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ON THE CAUCHY PROBLEM FOR THE HARTREE
APPROXIMATION IN QUANTUM DYNAMICS

REMI CARLES, CLOTILDE FERMANIAN KAMMERER, AND CAROLINE LASSER

ABSTRACT. We prove existence and uniqueness results for the time-dependent Hartree
approximation arising in quantum dynamics. The Hartree equations of motion form a
coupled system of nonlinear Schrodinger equations for the evolution of product state
approximations. They are a prominent example for dimension reduction in the context
of the the time-dependent Dirac—Frenkel variational principle. We handle the case of
Coulomb potentials thanks to Strichartz estimates. Our main result addresses a general
setting where the nonlinear coupling cannot be considered as a perturbation. The proof
uses a recursive construction that is inspired by the standard approach for the Cauchy
problem associated to symmetric quasilinear hyperbolic equations.

1. INTRODUCTION

We consider the time-dependent Schrodinger equation
(1.1) 0 = Hy,

where the total Hamiltonian is given by
1 1
H=H,+ H,+ w(z,y), H;:—iAv+m@L H@:—iAy+%@)

with z € R® and y € R%, d,ds > 1. The potentials Vi, V5 and w are always real-valued,
we will make extra regularity and decay assumptions later on. It is common wisdom that
for dealing with quantum systems “a solution of the wave equation in many-dimensional
space is far too complicated to be practicable” (Dirac 1930) and one aims at approximative
methods that effectively reduce the space dimension. Here, we focus on initial data that
decouple the space variables,

P(0,2,y) = @5 () (y)-
Such a form of initial data indeed suggests a dimension reduction approach. Of course,
if there is no coupling (w(z,y) = 0), the full solution is itself a product state ¥ (t,z,y) =

¢m(ta fv)ﬁby(ta y)) Wlth
’Latqu = Hm(ﬁx, gbx(o,l‘) = ¢g($)’
0¥ = Hyg¥,  ¢Y(0,y) = ¢§(y)-
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2 R. CARLES, C. FERMANIAN, AND C. LASSER

When the coupling is present, one seeks for approximate solutions u(t) = 1(t) of product
form u(t,z,y) = ¢*(t,z)¢Y(t,y) in order to reduce the initial system (LI)) in R4+ to
two systems on spaces of smaller dimensions, R% and R%. In situations, where the overall
configuration space has a natural decomposition of its dimension dy + - -- + dy, a corre-
sponding product ansatz of IV factors is sought. Here we only investigate the case N = 2,
mentioning that repeated application of the binary construction yields the more general
case. Applying the time-dependent Dirac—Frenkel variational principle to the manifold

M = {u =" @Y | " € LPRY), ¢ € Lz(Rdz)}
yields the so-called time-dependent Hartree approximation,

P(t, @, y) = ¢ (t, )¢ (1, y) € M,

where the pair (¢*, ¢¥) solves the nonlinearly coupled system

0" = Ho"™ + (w)y0”,  ¢"(0,x) = ¢ig(x),
i0,¢¥ = Hy¢? + (w)o¢¥,  ¢¥(0,y) = ¢(y).

The time-dependent potentials result from the averaging process

(why(t.o)i= [ el (t.o) Py

(1.2)

Whalt.) = [ wlon)lor (t.o) P,
1
under the assumption, made throughout this paper, that

(1.3) 1661l L2rery = 1801l L2 (razy = 1.

For any “reasonable” solution (at least with the regularity considered in this paper), the
L2-norms of ¢%(t,-) and ¢¥(t,-), respectively, are independent of time, hence

16* (@)l L2 (rary = 167 ()| L2 (razy = 1,
for all ¢ in the time interval where the solution to (I.2]) is well-defined; see §6.3] for a proof.

Even though the time-dependent Hartree approximation is one of the most fundamental
approximations in quantum dynamics, mathematical existence and uniqueness proofs are
rather scarce. Existence and uniqueness have been studied in the case where the interaction
potential is of convolution type, i.e. for w(x,y) = W (x—y) and with one of the subsystems
moving by classical mechanics (see [7, 2, 6] for example). A related investigation has
targeted the time-dependent self-consistent field system [12] with coupling potentials of
Schwartz class. However, our aim here is to discuss the existence and uniqueness of solutions
for system (L2]) when the potentials (w), or (w), need not be bounded, and cannot be
considered as a perturbation of V5 or V7, respectively. This framework requires a different
approach. In particular, our result provides the Cauchy theory for the systems discussed
in the articles [3, 4] where the accuracy of the Hartree approximation is studied in the
broader context of composite quantum dynamics and scale separation.
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The steps for our existence and uniqueness proof are strongly inspired by the method
which is classical in the study of quasilinear hyperbolic systems, see e.g. [I]. With n € N,
we associate the iterative scheme of recursive equations

» 00541 = Hadr + (w01, 0 (0,2) = d5(x),
' i8t¢%+1 = Hygb%_u + <wn>m¢g+1y qb?rJL—l—l(Oa y) = Q%I(y)y
with
(15)  (way(ta) = | et Py, (wniltn) = [ el Pl

The main steps of the proof of our existence and uniqueness result are then:

(1) The iterative scheme is well-defined and enjoys bounds in “large” norm, which
control second order derivatives and polynomial growth of order two for some finite
time horizon.

(2) The solution of the scheme converges in “small” norm, which is the L? norm.

(3) It is possible to pass to the limit n — 400 in the equation, which leads to the
construction of a solution that one then proves to be unique and global in time
(provided the initial data is regular enough).

1.1. Outline. In the next Section 2] we recall elementary properties of the time-dependent
variational principle and formally derive the Hartree equations (I2)). Then we discuss
coupling potentials w(z,y) of Coulombic and of polynomial type in Section [B, where we
also present our main result Theorem B.IT], which establishes existence and uniqueness of
the solutions to the Hartree system for coupling with polynomial growth. The different
steps of the proof of Theorem [B.IT] are the subject of Section M (analysis of the iterative
scheme), Section [ (convergence in small norms) and Section [6] (passing to the limit). A
sufficient condition for the growth of the coupling potential is verified in Section [l The
Appendices [Al and [Bl summarize some technical arguments.

1.2. Notations. We write L3 for L*([0,T]). The notations L3, L7, L2, stand for
L2(R%), LA(R%), L*(R, ), respectively. We denote by ()2 <-,->L§, <"'>L§,y the
corresponding inner products. For f, g > 0, we write f < g whenever there exists a “uni-

versal” constant (in the sense that it does not depend on time, space, or n, typically) such
that f < Cyg.

