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LONG-TERM STABILITY OF INTERACTING HAWKES PROCESSES
ON RANDOM GRAPHS

7ZOE AGATHE-NERINE

ABSTRACT. We consider a population of Hawkes processes modeling the activity of N
interacting neurons. The neurons are regularly positioned on the segment [0, 1], and the
connectivity between neurons is given by a random possibly diluted and inhomogeneous
graph where the probability of presence of each edge depends on the spatial position of
its vertices through a spatial kernel. The main result of the paper concerns the long-
time stability of the synaptic current of the population, as N — oo, in the subcritical
regime in case the synaptic memory kernel is exponential, up to time horizons that are
polynomial in N.

Keywords. Multivariate nonlinear Hawkes processes, Mean-field systems, Neural Field

Equation, Spatially extended system, W-Random graph.

AMS Classification. 60F15, 60G55, 44A35, 92B20.

1. INTRODUCTION

1.1. Hawkes processes in neuroscience. In the present paper we study the large time
behavior of a population of interacting and spiking neurons, as the size of the population
N tends to infinity. We model the activity of a neuron by a point process where each
point represents the time of a spike: Zy ;(¢) counts the number of spikes during the time
interval [0,¢] of the ith neuron of the population. Its intensity at time ¢ conditioned on
the past [0,¢) is given by Ay ;(t), in the sense that

P (Zy; jumps between(t, t + dt)|F;) = An;(t)dt,

where F; := 0 (Zni(s),s <t,1 <i < N).

For the choice of Ay ;, we want to account for the dependence of the activity of a neuron
on the past of the whole population : the spike of one neuron can trigger others spikes.
Hawkes processes are then a natural choice to emphasize this interdependency. A generic
choice is

N t—
ANGi(t) = p(t,z) + f | v(t, zi) + %waj\[) /0 h(t — s)dZn;(s) | - (1.1)
J=1

Here, with the ith neuron at position z; = ﬁ €I:=[0,1], f : R — R, represents the
synaptic integration, u(t,-) : I — Ry a spontaneous activity of the neuron at time ¢,
v(t,-) : I — R a past activity and h : R} — R a memory function which models
how a past jump of the system affects the present intensity. The term wl(]-V) represents the
random inhomogeneous interaction between neurons ¢ and j, that will be modeled here in

terms of the realization of a random graph.

Date: 2022/07/27.
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Since the seminal works of [29] B0], there has been a renewed interest in the use of
Hawkes processes, especially in neuroscience. A common simplified framework is to con-

sider an interaction on the complete graph, that is taking wl(] )= 1in , as done in

[22]. In this case, a very simple instance of concerns the so called lmear case, when
f(z) = x,u(t,z) = pand v = 0, that is )\Nﬁ-(t) = )\N( ) =p++ Z] 1 fo (t—s)dZn;(s),
with h > 0 (see [22]). The biological evidence [11], 36] of a spatial orgamsatlon of neu-
rons in the brain has led to more elaborate Hawkes models with spatial interaction (see
[43] 25], 14]), possibly including inhibition (see [40]). This would correspond in ((1.1) to

take wgv) = W (x;,x;), where W is a macroscopic interaction kernel, usual examples being

20

.. . —lz—yl L.
distribution W(z,y) = e 1% — Ade~—% ‘ , A€ R, 0 >0. The macroscopic limit of the
multivariate Hawkes process (|1.1]) is then given by a family of spatially extended inhomo-
geneous Poisson processes whose intensities (A¢(x))zer solve the convolution equation

&mzmm+f@wwﬂwumﬁ%wﬂm@m@) (12)

A crucial example is the exponential case, that is when h(t) = e~ for some a > 0. In
this case, the Hawkes process with intensity is Markovian (see [25]). Denoting in
up(z) = v(z) + [; W(z,y) fot h(t — s)As(y)dsdy as the potential of a neuron (the
synaptic current) localised in x at time ¢ (so that ([1.2) becomes M\¢(x) = f(w(x))), an
easy computation (see [I4]) gives that, when vi(x) = e~ vg(z) for some wvg, u solves the
Neural Field Equation (NFE)

1 T —
the exponential distribution on R, W(x,y) = — exp <—‘ y\) or the “Mexican hat”
o

Ouy(x
Q)zﬂ%@+Awwwﬂwm@+mm (13
with source term [;(x) := [, W 1 Wz, y)pe(y)dy. Equation (L.3) has been extensively studied

in the literature, mostly from a phenomenological perspective [44] 2], and is an important
example of macroscopic neural dynamics with non-local interactions (we refer to [12] for
an extensive review on the subject).

In a previous work [1], we give a microscopic interpretation of the macroscopic ker-

nel W in terms of an inhomogeneous graph of interaction. We consider ng-v) = Z-(]]-V)m
in (1.1]), where (f(N))K‘ . is a collection of independent Bernoulli variables, with in-
<i,j<

dividual parameter W (x;,x;): the probability that two neurons are connected depends
on their spatial positions. The term k; is a suitable local renormalisation parameter, to
ensure that the interaction remains of order 1. This modeling constitutes a further diffi-
culty in the analysis as we are no longer in a mean-field framework: contrary to the case

ngN) = 1, the interaction ((1.1)) is no longer a functional of the empirical measure of the
particles (Zn1,---,Zn,n). A recent interest has been shown to similar issues in the case

of diffusions interacting on random graphs (first in the homogeneous Erdés-Rényi case
[23, 20, 21, 19], and secondly for inhomogenous random graph [34 [3, [5]).

A common motivation between [I] in the case of Hawkes processes and [34] B, 5] in
the case of diffusions is to understand how the inhomogeneity of the underlying graph
may or may not influence the long time dynamics of the system. An issue common to
all mean-field models (and their perturbations) is that there is, in general, no possibility
to interchange the limits N — oo and ¢ — oco. More precisely, restricting to Hawkes
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processes, a usual propagation of chaos result (see [22, Theorem 8|, [14, Theorem 1], [I}
Theorem 3.10]) may be stated as follows: for fixed T' > 0, there exists some C(T) > 0
such that

(8) _ (s @)
12?5NE(S:}5%NZNJ“ ZZ”‘)S ok (1.4

where Z; is a Poisson process with intensity (M (z;)):>0 defined in (1.2)) suitably coupled
to Zn,;, see the above references for details. Generically, C(T') is of the form exp(CT),
such that (1.4) remains only relevant up to T' ~ clog N with ¢ sufficiently small. In the

pure mean-field linear case (wg.v) =1, f(x) = z), there is a well known phase transition

[22, Theorems 10,11] when ||hly = [;° h(t)dt < 1 (subcritical case), A o T —/ﬁhHlj

whereas when ||h||; > 1 (supercritical case), A —— o This phase transition has been
—00

extended to the inhomogeneous case in [I]. In the subcritical case, one can actually
improve in the sense that C'(T) is now linear in 7" so that remains relevant up
toT = o(\/ﬁ ). A natural question is to ask if this approximation remains valid beyond
this time scale. The purpose to the present work is to address this question: we show
that, in the whole generality of , in the subcritical regime and exponential case (see
details below), the macroscopic intensity converges to a finite limit when ¢ — oo and
that the microscopic system remains close to this limit up to polynomial times in N.

1.2. Notation. We denote by Cparameters @ constant C' > 0 which only depends on the
parameters inside the lower index. These constants can change from line to line or inside
a same equation, we choose just to highlight the dependency they contain. When it is
not relevant, we just write C. For any d > 1, we denote by |z| and z - y the Euclidean
norm and scalar product of elements z,y € R%. For (FE, A, u) a measured space, for a

function g in LP(E, ) with p > 1, we write ||gl|g,up = ([5 |g/Pdp)?. When p = 2, we
denote by (-,-) the Hermitian scalar product in L?(E). Without ambiguity, we may omit
the subscript (E, p) or u. For a real-valued bounded function g on a space F, we write
19llse = 9]l 700 = SuPoc [9(2)].

For (E, d) a metric space, we denote by [|g|| = sup,, |9(x)—g(y)|/d(z,y) the Lipschitz
seminorm of a real-valued function g on E. We denote by C(E,R) the space of continuous
functions from E to R, and Cp(F, R) the space of continuous bounded ones. For any 7' > 0,
we denote by D ([0, 7], E) the space of cadlag (right continuous with left limits) functions
defined on [0, 7] and taking values in E. For any integer N > 1, we denote by [1, N] the
set {1,--+,N}. For any p € [0, 1], B(p) denotes the Bernoulli distribution with parameter
.

1.3. The model. First, let us focus on the interaction between the particles. The graph
of interaction for (|1.1)) is constructed as follows:

Definition 1.1. On a common probability space ((NZ, F , ]P’), we consider a family of ran-
d iables £N) — ( (N )>

om variables & 51] N>LigelLN]
i,7 € [1,N], & (N) is a collection of mutually independent Bernoulli random variables such

that for 1 <i,5 < N, 51-(]]-\[) has parameter Wy (%, %), where

WN(xvy) = pNW(x,y), (1'5)

on € such that under P, for any N > 1 and
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with py some dilution parameter and W : I? — [0,1] a macroscopic interaction kernel.
We assume that the particles in ([1.1]) are connected according to the oriented graph Gy =

({1, -+ N} ,f(N)). For any 7 and 7, 51-(]]-\]) = 1 encodes for the presence of the edge j — i
and 51-(]]-\[) = 0 for its absence. The interaction in (|1.1)) is fixed as

()
W™ _ S
i = ,
PN

so that the interaction term remains of order 1 as N — oo.

(1.6)

The class (1.5 of inhomogenous graphs falls into the framework of W-random graphs,
see [33, @O, 10]. One distinguishes the dense case when limy_,o, py = p > 0 and the
diluted case when py — 0.

We now fix these sequences, and work on a filtered probability space (Q, F, (]-})t20 , P)

rich enough for all the following processes can be defined. We denote by E the expecta-
tion under P and E the expectation w.r.t. . In the following definitions, N is fixed and
the particles are regularly located on the segment I = [0,1]. We denote by z; =  the

position of the i-th neuron in the population of size N. We also divide I in N segments
7

By, = (%, N) of equal length.

We can now formally define our process of interest.

Definition 1.2. Let (m;(ds,dz)),<;<y be a sequence of i.i.d. Poisson random measures
on R} x R4 with intensity measure dsdz. A (F;)-adapted multivariate counting process
(Zn1 (1), s Zn v (£))5g defined on (Q,]—“, (]—"t)tZO,P> is called a multivariate Hawkes

process with the set of parameters (N , F ,f(N ), Wn,n, h) if P-almost surely, for all ¢ > 0
and ¢ € 1, N]:

t o]
ZN,i(t) = / / 1{z§)\N7i(s)}7Ti<d57dz) (1.7)
0 JO
with An;(t) defined by
Ani(t) = F(Xni(t=), (i), (1.8)

where

N w(N)

Xost) = 32 [ hie = a2 0), (1.9)
j=1

n : [0,+00) x I — R? for some d > 1 and F' : R x R? — R¥,

Our main focus is to study the quantity (Xn;), ;. defined in (1.9) as N — oo, and
more precisely the random profile defined for all z € I by:

(1.10)

N
XN(t)(a:) = EXN’i(t)lwe(iNl’zif]'
i
As N — oo, an informal Law of Large Numbers (LLN) argument shows that the
empirical mean in ((1.8)) becomes an expectation w.r.t. the candidate limit for Zn;: we

can replace the sum in ([1.9)) by the integral, the microscopic interaction term wgv) in (|1.8)
by the macroscopic term W (x,y) (where y describes the macroscopic distribution of the
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positions), and the past activity of the neuron dZy ;(s) by its intensity in large population.
In other words, the macroscopic spatial profile will be described by

Xifa) = [ Wea) [ = 9N s . (1.11)

where the macroscopic intensity of a neuron at position x € I denoted by M (x) =
F(X(x),n(x)) solves

N(@) = F ( /I W(z,y) /0 “ht s)/\s(y)dsdy,m(:p)> | (1.12)

Such informal law of large number on a bounded time interval has been made rigorous
under various settings, we refer for further references to [22, [14] and more especially to [1]
which exactly incorporates the present hypotheses.

