F (Xoo(y) + rYn (1) (), (1 — 7)noo(y) + 1e(y)) (0e(y) — noo(y)) dr

1
+/0 2(1-7)02 , F (Xoo(y) + rYN () (), (1 = 7)noo (y) + rne () (me(y) — N (y)) Yov (£) (y)dr
+ O F (Xoo (y), Moo (¥)) - (0:(y) — 100 (y)),  (4.5)

and
t
Cxltort) = / =L qMw (s) (4.6)
to
with
M N i 7z ') ds )1 47
t) = — (1) — : . .
RCEDMIE (2= [ Aws(oras) 1, (47)

¢n is the drift term and (v is the noise term coming from the jumps of the process Xy .
Proof of Proposition [{.1. From (LI0) and (LII]), as we are in the exponential case (2.4),

we obtain that Xy verifies

N N
dXn(t) = —aXn()dt + >3 %dZNJ(t)lBW. (4.8)
i=1 j=1
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The centered noise My defined in (47 verifies

wz
i=1 j=1

and is a martingale in L?(I). Thus recalling the definition of X, in (28] and by inserting
the term SN ZN Wi F(XN,]( —),ne(x;))dt1p, , in (&), we obtain

N N
dYn(t) = —aYn () +dMy () +Y | S %F(Xw(t—),nt(xj)) 15, dt—Tyw F(X o, noc )dt.
=1 =1
’ (4.9)
A Taylor’s expansion gives
F(XNY),m(y)—F(Xoo (1) Moo (y) = Ox F (Xeo (y), 00 (¥)) (XN (L, y) — Xeo(y))+an () (y),

with gy given in ([@5]). Hence, we have with G defined in ([2.12])

~TwF(Xoo, o) (x) = —/IW(l’ay)F(XN(tay)mt(y))dy +Tw (GYN (1)) + Twgn (t)(2),
hence coming back to (£9) and recognizing the operator £ (Z.13))

N
Wi j
dYn(t) = LYN(t) + dMn (t Z Z w7 FXnj(t=)me(x) | 1oy, di

—TwF(Xn(t,),ne()dt + Twgn (t).
We recognize ry defined in (£4]), and obtain exactly
dYn(t) = LYN(t)dt + ry(t)dt + dMpy(t). (4.10)
Then the mild formulation (4.2) is a direct consequence of Lemma 3.2 of [47]: the unique
strong solution to (4.I10]) is indeed given by (4.2)). O

Proposition 4.2 (Noise perturbation). Let m > 1 and T >ty > 0. Under Hypotheses
21 and [2.4, there exists a constant C = C(T,m, F,ny) > 0 such that P-almost surely for
N large enough:

C

" on)™

sup ||CN(t0,S)H%m] <
s<T

The proof is postponed to Section [l

Proposition 4.3 (Drift term). Under Hypothesis[21, for any t > tg > 0, P-almost surely
if N is large enough,

t t
o (to, )2 < Caris ( / e[V (s)[5ds + G + / e 1079 (62 4 6,) ds>, (4.11)

to to

where Carift = Cw,F.a, v is defined in (ZI0), o5 is defined in (1)) and Gy = Gn(€) is an
explicit quantity to be found in the proof that tends to 0 as N — oo.

The proof is postponed to Section [6l
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4.2. Proof of the large time behaviour. We prove here Theorem 2.13] based on the
results of Section 4.1l The approach followed is somehow formally similar to the strategy
of proof developed in [20] for the diffusion case.

Proof of Theorem [2.13. Choose m > 1 and ty > 0. Let

~
o = ) 4.12
6Carift (4.12)

where « is defined in (ZI5) and the constant Cyy;f; comes from Proposition 3] above.

Note that it suffices to consider € small enough, such that € < gq: t. defined below increases

as € N\, 0, so that it suffices to take t. = t., whenever ¢ > £o. As (X;) converges uniformly
towards Xo, (Theorem 28], there exists t! < co such that

€

1% = Xoolly < 50 £2 th. (4.13)

Moreover, with (2.1]), we also have that fot e V=9) (52 + §;) ds = 0, hence there exists
—00

t2 < oo such that

t
Cdrift/ e =) (52 4 65) ds < 158, t>1t2 (4.14)
0
We set now t. = max(t},t2). Let T such that
1
et << T >ty (4.15)

37
The strategy of proof relies on the following time discretisation. The point is to control
| Xn(t) — Xooll2 on [te, Tn] with

Ty :=anT +t., with ay :=[(Npn)"], (4.16)

which will imply the result 2.I7) as [t., (Npn)™ts] C [te, Tn] since T > t;. We decompose
below the interval [t., Tn] into ay intervals of length T. We define the following events,
with 0 <, <t (recall that Yn(t) = Xn(t) — Xso)

g
AV (t,e) := {HYN(t)H2 < 5} for t > 0, (4.17)
g
AY(e) =4 sup [t t)ly < = b, (4.18)
tE[te,te+T) 18

E(ta,tp) := {maX (2\\YN(ta)|]2, sup HYN(t)llzﬂHYN(tb)Hz) < E}' (4.19)

te[taytb}

5
By (#I3), and as Proposition 2.12] gives that P (supte[Ot YN @)y > Z> = 0, we
e —00

have by triangle inequality
P (AY (tee)) —— 1. (4.20)
N—o00

Step 1. We have from the definition ([@I9]) of E(t,, ;) that
P ( sup [[Yn(t)l; < 5) > P (B(t, Tw)) = P (E(te, Tn)|AY (t=,2)) P (A (¢, €)) -

tE[tE ,TN]
(4.21)
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Moreover,

P (B(t.. Tn) | AV (t.2))

=P (E(t,t- + anT)|AY (te,¢))

> P (E(te,te + anT) N E(te, te + (an — D)T)|A] (e, €))
=P (E(te,te + anT)|E(te, t- + (ay — D)T) N AY (te,2)) P (E(te, te + (ay — DT)|A] (te,€)) -

Recall that we are in the exponential case ([2.4]), so that (Xn(t)), is a Markov process.
Thus by Markov property

P (E(t.,te + anT)|E(te, te + (ay — 1)T) N AY (¢, €))
=P (E(tc + (an — )T, t. + anT)|E(te, te + (ay — 1)T))
=P (B(t. + (ax = VTt + axT) [{ Vit + (an = D), < 5} )
=P (E(te + (any — DT, t. + anT) | A (t. + (ay — 1)T¢))
P (E(t- + (ay — )Tt + anT)|AY (t- + (any — 1)T,¢)) means that, under an initial con-

dition at t. + (ay — 1)T, we look at the probability that Yy stays below € on the interval
[te + (any —1)T,t-+anT)] of size T and comes back below % at the final time ¢. +anT. By