2. VARIATIONAL PRINCIPLE

The time-dependent Hartree approximation results from the Dirac—Frenkel variational
principle applied to the manifold

(2.1) M={u=¢"@¢" | " € L2, ¢’ € L}},

see also [I5, §I1.3.1] for the analogous discussion with Hartree products of N orbitals in
L?(R3). The reader can also refer to [14]. The principle determines an approximate solution
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u(t) € M for the time-dependent Schrodinger equation
i0pp = Hp

with initial data ¢ (0) € M by requiring that for all times ¢

{ dyu(t) € TupyM,

2.2
22) (v,i0pu(t) — Hu(t)) =0 forall v € TyyM,

where 7,,;) M denotes the tangent space of M at u(t). For deriving the Hartree equa-
tions, we first have to understand the manifold M and its tangent space. Note that the
representation of a Hartree function is non-unique, since p* ® ¥ = (ap®) ® (a~1¥) for
any a € C\ {0}. However, we can have unique representations in the tangent space once
appropriate gauge conditions are set.

Lemma 2.1 (Tangent space). For any u = ¢* @ ¢¥ € M, u # 0,
ToM = {Ux®gpy+gpx®vy | v* EL?C, v ELz}.
Any v € TuM has a unique representation of the form v = v* Q@ ¥ + p* @ vY, if we impose

the gauge condition (¢, v*) = 0. The tangent spaces are complez linear subspaces of Li’y
such that u € TyM for all u € M.

The lemma is proved in Appendix[Al The following formal arguments show that, in case
that the variational solution u(t) is well-defined and sufficiently regular, the L? norm and
the energy expectation value are conserved automatically. Indeed,we differentiate with
respect to time ¢ and use the variational condition ([2.2]) for v = u(t),

d
Slu(t)3; | = 2Re(u(t), du(t)) 2, = 2Re(u(t), LHu(t)) 2, =0,

due to self-adjointness of the Hamiltonian. Similarly, using self-adjointness and the varia-
tional condition ([2:2) for v = dyu(t),

%@(t),Hu(t»% — 2Re(dhu(t), Hu(t)) 1z, = 2Re(du(t), idpu(t))rz = 0.
Let us now formally derive the Hartree system (L.2]). We write
u(t) = ¢*(t) © ¢¥(1),
with [0 (t)]lz2 = [[¢¥(t)|[ Lz = 1. We have
Oy = (i0pp" (1)) ® @¥(t) + " (t) @ (101" (1)),
Hu = Hy"(t)) @ ¢¥(t) + ¢ (1) @ (Hye" (1)) + w(z, y)¢* () © ¢¥ ().

Choosing elements v = v* ®@ ¢¥ + ¢* @ v¥ € Ty M and evaluating ([2.2]), we obtain the
following necessary and sufficient conditions:

(i) If v¥=0, we obtain that for all v* € L2 such that (v*, ¢ (t))z2 = 0,

070~ Ha)e Oz = [ w(oy)v” @ (6 )l (t,)dody

]Rdl +do
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(i) If v"=0, we obtain that for all v¥ € L? such that (v?, gpy(t)>L§ =0,

(0¥, (i0r — Hy)p ()12 = / w(a, y)o? (y)¢? (8, y)|¢" (t, ) *dxdy.

RA1+d2

The choice of ¢®(t) and ¥(t) satisfying the Hartree system ([L2]) guarantees (i) and (ii).

3. MAIN RESULT

We present existence and uniqueness results for the solution of the time-dependent
Hartree system (L2). In §31] we discuss how Strichartz estimates may be applied to
Coulombic coupling. In §3.21 we give detailed assumptions on polynomial growth condi-
tions. Then, in §3.3 we state our main result Theorem B.111

3.1. Coupling potentials of Coulombic form. The case of Coulomb singularities (in
combination with classical nuclear dynamics) has already been addressed in [7, 2] by
Schauder and Picard fixed point arguments, respectively. We briefly revisit the main result
from [7], and show how it may be adapted thanks to Strichartz estimates. We suppose

dy = dy = 3, and have in mind the case

€
3.1 w(x,y) = —, €€R.
(3.1) @) =

We consider more generally the case w(z,y) = W(x — y), for a possibly singular W. We
assume that the potentials V7 and V5 are perturbations of smooth and at most quadratic
potentials:

Vi =V +uv,,
where
V; € Q={V e C®R%R), 9°V € L™(R?), V|a| > 2},
and
vj € LP(R?) + L®(R?), for some p > 3/2.

Typically, we may consider Coulomb potentials, as

S P

o~ Jaf T

The first term on the right hand side belongs to LP(R3) for any 1 < p < 3, and the second
term is obviously bounded. We then make the same assumption on W. Denote

1 1
Hx:—an—FVl, Hy:—§Ay+V2.

Then e~ #Hz and e~y enjoy Strichartz estimates, and (L2)) can be solved at the L? level,
by a straightforward adaptation of [10, Corollary 4.6.5]:
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Theorem 3.1. Assume d; = dy =3, V1, Vo € Q, vy, v9, W € LP(R3) + L>®(R3) for some
p>3/2, and ¢, ¢y € L*(R3). Then (L2) has a unique solution (¢*,¢Y) € C(R; L*(R?))?N
LI (R; L"(R3))2, where 1 =2/r 4+ 1/p and q is such that

loc
2 _,(1 1
g \2 r)’
The L?-norms of ¢* and ¢¥ are independent of t € R, hence in view of (L3)),
16" )l L2ms) = |6Y )l L2@sy =1, VteR.

The proof is presented shortly in Appendix [Bl

Remark 3.2. The sign of € in (31) plays no role here. Indeed, the proof relies on local in
time Strichartz estimates associated to H, and H,, respectively, and the potentials v1, vo
and W are treated as perturbations, whose sign is irrelevant in order to guarantee the above
global existence result. On the other hand, Theorem [B.1] brings no information regarding
the quality of the dynamics or the existence of a ground state.

Remark 3.3. Under extra assumptions on the potentials v; and vy (no extra assumption
is needed for W, as it is associated to a convolution), it is possible to consider higher
regularity properties. In particular, working at the level of H!'-regularity makes it possible
to show the conservation of the energy

* //RS . W (x — y)|¢" (t, z)|?|¢Y (L, y)|*dzdy,

provided that Vuv; and Vug also belong to LP(R3) + L°°(R3) for some p > 3/2. We refer
to Remark [B.5l for more details.

Remark 3.4. The role of the set Q is to guarantee that (local in time) Strichartz estimates
are available for H, and H,. The same would still be true for a larger class of potentials,
including for instance Kato potentials ([20]) or potentials decaying like an inverse square
([5]). The choice of this set Q is made in order to simplify the presentation, and because it
is delicate to keep track of all the classes of potentials for which Strichartz estimates have
been proved.

3.2. Coupling potentials with polynomial growth. The core of this paper addresses
the case where the coupling potential w may grow polynomially. To be more concrete, we
recall the example addressed in [4].