Remark 1.3. In the expression of the intensity Ay ;, Xn; given in accounts
for the stochastic influence of the other interacting neurons, whereas 7; represents the
deterministic part of the intensity Ay,;. Having in mind the generic example given in
, a typical choice would correspond to taking d = 2 with n := (i, v) and

F(X,n)=F(X,mv)=p+ flv+X) (1.13)

Once again, u here corresponds to the spontaneous Poisson activity of the neuron and one
may see v as a deterministic part in the evolution of the membrane potential of neuron 1.
Note that we generalize here slightly the framework considered in [I4] in the sense that
[14] considered for = 0 and v(z) = e~ *wvg(x) for some initial membrane potential
vo(z). In the case of (1.13)), one retrieves the expression of the macroscopic intensity A¢(z)
given in . Typical choices of f in are f(x) = x (the so-called linear model)
or some sigmoid function. Note that there will be an intrinsic mathematical difficulty in
dealing with the linear case in this paper, as f is not bounded in this case. As already
mentioned in the introduction, for the choice of h(t) = e~ and vi(x) = e *wvy(x), a
straightforward calculation shows that u:(z) := v¢(z) + X¢(z) solves the scalar neural field
equation with source term Iy(z) = [, W(z,y)u(t,y)dy.

We choose here to work with the generic expression instead of not only for
conciseness of notation, but also to emphasize that the result does not intrinsically depend
on the specific form of the function F.

Acknowledgements. This is a part of my PhD thesis. I would like to thank my PhD
supervisors Eric LugoN and Ellen SAADA for introducing this subject, for their useful
advices and for their encouragement. This research has been conducted within the FP2M
federation (CNRS FR 2036), and is supported by ANR-19-CE40-0024 (CHAllenges in
MAthematical NEuroscience) and ANR-19-CE40-0023 (Project PERISTOCH).

2. HYPOTHESES AND MAIN RESULTS
2.1. Hypotheses.

Hypothesis 2.1. We assume that

e Fis Lipschitz continuous : there exists || F| 1 such that for any z, 2’ € R, n,n’ € R?,
we have |F(z,n) — F(«',n')| < |||z (le = 2'| + [n —7']).

e F'is non decreasing in the first variable, that is for any n € R?, for any x,z’ € R
such that < 2/, one has F(z,n) < F(z',n). Moreover, we assume that F'is C? on
R+ with bounded derivatives. We denote by 9, F and 92F the partial derivatives
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of F'w.r.t. x and (with some slight abuse of notation) 0, F' = (0,, F),_, , as the
gradient of F' w.r.t. the variable n € R? as well as 8%7,7F = (02, F

5Nk )kzl,...d
81%F = (a%kﬂ?lF)kJ:l,...

® (1t(2))¢>0 zes 1s uniformly bounded in (¢, ). We also assume that there exists 7o
Lipschitz continuous on I such that

0 == sup [ny(z) — 1oo ()| ——— 0. (2.1)
z€el 00

and

, the Hessian of F' w.r.t. the variable .

e The memory kernel h is nonnegative and integrable on [0, +00).

e We assume that W : 12 — [0, 1] is continuous. We refer nonetheless to Section
where we show that the results of the paper remain true under weaker hypotheses
on W.

It has been showed in [I] that the process defined in (1.7)) is well-posed, and that the
large population limit intensity ((1.12)) is well defined in the following sense.

Proposition 2.2. Under Hypothesis for a fized realisation of the family (7;)1<;<n»
there exists a pathwise unique multivariate Hawkes process (in the sense of Deﬁm’tz’on
such that for any T' < 0o, supycpo 71 5Up1<i<n E[ZN:(t)] < o00.

Proposition 2.3. Let T' > 0. Under Hypothesis there exists a unique solution A in
Co([0,T] x I, R) to (1.12) and this solution is nonnegative.

Both Propositions and can be found in [I] as Propositions 2.5 and 2.7 respec-
tively, where F' is chosen as n = (u,v) and F(x,n) = f(x+v) with f a Lipschitz function.
The same proofs work for our general case F. Proposition [2.3|also implies that the limiting
spatial profile X; solving is well defined.

Before writing our next hypothesis, we need to introduce the following integral operator.

Proposition 2.4. Under Hypothesis the integral operator
Tw: H — H
g — (Twg:z— [[W(z,y)9(y)dy)
is continuous in both cases H = L>(I) and H = L*(I). When H = L*(I), Ty is compact,
its spectrum is the union of {0} and a discrete sequence of eigenvalues (jn)n>1 such that
tn — 0 as n — oo. Denote by 1o = roo(Tw ), respectively ro = ro(Tyw) the spectral radii
of Tyy in L>®(I) and L?(I) respectively. Moreover, we have that
r2(Tw) = Too(Tiv). (2.2)
The proof can be found in Section

Hypothesis 2.5. In the whole article, we are in the subcritical case defined by
102 F[| oo [|P][1700 < 1. (2.3)

Note that in the complete mean-field case, W = 1 and ro, = 1 so that one retrieves the
usual subcritical condition as in [22]. In the linear case n = p and F(z,n) = p + x,
is exactly the subcritical condition stated in [1J.

The aim of the paper is twofold: firstly, we state a general convergence result as t — oo
of X; defined in (or equivalently A; in (L.12))), see Theorem [2.7] This result is valid
for any general kernel h satisfying Hypothesis Secondly, we address the long-term
stability of the microscopic profile X defined in , see Theorem Contrary to
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the first one, this second result is stated for the particular choice of the exponential kernel
h defined as

h(t) = e~ with o > 0. (2.4)
The parameter o > 0 is often addressed as the leakage rate.The main advantage of this
choice is that the process Xy then becomes Markovian (see e.g. [25, Section 5]). This will
turn out to be particularly helpful for the proof of Theorem As already mentioned
in the introduction, is the natural framework where to observe the NFE (1.3) as
a macroscopic limit, recall Remark Note that in the exponential case , the
subcritical case ([2.3]) reads
|02 F o Too < . (2.5)
For our second result (Theorem , we also need some hypotheses on the dilution of
the graph. Recall the definition of py in Definition [1.1

Hypothesis 2.6. The dilution parameter py € [0, 1] satisfies the following dilution con-
dition: there exists 7 € (0, %) such that

N2 p% —— . (2.6)
N—oo

If one supposes further that F' is bounded, we assume the weaker condition

Np% —— oo. (2.7)
N—oo
Remark. Hypothesis [2.6] is stronger than Noy oo, which is a dilution condition
log N N—00
commonly met in the literature concerning LLN results on bounded time intervals for

interacting particles on random graphs: it is the same as in [23] 20] (and slightly stronger
than the optimal Npy — +0o obtained in [21] in the case of diffusions and as in [I] in the
case of Hawkes processes).

2.2. Main results. Our first result, Theorem [2.7 studies the limit as ¢ — oo of the
macroscopic profile X; (as an element of C(I)) defined in (L.1I). Our second result,
Theorem focuses on the large time behaviour of Xy (t) defined in on any time
interval of polynomial length.

2.2.1. Asymptotic behavior of (X;). Recall the definition of X; in (1.11)).
Theorem 2.7. Under Hypotheses[2.1] and

(i) there exists a unique continuous function X : I — RT solution of
Xoo = BT F (Xoo, o). 25)
(i4) (Xt)¢>o converges uniformly on I when t — oo towards Xoo.

Remark 2.8. Translating the result of Theorem [2.7)in terms of the macroscopic intensity
A¢ defined in (|1.12)) gives immediately that A\; converges uniformly to ¢ solution to

£ = F (Bl Tivt, o) (2.9)
The correspondence between X, and ¢ (recall (1.11))) is simply given by Xo = ||h|[1Tw L.

Remark 2.9. In the particular case of an exponential memory kernel (2.5)), as a straight-
forward consequence of the expression of X; in (1.11)) and X in (2.8), we have the
following differential equation

0 (Xi — Xoo) = —a (X — Xoo) + T (F(Xg,m1) — F(Xoos N0)) - (2.10)
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A simple Taylor expansion of X; around X, shows that the linearised system associated
to the nonlinear (2.10) is then

8,Y, = —aY;, + Ty (GY) (2.11)

where

G :=0:F(Xoo,Moo)- (2.12)

The subcritical condition ([2.5) translates into the existence of a spectral gap for the
linear dynamics (2.11), which makes the stationary point X, linearly stable. More pre-
cisely,

Proposition 2.10. Assume that the memory kernel h is exponential . Define the
linear operator
L: L*(I) — L*(I)
g — Llg) = —ag+Tw(Gy).
Then under Hypotheses and L generates a contraction semi-group on L*(I)
(ew)t>O such that for any g € L*(I)

(2.13)

le“gll2 < e="|gll2, (2.14)
where
V== oo [|[0uF | o > 0. (2.15)

2.2.2. Long-term stability of the microscopic spatial profile. From now on, we place our-
selves in the exponential case (2.5)). We first state a convergence result of X towards the
macroscopic X on a bounded time interval [0, T.

Proposition 2.11. Let T > 0. Under Hypotheses and[2.6, for any € > 0, P-a.s.
P( sup [|[Xn(t) - Xil, 2| ——0. (2.16)
t€[0,T] N—oo

Note that Proposition slightly generalises [I, Prop. 3.17] (see also [14], Cor. 2] for
a similar result) where it is proven that E [fOT J7 1 Xn(t)(x) — Xy ()| da dt] o 0 for
—00
any T > 0. Here, we are more precise as we show uniform convergence of Xy (t) in L?(I)
instead of L(T).
We are now in position to state the main result of the paper: the proximity stated in

Proposition [2.11]is not only valid on a bounded time interval, but propagates to arbitrary
polynomial times in Npy.

Theorem 2.12. Choose some ty > 0 and m > 1. Then, under Hypotheses and
P-a.s. for e >0 small enough,

P sup [ Xn(t) — Xeofly =) ——0. (2.17)
tE[tE,(NpN)mtf] N—o0

for some t. > 0 independent on N.
Since F' is Lipschitz and Ay ;(t) = F'(Xn,i(t—), ne(x;)) by (1.8), it is straightforward to

derive from Theorem [2.12] a similar result for the profile of densities

,zel (2.18)

)
N N

N
An(t)(z) == ZAN,i(t)lxe(i_l
=1
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Corollary 2.13. Recall the definition of ¢ in (2.9)). Under the same set of hypotheses of
Theorem [2.13 and with the same notation,

P sup AN (t) = 4]y > | —— 0. (2.19)
tE[ta,(NpN)mtf] N—o00

2.3. Examples and extensions. We give here some illustrating examples of our main
results.

2.3.1. Mean-field framework. To the best of the knowledge of the author, already in the
simple homogeneous case of mean-field interaction, there exists no long-term stability
result such as Theorem We stress that our result may have an interest of its own in
this case. Let us be more specific. When py = Wy = 1 and () = p > 0, the process
introduced in Definition reduces to the usual mean-field framework [22]:

t 00
ZN’i(t):/o/o 1<y (s milds, dz) (2.20)

with Ay (t) defined by
>\N(t) = F(XN(t_)vn)a (2'21)

where N -
Xy(t) = ZN / h(t — s)dZx ;(s), (2.22)
j=1" 70

In this simple case, the spatial framework is no longer useful (in particular the spatial
profile defined in (1.10)) is constant in 2 so that the L? framework is not relevant, one has
only to work in R). The macroscopic intensity and synaptic current (respectively (|1.12])

and (|1.11)) become
t
Xt = / h(t — 8))\Sd8, At = F(Xt,n) (223)
0
The main results of the paper translate then into

Theorem 2.14. Under Hypothesis[2.1] and when ||0,F || ||h|l1 < 1, there exists a unique
Xoo € Ry solution to Xoo = ||h||1F (Xoo,n), and (Xt),~, converges when t — oo towards
Xoo. Respectively, (A\)¢>0 converges towards £, the unique solution to £ = F (||h|j1£,n).
Moreover, under the same hypotheses, in the exponential case , for any ty > 0

and m > 1, P-a.s. for ¢ > 0 small enough, P sup | Xn(t) — Xoo| > e | and
te[te,Nmtg]

P (SuPte[tg,Nmtf] [An(t) —£] > {—:) tend to 0 as N — oo for some t. > 0 independent
on N.