Markov’s property, it is exactly P (E (te,te +T)|AV (¢, e)) An immediate iteration gives
then

P (E(t.,Tn)|AY (tz,€)) > P (E(te, t. + T)|AY (t-,2)) " . (4.22)

By (&20), from now on we consider that we are on this event AJ(t.,¢) and omit this
notation for simplicity.
Step 2. We show that

AN (e) C B(to,t. +T). (4.23)
Let us place ourselves in AY (¢). As we are also under Ay (¢., €), we have indeed || Y (t)[, <
% for the first condition of E(tc,t. +T). As Yy verifies (41]), it can be written for ¢ > ¢,

Ya(t) = Y (t) + o (te, t) + Cn(te, B). (4.24)
For any t € [te, t- +T1,

t t
6 (e t)]ly < Caite ( / e Y (s)||2ds + Gy + / e 179 (82 4 5) ds)
te

to

t
g
< Cunt ( / e—“—s”uYN@w%ds) v (4.25)
te

where the first inequality comes from Proposition 3] and the second is true for N large
enough using Gy — 0 and (£I4). Coming back to (&24)), using that by Proposition 21T

eyt < e ¥l (4.26)

and using (28], we have on A (t.,e) N AY (¢)

S C s e ¢
YN @)y < 5 + Canite / e~ 97|V ()3ds ) + = + —.
2 e 9 18
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€
Let 0 > 0 such that § < min (6 907 > Recall that ||[Ya ()|, is not a continuous
drift
function, it jumps whenever a spike of the process (Zn 1, -, Zn,n) occurs, but the size

N S,

1
jump never exceeds —, and for N large enough N < —. Then, one can apply Lemma[A.9]

and obtain that for all N large enough,

sup  [[Yi(t)], < = +30 <. (4.27)
t€fte,te+T) 2

It remains to prove that ||[Yy(t: + T)|y <
t=t.+T on AV (t.,e) N AN (¢)

. We obtain from ([@.24]), ([4.25]) and (£.20) for

wlm

9
¥t + T)lly < 75

e te+T T 5
$E 4 Can [ T Y (o),
te

Using the a priori bound (E27)

€ € Clritt _yTE 3
Yt + T, < e T 4 = 4 224l = il
where we recall the particular choices of T' and € < g¢ in (£15)) and (£I2). This concludes

the proof of (A.23]).
Step 3. We obtain with (4.22)) and Markov’s inequality,

P (B(t:,Tv)) 2 P (E(te,t- + T))" > P(AY ()™

an
g
= (1 -P ( sup  [|Cn(t, 1) > 1_8>>
te[te te+T]

, E [SuPte[tmts-i-T} HCN(tay t)Hgm ]

! Y

> 11— 18%™

€2m

where we have taken m’ > m. With Proposition 2] it gives

c \7 c
P (E(t., Tn)) > (1 - W) = exp (aN In (1 - W)) .

By definition [@I6), ay = o(Npn)™ , the right term tends to 1 as N goes to co under
Hypothesis By (@21)), we conclude that

P sup [ Xn(t) — Xl <] —— 1.
tefte, Tn] N—o0

This concludes the proof of Theorem 2.13] d

5. PROOFS - NOISE PERTURBATION

In this section, we prove Proposition [4.2] concerning the control of the noise perturbation
(n(to,t) defined in (L8). For simplicity of notation, we assume that to = 0. Recall the
expression of (Zn;);;<y In (CE). Introduce the compensated measure 7;(ds,dz) =



LONG-TERM STABILITY OF INTERACTING HAWKES PROCESSES ON RANDOM GRAPHS 23

7j(ds,dz) — dsdz, so that with the linearity of (¢'~);>0, we obtain that (y can be written
as N
~(0,t) = Z/ / e(t_s)ﬁxj(s, 2)7;(ds, dz), (5.1)
=170 Jo

with x;(s, z) = <Z 1BN7, > 2<An(s) € L*(I). The proof of Proposition E3 relies

on a adaptation of an argument given in [47] (Theorem 4.3), where a similar quantity to
(BI) is considered for N = 1.

5.1. Control of the moments of the process Zy ;.

Proposition 5.1. Let m > 1 and T > 0. Under Hypotheses[21 and [2.0, P-almost surely
E ! Zn ()™

sup NZ: N,j( ) < 00.

N2>1

Proof. Let N > 1. We have for any ¢ € [1, N]

o o) o
(ZN,Z-(T) _ /OT AN’i(t)dt>m (/OT /\N,i(t)dt> m]

</OT )\N,i(t)dt> ' + @20 'E [/OT )\N,i(t)mdt] 7 (5.2)

where we used Jensen s inequality and Burkholder-Davis-Gundy Inequality on the mar-

E[Zy,(T)" <E

< 2m_1E —|—2m_1E

< 2m1IOE

tingale (Z ~Ni(T fo Ani(t ) Similarly, we obtain

< /O ' AN,i(t)dt> ‘

We focus now on the term E [fOT )\N,i(t)kdt] for kK > 1. From the definition of Ay ; (L9),
by Lipschitz continuity of F' and with Jensen’s inequality

<TZ'E [/OT (Ana(t) = dt} .

5|/ ' 0] < 2RO )

k

T 1 N t—
+ 2" P B / 2 / wige” "™V dZy () |t
0 - 0
Jj=1

Wi
Let S; := Zjvzl # By (A.2)), we have that P-almost surely, lim sup y_, o, Sup; <;<n i < 2.
We obtain with discrete Jensen’s inequality that for any ¢t > 0

NZ/ wije —a(t—s dZN]( ) < Sk Z Wij ZN Sk IZwZ]ZN]
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We obtain then

T
[/ An,i(t kdt} < Cr Pk +CkFZ YUE [/ ZN,j(t)kdt} ;
0

7j=1
thus, going back to (5.2), with C' = C7 Fy9,m

%izzvﬁj( ym <_ ( U At 2dt]+CE[/OT)\N,i(t)mdtD

N

wij m w; T m
<C |1+ F;EUO ZN]()2dt}+ZN;E[/O Zn(t) dt]

ij=1
With ([A2]), it gives that, P-almost surely for N large enough

_1N T L T L
E|=N Zyv.(D)| <c |1 E|=N Zyv.t)2| dt E|=Y Zy.)"] dt
7 X 20" < « ¥ X 20’ -/ ¥ X 2wt

As for any t > 0

o
E NX;ZN,i(t)
L 1=

1 t
:N [/ /\Nz ds} < Cro, r+Cryo P /E

1 N
~ > Znalt)
i=1

1 N
N Z ZN,J(S) ds,
=1

Gronwall’s lemma gives that sup E
t<T

< oo (independently of N) and sim-

1
ilarly an immediate iteration gives that for any & > 0, supE | — ZZ ij(T)zk < 0
N>1 —

which concludes the proof. O
5.2. Proof of Proposition

Proof. We divide the proof in different steps. Fix m > 1. We prove Proposition for
the choice ty = 0, but it remains the same for a general initial time ¢tg > 0.