Example 3.5. Assume d; = do = 1 and that the potentials are given by

1 z 2 w? 0o
Vit) = 5a? (3 =1) . £>0, Valy) = 29 wley) = x(@y’, x € CF(R).

Here, Vi(x) corresponds to a double well and V5(y) to a harmonic bath. The coupling
w(z,y) could be locally cubic when choosing x(x) = z for z in a neighborhood of zero.
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We emphasize that in Example B.5] the average (w), grows quadratically in y: in terms
of growth, (w), is comparable to V5 and cannot be considered as a perturbation as far as
the Cauchy problem is concerned. This setting turns out to be very different from the one
in 7, 2] (see also Theorem [B.1]), and requires a different approach to be developed below.

3.2.1. Restriction to non-negative potentials. In the general case, we assume di,ds > 1.
First, the potentials V; and V5 are smooth, real-valued, V; € C®(R%; R), Vo € C®(R%;R),
and bounded from below:

Ve e R4 Yy e R2, Vi(z) > —C) and Vi(y) > —Cy,

for some constants C1,Cy > 0. The operators H, and H, then are self-adjoint operators.
Up to changing ¢ (t, x) to " (t,x)e™ (which amounts to replacing V; by Vi +Cj in (IL2)),
and ¢¥(t,y) to ¢¥(t,y)e"C?, we may actually assume

(H1) Vilz) > 1, Ve e R%, and Va(y) > 1, Vy € R,

as we are only interested in existence results for the Cauchy problem (L2). Thus H,
and H, are sums of a nonnegative operator (Laplacian in  and y, respectively) and of
a nonnegative potential. We use them to measure the regularity of the solutions of the

system (L.2)).
3.2.2. Functional setting. For k € N, we define the Hilbert spaces
1k = {qS € L2RY), H"?p ¢ L2(Rd1)} and HE = {¢ € L2(R®), HY’¢ ¢ L2(Rd2)} ,

which are the natural analogues of Sobolev spaces H* in the presence of (nonnegative)
potentials (in view of (H1)), equipped with the norms given by

k k
16150 = 161172 + IHZ?SlI72, I3 = Il175 + | Hy 6175
For a, B € N, ® = (¢", ¢¥) € HY x 7—[5, we set
192,56 = 16" 1Fee + H(byHig = 6°l72 + IH2 26" |72 + 16112 + 1226717

All along the paper, we use that in view of (H1), 0 < H2 < H2*! and 0 < H5 < H5+1.

As (L2 is reversible, from now on we consider positive time only. We shall work with
the time-dependent functional spaces

X3P ={o(t) = (¢"(1). 0" (1), 9" € L= (10, T, 1), ¢ € L= (10,T), ;) }
If & =(¢",¢Y) € X;’ﬁ, we set

@lgps = sup [8(0)]as
T t€[0,T]

We choose to consider integer exponents o and 8 for the sake of simplicity. We emphasize

however that our approach requires «, 8 > 2; see Section (] for a more precise discussion

on this aspect. We note that Theorem B.11] allows a = 3 = 2.
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3.2.3. Main assumptions. We assume that the coupling potential w € C'*° (Rd1+d2;R) sat-
isfies

(H2) There exist ¢y, C' > 0 with ¢y < 1 such that for all (z,y) € R® x R%,
w(z, y)| < co(Vi(x) + Valy) + O).

We emphasize that no condition is required concerning the above constant C': for instance
if V1 and V5 are bounded, then we may always pick ¢y < 1 so that (H2) is satisfied. For
unbounded potentials, the requirement ¢y < 1 can be understood as some smallness prop-
erty, in the sense that w(x,y) is a perturbation of V;(z)+ Va(y). This actually corresponds
to the physical framework where the system ([.2]) is introduced in order to approximate the
exact solution v of (II) through the formula ¢ ~ ¢* ® ¢¥; see [3] for a derivation of error
estimates. We also note that the assumption ¢y < 1 implies that w is (H, + H,)-bounded
with relative bound ¢y < 1, hence by Kato—Rellich Theorem (see e.g. [I8, Theorem X.12]),
H is self-adjoint.

Remark 3.6. If w is at most quadratic, in the sense that w € C>°(R%+92; R)
01w € LX(RIT®), vy e NOHE |y > 2,

then the assumption (H2) is not needed to guarantee that H is self-adjoint (see the Faris—
Lavine Theorem, [I8, Theorem X.38]). Such a framework corresponds to the assumptions
made for the error analysis in [3, 4]. For such potentials w, the assumption ¢y < 1 in (H2)
is needed only in order to ensure that the Hartree solutions are global in time.

We also assume some conditions on the regularity of commutators of the coupling potential
with the operators H, and H,. For integers o, 8 > 1, we consider the condition:

(H3)4,3. There exist ¢1,c2 > 0 such that for all & € {1,--- ,a}, £ € {1,---, 5}, for all
fj = fi(z), g; = gj(y) in the Schwartz class (j € {1,2}),

(HE ), Hol o fo) gz | + | (ow), B HET o fo) e
<1 (1+Va(®)) 1f1llell follzge,  for aa. y € R%,
+ (e, ), By H) g1, 92)1
<o (14 Vi(x)) ||91||7—L§||92||7—L5, for a.a. € R%,

(H (e, ), Hy g1, 92)15

Assumption (H3), g is made in order to generalize the framework of Example The
subsequent proofs do not use the special form of the Hamiltonians H,, H,, so that our
result extends as soon as they are self-adjoint operators and assumptions (H1), (H2),
(H3),,p are satisfied. This applies in particular for magnetic Schrédinger operators.

Remark 3.7. It is not necessary to assume that the potential w is smooth, w € COO(]Rlerd?;]R).
We only need enough regularity in order to write assumption (H3) a8 for the a and

B that we consider (recalling that HF~! and Hﬁ_l are self-adjoint). For example, if
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w € C?(RU+492;R), then Theorem B.I1] holds with @ = 8 = 2. We make this regular-
ity assumption for simplicity, as the most important properties are those discussed in this
subsection.

Remark 3.8. Whenever w(z,y) is a Coulomb potential as in Section Bl the assump-
tions (H3),,3 are not satisfied. Omne then needs to take advantage of the convolution
feature of the coupling and of the properties of H, and H, such as the Strichartz estimates
in Proposition [B.2l

We next present sufficient conditions on the potentials guaranteeing that assumptions
(H2) and (H3)32 hold.

Lemma 3.9 (Sufficient conditions). Let Vi € C®(R%;R) and Vo € C®°(R%;R) such
that Vi,Va > 0. The above assumptions (H2) and (H3)22 are satisfied provided that the
following estimates hold:

o There exists C > 0 such that
(3.2) |VVi(z)| < C(1+Vi(z)),Yz e RY;  |Va(y)| < C (14 Valy)),Vy € R,

o There exist 0 < cg < 1 and ¢ > 0 independent of x € R4 and y € R® such that

lw(z,y)| < co(Vi(z )+V2(y)+0),

IVow(z,y)| < c(v/Vi(z) + Valy

Vyw(z,y)| < c(Vi(x +\/V2 +1

|Azw(z, y)| + |Ayw($,y)| < C(Vl( )+ Va(y) +1).