Remark 2.15. The previous result applies in particular to the linear case where n = p

and F(x,n) = p+ x. We have then that ¢ = in this case, as in [22].

1 —[|Alx
2.3.2. Erdds-Rényi graphs. An immediate extension of the last mean-field case concerns
the case of homogeneous Erdés-Rényi graphs: choose Wy (z,y) = pn for all z,y € I.
The results of our paper are valid under the dilution Hypothesis It is however likely
that these dilution conditions are not optimal (compare with the result of [19] with the
condition Npy — oo in the diffusion case, but a difficulty here is that we deal with a
multiplicative noise whereas it is essentially additive in [19]).
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2.3.3. Ezxamples in the inhomogeneous case. As already mentionned in Hypothesis
the results are valid for any W continuous, interesting examples include W (z,y) = 1 —
max(z,y), W(z,y) =1 — zy, see [7, [§]. Note also that we do not suppose any symmetry
on W. Another rich class of examples concerns the Ezxpected Degree Distribution model
[17, B8] where W(z,y) = f(z)g(y) for any continuous functions f and g on I. The
speciﬁcity of such class is that we have an explicit formulation of r., that is ro, =
I f x)dx when [, g =1. In the linear case, we obtain an explicit formula for \; in [1
Example 4 3.

2.3.4. Extensions. It is apparent from the proofs below that one can weaken the hypothesis
of continuity of W. Under the hypothesis that W is bounded, Proposition remains
true when Cy([0, 7] x I) is replaced by C ([0,T], L>°(I)) (continuity of A\; and X; in x may
not be satisfied). Supposing further that there exists a partition of I into p intervals I =
Uk=1,... pC such that for all € > 0, there exists n > 0 such that [, |W(z,y) — W(z',y)|dy <
e when |z — 2| < 1 and z,2’ € Cj, then for every k, )‘\[O,T]Xék and X j0.11%C, are both
continuous. When p = 1, both A and X are continuous on [0,7] x I.
Concerning Theorem defining for k € {1,2}:

RY, = z /B W(ai,2;) — Wz ) dy, (2.24)

zjl

= Z:/BN </l (Wi, y) — W(:rvy)IQdy> dz, (2.25)

Th 2.12 i W RY,, S Al 6.
eorem remains true when RN,p R N2 SN m 0, see Lemmas and w

These particular conditions are met in the following cases (details of the computation
are left to the reader)

e P-nearest neighbor model [37]: W (x,y) = Lys, (a,y)<r for any (x,y) € I? for some
fixed r € (0, 3), with ds, (z,y) = min(jz — y|,1 — |z — y|).

e Stochastic block model [32] 25]: it corresponds to considering p communities
(Ck)i<k<p- An element of the community C; communicates with an element of
the community Cy with probability px;. This corresponds to the choice of interac-

tion kernel W (z,y) = Zk,l Prilzecy, yec,-

and

2.4. Link with the literature. Several previous works have complemented the propa-
gation of chaos result mentioned in in various situations: Central Limit Theorems
(CLT) have been obtained in [22], 25] for homogeneous mean-field Hawkes processes (when
both time and N go to infinity) or with age-dependence in [I3]. One should also men-
tion the functional fluctuation result recently obtained in [31], also in a pure mean-field
setting. A result closer to our case with spatial extension is [16], where a functional CLT
is obtained for the spatial profile X around its limit. Some insights of the necessity of
considering stochastic versions of the NFE as second order approximations of the
spatial profile are in particular given in [I6]. Note here that all of these works provide
approximation results of quantities such that Ay or Xy that are either valid on a bounded
time interval [0, 7] or under strict growth condition on T' (see in particular the condition
£ — 0 for the CLT in [25]), whereas we are here concerned with time-scales that grow
polynomially with N.
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The analysis of mean-field interacting processes on long time scales has a significant his-
tory in the case of interacting diffusions. The important issue of uniform propagation of
chaos has been especially studied mostly in reversible situations (see e.g. the case of gran-
ular media equation [6]) but also more recently in some irreversible situations (see [18]).
There has been in particular a growing interest in the long-time analysis of phase oscilla-
tors (see [28] and references therein for a comprehensive review on the subject). We do
not aim here to be exhaustive, but as the techniques used in this work present some formal
similarities, let us nonetheless comment on the analysis of the simplest situation, i.e. the
Kuramoto model. One is here interested in the longtime behavior of the empirical measure
UN¢ = % Zf\il dp;,, of the system of interacting diffusions (61,...,0y) solving the system
of coupled SDEs df; ; = —% Z;VZI sin(6; s — 0;,)dt + dB; ;. Standard propagation of chaos
techniques show that py converges weakly on a bounded time interval [0, 7] to the solu-
tion p to the nonlinear Fokker-Planck (NFP) equation Oy = %agut + Ky (ut(sin *Mt))-

The simplicity of the Kuramoto model lies in the fact that one can easily prove the ex-
istence of a phase transition for this model: when K < 1, p = 5~ is the only (stable)
stationary point of the previous NFP (subcritical case), whereas it coexists with a stable
circle of synchronised profiles when K > 1 (supercritical case). A series of papers have
analysed the longtime behavior of the empirical measure py of the Kuramoto model (and
extensions) in both the subcritical and supercritical cases (see in particular [4, [35] 27, [19]
and references therein). The main arguments of the mentioned papers lie in a careful
analysis of two contradictory phenomena that arise on a long-time scale: the stability of
the deterministic dynamics around stationary points (that forces puyn to remain in a small
neighborhood of these points) and the presence of noise in the microscopic system (which
makes uy diffuse around these points). In particular, the work that is somehow formally
closest to the present article is [I9], where the long-time stability of u is analysed in both
sub and supercritical cases for Kuramoto oscillators interacting on an Erdés-Rényi graph.
We are here (at least formally) in a similar situation to the subcritical case of [19]: the
deterministic dynamics of the spatial profile X (given by ) has a unique stationary
point which possesses sufficient stability properties. The point of the analysis relies then
on a time discretization and some careful control on the diffusive influence of noise that
competes with the deterministic dynamics. The main difference (and present difficulty
in the analysis) with the diffusion case in [19] is that our noise (Poissonnian rather than
Brownian) is multiplicative (whereas it is essentially additive in [19]). This explains in
particular the stronger dilution conditions that we require in Hypothesis (compared to
the optimal Npy — oo in [19]) and also the fact that we only reach polynomial time scales
(compared to the sub-exponential scale in [19]). There is however every reason to believe
that the stability result of Theorem [2.12] would remain valid up to this sub-exponential
time scale.

Note here that we deal directly with the control of the Poisson noise. Another possibility
would have been to use some Brownian approximation of the dynamics of Xy. Some
results in this direction have been initiated in [25] for spatially-extended Hawkes processes
exhibiting oscillatory behaviors: some diffusive approximation of the dynamics of the
(equivalent of) the spatial profile is provided (see [25, Section 5]). Note however that this
approximation is based on the comparison of the corresponding semigroups and is not
uniform in time. Hence, it is unclear how one could exploit these techniques for our case.
Some stronger (pathwise) approximations between Hawkes and Brownian dynamics have
been further proposed in [I5], based on Komlés, Major and Tusnddy (KMT) coupling
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techniques ([26], see also [41] for similar techniques applied to finite dimensional Markov
chains). However, this approximation is again not uniform in time so that applying this
coupling to our present case is unclear. Our proof is more direct and does not rely on such
Brownian coupling. To the author’s knowledge, this is the first result on large time stability
of Hawkes process (not mentioning the issue of the random graph of interaction, we believe
that our results remain also relevant in the pure mean-field case, see Theorem .

2.5. Strategy of proof and organization of the paper. Section [3]is devoted to prove
the convergence result as t — oo of Theorem This in particular requires some spectral
estimates on the operator £ defined in Proposition that are gathered in Section (3.1

The main lines of proof for Theorem [2.12] are given in Section [4 The strategy of proof
is sketched here:

(1) The starting point of the analysis is a semimartingale decomposition of Yy :=
XN — X, detailed in Section [£.1] The point is to decompose the dynamics of Yy
in terms of, at first order, the linear dynamics governing the behavior of the
deterministic profile X, modulo some drift terms coming from the graph and its
mean-field approximation, some noise term and finally some quadratic remaining
error coming from the nonlinearity of F'.

(2) A careful control on each of these terms in the semimartingale expansion on a
bounded time interval are given in the remaining of Section The proof of these
estimates are respectively given in Section 5] (for the noise term) and Section [6] (for
the drift term).

(3) The rest of Section [4]is devoted to the proof of Theorem see Section The
first point is that for any given £ > 0, one has to wait a deterministic time ¢, > 0,
so that the deterministic profile X; reaches an e-neighborhood of X .. It is easy to
see from the spectral gap estimate that this ¢, is actually of order %g(e).
Then, using Proposition the microscopic process X is itself e-close to X
with high-probability.

(4) The previous argument is the starting point of an iterative procedure that works
as follows: the point is to see that provided Xy is initially close to X, it will
remain close to X, on some [0, T] for some sufficiently large deterministic 7' > 0.
The key argument is that on a bounded time interval, the deterministic linear
dynamics dominates upon the contribution of the noise, so that one has only to
wait some sufficiently large T' so that the deterministic dynamics prevails upon the
other contributions.

(5) The rest of the proof consists in an iterative procedure from the previous argument,
taking advantage of the Markovian structure of the dynamics of X. The time
horizon at which one can pursue this recursion is controlled by moment estimates
on the noise, proven in Section

The rest of the paper is organised as follows: Section [7] collects the proofs for the finite
time behavior of Proposition whereas some technical estimates are gathered in the
appendix.

3. ASYMPTOTIC BEHAVIOR OF (X})

This section is related to the proof of Theorem [2.7]

3.1. Estimates on the operator L.
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Proof of Proposition |2.4. The continuity and compactness of Ty come from the bounded-
ness of W. The structure of the spectrum of Ty is a consequence of the spectral theorem
for compact operators. The equality between the spectral radii is postponed to Lemma
where a more general result is stated (see also Proposition 4.7 of [I] for a similar
result). O

Proof of Proposition[2.10. Let us introduce the operator
U: L*(1) — L*(I)
g — Ulg) =Tw(Gyg),

we have then £ = —ald +U. By Hypothesis G is bounded. Then, for any g € L(I)
using Cauchy-Schwarz inequality, [|U(g)]|3 < [[W3||Gllxllgll3- The operator U is then

compact and thus has a discrete spectrum. Moreover, ro(U) = 7oo(U), see Lemma
and 7o (U) < 7oo(Tw)||G||o as for any g € L™ and = € I, [Ug(x)| < |[Tw |lool|GYllcc <

(3.1)

ITw || oo||Glloo||g]lco- Then L also has a discrete spectrum, which is the same as U but
shifted by a. Since ro(U) = roo(U) (see Lemma [A.8)), for any p € o(L) \ {0}, |p+ af <

Too(U) thus Re(p) < —a+roo(U) < —a+ 70||0uF ||oc < 0 by (2.3]). The estimate (2.14)
follows then from functional analysis (see e.g. Theorem 3.1 of [39]). 4

3.2. About the large time behavior of X;.

Proof of Theorem [2.7. We prove that

e there exists a unique function ¢ : I — R* solution of , continuous and bounded

on I, and that

® (At);~o converges uniformly when ¢ — oo towards /.
It gives then that X, := |h|1Tw? is the unique solution of (2.8). Then, as X;(z) =
[ W (z,y) fot h(t — s)As(y)ds dy, as () is uniformly bounded, and as h is integrable and
At — £ uniformly, we conclude by dominated convergence that uniformly on v, f(f h(t —
$)As(y)ds == IIh|l1€(y). As Ty is continuous, the result follows: X; converges uniformly

towards Xo,. We show first that ()\;) is uniformly bounded. Let \;(z) = SUPseo, As(T),
we have then with ([1.12)), for s € [0, ]

As(x) < F(0,0) + [|Fl| L |ns ()] + HaxFHoo/IW(w,y) /Osh(s — u)Au(y)dudy

< F(0,0)+ [Pl sup lns ()] + 10 Flloll 1T (o),

hence \i(7) < Cry + 102 Fl|oo|| |1 Tw ¢ (z). An immediate iteration gives then M\ (z) <
Crhanmoh + 102 F ||| AT | T3 Ae ()], so that, by and choosing ng sufficiently large
such that |0, F||% k|| 7°||Tw ||™ < 1, we obtain that ||A¢|l« < C, where C' is independent
of t. Passing to the limit as ¢ — oo, this implies that (A¢),. is then uniformly bounded,
e, SuDpg SUDyes Me(r)] = [\l < o0.