Step 1. The functional ¢ : L?(I) — R given by ¢(v) = [[v[3™ is of class C? (recall that
(n € L3(I)) so that by It6 formula on the expression (5.I)) we obtain

t N t poo
:Awm@mm@m+;AA¢mmﬂmwmmwa

+Z// )t xi(:2)) — S (Cu(52)) — & (Cv(5-)) (s, 2)] i (ds, d2)

= Io(t) + 1 (t) + L(t). (5.3)

We have then for any v,h,k € L2(I), ¢'(v)h = 2m/|[v[|3™ ?(v,h) € R and ¢"(v)(h, k) =
2m(2m — 1)||v||§m_4<v k‘)(v ) + 2m||v||*™=2(h, k).
Step 2. We have I(t fo 2m||Cn ()13 2 (¢ (s), L(Cn(s)))ds. From Proposition BEIT]

L generates a contractlon semi-group hence for any s > 0, ((n(s),L(¢n(s))) < 0 by
Lumer-Philipps Theorem (see Section 1.4 of [41]). Then for any ¢ > 0 we have Iy(¢) < 0.
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Step 3. About I in (53), with a;(s, ) := 2m||{n (s—) 13" *(Cn (s

:g/ot /OOO a; (s, 2)7;(ds, dz).

I is then a real martingale. Using that the (7;)i1<j<n are independent so that there are
almost surely no simultaneous jumps and hence [7;, 7] = 0 if j # j/,

], = ﬁ: /O t /0 " oy (s, 22, (ds, d2)

—)xi(s,2) €R,

—Z// (2mllcav(s—) 2™~ (Cor(s—)s x5 (5. 2)) 5 (ds, d)
< am? sup (ICx() mzZ//”M“MM@M

Then, by Burkholder-Davis-Gundy inequality, for some C' > 0,

B [sup 19| < 2 | s (IGn(13") Z//MwwWww
s<t

Applying Holder inequality with parameter 22=1 4 ﬁ = 1 for the random vari-
1

2m
ables supg< < (I¢n (s )™= 1) and <Z§V:1 fg I ||Xj(s,z)||%7rj(ds,dz)) ? we obtain that
E [ [Il]t] is upper bounded by

27;”:1 N PR m 2m
2m (B | sop (len(al8™)]) 7 (B ;AAHMWMM@M .

Let € > 0 to be chosen later. From Young’s inequality, for any a,b > 0, we can write

2m
am—1 —(2m—1) _ m—1 \ 3o —(2m—1) \ 2m 2m
ab = (6 2m a) (5 2m b) < % (6 2m a) + ﬁ <€ 2m b) = 27; Leqam—1 +

)b>™ . Then this gives for the choice a = (E [supg<s<; (ICn ()]13™)]) o and

1

b= (E[(SN fo J57 (s ) [3ms (ds.a2)) "] )™

ﬂ[%kﬂwﬂﬂkwmmw%]

0<s<t

N t poo
4 e—@m-1g Z/O/O Ix;(s,2)|37m;(ds,d?)
j=1
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We have then shown that, for the constant C' given by Burkholder-Davis-Gundy Inequality,

E [sup|[1(s)]| < C(2m — 1)cE

s<T

sup (IICN(S)H%"")]

0<s<T

m

N T (e’
+ o | (Y / / (s, 2)|3ms(ds,d=) | | . (5.4)

Step 4. Let us focus now on I in (5.3):

N t )
B =3 /0 /0 (6 (Cr(s—) +x3(5,2)) — 6 (Cw(5-)) — & (Cv(5—)) (5. 2)] m5(ds, d2).

For any jump (s, z) of the Poisson measure ;, from Taylor’s Lagrange formula there exists
7s € (0,1) such that

¢ (Cn(s—) +x;(5,2)) — & (Cw(s—)) — ¢ (Cv(s—)) x5 (s, 2)

1

= 50" (v (s=) +7exj(5,2)) (x5 (5:2), X (5, 2)) -

As ¢"(v)(h, k) = 2m(2m—1)||[v]| 3™ * (v, k) (v, h) +2m|[v||>™ =2 (h, k) for any v, h, k € L*(I),
one has with Cauchy—Schwarz inequality that

¢ (Cn(5=) + (s, 2)) (x3(5,2))* < Am®[|Cn (=) + Toxi (5, 2) 157 s (5, 2) 13-
But as ||z + 7y||3 < max (||z||3, ||z + y||3) for any z,y € L?(I) and 7 € (0, 1), we have here
1 (s =) + x5, 2) |52 < max ([ ¢y (51572, 16w (s=) + x5 (s 2) 13772

and as Ilé“zv(s_)QHSmQ_2 < sup [Cv (8)II57 72 and O (s—)+x5 (s, 2) 3772 = [ (8) 5772 <
sup,<; [[Cv(s)[[2™7, thus

s<t

N t  proo
B sup 19| < 208 [sup oGBS [ [ s ) my s,
s< j=1

2m—2

We proceed now similarly as for I;. From Holder inequality, as =5—=+ - = 1 we know that

1
ngm72
for any A, B random non-negative variables, E[AB] < <E [A272nm*2D (B [Bm])% It

leads for the choice A = supy< < (||§N(S)H§m_2) and B = Zjvzl fg Io7 Ix;i (s, 2)[13m5(ds, dz)
to E [sup,<; |I2(s)|] is upper bounded by

m 1

2m—2 m

o (B | sup (lew1gm)]) 7 (B é /0 [ o2 s,z

0<s<t

With the same ¢ introduced for I, from Young’s inequality, for any a,b > 0, we can write

2m
2m—2 —(2m—2) 2m—2 Dy —(2m—2) m 2m
ab = (5 72nm a) (5 2m b> < 27277'— (5 72nm a) am=2 —|— % <€ 2m b) — %ga 2m—2 _|_

-2
- m
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%6_(27”_2)1)’”. For the choice

2m—2

o= (B[ s (oxzm]) " an

0<s<t

N t ) " %
= 14 27T‘ S yA
(E!(Z/O/O (s, 211 J<d,d>) ]) ,

it gives that B [sup,<, |I2(s)|] is upper bounded by

m(2m — 2)cE [ sup (HCN(S)H%m)} + 2me~ 2R
0<s<t

(Z [ [ hats. 2m s, dz))m].