(3.3)

The proof of this lemma is given in Section [7l

Remark 3.10. We note that Example meets the requirements stated in Lemma [3.9]
provided that ||x||zec®) < w?/2. Thus it satisfies the assumptions of Theorem B.IT] below
fora=p5=2.

3.3. Main result and comments. Before stating our main result we informally summa-
rize the previous assumptions on the potentials for the case of polynomial coupling:

(H1) : boundedness from below of the potentials Vj(z) and Va(y);
(H2) : control of w(z,y) in terms of Vi (z) + Va(y);

(H3),, 4 : control of commutators involving w(z,y), in terms of H, and Hy.

We have the following result on existence and uniqueness as well norm and energy conser-
vation of the time-dependent Hartree approximation.

Theorem 3.11. Let dy,dy > 1, o, 8 > 2 and ¢f € HE, ¢f € ”Hg Suppose that (H1),
(H2) and (H3), s are satisfied.

o ([[2) possesses a unique, global solution in ® € C(Ry;L?* x L?) N(\psq X%B.
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e Conservations: the L?-norms of ¢* and ¢¥ are independent of t > 0, hence in view

of [@L.3),
6" Ol L2ary = 19Y D)l L2azy =1, VE=0.
In addition, the following total energy is also independent of t > 0:

B(t) = (Hp¢" (), " (1)) 12 + (Hyd"(£), ¥ (1)) 12
* //Rd s w(z,y)|¢” (¢, z)[*|¢¥ (t, y)|*dudy.

We will see that the assumption ¢y < 1 in (H2) arises in two steps of the proof of
Theorem BTl First, to make sure that the approximating scheme (L4]) introduced below
is well-defined, we invoke Kato—Rellich Theorem, to show essentially that <w>y (or more
precisely, (wp),) is Hy-bounded with relative bound smaller than one, and that the same
holds when the roles of x and y are swapped. Second, the assumption ¢y < 1 guarantees
that the conserved energy E, defined in Theorem B.I1] is a coercive functional, so the
conservation of F provides uniform in times a priori estimates, which in turn allow to show
that the local in time solutions are actually global in time solutions.

The property ® € C(Ry;L?* x L) N (s X%’B means that ¢ — ||®(t)|la5 is locally
bounded on Ry. The map ¢ — ||®(¢)||1,1 is bounded on Ry in view of the conservation of
the coercive energy F, but higher order norms may not be bounded as t goes to infinity
(recall that Theorem B.IT] requires a, > 2).

4. ANALYSIS OF THE ITERATIVE SCHEME: EXISTENCE AND UNIFORM BOUNDS

This section is devoted to the analysis of the system ([4]). For n € N, we denote
by @, = (¢%, ¢%), the solution to the scheme (L4 and we prove local in time uniform

estimates. At this stage, we only need that ¢f € HZ, ¢f € ”Hg for integers «, 5 > 1.

Lemma 4.1. Let o, f > 1. Assume that (H1), (H2) and (H3), g are satisfied. Assume
% € HE, and ¢f € ”Hg Then, the sequence (Pp)nen solution to (L) is well-defined and

there exists T > 0 such that for all n € N, the solution ®,, € X;’ﬁ of the scheme (L4)
satisfies

(4.1) 10l o < 2Pl

The proof of this lemma relies on the fact that the control of ®,1 involves terms which
are linear in @, and quadratic in ®,, and require the leil—norm of ®,,. For this reason,
the Lemma holds as soon as a, 8 > 1. However in Theorem 3111, we require at least an
X?F’2 regularity. The reason will appear in Section[] as we do need uniform (in n) estimates
in Xizp’2 to show that the sequence (®,,),, converges in X%O = LL2.

In Section [£.1] we address the construction of the family (®,),en, which relies on a
commutation lemma that we prove in Section 3l Section is devoted to the proof of
the uniform bound stated in Lemma [£1]
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4.1. Well-posedness of the scheme. Before entering into the proof of LemmalT] let us
discuss why the scheme is indeed well-defined: as ®,,,; solves a decoupled system of linear
Schrodinger equations, it suffices to study the properties of the time-dependent potentials
(wn), and (wy),. We fix T' > 0 arbitrary and take ¢f € Hg, and ¢ € 7-[5, with o, 8 > 1.

For n = 0, ®q is obviously well-defined with ®g € X%’B , and
(4.2) lon@lz = llon®llz =1, VieR,

holds for n = 0. We argue by induction. If ®,, € X%’l satisfies (4.2]), then in view of (H2),
(Wn)y(t, z) and (wy,).(t,y) are well-defined. In addition, for ¢ € [0,T], (H2) yields

[(wn)y(t,2)] < cVi(@)llon ()22 + Clon®l5,,  ae =,
[(wn)a (8 9)] < V@65 (ONIZ2 + Cllon(OFn,  ae. vy,

for some constant C' whose value is irrelevant here, unlike the fact that we assume ¢y < 1.
Indeed, together with ([@.2), this implies that (wy,), is Hz-bounded with relative bound at

most ¢yg. By Kato—Rellich Theorem (see e.g. [I8, Theorem X.12]), ®, 1 € X%O is well-
defined (see e.g. [19, Section VIIL.4]), and ([@2]) holds at level n + 1. Next, we prove that
ONIENS Xflp’l. Applying the operator H, to the first equation in (I.4]), we find

(4.4) (10 — Ho) (Ha@ri1) = (wa)y (1) (Ha @y 1) + [Ha, (Wn)y (8)] 0 41-

Since H, is self-adjoint, we deduce

1H3 265 1 (D72 = Re(Hodh 1 (), 651 () 12

= 12651+ Re [ 65060 6 ()

(4.3)

t
= || H;* 65|72 — Re </0 (i[He, (wn>y]¢ﬁ+1(8)7¢ﬁ+1(8)>LgdS> :
Minkowski inequality yields, in view of (H3)1 1,

(4.5) (Ha: (wn)y (O] f1, f2) 2| S ”¢%”2L§9H?1! [ f1llae I follpgy -

We infer the existence of a universal constant C' > 0 such that

V2650 (D1 < IHE265]2; + Cl@alas / 97415l s

We deduce

(4.6) ep, m )3 S 16515, + Cllen qu/ 167 41.() 15 ds,
S

We have a similar estimate for || Hy 12 gy vt )H22

(47) sup 16Ol S 1681 + 1ol / 169 1(5) 2y ds,
cl0
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and so Gronwall lemma and the inductive assumption yields ®,41 € X%’l and completes
the construction of the sequence (®,,)nen.