We show next that ()\;) converges pointwise. We start by studying the supremum limit
of A¢, denoted by ¢(z) := limsup,_,, A(z) = inf,~¢sup;s, Ae(z) =: inf,~0 A(r,z). Then
for any r > 0 and t > 7:

A(x) =F </I W(x,y) /OT h(t — s)As(y)ds dy + /IW(J:,y) /Tt h(t — s)A(s,y)ds dy,nt(x)>
< £ ([ W [ ae—onis d+ [Weanre) [ 1= s dyni)
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by monotonicity of F' in the first variable and by positivity of W and h. As f: h(t—s)ds <
Ilh|l1, it gives

<F</ny/ht—s dsdy+||h||1/W:cyA(?“y)dy,m( )>

and as h(t) — 0, by dominated convergence [; W(z,y) [y h(t — s)As(y)ds dy — > 0and
—00

by continuity and monotonicity of F', we obtain
Ua) < F (|1l (TwD) (@), e (@) (3.2)
Note that [[f]cc < [|Allee < o0, by the first step of this proof. Denote in a same way

{(x) == liminf; o0 M (x) = sup,.~infis, Ae(x) =: sup,~qv(r,z), for any ¢t > 0 we have by
monotonocity of F' in the first variable:

(/ /Wa:y (t—9s)A dyds—l—//ny t—s))\()dyds,nt(a:)>
>F ([/IW(x,y)h(t — s <2y> dyds,m(%))
=F (/0; h(u)du/IW(x,y)v (;,;;) dy,m(m)) .

Taking lim inf;_,,, on both sides, by monotone convergence, we obtain

Lz) = F (|hlly (Tw) (), me0(2)) - (3:3)
Combining (3.2)) and (3.3)), setting H : Il € L™ — F (||h]1Tw!, Ns) € L, we have shown
H{<(</{<HI. (3.4)

For any [ and I’ in L*°(I) and any x € I, we have

|Hi(z) — HU'(2)] < [F (Al (Twl) (), noe(2)) = F (Rl (Twl') (2), 1100 (2)) |
< N0aF |l 1212 [(Tiw (1 = 1)) ()] -
By iteration we show that [|[H™] — H™U'||o < [|0uF |5 |RIITN TR — U']loe, so that,
choosing again ng sufficiently large, H" is a contraction mapping by (2.3). Hence, by
(3.4), one has necessarily that for all z € I £(z) = {(x) < +oo thus ()\;) converges
pointwise towards £ = £ = £ the unique fixed point of H which satisfies (2.9)).
We show now that the family (A¢), is equicontinuous so that the pointwise convergence

will imply uniform convergence on the compact set I. For any (z,y) € I and t > 0, we
have

[Ae(@) = Ae(y)| = [F(Xe(x), me(x)) — F(Xe(y), me(y))
< |1Fllz (1Xe(z) = Xe(w)| + [me(z) — me(y)]) -
With , we have

() = ne()] < () — Moo ()] + Moo (@) — Moo (Y)| + 1Moo (y) — me ()]
< 20t + [|noollLlz — Yl
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and as A is bounded, we have
X, () — Xy (y)| = ' / (W, 2) — W(y,2)) /0 Wt — )M (2)dsd

< Mool /I W (2, ) — W(y, 2)| d=. (3.5)

Then |Ai(z) = M(y)| < Cpanw (6 + |z — y| + [; W (x,2) — W(y, 2)| dz). Fix ¢ > 0, with
(2.1), one can find T such that Cpx pwés < % for any t > T, and as W is uniformly contin-

uous on 2, one can find n > 0 such that Cpppw (|2 —y| + [; [W(z,2) = W(y, 2)| dz) < %

when |r — y| < 1. We can divide [0,1] in intervals [z, zx4+1] such that for any k,
Zk+1 — 2k < 1. Then, for any =z € [0,1], one can find z; such that |z — z| < 7, and
[Ae(x) = €(z)| < [Ae(2) = Ae(zr)| + [Ae(zn) — €(z0)| + [€(zk) — €(z)|. By pointwise conver-
gence, |A(zx) — €(zx)| < € for t large enough (but independent of the choice of ), and
|0(z;) — £(z)] < e by taking the limit when ¢ — oo in |[A(zx) — Me(x)| < e. It gives
then |A\(x) — ¢(x)| < 3¢ hence sup,¢ [M(x) — ()] —= 0 0, i.e. (A¢) converges uniformly

towards ¢. Similarly to (3.5)), for any x,2’ € I,
X 0) = Xoa)| < Wl [ W) = W'y
which gives, as W is uniformly continous, the continuity of X. O

4. LARGE TIME BEHAVIOR OF Up(t)

The aim of the present section is to prove Theorem [2.12] To study the behavior of

1 X (8) = Xoc |y let

YN = XN_Xoo' (41)
The first step is to write the semimartingale decomposition of Yy, written in a mild
form (see Section |4.1). The proper control on the drift and noise terms are given in

Propositions and 43l In Section [4.2] we give the proof of Theorem based in
particular on the convergence on a bounded time interval in Proposition [2.11

4.1. Mild formulation.

Proposition 4.1. The process (Yn(t));>( satisfies the following semimartingale decom-
position in D([0,T), L*(I)), written in a mild form: for any 0 <ty <t

Y (t) = eC0EY N (t0) + dn(to, t) + Cn(to, t) (4.2)
where: .
on(to,t) = / e(t_s)ﬁrN(s)ds (4.3)
to
with

ry(t) (@) = Tw (gn(t)) (2)+

N N
> | v Z@J (s O m(a)) = [ W) P () )y | Loy (o),

=1
(4.4)
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1
gn(t)(y) = /0 (1= 7)02F (Xoo(y) + r¥n(8) (), (1 — ) 100(y) + rme(y)) Yo (£) (y) *dr+
1
/0 (1=7) (e(y) = 100(¥))-05 F (Xoo(y) + YN () (1), (1 — 7)neo () + (1)) (16 (y) — noc(y)) dr

1
+/0 2(1-r)07 , F (Xoo(y) + rYN () (), (1 = 7)o (y) + rne () (me(y) — 1o (y)) Yo (£) (y)dr
+ O F (Xoo(y), Moo (¥)) - (0e(y) — 100 (y)),  (4.5)

and .
Cn(to, t) = / DL AM N (s) (4.6)
to
with

= i i -~ <ZN,j<t> - /0 t AN,j<s>ds) 1py .. (47)

i=1 j=1
¢n is the drift term and ( is the noise term coming from the jumps of the process Xy

Proof of Proposition [{.1. From (L.9) and (1.10]), we obtain that Xy verifies

N N
dXn(t) = —aXn(t)dt+ 3 “]JVJ dZn ()1 . (4.8)
i=1 j=1

The centered noise My defined in (4.7)) verifies

Wij
dMpy (t ZZ L (dZnj(t) — F(Xnj(t),ne(x;))dt) 1y,
=1 j=1

and is a martingale in L?(I). Thus recalling the definition of X, in (2.8 and by inserting
the term YN 2V 9 P (X (t):mi(;))dt Ly, in (EF), we obtain

N
dYn(t) = —aYn(t)+dMy(t +Z (ZNJ (Xn(t) m(a:]))) 1y, dt—Tw F(Xoo, o) dt.

(4.9)
A Taylor’s expansion gives

FXN(ty),me(y)—F(Xoo(y): Moo (y)) = 02 F (Xoo (1), 1100 () (XN (t, ) — Xoo(y))+gn () (),
with gy given in . Hence, we have with G defined in

~Tw F(Xoo, Moo ) (7) = — /I Wz, y)F(Xn(t ), ne(y))dy + Tw (GYn (1)) + Twgn (t) (),

hence coming back to (4.9) and recognizing the operator £ (2.13))

dYn(t) = LYN(t) + dMy(t Z (Z P (Xt %m(fvj))) 1y, di

i=1 \j=1
—TwF(XnN(t,-),ne(-))dt + Tiwgn (t).
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We recognize ry defined in (4.4]), and obtain exactly

dYn(t) = LYN(t)dt + ry(t)dt + dMpy (). (4.10)
Then the mild formulation (4.2)) is a direct consequence of Lemma 3.2 of [45]: the unique
strong solution to (4.10)) is indeed given by (4.2)). O

Proposition 4.2 (Noise perturbation). Let m > 1 and T > ty > 0. Under Hypotheses
(md there exists a constant C = C(T,m, F,n9) > 0 such that P-almost surely for
N large enough:

C

E 7(NPN)m.

<

sup [|(v (fo, 8) 3™
s<T

The proof is postponed to Section

Proposition 4.3 (Drift term). Under Hypothesis for anyt >ty > 0, P-almost surely
if N is large enough,

t t
[on (t0, t)ll2 < Clarifs </ e[ Yiv(s)[13ds + Gy +/ e (67 + 6) dS) , (4.11)

to to

where Carify = Cw,Fa, 7 15 defined in (2.15), 05 is defined in (2.1) and Gy = Gn(§) is an
explicit quantity to be found in the proof that tends to 0 as N — oo.

The proof is postponed to Section [6]

4.2. Proof of the large time behaviour. We prove here Theorem based on the
results of Section The approach followed is somehow formally similar to the strategy
of proof developed in [19] for the diffusion case.

Proof of Theorem[2.13. Choose m > 1 and t; > 0. Let
_ 2
6Carift’

where v is defined in (2.15) and the constant Cgyy;f; comes from Proposition above.
We consider € small enough, such that € < 9. As (X;) converges uniformly towards X,
(Theorem [2.7)), there exists t! < oo such that

€0 (4.12)

€
4 )

. t o~ (t— 2 .
Moreover, with ([2.1]), we also have that fo e V(t=s) (53 + 68) ds m 0, hence there exists
t2 < 0o such that

Xt — Xoolly < t>th (4.13)

t
Cdﬁft/ e =) (52 4 55) ds < 1%’ t>t2, (4.14)
0
We set now t. = max(t},t2). Let T such that
1
e <o T >ty (4.15)

3 y
The strategy of proof relies on the following time discretisation. The point is to control
| Xn(t) — Xooll2 on [te, Tn] with

Ty == anT +t., with ay := [(Npx)™], (4.16)
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which will imply the result (2.17)) as [t., (Npn)™tf] C [te, Tn] since T' > t;. We decompose
below the interval [t., Tn] into ay intervals of length 7. We define the following events,
with 0 < t, <t (recall that Yn(t) = Xn(t) — Xo)

€

AN () = {IXn(te) - Xeolly < 5} (4.17)

N £
Ay (e) =4  sup vt t)lla < 5> (4.18)

tE€(te te+T)

E(ta, ty) := {max (2 Y (ta)ll2 i Y ()l 2 HYN(tb)\b) < 6}- (4.19)

t€(ta,ty
By (4.13)), and as Proposition [2.11| gives that P (supte[Ot XN () — Xl > Z) =
e —00

0, we have by triangle inequality

P (AY(e)) —— 1. (4.20)

N—o0

Step 1. We have from the definition (4.19)) of E(t4, ) that

P <te[sttl,%v] | X () = Xoolly < 5> > P (E(t.,Tn)) = P (E(t., Tn)| A (¢)) P (AT (2)) -
(4.21)
Moreover,
P (E(t,Tn)|AY (2))
P (E(t.,te + anT)|AY (¢))
> P (E(te,te +anT) N E(te, te + (an — 1)T)|AL (¢))
P (E(te,t- + anT)|BE(te, t. + (ay — 1)T) N AY (e)) P (E(te, te + (an — 1)T)|AY (2)) .