(5.5)

Taking the expectation in (5.3]) and combining (5.4]) and (5.5]), we obtain that

E

jggHCN( s)13 ] e(C(2m —1)+m(2m—2))E

sup ([I¢n (s )H%m)]

0<s<T

N T 00 "
CE—(zm—1)+2mE—(2m—2)>E [(;/0 /0 Xj(s,z)gﬂj(ds,dz)) ] (5.6)

Step 5. We can now fix € such that ¢ (C(2m — 1) + m(2m — 2)) < £ so that (56) leads to

N T 00 "
S [ ot abnsa ) | 60
=i/ Jo

where C' > 0 depends only on m.

Step 6. Let Ay :=E [(Z;VZI fOT I ij(s,z)H%ﬂj(ds,dz)> ] We have

_|_
/N

E < 2CE

sup [[Cn (s)][3™
s<T

2 N
6..
Ix; (s, 2)|I5 = / (Z 1py,(z z<ANJ(s)> dr =T1.cry (5 D N32;2 ;
i=1 N

which leads to, with the definition of Zy ; in (L.8)

ANE!( // Z<ANJ(SN32w]<dsdz>)]
() | (£ 3852m)
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With (A.2)), Jensen’s discrete inequality and (5.7)), it leads to

1 m N 1 N 5
Av<|[—— ) E — | su Y|\ ZnA(T
o= () ;N<jp;NpN) o)

m

C 1w
= (Npw) N; N3 (T)

hence the result with Proposition .11

6. PROOFS - DRIFT TERM

In this section, we prove Proposition [4.3] concerning the control of the drift term per-

turbation ¢ (to,t) defined in (£3)).
6.1. Notation. We introduce the following constants

N
1 N
O = Now 2 (52-(]- )~ oW (xuxj)) F(XNj(t=), me(x5)),

N
Oio == % > Wiws ;) (F(Xn(t=),m(z5) — F(Xn (), ()
=1

N
e 2 W a5) (X 01105 - [ W ) POt ). ) s

and the auxiliary function in L2(I)
Orala) = [ (W (wson) = Wla) P(X(t9).m () o

From the expression of ry in (44]), we have then

N 4
NMOEDY (Z 9t,i,k) 1y, +Tw (9n (1),

i=1 \k=1

4
and we can divide ¢y defined in ([£3)) in several terms ¢y (t) = Z N i (t) with
k=0

t
dno(t) ::/t =)Ly, (gn(s)) ds,

0

to

+ N
1
¢N,k(t) ::/ e(t—s)ﬁ E N@s’i’leMidS for k € [[1,4]],.
i=1

6.2. Preliminary results.

[Nv]
N

Lemma 6.1. Denoting by Y (s)(v) := Yn(s) < >, we have

sup ||[Yn(s) — Yn(s)|2 — 0.
>0 N—o0

(6.4)

(6.5)

(6.6)

(6.7)
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Proof. A direct computation gives, for any s > 0,

¥ (s) — Yo (s)ll3 = Z (X (8) = Xoo () = Xn(5)(y) + Xoo(y))* dy-

By,

By definition of Xx(s) in (m), Xn = Xy, on By ; hence
() =Yool = [ (Kl = Xl .
G BN

Then (6.8) is a straightforward consequence of the uniform continuity of X, on the com-
pact I (see Theorem [2.8). It still holds under the hypotheses of Section 2.3.4] by decom-
posing the sum on each interval Cy. g

We will often use
L - 2 o 1 ~ 1
N;IYN(S)(:@)I = [¥w ()3 < 5 <1+||YN( 1B ) 52N, (69)

the last inequality being true for N large enough (independently of s) using Lemma [6.1]
Lemma 6.2. Under Hypothesis[2.1,

Ry & 0 ke{l2} Sy ——0, (6.10)
where R]V\[,/’k and SY are respectively defined in 224) and (Z27).

Proof. Fix € > 0. As W is uniformly continuous on I, there exists n > 0 such that
W (z,y) — W(x,2)| < e for any (z,y,2) € I? with |y — 2| <n. Then, for N large enough
(such that % <7, we have directly that R]V\‘,fl < e and R]V\‘,fz < € hence the result. We can
do the same for S]V\[,/. g

Lemma 6.3. Under Hypothesis[21], for any t > tg > 0,
[éno()ll; < CFw/ e ) (|[Yiv (s)|3 + 85 + 5 ds. (6.11)

Proof of Lemma 6.3 By Propositionlﬂ]]we have [|¢n,0(t)][, < fto e V=9 | Ty g ()] ds.
As for any = € I, |[Twgn(s)(x)| <fI (z,y)|gn(s)(y)| dy, and as

lgn (5) ()| < HaxFHOOYN @)+ 02 F || Ine(y) — noo ()]
+2[|0%, F | YN O W) 10e(0) = 1o )] + 1100 F | o 1m(y) — 1o (W)
with Hypothesis 2.1] it gives

| Twgn (s)]3 = / < / W (0 )gn (5 )dy) »

2
<cy /I ( /I W (e, ) (Yo (8)(0)? + 82 + Y () (4)5s + 62) dy> da
< Crw (1Yn (I + [V ()]30% + 82 + 5%)

3 3
<Crw <§||Yz\7(8)\|§l + 553 + 5§>
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as W is bounded. We obtain then, as v/a + b < /a + /b,

t
[ono@®)ly < CF,W/ e (1Y ()13 + 1Yn () |20 + 65 + 07) ds.
to

1
Then (GI1) follows as ||[Yn(s)|y < 3 <1 + HYN(S)H%> and sup, d5 < 0. O

Lemma 6.4. Under Hypotheses[2.1] and [2.0, P-almost surely for N large enough and for
anyt >ty >0,

t
léna(®)ll2 < Cr / &= ||V (s)|2ds + G, (6.12)
to

where Gy = Gn1(§) is explicit in N and tends to 0 as N — co. Moreover, if we suppose
F bounded, we have a better bound

Cr
sup [[¢n,1(t)lly < : (6.13)
t>0 /NP?V
Proof of Lemma[6.4 Proposition [2Z.11] gives that
t
ol < K [ ey (s)]ads (6.14)
to
with
N Noo
YN (s) = Z@i,s,llBN,i = Z N—pNﬁijF(XN,j(S_)aWs(fﬂj))lBN,i- (6.15)
i=1 ij=1
where we have used the notation
— N
&ij = ﬁi(j ) W(ai, ;). (6.16)

Forgetting about the term F(Xy ;(s—),ns(x;)) in (@I5), yn is essentially an empirical
mean of the independent centered variables 5 and thus should be small as N — oo. One
difficulty here is that concentration bounds (e.g. Bernstein inequality) for weighted sums
such as Zj &ijuij (for some deterministic fixed weight u; ;) are not directly applicable,
as u;j = F'(Xn,j(s—),ns(zj))1By, depends in a highly nontrivial way on the variables