4.2. Uniform bounds. We conclude the proof of Lemma [41] in analyzing the regularity
of the solutions.

Proof of Lemma[{.1l In view of the definition of the scheme and of the conservations
d d
S5 = ZlonlE: =0,

we need now consider HS¢> and Hg ¢ for a, > 1. Let

R= 2”(1)0“04,67
and introduce
Brr = {® € X3P, 19/l o < R}.
We distinguish two cases for the ease of presentation.
First case: o = = 1. In that case, if ®, € Brr, then estimates (£.0) and (1) imply

@1 () [5ra < [P0l s + CTR?[®rs1 (B30
T T

We infer that choosing T' > 0 sufficiently small in terms of R, but independently of n,
d, € BR,T implies (I)n-i-l € BR,T-

Higher regularity: The control of higher order regularity is obtained by a similar recur-
sive argument which uses an iterated commutator estimate. Let o, 5 > 1. We have

( 3 {iatH£¢£+1 = (Hac + <wn>y)H§¢£+1 + [H£7 <wn>y] i-ﬁ-l’ H!:‘ﬁi-;-l\t:o = H;];;QSg?
i@tHfgéZH = (Hy + <wn>x)HyB¢Z+1 + [H§7 (Wn)z) Z+17 H§¢Z+1|t:0 = Hﬁ@%
The next lemma allows to control the commutators.
Lemma 4.2. Let @, € X:lp’1 for some T > 0, and k,£ > 1 be integers. Suppose that
(H3)¢ is satisfied. For allt € [0,T1,
‘([Hﬁy (wa)y (D1 f1, f2) 2| S H¢%HQL39H5HMH§Hf2HHI;= Vfi, fo € HY

(S, (wa)eOlg1, 92 13| S 165 e ol lonlig, Vor, 00 € M,

Y

Taking the lemma for granted, (4.8)) implies, since H, is self-adjoint,
19541 (D130 = Re(H ¢ 1 (1), $ir (1)) 2

2 2 ! d
— 2312 + Re ([ 52680, 621 (9) )
t
= 2720513~ Re ([ G )67 9,605

< | Hg 205172 + CTIh T serss sup N drsr (D)3
te[0,T]
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We have a similar estimate for ||H5/2 v .1 ()]%2, and so if ®, € Bgy, then equa-
tions (4.6]) and (A1) imply
2 2 2 2
01 () Py < 190l 5+ CTR 1 (1)

We infer that choosing 7' > 0 sufficiently small in terms of R, but independently of n,
®,, € Brr implies ®,, 41 € Br 7. It thus remains to prove the lemma, which is the subject
of the next subsection. O

Remark 4.3. Lemma [Tl holds as soon as «,8 > 1, but this is not enough in order to
conclude that the sequence (®,,),en converges to some solution of (L2). Indeed, the mere
boundedness in X%’l only implies the convergence of a subsequence in the weak-* topology:
this is not enough to pass to the limit in (I4]), both because the subsequence need not
retain consecutive indices, and because the topology considered is too large to pass to the

limit in nonlinear terms. These issues are overcome by requiring «, 5 > 2 in Sections
and [6

4.3. Proof of Lemma Of course, (L5]) implies the result when k£ = 1. Take k > 1
and assume that the result holds for all m < k. We write
[Hf“, <wn>y(t)] = Hﬁ[Hxv <wn>y(t)] + [Ha]:a <wn>y(t)]Hx
= Hw[Hk_l’ <wn>y(t)]Hm + Hﬁ[Hm’ <wn>y(t)] + [Hy, (wn>y(t)]Hk-

T

We deduce from (@3] and the recursive assumption that for fi, fo € S(R%), we have
(CEETY (), 1 fodgz | < [(THETY, Gy (O] Ho fr, Hoofo)

o |CHEHa, (w0), (D11, F2) 13| + | (s ), (O1HE S, 9) 13

By the recursive assumption

‘<[H£_1’ (wn>y(t)]Hacf1, wa2>L§

< 16813 s 1 Fr s FE ol
< 16830 | F1ll g | el

Finally, in view of (H3), and Minkowski inequality, we have
((HEH, (wa), (OLF1, f2) 12

([, (), (D1 Fr, £2) 2

which concludes the proof, after arguing similarly with H,.

<180 11l | Fall i

SN Z 09 I frllygva ll Follyge,

5. CONVERGENCE IN SMALL NORMS

The second step of the proof of Theorem [B.11] consists in passing to the limit n — +oo
and prove the existence of a limit to the sequence (®,,),ecn of solutions to (L4]). The main
result in this section is:
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Lemma 5.1. Assume that there exist T > 0 and R > 0 such that

sup || P 22 < R.
sup 4 3

Then there exist Ty €]0,T] and ® € X:2p’12 such that
(5.1) sup |5 (t) = ®(H)l[L2xr2 = [P — Pl 00 — 0.
0<t<T;

T) n—00

If in addition (®,), is bounded in X%’B for some integers a, 3 > 2, then ® € X%’B.

Proof. Consider (I4) at steps n + 1 and n, respectively, and subtract the corresponding
equations. We find, for n > 1,

(10 — Hy) (¢£+1 - ¢£) = <wn>y¢£+1 - <wn—1>y¢£
= (wa),, (51 = 97) + ((wa), = (war1), ) 63,

and energy estimates yield, for T1 €]0, T}, since @, 1,—¢ = Py =0,

62) 1ot il < [ [ (o), ~ @aato,) 6nte)

In view of (H2), the key term is estimated by

a0y = a0, S [ (Vo) + Valy) +1) 16400, 0) P 16 (1,9 ]y

ds.
L2

Writing |¢%]? — [¢”_,|*> = Re ((gb% — oY) (% + (ﬁ%_l)), and using Cauchy-Schwarz in-
equality,

(wal®)), = (war(6),] S (Vi) +1) (16l + 1681 ll23 ) N6t — 61l zz

+ (IVedbllzg + IVad_1lzs ) 6% — 681 lz
(5.3) < (Vi(@) + 1) sup @4 22164 — 64 | 2-
keN T Y

Plugging this estimate into (5.2]), we infer, thanks to Minkowski inequality,
T
161 = Gnllrge 2 Ssup[[@rllxze [ (Vi + 1) dnls)lipz 1675(s) = dn_y(s)llr2ds
T keN T Jo ’ Y

T
Soup [@l5ae [ 1640s) -~ dli(o)lzpds
keN T Jo

SR sup (64 — 6)_y (053,
te(0,Th]
We obtain a similar estimate by exchanging the roles of z and y, and so

(5.4) [Pnt1 — <I>nHX%O S R2T1||(I)n - (I)n—IHX%O-
1 1
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Fixing T; €]0,T] sufficiently small, the series

§ [Prs1 — <I>nHXO’O
T
neN

converges geometrically, and ®,, converges in X%lo, to some ® € X%lo.