Recall that we are in the exponential case (2.4), so that (Xn(t)), is a Markov process.
Thus by Markov property

P (E(te,t + anT)|E(te,t- + (any — 1)T) N A} (¢))
=P (E(t. + (ay — VT, t. + anT)|E(te, te + (an — 1)T))
=P (B(t. + (ax = DTt +anT) |{[¥i(te + (ax = DT, < S} ).

P (E(ta + (ay — V)T, te + anT)| {HYN(tE + (any —1)T)||5 < §}>) means that, under an
initial condition at t. + (ay — 1)T', we look at the probability that Yy stays under € on
the interval [t. + (ay — 1)T,t. + anT) of size T and comes back under % at the final time

t. + ayT. By Markov’s property, it is exactly P (E(te,t6 + T)|A]1V(z-:)) An immediate
iteration gives then

P (E(te, Tn)|AY (€)) > P (E(te, t- + T)|AY (2))"". (4.22)

By ({.20)), from now on we consider that we are on this event AY (¢) and omit this notation
for simplicity.
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Step 2. We show that
A (e) C Blte, t- +T). (4.23)

Let us place ourselves in AY (). As we are also under AY (), we have indeed ||Yy (t:)||, <
% for the first condition of E(t.,t. +T). As Yy verifies (4.1]), it can be written for ¢ > ¢,

Yn(t) = “C YN (t) + o (te, t) + Cn(te, B). (4.24)

For any t € [to,t. + 11,

t t
Jon ety < o ([ P IBds + G+ [ e (3246, ds)
te

to

t
—(t—s S
SC@m</me“ ”mw@m%m>+9 (4.25)
te

where the first inequality comes from Proposition f.3] and the second is true for N large
enough using Gy — 0 and (4.14). Coming back to (4.24]), using that by Proposition m

|efm (]|, < e (el (4.26)

and using (4.25), we have on A (g) N AY (¢)

5 b, e ¢
IYa (@), < = + Casir / =9y (s)|2ds ) + 2 + =
2 ‘. 9 18

€
Let § > 0 such that 6 < min <6’ 907> Recall that ||Yn(-)||5 is not a continuous
drift
function, it jumps whenever a spike of the process (Zn 1, -+, Zn,n) occurs, but the size

1 1
jump never exceeds —, and for N large enough N < 3 Then, one can apply Lemma|A.9

and obtain that for all N large enough,

sup Vv (@), < S +30 <e. (4.27)
tE[te, te+T] 2

It remains to prove that ||[Yn(t. +1)|, < % We obtain from (4.24)), (4.25) and (4.26)) for
t=t.+T on AN (e) N AN (¢)

9
Vit + Ty < 7

e te+T T 5
#5H G [ T ) .
te

Using the a priori bound ({4.27)

_TE € Critt _~TE € € _€
Yn(te+T)|, <e T4 — 427 e 24 2 <2
IYn(te +T)], <e 2+12+5 5 <e 2+6+6_2’

where we recall the particular choices of T and € < g¢ in (4.15)) and (4.12). This concludes
the proof of (4.23).
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Step 3. We obtain with (4.22)) and Markov’s inequality,

P (B(t:,Tw)) 2 P (E(te,te + T))"N 2 P(A) ()™

an
€
- (1 -P ( sup Gt ), > 18))
t€fte,te+T]

2 /
E [Supte[tg,tg—i-T] I¢n (te )15 ]

/ )

an

182m’

v

€2m

where we have taken m’ > m. With Proposition it gives

c " c
P (E(te,Tn)) > (1 - (€2NpN)m,> = exp (aN In (1 — W)) .

By definition (4.16)), any = O(N,oN)ml, the right term tends to 1 as N goes to oo under
Hypothesis @ By (4.21]), we conclude that

P( sup || X (t) — Xocll, < e>—>1

t€(te, Tn] N—o0

This concludes the proof of Theorem [2.12 O

5. PROOFS - NOISE PERTURBATION

In this section, we prove Proposition concerning the control of the noise perturbation
(n(to,t) defined in (4.6). For simplicity of notation, we assume that ¢ty = 0. Recall the
expression of (Zn,;), <j<n in (L.7). Introduce the compensated measure 7j(ds,dz) =

mi(ds,dz) — An jdsdz, so that with the linearity of (e');>0, we obtain that (y can be
written as

N t )
= =)Ly (s Vi (ds.dz .
N (0,1) ;// i (5, 2)75(ds, d2), (5.1)

with x;(s, 2) (Z 1y, —~+ Wi 1z</\N,j(8))' The proof of Proposition [4.3| relies on a adap-

tation of an argument given in [45] (Theorem 4.3), where a similar quantity to (5.1)) is
considered for N = 1.

5.1. Control of the moments of the process Zy ;.

Proposition 5.1. Let m > 1 and T > 0. Under Hypotheses[2.1] and[2.6, P-almost surely

1
supE | — Zn (T | < oo.
szl Z_: N4 (T)
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Proof. Let N > 1. We have for any i € [1, N]

<<ZN,1'(T)) ~ /OT /\N,i(t)dt> + /OT )\N,i(t)dt> m]
( Zna(T) — /0 ! )\Nﬂ-(t)dt) " ( /0 ! /\N,i(t)dt> m]

: + (27)™'E { /0 ' )\Nﬂ-(t)mdt] , (5.2)

(/ ' (ot ’

where we used Jensen s inequality and Burkholder-Davis-Gundy Inequality on the mar-

E[Zn;(T)"] <E

< om-lg +92m IR

< om~lOE

tingale <Z ~Ni(T fo Ani(t ) Similarly, we obtain

([ i)

We focus now on the term E [fOT )\Nﬂ-(t)kdt} for k> 1. From the definition of Ay, (L.8),
by Lipschitz continuity of F' and with Jensen’s inequality

<T%Z 'E UOT (Ana(t) dt} .

B[ ' wilt)dt] < 2RO,

k

+2’f-1\|FH’zE/O NZ/ wije Va2 j(s) | dt

Let S; := ZN N . By (A.2), we have that P-almost surely, lim sup y_, o, sup; <;<n i < 2.

7=1
We obtain with discrete Jensen’s inequality that for any ¢ > 0
1 N_pt- ’ N w; * N Wi
D / wige” Az () | S Y0 e na(t) | S SIS a0
j=1 j=1 j=1

We obtain then

T N T
Wi 4
E [/ )\N,i(t)kdt:| < Crpmok + Chr Y NJE [/ ZN,j(t)kdt} )
0 , 0
7j=1

thus, going back to (5.2), with C' = Cr pyom

N

- f:l Zn (T | < % S (E { /O ! AN,i(t)’Sdt] +CE [ /0 ' AN,i(t)mdt} )
-

i=1

ww T m N wij T
<C |1+ Z JE UO ZN,j(t)2dt} +> N2 E UO ZN,j(t)mdt]
1,J= 1 i,5=1

With (A.2)), it gives that, P-almost surely for N large enough
N

1 . T 11 m T 11 -
E NZZNJ(T) <C 1+/0 E N;ZN,j(t)z dt+/0 E NZZN,j(t) dt
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As for any £ > 0

1 N N
N > Zna(t)
i=1

1 t L I i
:NZE[ /0 AN,i(s)ds} < Crne, p+Crome, F /0 E N;ZNJ(S) ds,

=1

E

Gronwall’s lemma gives that sup E
t<T

< oo (independently of N) and sim-

1 N
N > Znalt)
=1

N
1
ilarly an immediate iteration gives that for any £ > 0, supE | — E Z NJ(T)Qk < 00
N>1 N =

which concludes the proof.

5.2. Proof of Proposition 4.2

Proof. We divide the proof in different steps. Fix m > 1. We prove Proposition for
the choice ty = 0, but it remains the same for a general initial time to > 0.

Step 1 - The functional ¢ : L?(I) — R given by ¢(v) = |[v]|3™ is of class C? (recall that
Cn € L%(I)) so that by Ito formula on the expression we obtain

t N t oo
6 (Cu (1) = / ¢ (Cw(s) £ (G (s)) ds + / / ¢! (Cw(s—)) xj (s, )7 (ds, d=)
j=1

N t [e's)
T Z /0 /0 [0 (Cv (5=) + x5(5,2)) — & (Cw (5=)) — & (Cn(5-)) x3(5, 2)] 3 (ds, dz)
= Io(t) + 1 (t) + Ig(t). (53)

We have then for any v, h, k € L*(I), ¢/ (v)h = 2m||v||3™*Re ((v, h)) € Rand ¢’ (v)(h, k) =
2m(2m — 1)||v]|3™ *Re(v, k)Re(v, h) + 2m|v||>™2Re(h, k).

Step 2 - We have Io(t) = [y 2ml|¢n (s)[[5™*Re (v (), L(¢n(s)))) ds. From Proposition
L generates a contraction semi-group hence for any s > 0, Re (((n(s), L(¢n(s)))) <0
by Lumer-Philipps Theorem (see Section 1.4 of [39]). Then for any ¢ > 0 we have Iy(t) < 0.

Step 3 - About I in (53), with a; (s, ) = 2m|[Cy (s—) |37 (G (s—), x5 (5. 2)) € R,

N t o0
nty =% /0 /0 (s, 2)7,(ds, dz).
j=1

I is then a real martingale. By Burkholder-David-Gundy inequality, there exists a con-
stant C > 0 such that for any ¢t > 0:

B [su (9| < OB [VIEL].

s<t

where [I1]; = > . |AIL(s)]? stands for the quadratic variation of I;. It is computed as
follows (as the (7;)1<;j<n are independent, there are almost surely no simultaneous jumps
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so that [7~Tja7~rj’] =0 ifj 7& j/):

N t oo

[ = Z/ / a;(s,z)*mj(ds, dz)
j=1 0 JO
N t oo
2m—2 2
= Z/o /0 (2mll¢n (=) 3™ 2 (Cn (5=), x5, 2)))” mj(ds, dz)
j=1

<am? swp (JGr()IE" ) Z / / (5, 2) |3 (ds, d).