52(7]]\-7) themselves. A strategy would be to use Grothendieck inequality (see Theorem [A.T]).
We refer here to [20, 22] where the use of such Grothendieck inequality (and extensions)
has been implemented in a similar context of interacting diffusions on random graphs.
However here, a supplementary difficulty lies in the fact that F' need not be bounded
(recall that a particular example considered here concerns the linear case where F'(z,n) =
x + u). Hence the application of Grothendieck inequality is not straightforward when F
is unbounded. For this reason, we give below two different controls on «y: a general one,
without assuming that F'is bounded and a second (sharper) one, when F' is bounded (using
Grothendieck inequality). In the first case, we get around the difficulty of unboundedness
of F' by introducing F(Xo(2;), eo(;)) which is bounded, since X is.
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First begin with the general control on vx: we can write

N

wis) =Y NLPNSTJ'(F(XN,]'(S_%TIS(‘T]')) — F(Xoo () Moo (7)) LBy s
.J._l
+ Z &] Xoo(5), 100 (%)) 1By, =t YN,1(8) + N 2- (6.17)
)= 1

Denoting by AF; := F(Xn,;(s—),ns(7;))—F(Xoo (), Moo (%)), we have, as (1py ,, 1B, ,) =

Lig 1 & . 1

= and with Sjj’ = N Z&] fij/, ”’YN71(8)”§ = N2—%V Z AFjAF}"NSjj" Define the
i=1 j=1

following quantity SH™ := sup;<; i<y |S i+/|. The purpose of Lemma [A 5] is exactly to

control SH**, see in particular (A.3). We have

1
N2

S 1
E: AFAFy 22 ) smax §jAF2§”
Siax N3p%,
J?é]' 1 4,j=1

N

1 2

SRR+ b Sy
N j=1

As |AF;|| < ||F||z (YN (s=)(z;)| + ds), we obtain as s +— J5 is bounded
~ 2 Smax 1
bty < ([ivis- 1) (5 ).

PN Npy

2
vn1(s)ll; =

hence using (6.9) and the fact that |[Yn(s—)|ly < [|[Ya(s)|ly + NLPN’

9 Smax 1 >
s < C Y +1 ( +—=- 6.18
Il < Cr (IOl + 1) (2 + 3 (6.18)

For the second term of (G.I7), we have

TS 1 &
v all3 = NZ Vo 2 G P (Xoo(;), oo ()

=1 7j=1

ZZ@] € P (Xoo (), ) F (Xoo 0), oo ).

3
N pN i= 1]]’—1

k
F(Xoo(:pj)vnw(xj))F(Xw($j’)vnw($j’)) iy
Let o ;4 = € [0,1], R := Qi i Einrs
[P (Xm0 OIS 2 s

J#J’

CFX N —2 CFX
and Fy, = 0 (&,1 <4,j < k). We have then ||y 2|3 = N3’7p2oo > &+ N, 2°°RN
N ij=1

CFXoo n Crx.
Np?% N3p%

Ry. We show next that (Ry)i<kp<n is a (Fi)-martingale. Let ARy =
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Rjp11 — Ry. For any k > 1 (note that Ry = 0), we have

k
ARy = Ry1 — Ry = § Ok 1,5,Sk+1,5 Sk, T § (ijkt1 + Xigr1,57) Eikr1 gy
4,3'=1 1<i<k+1
b 1<j<h

and thus E [AR|F;] = 0 as E [§; &) Fk] = 01if j # j/ and at least one of the indexes
i,J,j is equal to k+1 by independence of the family of random variables (&;;) i Moreover,

as each [ j| <1 and |y ;x| <1, it gives |ARy| < 3k* 4+ k. Theorem [A.2] gives then that

Crxo xN?’p?V
(=) (=

N F.Xoo

)
Crxo

25N (3k2 + k)?

9 :E2N6p‘}v
=2exp | o | »
C%XOOP(N)

<2exp | —

with P(N) = 2N(N +1) < < 5) <N2+N 1> . 3N(J\27+1) N 2N6+ 1> e
—8N5 For the choice z? = Cr. —EXe” ( Wlth 7 in Z8), (22 x ———) it gives
5 TN6—2r A N1—2szjlv &
Crx. C%‘,XOOP (V) o
P ' N3 RN‘ 2 ]\76—7% S 2€Xp (—N ) N

which is summable hence by Borel-Cantelli Lemma, there exists O € F such that P(O) =1

N - |C C%, P(N
and on O, there exists N < oo such that if N > N, F"?"’ Ry| < L() x
N6_2T/0§1V
1
—————— h P-a.s. for N1 h
NI 2, ence P-a.s. for arge enoug
1 1
2
<C 6.19
Fvally = <N,0?v ! N1‘2Tp§‘v> (019

Coming back to (6.I7), combining (6.I8]) and (6.I9]) and a control of SH** from Lemma
[A5] we have P-a.s. for N large enough

1 1 1 1

2 4

<C < Y, 1) C ;
v ()2 < Cr (YN (9)l5 + <N1/2 = YN ) +Or <Nﬂ?v + Nl—zfpjl\[)

hence taking the square root and using (6.14]),

t
léna(®)ll2 < Cr / e~ | Vv (s)|12 ds + Gy,

to
1 1 1
N Nl 2—r N1/2 )

where Gn1 = CFp < ) — 0 under Hypothesis
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Let us now turn to the sharper control on «y defined in (6I5]) when F' is bounded.
Coming back to (6.1I7), we have

2
ol = [ (3 ol e Ly, o) |
,j=1
ARy (LR ;
= _Z Z—fng (Xn,j(s=),ms(x;5))
N4 =1 VPN
1 L -
= N5 Z ij S (XN (5—),ms(x5)) F (XN g(s—),ns(wr))
PN ij.k=1
N
HFHOO>2 1 )
=\~ ~ ;i Fj F,
<NPN Nj,k:l
- F(XnNi(s—),ns(x; . . .
with aj = Zf\il &ij &k and Fj = ( N]H(;'H ). (x])) Grothendieck inequality (see

Theorem [A]) gives then that there exists K > 0 such that

2 Flls
H'Y ( )||2 — N NpN Sj7tkp Jjk°j

sup Z gjéz_ksjtk.

- N3 2
PN sj.tk ilzyk 1

Fix some vectors of signs s = (s;)1<i<n and t = (t;)i<j<n. Let A = (@)gmgw then
N

Z & &sjty = (t, A*As) where (,) denotes the scalar product in RY and A* the

1,5,k=1

transpose of A. As for any sign vector t, ||t||> = Z]kvzl t2 = N, and ||A*4| = \|A||Op,
obtain as |(t, A*As)| < ||t]|[|A*As| < N||A|2,:
Cr
Iy ()13 < NoZ N|Al3, = ng?VHAHOp‘

From Theorem [A.3] there exist C, and C} positive constants such that for any = > C,,
P <||A\|Op > x\/ﬁ) < Cyexp (—CyzN).