On the other hand, the boundedness of (®,,),, in X%’z implies that a subsequence is con-
verging in the weak-* topology of X%’2. By uniqueness of limits in the sense of distributions,
we infer ® € Xizp’f. The same holds when X?F’z is replaced by X;’ﬁ for o, 8 > 2. O

6. PASSING TO THE LIMIT IN THE EQUATION

We now have all the elements in hands for proving Theorem B.I1] by showing that the
limit function ® constructed in Lemmal[5.lis a solution to equation (I.2]) with the properties
stated in Theorem [BIT1

6.1. Existence of a local solution. Combining Lemmas .1l and 5.1} we infer that under
the assumptions of Theorem B.I1] there exists 77 > 0 such that ®, — ® in X%IO. By

uniqueness of the limit, we also have ®,, — ® in X%’B (and no extraction of a subsequence
is needed). Resuming the estimates from the proof of Lemma [l we observe that for
n,m €N, t €[0,T1] and 2 € R%,

(0, = (o), = | [ o) (2000 = 6t (e) d
S (Va(a) + 1) sup @] 22 I64(0) = 64, ()15,
Passing to the limit m — +o00, we obtain that for n € N, ¢ € [0,7}] and z € R%,
a0}, = (1)), S (Vi) + 1) sup @iz [94(2) — /(D).
Therefore, keeping the same notation R as from Lemma [5.1]
| (e, 016) = w070, < | (te0n(0)), = ) ) 05 1)
+ [, Gra® - m)|,
S RIGAE — 6 (13 (Vi + Va0 12
(A 1+ 1815 3) (@000 = 67(1)|

where we have used (£3]) and the normalization (L3]). The first term on the right hand
side goes to zero as n — oo, uniformly in ¢ € [0,71]. So does the last one in the case

L3

)

L3

a, B > 3, since by interpolation ®,, then converges to ® strongly in X%’2. In the case where
« or (3 is equal to 2, we can only claim a weak convergence,

(W), P11 e (w),¢* in L®([0,T1]; L2) weak-x.

—00
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Similarly,
(wn>x¢i+1 njoo (w), ¥ in L>=([0,T1]; Lz) weak-*,

and @ solves ([.2) for ¢ € [0,71], in the sense of distributions. In view of the regularity
b c X%’B , Duhamel’s formula,

t
00 = g =i [T ((u),0,) (5)ds,

t
P(t) = e Mg~ [ I (), 6,) (5)ds,
0
then shows the continuity in time ® € C([0,T1]; L2 x L2).

6.2. Uniqueness. At this stage, it is rather clear that uniqueness holds in X%’2, no matter
how large o and 3 are. Suppose that ® € X%’z is another solution to (L2) for 7' > 0: the
system satisfied by & — ® is similar to the one satisfied by ®,.11 — ®,, and considered in
the proof of Lemma 5.1l Since &, € X%’2, there exists R > 0 such that

H(I)”Xg2 + |’(i)|lx%2 <R,

and repeating the computations presented in the proof of Lemma [5.1 we obtain, for any
Tl 6]07 T]a

”(I) — (i)”X%O < CTlR”(I) — (i)”X%lo.

Picking 71 > 0 such that CT1R < 1 shows that ® = ® for t € [0,T1], and we infer that
® = P on [0,T] by covering [0, 7] by finitely many intervals of length at most 77.

6.3. Conservations. We now address the second point in Theorem B.11} we assume that
(C2) has a unique solution ® € X%’z for some T° > 0. This implies in particular, in
view of (L2), that 8;¢" € L>([0,T]; L) and 9;¢¥ € L>°([0,T]; L2), and the multiplier
techniques evoked below are justified without using regularizing argument as in e.g. [10].

For the conservation of the L2-norms, multiply the first equation in (I2) by ¢, integrate
in space on R% | and consider the imaginary part: we readily obtain

dy
ZlloT(0)13; =0,

We proceed similarly for ¢¥, and the conservation of the L?-norms follows.

For the energy, consider the multiplier 9;¢® in the equation for ¢*: as evoked above, all
the products are well-defined, in the worst possible case as products of two L? functions.
Integrate in space and consider the real part: we obtain

d

ZE() =0.
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6.4. Globalization. In view of Lemmas [4.1] and [5.1], it suffices to prove a priori estimates
on |[®[| 2.2, showing that this quantity is locally bounded in 7', to infer that ® € X?F’2 for
T

all T'> 0, and then globalize the solution by the standard ODE alternative.

We use the conservation of the total energy, whose expression we develop:
E(t) = (Hep®(1), 6" (1)) 12 + (Hy¢" (1), 0" (1)) 12
s oty Pdsdy
R xR92
1 1
= SIVed O gy + [ Vi(@)|67(t,2) Pdz + S [ V0¥ ()] 2 gar
2 ( ) Rdl 2 ( )
[ vewletalPay s [ et Psdy
R42 R91 xR2
Since ¢y < 1 in (H2), we infer
1 X 1 xr
B(1) = 519207 (), + 51900 Osany + (1= 0) [ Vil@)}or(a) P
H-a) [ @l - ol [ jetoPd— ol [ ok
Rd2 R Rd2
The conservations established above yield
1 1 .
19270 s, + 190" Oy + (1= o) [ Vi@)l6* (1.0l

(=) [ Va0l Pdy < BO) + 2aC.

This is the coercivity property announced in the introduction, showing that there exists
M depending only on ||®gl/1,1 such that

] g < M,

for any interval [0,7] on which the solution is well-defined. Proceeding like in the proof of
Lemma (A1l we have

T
61) st [1Ha" Oy < Vil +2 [ )y 0167(0), Hut (@)
c
In view of Lemma with k =1, f = ¢® and g = H,¢", we infer
T
sup ||[Hy¢" (t)||72 < [|Hodl72 +CH¢yH%;9H5/O 19" ()32 [| Hu ™ (£)]| 2 dt

te[0,T

T
< | Hu |25 + CM? /0 6* (0)]13, .
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The conservation of the L?-norm of ¢* implies

T
sup [[67(6)[2 < 167 132 + CM? / 167 (6) 3z,
te[0,T) 0

hence an exponential a priori control of the H2-norm of ¢%(t) by Gronwall lemma. The
same holds for ¢¥(t), hence the conclusion of Theorem B.11]

7. PrROOF OoF LEMMA 3.0

We briefly explain why (B.3]) implies (H3)3 2, thanks to an integration by parts, in view
of B.2). Typically, for f1, fo € S(R%),

1
<[w($7 y)7 Hw]flv f2>L% = §<Aww(7 y)flv f2>L% + <V$w(7 y) : vflv f2>L%'
Therefore, for almost all y € R%, Cauchy-Schwarz inequality yields