We obtain then

E [ [

[

<2mE | s (IGv(s)13") Z / / i (5, 2) |3 (ds, d=)

. .. . . . 2m—1
Applying Holder inequality with parameter =5 -

+ ﬁ = 1 for the random variables
1

SUPp<s<t (HCN( )H2m 1) and (Zjvzl fg fooo (s, 2)|13m;(ds, dz)) ? . we obtain that E { [Il]t}
is upper bounded by

o (B sup (lcwts )H%’”)D% B i [ o 2mtas. a2

Let ¢ > 0 to be chosen later. From Young’s inequality, for any a,b > 0, we can write

2m
m— —(2m-1) m— e —(2m—1) \2m
ab = (622'm1a) (5 2m b) < % <522m1a>2 ! + ﬁ <g 2m b) = 272” 1ga2m T4
2m—1
g~ (@m=1)p2m - This gives for the choice a = (E [supg<s<; (<N (8)I13™)]) > and b =

<E [(Ej‘v:l f(f Io~ i (s, Z)Ilgﬂj(ds,dz))mD?}”:
B [VIRF] < (2~ 2B [ sup (Iov(6)15")

1
m 2m

N t [e'e) "
+eemug | (S0 /0 /0 (5. 2) 3 (ds, d2)
j=1

We have then shown that, for the constant C' given by Burkholder-Davis-Gundy Inequality,

E |sup |I;(s)]

s<T

< C(2m —1)cE

sup_([I¢v(s)[13™)

0<s<T

N T [e'e)
+oeen g | (30 / / (s 2B (ds d=) | | (5.4)

Let us focus now on Iy in :

Z / | 1G5 33052) = 0G5 = & (G5 s 5,2 my s ).
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For any jump (s, z) of the Poisson measure 7, from Taylor’s Lagrange formula there exists
€ (0,1) such that

¢ (Cn(s—) +x;(s,2)) — ¢ (Cv(s—)) — ¢ (Cv(5=)) x;5(s, 2)

= 2 (G (5=) 715, 2) (5, 7)o x5 2)

As ¢ (v)(h, k) = 2m(2m—1)|jv||3™ *Re(v, k)Re(v, h)+2m|v||*™~?Re(h, k) for any v, h, k €
L?(I), one has with Cauchy—Schwarz inequality that
¢ (Cv (=) +7ox(5:2)) (xi(5,2))* < 4mP||Cn (s =) + 7o (5, )32l (s, 2) 3.

But as ||z + 7y||3 < max (||z3, |z + y||3) for any z,y € L*(I) and 7 € (0,1), we have here
I (5=) + Toxs (s, 2) 3™ 7% < max (|[Cv (=)™ 2, v (s =) + x5 2) 137 72)

and as [|(v (s—) 15772 < supeg [ ()37 7% and [[Cn (s—)+x5(s, 2) 13772 = I () 13772 <
sup < G (s) 13772, thus

E [SUPb(S)@ < 2m’E SuplléN 3 22/ / Ix; (s, 2)lI3; (ds, dz)

s<t

2m— 2+_

We proceed now similarly as for I. From Holder inequality, as <5~ % = 1 we know that

2m—2

for any A, B random non-negative variables, E[AB] < (E [AM—QD (B [Bm])% It

leads for the choice A = supecy (Cx()3™~2) and B = S, J 22 (s, 2) s (ds, dz)
to E [sup,<; [I2(s)|] equals to

1
2m—2 m pe

om? (& [Osgpt(ucmw%m)])Z B ﬁ / | o2 s, a2

With the same ¢ introduced for I, from Young’s inequality, for any a,b > 0, we can write
2m
2m—2 —(2m—2) m—2 m— —(2m—2) m 2m
ab = (e 2m a) (a 2m b) < Q?mQ (&7 2m a)2 : +%<572m b) = 27" 25a2m 2 +
%5_(27”_2)177”. For the choice

2m—2

o= (B[ s (oxo13m)]) " and

3=

m

N t 0
b= (B[ [ s lm s ,
=0 Jo

it gives that E [sup,<, |I2(s)|] is upper bounded by

m

0<s<t

N t ')
m<2m—2>sE[sup (||<N<s>||§m>}+2me—<2m—2>E S s 2w as.dz)
=0 Jo

(5.5)
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Taking the expectation in (|5.3)) and combining (5.4) and (5.5)), we obtain that

E |sup [[(w(s)]3 ] e(C(2m —1)+m((2m—2))E | sup (HCN(S)Hgm)]
s<T 0<s<T
(2m—1) (2m—2) [T :
—(2m—1 me—(2m—2 (s, 2)||27:(ds, dz . )
+ (0= CmD fgmetr2) B 2/0/0 (s, 2) By (ds.dz) | |- (5.6

Step 4 - We can now fix € such that € (C(2m — 1) + m(2m — 2)) < % so that (5.6) leads

to
m

N T [e'e)
<20E| (Y /0 /0 (s ) 3my(ds,de) | |, (57)
=1

where C' > 0 depends only on m.

E |sup [[¢n(s)]3™
s<T

Step 5 - Let Ay :=E [(Zé\le fOT I ||Xj(s,z)H%7rj(ds,dz)> } We have

2
&ij
Ix; (s, 2 ||2 —/ Z]‘BNZ Z<)‘N]( s) dr = ]'Z</\NJ S)Z 3] ’
N pN

which leads to, with the definition of Zy ; in (L.7)

&ij
Ay =E Z/ / Locan,(s N3J2 mj(ds,dz)

i,7=1
m

1 m N §
<(——) E Y7 (T
B (NPN> 5= Voo mi(T)

With (A.2)), Jensen’s discrete inequality and (5.7)), it leads to

1 \™ N1 "
Ay < E —~ | sup
" (N PN) J; N ( Z Npn ) 1)
N
< z ,
(N pn)™ Z:: i
hence the result with Proposition ]

6. PROOFS - DRIFT TERM

In this section, we prove Proposition concerning the control of the drift term per-

turbation ¢y (to,t) defined in (4.3).
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6.1. Notation. We introduce the following auxiliary functions in L?(I):

N
1 N
Ot = Now Z (&(j ) oW (2, :ch)> F(Xn; (), me(5)), (6.1)
Oin = ZW (1, 25) F (X v (8), m()) / W (i, 9) F(Xn (6, ), me(y))dy,  (6.2)
Ori3(x) = /I(W(»’Euy) — Wiz, y)) F(Xn(t,y), m(y))dy, . (6.3)
From the expression of ry in , we have then
N /3
rn(t) =) <Z @t,z‘,k> 1y, +Tw (gn(2)), (6.4)
i=1 \k=1
3
and we can divide ¢ defined in in several terms ¢y (t) = Z N i (t) with
k=0
t
ono(t) = / 9Ty, (g (s)) ds, (6.5)
to
o k(t) ::/ (t= SWZ —O,,1lpy,ds for ke [1,3],. (6.6)
to

6.2. Preliminary results.

~ N
Lemma 6.1. Denoting by Yn(s)(v) := Yn(s) <[Nﬂ)’ we have
sup ||[Yn(s) — Yn(s)|2 — 0. (6.7)
>0 N—o0

Proof. A direct computation gives, for any s > 0,

[V (s) — Yu(s Hz—z [ Gls) = Xoalay) = X (5)(0) + Xow(w)*

By,

By definition of Xy (s) in - Xn = Xn,; on By, hence using Theorem |2 -
IV (s) = Ya(s)ll5 = Z/B (Xoo(y) = Xoo(5))* dy.
i BN

Then (6.7) is a straightforward consequence of the uniform continuity of X, on the com-
pact I (see Theorem [2.7). It still holds under the hypotheses of Section by decom-
posing the sum on each interval Cf. U

We will often use
2 1 ¥, 4 1 4
= Z Yu(s) (@) = T3 < 5 (1+ 1T (9)E) < 5 @+ IYw(s)IlE),  (68)

the last 1nequa11ty being true for N large enough (independently of s) using Lemma
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Lemma 6.2. Under Hypothesis[2.]],
Ry & 0 ke{1,2}, Sy =0 (6.9)

where RWk and SN are respectively defined in and (| -

Proof. Fix € > 0. As W is uniformly continuous on I, there exists n > 0 such that
|W (z,y) — W(x,2)| < e for any (z,y,2) € I? with |y — 2| <n. Then, for N large enough
(such that % <7, we have directly that RK{I < e and R}(I]/’2 < € hence the result. We can

do the same for SXIV. O
Lemma 6.3. Under Hypothesis for any t > tg >0,
t
[én0()l, < CF,W/ e ) ([Yn ()13 + 05 + 62) ds. (6.10)
to

. t (s
Proof of Lemmal6.3 By Proposmonwe have [|pno(t)]ly < [, € V=) || Ty gn (s) ) ds.
As for any = € I, |Twgn(s) ]<f1 (z,y) lgn(s)(y)| dy, and as

lgn (s) ()| < [|03F || YN () (@) + (|07 F || Ine(y) — oo ()]

+2102,F || YN @) 10e(w) = 1100 ()] + 180 F [l o 116 (y) = 1100 (9)]
with Hypothesis 2.1] it gives

| Twan(s ru-/(/wwm ()dy) »

< Cr /I ( /1 W(z,y) (Yv(s)(y)* + 05 + Y (5) ()05 + ) dy>2 dx
< Crw (IIYn(s)ll2 + Y (s)[1262 + 62 + 85)
< o (Il + 302+ 1)

as W is bounded. We obtain then, as va +b < /a + Vb,

t
[on0(B)lly < CF,W/ e ) (1Y ()13 + 1Yav () |20 + 65 + 67) ds.
to

1
Then (610) follows as [[Y(s)l, < (1 n ||YN(3)H§) and sup, 6, < 0o. O

Lemma 6.4. Under Hypotheses[2.1] and [2.6, P-almost surely for N large enough and for
any t >ty > 0,

t

[on1(#)]l2 < CF/ eI Y (s) 5 ds + Gy, (6.11)
to

where Gy = Gn1(§) is explicit in N and tends to 0 as N — oo. Moreover, if we suppose

F bounded, we have a better bound

Cr
sup [ éxa (D), < -
t>0 /Np%v

Proof of Lemma[6.4]. Proposition [2.10] gives that

t
[on1(B)ll2 < K/ ey (5) | ods (6.13)
to

(6.12)
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with

N
)= Oisilpy, = Z N i F (XN (), ns(25)) 1By, (6.14)
i=1 ij=1
where we have used the notation

= N

&ij = 51-(]- ) Wi, z), (6.15)
Forgetting about the term F(Xn ;(s),ns(x;)) in (6.14), yn is essentially an empirical
mean of the independent centered variables 5 and thus should be small as N — oo. One
difficulty here is that concentration bounds (e.g. Bernstein inequality) for weighted sums
such as > ; &ijliyj (for some deterministic fixed weight u; ;) are not directly applicable,
as u;; = F(Xn,;(s),ms(zj))1By, depends in a highly nontrivial way on the variables

557];7) themselves. A strategy would be to use Grothendieck inequality (see Theorem [A.1)).
We refer here to [19, 2I] where the use of such Grothendieck inequality (and extensions)
has been implemented in a similar context of interacting diffusions on random graphs.
However here, a supplementary difficulty lies in the fact that F' need not be bounded
(recall that a particular example considered here concerns the linear case where F'(z,n) =
x + p). Hence the application of Grothendieck inequality is not straightforward when F
is unbounded. For this reason, we give below two different controls on vy: a general
one, without assuming that F' and a second (sharper) one, when F' is bounded (using
Grothendieck inequality). In the first case, we get around the difficulty of unboundedness
of F' by introducing F'(Xoo (), o () which is bounded, since X is.
First begin with the general control on vy: we can write

Z N ~—&ij (F(Xnj(5),m5(x5)) = F(Xoo(25), o () 1By,
4,j=1
+ Z &g Xoo(@5), Moo () 1By, = IN1(S) + N 2(5). (6.16)
1= 1
Denoting by AF; := F(Xn j(s),ns(2;)) —F(Xoo(2;), oo (2;)), we have, as <lBszlBN L)y =
1y 1L R
" and with S = NZ&] ijt ||7N71(S)||§ N2 7 Z AF; AF! S‘j/. Define the
i=1

7.3'=1
following quantity Sy™ := supj< <y ‘S' 1. The purpose of Lemma is exactly to
control S¥**, see in particular (A.3)). We have

v a(s)llz = Z AF;AF Smix SR+ N3 5 Z N
J#J’ 1 PN ij=1

1 1 Y
<gmax | STARP |+ S AR,
Npiy ; TNy ; !