We apply it for x = (', hence, by Borel-Cantelli Lemma as eXp( C'N) is summable, there
exists @ € F such that P(O) = 1 and on O, there exists N < oo such that if N > N,
|A]lop < Cav/N. We obtain then that

Cr

N p?\,

P-a.s. for N large enough, which concludes the proof in the bounded case with (6.14]) as

ft e~ (t=s)qs < l O
to 0%

Iy ()13 <
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Lemma 6.5. Under Hypothesis[2.1), there exists Cr > 0 such that for any t > tg > 0,

Cp

loxa(®)l, < e
Proof of Lemmal6. Recall the definition of ¢ 2(t) in ([6.7) and O, 2 in (6.2), it directly
comes from the Lipschitz continuity of F' and the fact that Zn1,---,Zn N do not jump
simultaneously. O

Lemma 6.6. Under Hypothesis[21], for any t > tqg > 0,

t
Joxalt)le < Crxenw [ €O (a3 +.) ds + Gra (620
to

where Gy 2 s explicit in N and tends to 0 as N — oo. Moreover, if we suppose F' bounded,
we have

! 1
fomalls <€ ([ e Psds+ [R+ 3 ). (6.21)

to
with RY , defined in (2.24).
Proof of Lemma[6.60. We have, with ©,;3 defined in (6.3), O3 < €51 + €si2 + €543
with
Z /B (21, 2) = W (a0,)) (F (Xn(s,27),ma(2)) — F (Xool), (7)) dy

z /B (i, 2;) — W (i) F (Xool).ms(y)) dy

€s,i3 1= Z . Wizi,y) (F (XN (s,25),m5(25)) = F (Xn(s,25),15(y))) dy.

We upper-bound each term. We have as F' is Lipschitz continuous

N

Coin < D IF (Xn(s,2),ms(w))) = F (Xoo (), ms ()]
j=1

/ (W (s, 25) — W(zi,y)) dy
BNj

Mz

12 Y (s)(2;)]

/ (W (s, 25) — W(zi,y)) dy
BNJ*

1

J

which is upper-bounded by

N

Cr (>

j=1

/ (W (a1, 25) — W (2, )) dy
BNj

N
D 1Yn(s) ()
j=1

/ (W (i, 25) — W () dy
BNJ‘

1

2
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by discrete Jensen’s inequality. We have N ‘fBN,j (W (s, 25) — W(zi,y)) dy‘ <CasWis
bounded, hence

N 3 3
esin <Crw | Y

/ (W (1, 25) — W (1, ) dy
Jj=1 By,

1 N
= > (s ()
j=1

1
N 2

<Cf Z

j=1

| W) =W | [,
Bn,;

2

We have then

N N

1 Y C
N;eg,i,l < WF Z

i=1 \j=1

2

LGl

/ (W(x“x]) W(‘TU ) dy
By, ;

2

9

< CrRY, H?N(S)‘

where R]V\[{l is defined in (2:24]).
For the second term, we have as x +— sup, F'(X«(2),ns(z)) is bounded

1 N N N
LTS 1D / W (s, 25) W (ai,9)) F (Xoo(),ma(a)) dy
=1

=1 \j=1

N N

PN / W(as,a5) — W(asy)* dy < CrRY,,
i=1 j=1 Bn,j

where R]V\[{Q is defined in (2:24]).
For the third term, as F' is Lipschitz continuous

2 |

IA
2\Q

N
€si3 < Z W (@i, y)IIF[|Llns(z5) — ns(y)ldy
i By

Z W (i, ) I F |z (s (25) = oo (25)] + 11100 (25) = noo (y)1) dy

j=1 BNJ

1
< — ].
< Crxw <5s + N>

We obtain then with (G9)

N

1

NZ 57172—NZ 811+esz2+esz3)
=1 =1

1
< OFXoo X,W (RYVV,l (14 YN (s)13) + Ri2 + 02 + N2>
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With (6.7) and Proposition 210 |lona(t)]]2 < ftz e~ (=1 N | ©4.i31y,[l2ds, and as

(DRl Os.i31By,l13 = ZZ 1 ©2, 5, the result follows with
1

and Lemma
When F' is bounded, similarly we show that

N
1 1
N Z @g,z’,?) < COF Xoo W <RN 205+ N2>
i=1

hence the result. O
Lemma 6.7. Under Hypothesis 21, for any t >ty > 0,
t
loxaltlle < Crxew [ e (IVx(IE+0.) ds+ Gwa (622)
to

where Gy 3 s explicit in N and tends to 0 as N — oo. Moreover, if we suppose F' bounded,
we have

sup [lona ()2 < 4/SV (6.23)
>0

where SY is defined in ([2.25).
Proof of Lemma [6.7 We have

N 2
|’Z®57i74lBN,i|’% = / (Z Gs,z,4 1BN1( )) dx
i=1

/Bm (/1 Wziy) - W(‘”’y))F(XN(S,y),ns(y))dy>2dx

I
Mz

1=1

i L (foven -wepra) (&) e

1 1

| N

with Cauchy Schwarz’s inequality. We can recognize S]VVV defined in (228, and we have
that, as F is Lipschitz continuous and y — F' (X (), (y)) is bounded,

/I F (Xn(s,9),7s(9))2 dy
< / (F (X (5,1), 1)) — F (Xoo), 1 (0))) dy + / F (Xoo(y).1a(y))? dy
I I
< |F|? / Yiv(5)()2dy + | F(Xoosmoc) I < Coww (1Yn (8)[3 4 1) < Coow (1¥n(s)[13 + 1)

o . t (- N

As before, (6.7) and Proposition Z.1TIgive that | 4(t)[l2 < [, e =7 3000 O ialpy, ll2ds
and || val 63,2,4131\””2 < C’FWSW (||YN( s+ 1) hence the result with Gy 3 = Crw+/Rn.3
and Lemma B2l When F is bounded, we directly have || 32V, Os,ialpy,l3 < SV hence

(M)asftoe(ts'yds§;. O
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6.3. Proof of Proposition 4.3l Proposition [£3] is then a direct consequence of (6.0])
and (6.7)), of the controls given by Lemmas [6.3] [6.4] [6.5] and [6.7, with Gy = Gn,1 +
Gn2 + Gn,3, and of Lemma to have Gy — 0.