1
< §|||AW(',y)|1/2f1||Lg|||Azw(',y)ll/zleng
IV fill2IVaw(, y) foll 2

(lw(z,y), Ha] f1, f2) 12

Using (3.3),

1Azw( )2 FlI72 S IVVAFIT2 + 0+ Va@)If 1172 S 115 + (0 +Va@)I£l72,
IVow(,m) fllre S IVVi+Va(y) + Dfllz S Il + (1 + Va@)l £z

We deduce the expected relation for k = ¢ = 1:

‘<[w($ay),Hw]f1,f2>Lg

S @+ Va@)lfallae 2l -

For k = 2, write

(Hplw(z,y), Hal f1, f2) 12

- ‘([w(w,y),Hx]f17fo2>L%

5 [ Acwt) i ] + | (Vawon) - Vi1 Hafo)
ST+ Vi+Va(y)) fillgz | He fol 22
+ IVaw(,y) - Vil 2 | He foll 2
Sl 120l + Va@) L fill 22 [ f2ll22
+ [IVaw (-, y) - Vfill2 || f2ll2

IN
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where we have used the estimate ||H,f|[z2 < || f[[32. For the last term, ([B.3) yields
IVowy) - Vil S ||(VA+V2) +1) VA,

< Vvh L P2+ DIV Al

S| Vv, + 0@ + DIFLZ 1AL
S|\ vV, + (Valy) +1) [ fillaz.

For the first term on the last right hand side, we use an integration by parts:
2

|vival, = [ v@vae: VA
L2 RA1

T

- /Rdl Vi(@)fi(@)Afi()dr — fi(@)VVi(z) -V fi(z)dz.

R%
By Cauchy-Schwarz inequality, the first term on the right hand side is estimated by

Vifillzl[Afallpe < 2\|Hmf1||ig-
Invoking (B:2), and using Cauchy-Schwarz inequality again,

S /Rd1 1+ Vi(@)[f @[V f(@)lde SN+ V) Fll2 IV fllez

1/2 1/2
S (IFllze + 1= Fllzz) 1£15 1A £
1/2( £3/2 3/2y ¢11/2
SIH AN + WH FIS A S UFIFe + I Hef 13,
where we have used Young inequality for the last estimate.
(lw(z,y), HolHa f1, f2)| = [(Hof1, [w(z, y), Hol f2)] < ”foluL%HAl‘w(7y)f2”L%
To estimate ([w(-,y), Hz|H f1, f2>L%, we use the self-adjointness of H, and write
<[U)(‘,y),Hx]fo1,f2>L% = <H:Ef17 [w(vy)7Hw]f2>Lg

We use the above estimate, where the roles of f; and f; have been swapped, to conclude
that the first inequality in (H3)2 2 holds. The proof of the second one is similar.

- (x)VVi(x) - Vf(x)dz

APPENDIX A. TANGENT SPACE

For completeness, we give the elementary considerations for determining the tangent
spaces of the Hartree manifold, Lemma 2.11

Proof. We consider a curve I'(s) = ¢%(s) ® ¢¥(s) € M with I'(0) = u. Then,
L(0) = ¢7(0) ® ¥ + ¢ @ ¢¥(0),
which verifies the claimed representation of any tangent function as

v=0"Q¢Y+ ¢* @Y.
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Let us consider a = (a*,a¥) € C? with a® + a¥ = 0. We set w* = v% + a®¢® and
wY =¥ 4+ a¥¥. Then, w = w* ® ¥ + ¥ @ wY satisfies
w=v"R¢Y+ " @Y+ (a® + a¥)p” @ p¥ = .
Choosing a® = —(¢*,v") /(¢*, ¢*) and a¥ = —a”, we obtain a representation of v satisfying
the claimed gauge condition. We verify that this condition implies uniqueness. We assume
that v = V" @ ¥ + * @ VY = 0% ® Y + ¢* ® 0¥ with (p®,v") = (¢*,0%) = 0. Then, for
any 9 € Lz,
(" @0, v) = (%, "), 0¥) = (¢", "} (¥, %),
which implies v¥ = ¥¥Y. Then, for any ¥* € Lz,
(0" ®@ ¥, v)pz = (0%, 0") 2 (0¥, ") 2 + (97, ") 2 (¥, ") 12
= (0%, 0%) 12 (", ") 12 + (0, 0") 12 (¥, 0Y) 12,

which implies v* = 9*. Choosing v* = 0 and v¥Y = ¢¥Y, we have v = u so that u € T,M. 0O

APPENDIX B. COULOMBIC TYPE COUPLING
We recall standard definition and results.

Definition B.1 (Admissible pairs in R3). A pair (¢,r) is admissible if ¢,v > 2, and

2 _ (1 1
g \2 r)’

As the range allowed for (g,r) is compact, we set, for I C R a time interval,

lullsry = sup llullLa(r;zrm3))-
) (¢,r) admissible LT (R)

In view of [I1] and [13], we have:

Proposition B.2. Letd =3 and V € Q. Denote H = —%A + V.
(1) There exists Cyhom such that for all interval I such that [I| <1,

le™ ¢llsr) < Chomllpllze, Ve € L*(R?).
(2) Denote
D(F)(t,x) = /t e TR P 2)dr,
There exists Cinnom Such that for all z'nter(;al I >0 such that |I| <1,
D)l g1y < Cinhom ||l g(py= -

The existence of (local in time) Strichartz estimates of Proposition [B.2] is the main
ingredient of the proof of Theorem Bl Actually, as soon as such estimates are available
for the operators H, and H,, then Theorem [3.I] remains valid. As mentioned in the
introduction, such cases can be found in e.g. [20] or [5]. On the other hand, we emphasize
that for superquadratic potentials, like V7 in Example B.5, Strichartz estimates suffer a loss
of regularity; see [16 21].
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Remark B.3. The case of a harmonic potential, V(x) = |z|?, shows that H may have
eigenvalues, and explains why the above time intervals I are required to have finite length.

Remark B.4. The potential V may also be time dependent, in view the original framework

of [I1]: V € L (R; x R3) is real-valued, and smooth with respect to the space variable:

for (almost) all t € R, z — V(t,z) is a C* map. Moreover, it is at most quadratic in
space:
VT >0, YaeN |a|>2 99V e L®(-T,T] x R3).

Under these assumptions, suitable modifications of Proposition [B.2] are needed, but they
do not alter the conclusion of Theorem [B1] (see [8]). See also [20] for another class of time
dependent potentials.