As |AF;|| < ||F||z (YN (s)(xj)| + d5), we obtain as s — d, is bounded

a0 ([, +1) (5 + ).

PN Npy
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hence as || Yn(s)||, <

(14 1Yn(5)113) and using ©3),

DO

max 1
2 < 2 N — ). .
a3 < Cr (Il +1) (B + 2 ) (617)

For the second term of (6.16[), we have

T 1 & 2
I 2(s)ll5 = Nz WZ£¢jF(Xw($j),nm($j))
i=1 j=1
| NN
= N2 DD &y G F(Xoo(s), n(w)) F(Xoo (1), Moo (1))
N =1 j,5'=1
k
F(Xoo (), Noo(x5)) F(Xoo(2j7), Noo (x4 —
Let Oéi’j’j/ = ( OO( ]) Oj:‘()]()) ( Oog ]) OO( J )) c [0’ 1]7 Rk = Z az,],]’é'z_] gij/’
| F( 00a7700)”oo T
Z?]’] -
J#5'
and Fi, = 0 (&5,1 <4,j < k) (with respect to P, i.e. the realisation of the graphs). We
Crx. w 2 Crx Crx..  Crx
have then ||yya(s)|3 = X oo aiji&ii + X Ry < =2 | 2P X o We show
PN ; T NS Npk T N3}
next that (Ry) is a martingale: for any k& > 1 (note that Ry = 0):
k+1 - k -
E[ReptlFel =B | Y by G| Fie| =R +E | D oyrjiorty Srarr| F
B0’ =1 Gj'=1
J#5' J#5'

k k
+E Z QG gr1,jSik+1 S| Fr | +E Z 5 k18 k+1 Sij| Fr

i,j'=1 1,j=1

k
+E Z (Okt1, k41,5 T hr1jht1) Ek+1,h41 Sht1,5| Fr | = Bis
j=1

as E [&; &j/|Fe] = 0if j # j' and at least one of the indexes 4, j, j" is equal to k + 1 by
independence of the family of random variables (§;;), i Similarly, we have

k

ARy = Ry — Ry = E k1,5, Sk 41,5 Sk1,0 T Z (g1 + Qigpr1jr) Cier1 ij-
=1 1<i<k41
i T<j<k
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As each |§ ;] <1 and |a; ;%

Crx. e N?p3,
P = Rn| > =P[(|RyN|>
(‘N?’p?v N‘_x) (' V=g

<1, it gives |ARy| < 3k? + k. Theorem |A.2 gives then that

) oo

()
B Crx..
25 | (3k2 + k)?
9 :EQNGple
=2exp | = |
C’%’XOOP(N)

1 1 N(N +1 2N +1
withP(N):QN(N+1)(§<N+2> (N2+N—3)+3 (2+ ) | - >NN%O

< 2exp

18 Ctx. PN 1
€N5. For the choice 2% = M with 7 in (2.6)), (2% o ]\”—727/);{]) it gives
Crx. CI%“,XOOP (V) o
P ' N3 RN‘Z W SQexp(—N ),

which is summable hence by Borel-Cantelli Lemma, there exists O € F such that P(O) =1

7 ~ |C C%, P(N

and on O, there exists N < oo such that ift N > N, FXo pol < L()
N3 N6—2Tp4]1V
1
—5—, h P-a.s. for N 1 h
NP2 ence P-a.s. for N large enoug
1 1
2
a2 < C (Np?v + b ) (6.18)

Coming back to (6.16)), combining (6.17) and (6.18)) and a control of SH** from Lemma
we have P-a.s. for N large enough

) s 1 1 1 1
<
(o)l < e (v +1) (s + o) + O (s + o)

hence taking the square root and using (6.13)),

t
léna(®)ll2 < Cr / =1 | Yy (s)|2ds + G,

to

1 1 1
here Gy 1 =C — 0 under Hypothesis [2.6
where Gy 1 F (Np?\; + Nl_Qijﬁ, + Nl/Q_TP?\/) under Hypo 6515
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Let us now turn to the sharper control on vy defined in (6.14) when F' is bounded.
Coming back to (6.16]), we have

2
(@ = [ | 3 ot P o) Loy (o) | da

2

_ F (X o2
with ajy, = 3 & &k and Fj = (Xn,3(5), ms(2))

Grothendieck inequality (see

1] oo
Theorem |A.1)) gives then that there exists K > 0 such that
L (IE] >2
2 0o
N (s < K— ( su aipSite
bl < K (T, ) s, Do

sup Z g {Tksjtk.

= 2
N3p%r s;.tu =+1, 57

Fix some vectors of signs s = (s;)1<i<n and t = (t;)i1<j<n. Let A = (573')1§z‘,j§N’ then

N

Z &ij Ciksity = (t, A*As) where (,) denotes the scalar product in RY and A* the
i,g,k=1
transpose of A. As for any sign vector ¢, ||t]|? = Zk (2 =N, and ||A*A| = ||A||0p,
obtain as |(t, A*As)| < ||t[|[|A*As|| < N|Al2,:

Cr
N3p%

N|All3, =

lyw ()13 < 1412,
NZIO?V op

From Theorem there exist C, and (Y positive constants such that for any x > C,,

P (||A|\op > x\/ﬁ) < Oy exp (—CyzN).

We apply it for x = Cy, hence, by Borel-Cantelli Lemma as exp( C'N) is summable, there
exists @ € F such that P(O) = 1 and on O, there exists N < oo such that if N > N,
|A]lop < Cav/N. We obtain then that

Cr
()13 < o
P-a.s. for N large enough, which concludes the proof in the bounded case with (6.13)) as
ftz e~ (t=s)7dsg < l O

v
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Lemma 6.5. Under Hypothesis for any t > tg >0,

t
loxalt)le < Crxeaw [ e (InGIE+0.) ds+Cvar (619
to

where G 2 s explicit in N and tends to 0 as N — oo. Moreover, if we suppose F' bounded,
we have

t 1
lona@lla < C ( [ e+ JRE, + N) N (6.20)

to
with R]V\KQ defined in (2.24]).
Proof of Lemmal[6.5 We have, with O ;2 defined in (6.2)), ©si2 < €51+ €52 + €53
with

€s,,1 - Z/B x’uxj W(xlay)) (F(XN(vaj)vnS(xj))_F(Xoo(xj)7n8(xj)))dy

esin Z /B (e1v25) = W(aiy)) F (Xooly), ms(y)) dy

N
€sid =) W (i, y) (F (XN (s, 25),ns(25)) = F (Xn (s, 25),15(y))) dy.-

j=17Bn;

We upper-bound each term. We have as F' is Lipschitz continuous

N
€si,1 < Z‘F (XN(s,25),ms(x5)) — F (Xoo(),ns(x5))]

/ (W (i, 25) — W(ziry)) dy
BN’j

7j=1
N
Z 1F|lL [Yiv(s)(z5)]

/ (W (i, 25) — W(ziry)) dy
BNJ-

which is upper-bounded by

1
N 2

Cr )

J=1

N

> [ Ya(s) () ‘/B Wz, ) = W(zi, y)) dy

J=1

/ (W (,25) — W (zi,y)) dy
BNj

by discrete Jensen’s inequality. We have N ’fBNj (W(zs,z5) — W(zi,)) dy‘ <CasWis
bounded, hence 7

N 2 1 2
esi1 < Crw Z / (W (i, xj) — Wi, y)) dy N Z Y (s)(z;)
- B s -
j=1 N.j j=1
1
N 2
<Ce (Y| Wiawwy) - Wamar] | [Tn)],.
j=1 /BN
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We have then

2

[

where R%l is defined in ([2.24)).

For the second term, we have as x — sup, F(X(2),ns(z)) is bounded

N
&;@aNXIZ/ W (i) = W) F (), ) dy

=1 leNJ

22/ W(ai,a;) - Waiy)>dy < CrRY,

i=1 j=1 By,

where R]V\[{2 is defined in ([2.24]).

For the third term, as F' is Lipschitz continuous

N
€si3 < Z W(wi,y)IIFHLIns(wj) —ns(y)|dy

Z Wi, Il (105 (x5) = N0 (@5)] + 1100 (25) = 1100 (9)]) dy

—1YBnN,j

1
< Crxw <5s + N) :

We obtain then with

N

1 3
VOO <
=1 =1

M) =

(ez,m + eg,i,2 + 63,1,3)

1
f@%mw@%@wm@®+%ﬁw m)

33

With and Proposition lon2()|l2 < ftz e~ (t=5)7|| Zi\il Os,i21By,|l2ds, and as

1
I3 Osi2lny,l3 = v S, ©2,,, the result follows with

1
Gnao = /Ry, + Ry, + N
and Lemma [6.2]

When F' is bounded, similarly we show that

29812—CFX0<>J]W<RN2+62 N2>

hence the result.
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Lemma 6.6. Under Hypothesis for any t > tg >0,

t
Joxale < Crxoaw [ e (IWn@I3+6.) ds+ Gra, (021
to

where Gy 3 15 explicit in N and tends to 0 as N — oco. Moreover, if we suppose F' bounded,
we have

sup [lon3(t)]2 </ SV, (6.22)
t>0

where SY is defined in (2.25).
Proof of Lemmal[6.6. We have

N N 2
”Zesd,?)lBN,iH%:/I(Z@s,i,i%(x)lBN,i(x)) dzx
=1 =1
N

= Z/ (/l (Wi, y) — W(x,y))F(XN(S,y),ns(y))dy>2d:c

i=1 Y Bn,i
N

[ (v —wemnra) ([t ) a) e
I

with Cauchy Schwarz’s inequality. We can recognize S]V\I,/ defined in (2.25]), and we have
that, as F' is Lipschitz continuous and x — F (X (¥), 700 (y)) is bounded,

<

7

/ F (Xn(s,9), 70(4))* dy

I

< / (F (X (5,5), 1)) — F (Xool), 1 (9))) dy + / F (Xoo(y).1a(y))? dy
I I

< HFH%/IYN(S)(?/)zdy + 1 F(Xoo, oo )20 < Crw (IVN(s)I5 +1) < Crw (VN ()l + 1)

As before, and Proposition give that [[¢n3(t)[]2 < fti e_(t_s)“’H Zf\il Os.i31By,[l2ds
and || Ef\il Os,i31By, 13 < CrwSY (IIYn(s)||3 + 1) hence the result with Gy 3 = Crw+/Rn3
and Lemma When F is bounded, we directly have || 32N Osi31By, /I3 < SN hence

1
(6.22) as ftz e~ t=9)7ds < s O

6.3. Proof of Proposition Proposition 4.3|is then a direct consequence of (6.5)) and

, of the controls given by Lemmas and with Gy = Gn1+GN2+Gn 3,
and of Lemma [6.2] to have Gy — 0.

7. ABOUT THE FINITE TIME BEHAVIOR

In this section, we prove Proposition [2.11
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7.1. Main technical results. In the following, we denote by Y (t) := Xn(t) — X;.

Proof of Proposition[2.11. Let t < T. Recall the definition of Xx(¢) in (1.10) and X; in
(1.11]). Proceeding exactly as in the proof of Proposition and recalling the definition

of My(t) in (4.7)), we have

dYn(t) = —aYy (t)dt + dMy(t) Z 1y, ”F (Xnj(t),me(x;)) dt — Ty F (Xy, ) dt
,j=1
3 N

= —aVy(O)dt+dMy(t)+ Y Opinlpy,dt+Tw (F (Xn;(t), m(z;) — F (Xi,n)) dt
k=1 1=1

with the notations introduced in - (6.3)). It gives then, as s Yn(0) =0,

Pa(t) = /O e-a“—%(s)ds + /0 e A0y (s) = G (1) + C (1)

with
4 N

PN =D Origlpy, + Tw (F (Xn(t),m) — F (Xe,m)) -
k=1 1i=1
Note that we obtaln a similar expression as for Yy in Proposmlonu but with e™** instead
of the semi-group e**. We use then the two following results, similar to Propositions -

and .3

Proposition 7.1. Let T' > 0. Under Hypothesis there exists a constant C =
C(T, F,||nllsc) > 0 such that P-almost surely for N large enough:

—at

E
VNpN

Proposition 7.2. Under Hypotheses[2.1] and[2.6], for any t > 0,

o~ t o~ o~
1ox(0)]2 < C ( [ e Tt + GN) , (7.1)

- C
sup r<N<s>H2] <
s<T

where @N is an explicit quantity to be found in the proof that tends to 0 as N — oo.