7. ABOUT THE FINITE TIME BEHAVIOR

In this section, we prove Proposition 2.12]

7.1. Main technical results. In the following, we denote by Y (t) := Xn(t) — X;.

Proof of Proposition 212 Let t < T. Recall the definition of Xx(¢) in (LII) and X; in
(LI2). Proceeding exactly as in the proof of Proposition [£1] and recalling the definition
of My(t) in (A7), we have

N
~ ~ Wi
dYn(t) = —aYn(t)dt +dMy(t) + E 1y, —]VJF(XN,j(t_)ant(xj))dt_TWF (X, m) dt
ij=1

4 N
= —OéYN(t)dt+dMN(t)+Z Z@t,i,leN,idt+TW (F (Xnj(t=),me(x;)) — F (Xe,me)) dt
k=1 i=1

with the notations introduced in (6I) - ([@4). It gives then, as Y (0) = 0,

~ ~

t t N
Yn(t) = /0 e )7 (s)ds + /0 e~ =AMy (s) =: o (t) + Cn ()

with

4 N
Tn(t) = Z Z Oriklpy, +Tw (F(XNn(t=),m) — F (Xi,m)) -
k=1 i=1
Note that we obtain a similar expression as for Yy in Proposition 4.1l but with e~ instead
of the semi-group e**. We use then the two following results, similar to Propositions

and 4.3l

Proposition 7.1. Let T > 0. Under Hypothesis [2.1, there exists a constant C' =
C(T,F,||nllsc) > 0 such that P-almost surely for N large enough:

C
VNpN
Proposition 7.2. Under Hypotheses 2.1 and[2.8, for any t > 0,

~ t A~ o~
lon (#)ll2 < C </0 e~ [Y(s) 2ds + GN> : (7.1)

E

SUP||ZN(S)||2] <
s<T

where G N s an explicit quantity to be found in the proof that tends to 0 as N — oo.

Their proofs are postponed to the following subsection. Hence we obtain

7], < ¢ (Gn -+ xto], + [ e [T as)

which gives with Gronwall lemma

apl[vo], < (@ +aplevol, )

t<T t<T
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With Proposition [I1] it leads to

1
sup || Y ( H <C (G + > ,
B || P Y VRoy
1 ~
hence the result as implies — 0 and Gy — 0. ([l

7.2. Proofs of Propositions [Z.1] and

Proof of Proposition [7.1. We do as for Proposition 4.2, and apply Ito’s formula on

Z/ / X] s, 2)m;(ds, dz).

The term Ip(t) in (5.3) becomes —a fg HZN(S) H2 ds which is still non-positive. About I (t)

and I5(t), the proof remains the same aside from the fact that we now consider ZN instead
of C N- (]

To prove [.2] we introduce an auxilliary quantity as in Lemma

— -~ N
Lemma 7.3. Let Y y(s)(v) := Yn(s) <[Nﬂ ) Then for any T > 0
sup [[Vn(s) = Y(s) o —— 0. (7.2)
0<s<T N—oo0

Proof. Tt plays the role of Yy (s) introduced in Lemma .1l Similarly to what has been
done before, we have

[P -7 Z /B (Fr(s)w) ~ Pr(e)(w) dy—z / ~ X(9)dy

By, ;

which tends to 0 by uniform continuity of X on [0, 7] x I. It still holds under the hypotheses
of Section 2.3.4] by decomposing the sum on each interval Cj. O

Proof of Proposztzon@ We divide ¢ as in (67) and study each contribution. About
<Z5N0 f e~ =Ty (F(Xn(s),ms) — F(Xs,ns)) ds, we have

2
1T (F(Xn(s),15) = F(Xs,m5))ll3 < Cwie (/1 IF L 1 XN (8)(y) — Xs(y)] dy>

2

)

< Cwr H?N(S)‘

which gives

¢
oo, <ive [ o9 vt o
0
About ¢ni(t) = Lemalt=s) SN 8f,v’i'll]gwds, we do as in Lemma Instead of

inserting the terms F(Xoo(2;),M0o(;)) in (6I7) we insert the terms F(X(z;),ns(x;)),



LONG-TERM STABILITY OF INTERACTING HAWKES PROCESSES ON RANDOM GRAPHS 39

that is
N o
w(s) <Y v (X (=), ms(25)) — F(Xs(25),m5(2))) 1By
ij=1

+ Z G F(X(a 25),1s(2)) 1By, = AN1(5) + An2(s).
.= 1

The treatment of Ay ; is similar of 7N1 we make YN( —) appear instead of Yn and

obtain |Fn1(s—)|3 < Cr < ‘YN H ) < N 5 ) with (Z2). About yn 2, we
do as yn2 as supse(o 1],0er F(Xe (@), mi(2)) < oo and obtam that P-almost surely if N is
1 1

large enough, [|An2[3 < C < 5 o ) We have then that, P-almost surely if
Npx N PN
N is large enough,

H$N,1(t)H2 SCF/ —a(t—s) ‘YN H ds+ Gn 1,

to

where Gn1 — 0.

About qubN g(t), we proceed as Lemma to show that ||¢A5N72(t)||2 < Noo: About
PN
¢Nk fo ZNl Oe.ink 1py ds for k € {3,4}, we proceed similarly, doing as in

6 and [6.7 - | but 1nstead of inserting the terms F(Xoo(2;),M00(2;)) we insert the terms
F(Xs(a;j), ns(z;)): then there is no d, terms. We obtain then

t
lonst)]ls < C [ et

‘?N(S)Hz ds + Gn2,

to
and
t
[oxalt)le < C [ €0 V()] ds -+ G,
to
where both G2 and Gy 3 tends to 0. Note that we can obtain better bounds when F' is
bounded. By putting all the terms ¢y, together, we get (Z.I]). ([l

APPENDIX A. AUXILIARY RESULTS
A.1. Concentration results.

Theorem A.1 (Grothendieck’s inequality as in [20]). Let {a;j}ij=1,...n be a n X n real
matriz such that for all s;, t; € {—1,1}

n
Z aijsitj S 1.

ij=1
Then, there exists a constant Kr > 0, such that for every Hilbert space (H,(-,-)r) and
for all S; and T} in the unit ball of H

n

Z a;j(Si, Tj)u < Kg.
ij=1
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Theorem A.2 (Azuma-Hoeffding inequality). Let (M,) be a martingale with My = 0.
Assume that for all 1 < k < n, |AM| < ¢, a.s. for some constants (ci). Then for all
x>0

.1'2
P(|M,| > x) <2exp <_n7> Al
(IMn] = ) ST (A1)

Theorem A.3 (Upper tail estimate for iid ensembles, Corollary 2.3.5 of [44]). Suppose
that M = (mjj)i<i j<n, where n is a (large) integer and the m;; are independent centered
random variables uniformly bounded in magnitude by 1. Then there exist absolute constants
C,c > 0 such that

P (|[M|op > zv/n) < Cexp (—can)
for any x > C.