Proof of Theorem [31l. We give the main technical steps of the proof, and refer to [10] for
details. By Duhamel’s formula, we write (2] as

t
7 (t) = e Hegt g /0 e" = s (4167 1 (W x [¢Y[?) %) (7)dT =: Fi (%, ¢Y),

t
¢¥(t) = e Mg —i /0 e Ty (yyg¥ + (W |¢7[%) ¢¥) (T)dr =: Fa(¢", ¢Y).

Theorem [B.1] follows from a standard fixed point argument based on Strichartz estimates.
For 0 < T <1, we introduce

Y(T) = {(¢%,¢") € C([0, T L*(R*)* : [|¢"[ls(t0,17) < 2Chom |65 [ 2
16Y (| s(j0,77) < 2Choml|9gl 2}
and the distance
d(¢1, $2) = ||¢1 — P2lls((0,17>

where Chom stems from Proposition Then (Y (T'),d) is a complete metric space.
By using Strichartz estimates and Holder inequality, we have:

IFL6", 6" Istior7) < ChromlIgh ez + Cinnom (16 o amys + (| (W 16¥2) 67 | 079+ )
for any (¢",¢¥) € Y(T). By assumption (see Theorem [B.I]), we may write
vy =00 050, we=vh 40, W=WP4+W>® ol vl W?e LYR?),
and the value p can obviously be the same for the three potentials, by taking the minimum
between the three p’s if needed. Regarding [|v1¢"||g((o,r))+, we write
0220”50,y < 20" | Lr qo,msz2) < 0Tl Loe 197 M| 21 (o0, 77:2)
< Tvillzee @] Loo<(o,m);22) < TN L 19" | s(j0,1)-
Let r be such that
1 1 1

2 1
—=-—+-<=1l=-+-.
rop rop
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Note that this exponent is the one introduced in the statement of Theorem B.Il The
assumption p > 3/2 implies 2 < r < 6. Let ¢ be such that (q,r) is admissible: r < 6
implies ¢ > 2. Holder inequality yields

107" s (0,p)+ < ”Uf¢m”Lq’([07T};Lr’) < |’U€”L1’”Cﬁw”Lq’([Oﬂ;Lr)

< TN 2o 167 | o o.zrizry < T2 N0F 112w 167 | s0.27)

where 0 is such that

Note that 6 is finite, as ¢ > 2

For the convolution term, first write
| (W7o = |6¥1) ¢"| sqor) = | (W2« |6¥[) ¢x“L1([O,T};L2)

< W 18Y || 1 o.17:200) 16° | oo 0, 7:22)

< TIW 1o [[6¥11 o0 (0,702 167 1 22= (0.17:22)
< T||WOO||L°°HQSyH?S‘([O,T})HﬁbeS([O,T])-
Introduce r such that
1 1 1 4 1 1 1 2
(B.1) —=—+—=2=—+-<=14+_—=-+—.
oo 2p D 2p p m
The assumption p > 3/2 implies 2 < r; < 3. Let ¢; be such that (q1,7r1) is admissible:
q1 > 4. Holder inequality yields

1OV % 16¥1) 67| 0.7y < N WP 16"1%) &7 || Lt 07,4
< [P |¢y|2HLk([0,T};L2p) 9%l Lox (o, 73
S HWP * |¢y|2HLk([O,T};L2p) H?bx”S([O,T])’

where k is such that
1 +1 |- 2 +1
¢ o k ok

Note that since g1 > 4, we have ¢; > 2k. In view of (B.1)), Young inequality yields
WP 16721 o ey < WP lee (16| o,y zrarzy = WP o 169k oy,
< PUW o6 2 o110 < T IWP 2o 16713 g0

where n > 0 is given by n = 1/(2k) — 1/q1.

The same inequalities obviously holds by switching x and y, and so for T' > 0 sufficiently
small, @ := (¢%, ¢Y) — (F1(¢", V), Fo(¢", ¢Y)) =: F(P) leaves Y (T') invariant.

Using similar estimates, again relying on Strichartz and Holder inequalities involving the
same Lebesgue exponents (F is the sum of a linear and a trilinear term in ®), we infer that
up to decreasing T' > 0, F is a contraction on Y (T"), and so there exists a unique ® € Y (7T')
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solving (I.2)). The global existence of the solution for (L2]) follows from the conservation
of the L?-norms of ¢* and ¢V, respectively.

Uniqueness of such solutions follows once again from Strichartz and Holder inequalities
involving the same Lebesgue exponents as above, like for the contraction part of the argu-
ment. The main remark consists in noticing that the above Lebesgue indices satisfy r > rq,
hence ¢ < ¢1, and so L{! L™ C L L"N L*L2 O

Remark B.5 (H'-regularity). If in Theorem [B.I] we assume in addition that
Voy, Vg € LP(R?) + L®(R?)  form some p > 3/2,

then for ¢, ¢4 € H'(R?) and z¢f,yoy € L*(R®) (this last assumption may be removed
when VVi, VVa € L%®(R3) — the minimal assumption to work at the H'-level with V3, V5 €
Q is ¢gV V1,V Ve € L2(R3), see [9]), the global solution constructed in Theorem [B.]
satisfies

(¢",¢¥) € C(R; H'(R?))> N L]

loc

(R; W (R?))?, (24", y¢Y) € C(R; LA(R?)3).

To see this, it suffices to resume the above proof, and check that V,F;(¢%,¢Y) and
V. Fy (¢, ¢¥) satisfy essentially the same estimates as Fy(¢%, ¢¥), Fo(¢", ¢¥) in S([0,T]).
One first has to commute the gradient with e ®*H= or e=#Hy  Typically,

t
ViFi (6%, ¢Y) = e ey o — / e I ey (016% + (W [¢¥)?) ¢7) (1)dr
0

t
B / =B |y (47 69 (7)Y, Vidr,
0

where the last factor accounts for the possible lack of commutation between H, and V.,
[—i0; — H,, V] = V,Vi. Since Vj is at most quadratic, VV; is at most linear, and we
obtain a closed system of estimates by considering

t
aFy (¢, ¢Y) = e "M (zgf) — i /0 e I e (3 (11" + (W |¢Y[?) ¢7)) (7)dr

t
+i / e =My By (67, ¢Y) (7)dr,
0

where we have used [—i0; — H,, z] = —V,. We omit the details, and refer to [10] (see also
[8]). As pointed in Remark [3.3] the energy

B(t) = (Ha"(0), 67 (1) + (Hyd"(),9" (1) 5
+ //R3><R3 W (z — y)|6°(t, z)|?|¢¥ (¢, y)|*dxdy,

which is well defined with the above regularity, is independent of time. Formally, this can
be seen by multiplying the first equation in (L2) by 0;¢", the second by 0;¢?, integrating
in space, considering the real part, and summing the two identities. To make the argument
rigorous (we may not have enough regularity to be allowed to proceed as described), one
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may use a regularization procedure as in [10], or rely on a clever use of the regularity
provided by Strichartz estimates, as in [17].

(1]
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