Their proofs are postponed to the following subsection. Hence we obtain

H?N(t)Hz <C (@N v HZN(t)H2 n /Ot —alt—s) S)Hz ds) ,

which gives with Gronwall lemma

apl[vo], < (v pc, ).

t<T t<T

With Proposition it leads to

E |sup ‘YN H

t<T

<C<GN+ \/]\er>

1 ~
hence the result (2.16|) as (2.6) implies —— — 0 and Gy — 0. O
\/m N
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7.2. Proofs of Propositions [7.1] and [7.2}
Proof of Proposition|7.1. We do as for Proposition u and apply Ito’s formula on

/ / (t=5)y (s, 2)7;(ds, dz).

The term Ip(t) in (5.3) becomes —a fo HCN(S) H2 ds which is still non-positive. About I;(t)

and Ia(t), the proof remains the same aside from the fact that we now consider Z ~ instead
of (. O

To prove we introduce an auxilliary quantity as in Lemma

Lemma 7.3. Let Y y(s)(v) : Yy (s) <W> Then for any T > 0

N

sup ||[Yn(s) — Y (s)||l2 — 0. (7.2)
0<s<T N—o0

Proof. It plays the role of ffN(s) introduced in Lemma Similarly at what has been
done before, we have

[ -7 ZLNYN Y (s)w) @—Z/ - X, () dy

By,

which tends to 0 by uniform continuity of X on [0, 7] xI. It still holds under the hypotheses

of Section by decomposing the sum on each interval Cj. O
Proof of Proposition [7.9. We divide qb as in and study each contribution. About
¢NO ft —olt= S)TW (F(XN( )7 s)_F(X57778))d37 we have

2
I1Tw (F(Xn(s):m5) = F(Xs,m9)l5 < Cwie (/1 IEN 2 | XN (s)(y) — Xs ()] dy)

—~ 2
< Cur [P s)||

which gives

H;ZS\N,O(t)HQ < Cw,r /Ot e—e(t=s) ‘?N(S)H2ds

About ¢N1 = ft —alt=s) Zfil @S]‘\’;’llBNids, we do as in Lemma Instead of

inserting the terms F(X (), Noo(xj)) in (6.16) we insert the terms F(Xq(x;),ns(z;)),
that is

N
() € 30 okl (F(Xis(s),mal)) — F(Xa(ay), ma(2;))) L,
ij=1

+ Z HNzém Xo(25),m5(25)) 1By, = AN1(5) +AN2(5)-
4= 1

The treatment of Jy 1 is similar of vy 1: we make Y y(s) appear instead of Yy and obtain

N - Smax 1 . /\
IAn1(s)]13 < Cr (HYN<S ‘ + 1) ( p + Np2> with (7.2]). About An 2, we do as yn2
N N
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as Supye(o,7),ecr £ (Xe(z), ne(z)) < 0o and obtain that P-almost surely if IV is large enough,
1

1
Il < € (5 +
2 Np?\/ N1—27p31V
enough,

). We have then that, P-almost surely if N is large

b < ' —a(t—s)
oo, <0 [

to

’?N(S)HZ ds + GN,I,

where Gn1 — 0.

About (EN’k(t) = ge_a(t_s) PR @SN’““ 1py,ds for k € {2,3}, we proceed similarly,
doing as in Lemmas |6.5| and [6.6| but instead of inserting the terms F'(Xoo(2}), Noo(2;)) We
insert the terms F'(X,(x;),ns(x;)): then there is no §, terms. We obtain then

N t
lonat)lz < C [ et
to

‘?N(S)HstJrGN,Z,

and
t
1Pva®)l2 < C / =9 |[yy (s)[ly ds + G,
to

where both G2 and G 3 tends to 0. Note that we can obtain better bounds when F' is
bounded. By putting all the terms ¢ 1 together, we get (7.1)). O

APPENDIX A. AUXILIARY RESULTS

A.1. Concentration results.

Theorem A.1 (Grothendieck’s inequality as in [19]). Let {ai;}ij=1,..n be a n X n real
matriz such that for all s;, t; € {—1,1}

n
Z aijsitj < 1.

,j=1

Then, there exists a constant Kr > 0, such that for every Hilbert space (H,(-,-)u) and
for all S; and T} in the unit ball of H

Z aij(Si, Tj)n < KRg.
ij=1
Theorem A.2 (Azuma—Hoeffding inequality). Let (M) be a martingale with My = 0.

Assume that for all 1 < k < n, |AMy| < ¢x a.s. for some constants (ci). Then for all
x>0

2
x
P(|M,| > x) < 2exp <—> ) (A.1)
" 23016
Theorem A.3 (Upper tail estimate for iid ensembles, Corollary 2.3.5 of [42]). Suppose
that M = (mjj)1<i j<n, where n is a (large) integer and the m;j are independent centered
random variables uniformly bounded in magnitude by 1. Then there exist absolute constants
C,c > 0 such that

P (|[M|lop > zv/n) < Cexp (—can)
for any x > C.
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Lemma A.4. Under Hypothesis|2.6, we have P-almost surely if N is large enough:

N ¢+(N) N)
sup (Z szv) sup ZNPN < (A.2)

1<j<N 1<i<N

Proof. 1t is a direct consequence of Corollary 8.2 of a previous work [1I], in the case wy =

PN, KN = — WN(:c,,xj) = pnW (z;, ;) with W bounded. O
Lemma A.5. Let N > 1, for j # j' in [1,N], let Sj;j == — Z&J &j with & defined in
Definition and S™ 1= Supi<jzir<n ‘S» ir|. Then, under Hypotheszs l P-a.s.
lim sup Sy < N2 (A.3)
N—o0

where T € (0, %) comes from Hypothesis .

Proof. When j and j’ are fixed and j # j', (X; := &; 5ij/)1<z<
random variables with |X;| < 1, E[X;] = 0 and E[X?] < 1.

then for any ¢ > 0
1 ¢
(-] <2 ()

hence for the choice t = N2 with 7 € (0, %),

1 N7 1.
<Z§U 67“7/ >N2+T> <2€Xp< 21_1_1]\7—24-7'> SQexp (—4N T>

i=1
as 1+ %N_%“'T < 2. With an union bound

1 1
P sup‘S-'/ > — < 2N?exp <—N27>.
A5 Nz7" 4

We apply then Borel Cantelli’s lemma and obtain (A.3)). O

Lemma A.6. Fiz N >1 and (Y),_
ability space (0, F,P). Suppose that there exists v > 0 such that, almost surely, for all
l=1,....n—=1, Y <1 E[Y11]Y] =0 and E [Y2 Y]] <v. Then

is a family of independent

U:JZ

ernstein’s inequality gives

real valued random variables defined on a prob-

P Vit 4 %) 22) <enp (-n o (2))

2v v

for all x > 0, where
B(u) :=u"2((14u)log (1 +u) —u). (A.4)

Proof. A direct application of [24] Corollary 2.4.7] gives that

_ r+v, v
P(n 1(Y1+...+Yn)2x) Sexp(—nH<1+vll+v>>,

where H(p|q) := plog(p/q)+(1—p)log((1—p)/(1—q)) for p,q € [0,1]. Then, the inequality

H (fig 111)) > g—iB (Z) (see [24, Exercise 2.4.21]) gives the result. O
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Corollary A.7. Let (Zij)ij be a family of independent Bernoulli variables, with E[Z;;] =
mi;. Let (Bij)ij be a sequence such that for any i,j, Bi; € (0,1]. Then, for all x >0

1 N 2 2 NZ.'L'Q

Proof. Fix a bijection ¢n : [1,N?] — [1,N] x [1, N]. For any k € [1, N?] and (i, j) =
on(k), let Ry, = Bij ((Zij —m)? —E(Zij — mij)2>. As the (mjj), ; are independent, the
family of randon variables (Rj), << n2 is also independent. As R, <1 a.s., E[Ry11|Ri] =
0 and E [R£+1\Rk] <1, Lemma implies that for any x > 0,

1 Al N2z
P mklekzx Sexp(— 5 B(a:))

where B is defined in (A.4)). O

A.2. Other technical results.

Lemma A.8. Let K be a kernel from I? — Ry such that sup,c; J; K (x, y)2dy < co. Let
Tk :9g—Tkgg = (a; — fI K(:z:,y)dy) be the operator associated to K, that can be defined
from L*(I) — L*(I) and from L>(I) — L>=(I). We assume that T% : L*(I) — L*(I) is
compact. Then
TQ(TK) = Too(TK)-
1 1 1

Proof. First note that for all p > 1, r(T5)> = (Timy-seq [ TR %) = limpoo | TF7]|77 =
r(T), so that r(T%) = r(Tk)P. Hence ro(Tw) = reo(T?) gives r2(Tx) = roo(Tk). Let us
prove that ro(T%) = roo(T%) by proving that they have the same spectrum. To do so,
first note that T% : L>(I) — L*(I) is compact: consider (fy,), a bounded sequence of
L>(I). Tt is then also bounded in L?(I), and as Tk : L?(I) — L?(I) is compact, there
exists a subsequence ( f¢(n)) such that Tk fg(,) converges in L?(I) to a certain g. Then for
any x € 1,

T3 Fot = Tol(@) < | K@) [TicSaar ) = 90| dy < CollTac o = gl = 0

thus T% : L°°(I) — L>(I) is compact. Hence, if one denotes by ooo(T%) and oo(T%)
the corresponding spectrum of T2 (in L>(I) and L?(I) respectively), we have that each
nonzero element of oo (T%) and o2(T%) is an eigenvalue of T2 let u € o2(T%)\ {0}, there
exists g € L(I) such that ug = Txg. As

T2g(x)| = ' [ K [ K29() vidaztan)| < Culgll < o

g = %Tf(g € L°°(I) and p € 00(T%). Conversely, let u € goo(T7) \ {0}, there exists
g € L>®(I) such that ug = T2g. As L>°(I) C L*(I), u € 02(T%). Hence r2(T%) = roo(T%)
and ([2.2) follows. O

Lemma A.9 (Quadratic Gronwall’s lemma). Let f be a non-negative function piecewise
continuous with finite number of distinct jumps of size inferior to 0 on [ty,T], let g be a
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non-negative continuous function and h € Li.. For any t € [ty,T], assume f satisfies

Then, for § < —— if@gé

£(6) < 00) +9(0)+ [ (e =) f(s)ds.
1

and if sup;ep, 1 9(t) < 9, we have

9lhll” 2

sup f(t) < f(to) + 3.
te(to,T)

Proof. Let A = {t € [to,T], f(t) > f(to) + 30}, suppose A # 0. Let t* = inf{t €
[to, T, f(t) > f(to) +3d}. If there is no jump at ¢o, by the initial conditions t* > t¢, and if

there is a jump, f(t5) < f(t0)+g hence we also have t* > to. Moreover, for all ¢ € [ty,t* 7],
f(t) < f(to) +0+962 ftto h(t—s)ds < f(tg) +26. If there is a jump at t*, it is of amplitude

J 59
0 < 2 hence f(t*) < f(to) + 5 < f(to) + 39 which is a contradiction. If there is no jump

at t*, by local continuity we have f(t*) < f(to) + 6 + 962 _/Z) h(t —s)ds < f(to) + 20 which
is also a contradiction. We conclude then that sup,cp, ) f(t) < f(to) + 34.

1]

(12]
(13]

(14]

(15]

g
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