Lemma A.4. Under Hypothesis[2.0, we have P-almost surely if N is large enough:

N N)
sup (Z szv) sup ;NPN < (A.2)

1<j<N 1<i<N

Proof. 1t is a direct consequence of Corollary 8.2 of a previous work [I], in the case wy =
PN, KN = — WN(:EZ, i) = pnW (x4, ;) with W bounded. O

N
1 o
Lemma A.5. Let N > 1, for j # j' in [1,N], let Sj; = N g &ij &y with & defined in
i=1

Definition [L1), and SR = sup;<jzji<n |S' . Then, under Hypothesis 2.0, P-a.s.

lim sup Sy™ < N2 (A.3)

N—o0

where 7 € (0,3) comes from Hypothesis [2.6.

Proof. When j and j’ are fixed and j # j/, (X; = &; &jr )
random variables with |X;| < 1, E[X;] = 0 and E[X?] <

then for any ¢ > 0
1 ¢
P t] <2 —_—
( >—6m<2N+9

hence for the choice t = N3+ with 7 € (0, %)7

d

as 1+ %N_%+T < 2. With an union bound

1 1
P (sup|S;;/| > —— | <2N?exp <——N2T> .
% N27T 4

We apply then Borel Cantelli’s lemma and obtain ([A.3]). O

1<i<N is a family of independent
1. Bernstein’s inequality gives

N

> & &y >

1=1

N

1=1
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Lemma A.6. Fix N > 1 and (Yl)l=17---7n real valued random variables defined on a prob-

ability space (0, F,P). Suppose that there exists v > 0 such that, almost surely, for all
I=1,....n—1, Y <1,E[Y1|Y;]=0 andE[YﬁH ]Yl] <vwv. Then

P (n—l(Y1 +...4Y,) >z) <exp <—n§B <§>>
for all © > 0, where
B(u) :==u 2 ((1 +u)log (1 +u) —u). (A.4)

Proof. A direct application of [25, Corollary 2.4.7] gives that

P(n ' (Yi+...4Yy) > ) <exp <—nH<x+v| 2 >>

1+v 140
where H (p|q) := plog(p/q)+(1—p)log((1—p)/(1—q)) for p,q € [0,1]. Then, the inequality
H (“’fig\li» > g—iB (£) (see [25, Exercise 2.4.21]) gives the result. O

Corollary A.7. Let (Zij)ij be a family of independent Bernoulli variables, with E[Z;;] =
mi;. Let (Bij)ij be a sequence such that for any i,j, Bi; € (0,1]. Then, for all x >0

1 & N242
P e Z Bij <(Zij —my)? —E(Zij — mij)2> >z | <exp <— 5 B(m)) .
ij=1
Proof. Fix a bijection ¢y : [1, N?] — [1,N] x [1,N]. For any k € [1, N?] and (i,j) =
on(k), let Ry, = Bij ((Zij —my)? —E(Zij — m,-j)2). As the (m;;), ; are independent, the
family of randon variables (R ), ;< y2 is also independent. As Ry <1 a.s., E[Ry1|Ry] =
0 and E [R]% H\Rk] < 1, Lemma [A.6] implies that for any = > 0,

1 Al N2z?
P m}gz:leZx §exp<— 5 B(;p))

where B is defined in (A.4]). O

A.2. Other technical results.

Lemma A.8. Let K be a kernel from I? — R, such that sup,c; I; K(x,y)%dy < co. Let
Tk :9g—Tkg = (a: — fI K(m,y)dy) be the operator associated to K, that can be defined
from L*(I) — L3(I) and from L>(I) — L>®(I). We assume that T% : L*(I) — L*(I) is
compact. Then

r9(Tk) = oo (T ).

Proof. First note that for both r = ro and r = r.,, we have, for all p > 1, r(TIp{)% =
1 1 1
(limn_)m|’T§"H5>p — limn_moHTIp("HP_n = r(Tk), so that r(T}) = r(Tx)?. Hence

ro(T%) = roo(T%) gives 72(Tk) = Too(Tk).

Denote by 0o (T%) and 02(T%) the corresponding spectrum of T% (in L>(I) and L?(I)
respectively). Let us prove that ro(T%) = 7o (T%) by proving 0o (T%) = 02(T%). To do
so, first note that T3 : L>(I) — L°°(I) is compact: consider (f,), a bounded sequence
of L>°(I). It is then also bounded in L?(I), and as Tk : L?(I) — L?(I) is compact, there
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exists a subsequence ( f¢(n)) such that Tk fy(,) converges in L?(I) to a certain g. Then for
any x € I,

T fow) — Ticol( /K 2. 9) | Tk fom) (¥) = 9(w)| dy < C|I Tk form) = gll2 —— 0,

thus 72 : L>®(I) — L*(I) is compact. Now we prove that o (T%) = oo(T5): let
e O'Q(TK) \ {0}, there exists g € L*(I) such that ug = Teg. As

/ K(z,y / K(y, 2)9(2) v(d=)v(dy)| < Cxllgll2 < oo,

g = %Tf(g € L°°(I) and p € 0x(T%). Conversely, let u € goo(T7) \ {0}, there exists
g € L>=(I) such that ug = T#g. As L>°(I) C L3(I), p € 02(T%). Hence r2(T%) = roo(T%)
and (Z2) follows. O

Lemma A.9 (Quadratic Gronwall’s lemma). Let f be a non-negative function piecewise
continuous with finite number of distinct jumps of size inferior to 6 on [ty,T], let g be
a non-negative continuous function and h € L'([ty,T]). For any t € [to,T], assume f
satisfies

Tig(z)| =

t

F@) < flto) +9@) + | h(t —s)f(s)%ds.

to

ifo<?

Then, for § < 5

and if sup,epy, 1 9(t) < 9, we have
sup f(t) < f(to) + 34.
te(to, T

Proof. Let A = {t € [to,T], f(t) > f(to) + 30}, suppose A # 0. Let t* = inf{t €
[to, T, f(t) > f(to)+3d}. If there is no jump at tg, by the initial conditions t* > ¢, and if

1
oflafl:’

there is a jump, f(tg) < f(to) +g hence we also have t* > ty. Moreover, for all ¢ € [tg,t*),

f(t) < fto) + 4962 ftf) h(t—s)ds < f(to) +26. If there is a jump at t*, it is of amplitude
J 59

0 < 3 hence f(t*) < f(to) + 5 < f(to) + 36 which is a contradiction. If there is no jump

at t*, by local continuity we have f(t*) < f(to) + 0 + 962 ftf) h(t — s)ds < f(to) + 26 which
is also a contradiction. We conclude then that sup,ci, 71f(t) < f(to) + 36. O
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